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Students will acquire knowledge  

 About Laplace Transforms and its inverse  
 To apply Laplace transform in solving Ordinary Differential Equations with constant 

coefficients, simultaneous Ordinary Differential Equations.  
 To solve problems in Fourier series and Fourier transforms.  
 
 
UNIT I:The Laplace Transforms-Definitions-Sufficient conditions for the existence of the 
Laplace transform(without proof)-Laplace transform of periodic functions-some general 
theorems-evaluation of integrals using Laplace transform-Problems. 

Chapter 5: Section-1 to 5. 

UNIT II:The inverse Laplace Transforms-  Applications of Laplace Transforms to ordinary  
differential equations with constant co-efficients and variable co-efficients, simultaneous  
equations and equations involving integrals-Problems. 

Chapter 5: Section-6 to 12. 

UNIT III: Fourier series- Expansion of  periodic functions of period 2π- Expansion of even and 
odd functions, Half range Fourier series-Change of intervals –Problems. 

Chapter 6: Section-1 to 6. 

UNIT IV: Fourier Transform- Infinite Fourier Transform(Complex form) – Properties of Fourier 
Transform – Fourier cosine and Fourier sine Tranform – Properties – Parseval’s identity – 
Convolution theorem - Problems. 

Chapter 6: Section-8 to 15. 

UNIT V: Z Transforms: Definitionof Z-Transform and its properties - Z-Transforms of some 
basic functions- Examples and simple problems 

Chapter 7: Sections -7.1 to 7.3. 
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ỳx

Hr

G
s

`̀̀̀`̀̀̀`̀̀̀`̀̀̀`̀̀̀`̀̀̀`̀̀̀`̀̀̀`̀̀̀�̀{v
V

r
[ w]x̂~�{

{�x

r
yx

Hr

G
s

���������������aXC
C�B�bcC
�FGdFLdQL�YC���bbC���
�kcY�CY��C�����C�g
������	����h�l�mn�
�

!"fCg����	��C����c��g����C���C�����himlmn�o�fCg����p�m	E���	�gXC��gXC�kcY�CY�qCY�C
����
�
A�BC���D�

���	E�
FG

H
IJ KFLMNO

LZP

r
IQLORL

LZP

r
ST

LUV �



�����������������������������������������
	



� �����



�

�

���������������������������������������������������
	



� �������

���



���




�

�

��������������������������������������������������
	



� ������

���



��




�

�

�
������������������������ ���!"#!$#%$����&����'����() �*���&)�++*&*�,-��)+�+./0�*,�123435�

�
�

6789:;9<=;9:;=<679<;>;?<@?A<7AA<68?BC:7?=<
���D,)E�-��-�*+�FGHI�J����+ ,&-*),�'�+*,�'�*,�12KLMKNOMPQRMSTUVWKXMYSTUXLMRZQ[MRZQM\]̂_̀Q_MaQ_̀QaM

FGHI�)+�*��b*��,�Jc�

FGHI��
!"

d
ef g!$hij$ke%$jl$$km

n
$o	 �

����������������������������������������
	

p
� qk�rk
p

�p
�

�

�������������������������������������!$��
	

p
� qk��hij$k�rk
p

�p
�

�

��������������������������������������%$�
	

p
� qk�jl$�$krk
p

�p
�

s
tuvwv�x�3yvw��"#��#���zv�{�33v|��w�}~yz�vz�{~vFF�{�v��w�~F�FGHI�����������s
�

�����.*0�����,�+./0��*���,����,�+ ,&-*),�

��FGHI��
�"

d
ef �������

n
�o	 �

���������������������������������
d

p
�qk�rk
p

"
�

�

����������������������������!$��
d

p
�qk��hij$k�rk
p

"
�

�

��FGHI��
!"

d
ef !$hij

$pk

�

n
$o	 �

���������������������������������������������
d

�
�qk�rk
�

"
�

����
d



�qk�hij

���



rk




"
�

�����.**0�����,�+./0�*���,��''�( ,&-*),�

��FGHI��f %$jl$$k
n
$o	 �

�������������������������������������
d

p
�qk�jl$�$krk
p

"
�

��FGHI��f %$jl$$k
n
$o	 �

��������������������������������������
d



��������

���



��




"
�

�

�

�

�

�

�



����������������������	�
��
�������
	���
��
�

��������������������������������
����� !"�"�#

�$��� �#"�"!%$&
'�

�
()�*���#�+��)��,-����-����+.-����/��������.0�.12&��
3)����)��4-/*��*�.-����.������+�5�6������
�

789
:

;
<= >:�?�@?
?8

A

%= >B�?�C@?
A%B;

?8

DE

�

7F9
:

;
<= >:�?�AGHCF?C@?
?8

A

%= >B�?�CAGHCF?CC@?
A%B;

?8

DE

�
�

IF9
:

;
<= >:�?�HJFCF?C@?
?8

A

%= >B�?�HJFCF?C@?
A%B;

?8

D�

3)��4-/*��*�+�*��+�.-�6�*5�+��-�
���%#�%�K�L#M

$
���N��+�O�,-����-����+.-����/����-��PQNRS

T��UV�W��
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Problem 1 If the Fourier transform of  f x is  F s then, what is Fourier transform of

 f ax ?

Solution:
Fourier transform of  f x is

       is1

2
xF s F f x f x e dx







  

     is1

2
xF f ax f ax e dx







 
Put t ax
dt adx

      is /1

2
t a dt

F f ax f t e
a





 

  is /1 1
.

2
t af t e dt

a 





 

   1
. .

s
F f ax F

a a
 

   
 

Problem 2 Find the Fourier sine transform of 3xe .
Solution:

    
0

2
sinsF f x f x sx dx





 

 3 3

0

2
sinx x

sF e e sx dx



  

 
3

2

0

2
3sin cos

9

xe
sx s x

s

 
   

 

 2 2 2

2
sin sin cos

9

ax
axs e

e bx dx a bx b bx
s a b

  
          

 .

Problem 3 Find the Fourier sine transform of   axf x e , 0a  . Hence deduce that

2
0

sin

1 2

x x
dx e

x
 


 .

Solution:

    
0

2
sinsF f x f x sx dx





 

 
0

2
sinax ax

sF e e sx dx



  

2 2

2 s

s a

 
  

 
By inverse Sine transform, we get

   
0

2
sinsf x F s sx ds





 

2 2
0

2 2
sin

s
sx ds

s a 


 

  
 



PROBLEMS



  2 2
0

2 sins sx
f x ds

s a






  2 2
0

sin

2

s sx
f x ds

s a

 




2 2
0

sin

2
ax s sx

e ds
s a

 
 



Put 1,a  x 

2
0

sin

2 1

s sx
e ds

s
 

 


Replace ‘s’ by ‘ x ’

2
0

sin
.

1 2

s sx
dx e

x





Problem 4 Prove that      
1

cos
2C C CF f x ax F s a F s a          .

Solution:

     
0

2
cosc cF s F f x f x sx dx





    

   
0

2
cos cos coscF f x ax f x ax sx dx





   

 
   

0

cos cos2

2

a s x a s x
f x dx



    
  

 


       
0 0

1 2 1 2
cos cos

2 2
f x s a xdx f x s a xdx

 

       
      

      
 

   
1

.
2 c cF s a F s a     

Problem 5 Find the Fourier cosine transform of  
cos , 0

0,

x x a
f x

x a

 
 


.

Solution:

    
0 0

2 2
cos cos cos

a

cF f x f x sx dx x sxdx
 



  

   

0

cos 1 cos 12

2

a s x s x
dx



   
  

 


   

0

sin 1 sin 11

1 12

a
s x s x

s s

  
  

  

   sin 1 sin 11

1 12

s a s a

s s

  
  

  
, provided 1, 1.S S  

Problem 6 Find  ax
CF xe and  ax

SF xe .

Solution:

   ax
c s

d
F xe F f x

ds
    

 ax ax
c s

d
F xe F e

ds
    

0

2
sinaxd

e sx dx
ds 




 
  

 




 

2 2

22 2 2 2

2 2
.

d s a s

ds s a s a 

      
     

      ax ax
s c s c

d d
F xe F e F xf x F f x

ds ds
   

           
 

0

2
cosaxd

e sx dx
ds 




 
  

 


 
22 2 2 2

2 2 2
.

d a as

ds s a s a 

  
    
     

Problem 7 If  F s is the Fourier transform of  f x , then prove that the Fourier transform of

 axe f x is  F s a .

Solution:

       is1

2
xF s F f x f x e dx







  

     is1

2
iax iax xF e f x e f x e dx







 

   
1

2
i a s xe f x dx








 

 .F s a 

Problem 8 Find the Fourier cosine transform of 2 3x xe e  .
Solution:

Let   2 3x xf x e e  

    
0

2
coscF f x f x sx dx





 

2 2

0 0

2
3 cos 3 cosx x x x

cF e e e sx dx e sx dx


 
   

 
     

 
 

2 2

2 2 3
.

4 1s s

 
    

Problem 9 State convolution theorem.
Solution:

If F(s) and G(s) are Fourier transform of  f x and  g x respectively, Then the Fourier

transform of the convolutions of    andf x g x is the product of their Fourier transforms.

i.e.        *F f x g x F f x F g x          

Problem 10 Derive the relation between Fourier transform and Laplace transform.
Solution:

Consider  
 

 
, 0

1
0 , 0

xte g t t
f t

t

 




The Fourier transform of  f x is given by

    is1

2
tF f t f t e dt







   

  is1

2
xt te g t e dt








 



   is1

2
x te g t dt








 

 
1

2
pte g t dt








  where p x  is

      
0

1

2
stL g t L f t e f t dt






  
    

   


 Fourier transform of  
1

2
f t


 Laplace transform of g(t) where g(t) is defined by (1).

Problem 11 Find the Fourier sine transform of
1

x
.

Solution:

    
0

2
sinsF f x f x sx dx





 

0

1 2 1
sinsF sx dx

x x


 

 
 



Let sx 
; : 0sdx d  

0

1 2 s
sins

d
F

x s




 


 

 
 



0 0

2 sin sin

2
d d

  
 

  

  
   

 
 

2
.

2 2

 



 
  

 

Problem 12 Find  f x if its sine transform is , 0ase a  .

Solution:
    sF f x F s

Given that    as
sF f x e

   
0

2
sinsf x F s x dx





 

0

2
sinase sx ds




 

 2 2

0

2
sin cos

ase
a sx x sx

a s

 
   

 

2 2

2
.

x

a x

 
  

 

Problem 13 Using Parseval’s Theorem find the value of
 

2

22 2
0

, 0
x

dx a
x a






 . Find the Fourier

transform of , 0a xe a
 .

Solution:

Parseval’s identify is    
2 2

f x dx F s ds
 

 

 

Result :   2 2

2ax
s

s
F e

s a
  

   



 
2

2

2 2

2ax s
e dx ds

s a

 


 

 
    

 

 
2

2

2 2
0 0

2
2 2ax s

e dx ds
s a

 


 
    

 

 

2 2

22 2
00

2

2

axe s
ds

a s a

  
 

  


 

2

22 2
0

0 1
. ., .

2 2 4

s
i e ds

a as a

 
 

  
 



 

2

22 2
0 4

x
dx

ax a



 


 .

Problem 14 Find the Fourier sine transform of  
1, 0 1

0, 1

x
f x

x

 
 


.

Solution:

The Fourier sine transform of  f x is given by     
0

2
sinsF f x f x sx dx





 
11

00 1

2 2 cos
sin 0 sin

sx
sx dx sx dx

s 

   
       

 

2 cos 1 2 1 cos
.

s s

s s s s 

   
         

Problem 15 Find the Fourier transform of e-a|x|, a > 0
Solution:

     is1

2
xF f x f x e dx







 

is1

2
a x xe e dx








 

 
1

cos isin
2

a xe sx sx dx







 

1
cos sin 0,

2
a x a xe sx dx e sx dx odd function



 
 

 

 
   

 
 

2
cos

2
a xe sx dx








 

  2 2

2
.

2
a x a

F e
a s

  
  

 



is1

2
xF f x f x e dx







   

    is1
0 0

2

a a
x

a a

f x dx a x e dx dx


  

 

 
    

 
  

  
1

cos i sin
2

a

a

a x sx sx dx






  

 1
cos 0 sin & sin are

2

a

a

a x sx dx a sx x sx odd functions






    
  

 
0

1
2 cos

2

a

a x sx dx


 
  

 


      2
0

2 sin cos
1

2

a
sx sx

f x a x
s s

     
       

    

2 2

2 cos 1
0

sx

s s

 
    

2

2 1 cos as

s

 
   

 

2

2

2sin2 2 1

as

s

 
 

  
 
 

By inverse Fourier transform    
1

2
isxf x F s e ds








  .

2

is
2

2sin1 2 2
2

x

as

e ds
s






 
 

  
 
 

 Put 0x 

 

2

2

sin2 20

as

f ds
s





 

2

2
0

sin
2

4

as
a

ds
s

 

 
 
  

Put 2a 
2

2
0

sin

2

s
ds

s

 

  [ s is a dummy variable, we can replace it by ‘t’]

i.e
2

0

sin
.

2

t
dt

t



 

 
 


2

2

x

e


is self – reciprocal with respect to Fourier transform.

(ii) Find the Fourier transform of  
1,

0,

x a
f x

x a

 
 


. Hence evaluate

0

sin s
ds

s



 .

Solution:

(i)  
2 / 2xf x e

    F s F f x

   

Problem 17 (i) Prove that



       is1

2
xF s F f x f x e dx


 

2 / 2 is1

2
x xe e dx








 

2 2 2 2

2 is/ 2 2 21

2

i s i s
xxe dx




  





 

 2 2is

2 2
1

2

x s

e e dx


 




 

is

2

x
Let y x y


     

2dx dy x y     

 
2 2 / 2

0

1
2

2
y sF s e e dy




  

2

2
/ 2

0

2 s
ye

e dy



 

2 2

2 2
/ 2 / 2

0 0

2 2

2 2

s s
y xe e

e dy e dx
 

 

  
 

 
    

 
 

 
2 2/ 2 / 2. . iss xF s e i e e  self reciprocal hence proved.

(ii). Fourier transform of  f x is

     is1

2
xF f x f x e dx







  

is1

2

a
x

a

e dx
 

  

 
1

cos sin
2

a

a

sx i sx dx
 

  

 
0

1
cos sin is .

2

a

sx dx sx anodd fn


  

1
cos

2

a

a

sx dx
 

 

0

2 sin
a

sx

s

 
   

 
2 sin as

F s
s

 
   



By inverse Fourier transforms,

is1

2
xf x F s e dx








 

 
1 2 sin

cos i sin
2

as
sx sx dx

s





 

 
1 sin sin

cos 0 sin is
as as

sx dx sx odd
s s


 

    


0

2 sin
cos

as
sx ds

s


 

  
 


1, 0put a x 

 
0

2 sin s
f x ds

s



 

  
0

sin
1 1,

2

s
ds f x a x a

s

 

      

0

sin
.

2

s
ds

s



 

   



f(x) =

 x for 0 < x < 1
2− x for 1 < x < 2
0 for x > 2

Solution. By definition of Fourier Transform

F [f(x)] =
1√
2π

∫ ∞
−∞

f(x)eisx dx

=
1√
2π

[∫ 1

0

x cos sx dx+

∫ 2

1

(2− x) cos sx dx

]
=

1√
2π

[(
x

sin sx

s
− cos sx

s2

)1

0

+

(
(2− x)

sin sx

s
+

cos sx

s2

)2

1

]

=
1√
2π

[(
sin s

s
− 0− cos s− cos 0

s2

)
+

(
0− (1)

sin s

s
+

cos 2s− cos s

s2

)]
=

1√
2π

[
cos 2s− 2 cos s+ 1

s2

]

Problem 18. Find the Fourier cosine transform of f(x) defined as



Fourier transforms.

        *F f x g x F f x F g x       
Proof:

      is1
* *

2
xF f g f g x e dx







 

    is1 1

2 2
xf t g x t dt e dx

 

 

 

  

    is1 1

2 2
xf t g x t e dx dt

 

 

 

  

    is1 1

2 2
xf t g x t e dx dt

 

 

 

 
  

 
 

    1

2
f t F g x t dt







 

          is is1

2
t tf t e F g t dt f g x t e F g t







     

        is1

2
tf t e dt G s F g t G s







    

          * . . .F f g F s G s F f t F s    

2 2 ,

0,

a x x a
f x

x a

  
 


and hence evaluate

(i)
3

0

sin cost t t
dt

t


 

 
 
 (ii)

2

3
0

sin cost t t
dt

t


 

 
 


Find the Fourier transform of  

Statement: The Fourier transforms of the convolution of f x and g x is the product of their

eikx, a < x < b;
0, x < a. and x > b

Solution.

F [f(x)] =
1√
2π

∫ ∞
−∞

f(x)eisx dx

=
1√
2π

∫ b

a

eikxeisx dx

=
1√
2π

∫ b

a

ei(k + s)x dx

=
1√
2π

[
ei(k + s)x

i(k + s)

]b
a

=
i

(k + s)
√

2π

[
ei(k + s)b − ei(k + s)a

]

{
     Find the Fourier transform of f(x) =

Problem  20.   State and Prove convolution theorem on Fourier transforms

Problem 21

Problem 19



     is1
.

2
xF f x f x e dx







 

 2 2 is1
0 0

2

a
x

a

a x e dx
 

 
    

 


  2 21
cos sin

2

a

a

a x sx i x dx
 

 
   

 


   2 2 2 2

0

2
cos sin is .

2

a

a x sx dx a x sx an odd fn


     

     2 2
2 3

0

2 sin cos sin
2 2

a
sx sx sx

a x x
s s s

        
          

      

2 3

2 2 cos 2 sin
0

a as a as

s s

 
    

3

2 2 cos 2sina as as

s

 
   

   3

2 sin cos
2 1

as as as
F s

s

 
   

By inverse Fourier transforms,

    is1

2
xf x F s e dx








 

 3

1 2 sin cos
2 cos sin

2

as as as
sx i sx ds

s





 
 

 


  3

2 sin cos
cos

as as as
f x sx dx

s






  (the second terms is on odd function )

Put 1a 

   
2

3

1 , 12 sin cos
2 cos

0 , 1

x xs s s
f x sx ds f x

s x





    
   

  


Put 0x 

 
 

3
0

0 1 04 sin cos
0

1

fs s s
f ds

s

   
  

 


3
0

4 sin cos
1

s s s
ds

s




 

3
04 t

Hence (i) is proved. Using Parseval’s identify

   
2 2

F s ds f x dx
 

 

 

Fourier transform of f x is

   �  = sint - t cost
dt

.

GEETHA
Typewritten text
Solutions



2

2 2
3

2 sin cos
2

a

a

as as as
ds a x dx

s



 

  
   

  
 

 
2 1

22
3

1

8 sin cos
1

s s s
ds x dx

s



 

 
  

 
 

 
2 1

2

3
0 0

8 sin cos
2 2 1

s s s
ds x dx

s


 

   
 
 

12 5 3

3
0 0

16 sin cos 2
2

4 3

s s s x x
ds x

s

   
     

   


2

3
0

sin cos 8
2

16 15 15

s s s
ds

s

 
   

     
   


Put 1a 
Put s = t

2

3
0

sin cos
.

15

t t t
dt

t


 

 
 
 Hence (ii) is proved.

1 , 1

0, 1

x x
f x

x

  
 


and hence find the value of

(i)
2

2
0

sin t
dt

t



 . (ii)
4

4
0

sin t
dt

t



 .

Solution:

is1

2
f x f x e dx







 

Find the Fourier transform of  

Problem: 22 

The Fourier transform of    



  
1

1

1
1 cos sin

2
x sx i sx dx

 

  

   
1

1

1
1 cos 1 sin is .

2
x sx dx x sx anodd fn

 

     

   
1

2
0

2 sin cos
1 1

2

sx sx
x

s s

    
       

    

2 2

2 cos 1

2

s

s s

 
   

 

   2

2 1 cos
1

s
F s

s

 
   
(i) By inverse Fourier transform

   
1

2
isxf x F s e ds








 

    2

1 2 1 cos
cos i sin 1

2

s
ssx sx by

s





 
   



2

1 1 cos
cos

s
sx ds

s





 
  

 
 (Second term is odd)

  2
0

2 1 cos
cos

s
f x sx ds

s


 

  
 


0Putx 

2
0

2 1 cos
1 0

s
ds

s


 

   
 


2
0

1 cos

2

s
ds 

 2

2
0

s
ds

s



/ 2 2put t s ds dt 

 

2

2
0

2sin
2

22

t
dt

t




2

2
0

sin
.

2

t
dt

t





(ii) Using Parseval’s identity.

   
2 2

F s ds f x dx
 

 

 

 
2 1

2

2
1

2 1 cos
1

s
ds x dx

s



 

  
   

  
 

 
2 1

2

2
1

2 1 cos
1

s
ds x dx

s



 

 
  

 
 

 
2 1

2

2
0 0

4 1 cos
2 1

s
ds x dx

s


 

  
 
 

2

2 13

2
0 0

2sin
4 12

2
3

s
x

ds
s



  
           

      
 



2sin / 2

2  


 


   

s

nathan000080@gmail.com
Typewritten text
=



4

2

2
0

sin
16 22

; / 2,
3 2

s
ds

ds Let t s dt
s



  
  
     

 
 
 



4

0

16 sin 2
2

2 3

t
dt

t


 

 
 


4

0

16 sin 1

16 3

t
dt

t


 

 
 


4

0

sin
.

3

t
dt

t



 

 
 


2
0

sin
, 0

1 2

x x
dx e

x
 



 

  
 

 .

(ii)Find the Fourier sine transform of  0axe a  .Hence find (a)  ax
CF xe and

(b)
ax

S

e
F

x

 
 
 

.

Solution:

(i)     
0

2
sinsF f x f x sx dx





 

 
0

2
sinx x

sF e e sx dx



 

 

2
0

2 2
sin sin

1
x s

e sx dx sx dx
s 


  

   
 



Result:
2 2

0

sinax b
e bxdx

a b






By Fourier sine inversion formula, we have

   
0

2
sinsf x F s sx ds





 

2
0

2 2
sin

1
x s

e sx ds
s 


  
  

 


2
0

2 sin

1

s sx
ds

s






2
0

sin

1 2
xs sx

ds e put x a
s


 



2
0

sin

1 2
as sa

ds e
s






Replace S by x

2
0

sin
.

1 2
ax ax

dx e
x






(ii) .     
0

2
sinsF f x f x sx dx





 

 
0

2
sinax ax

sF e e sx dx



  

Problem 23 (i) Find the Fourier sine transform of e x . Hence prove that



   2 2 2 2

2 2
sin cos ....... 1

axe s
a sx s sx

a s a s 

   
      

   
By Property

    s c

d
F x f x F f x

ds
      

    s s

d
F x f x F f x

ds
 

cF x e  

 ax ax
c s

d
F x e F e

ds
    

2 2

2d s

ds s a

  
   

  

 

2 2 2

22 2

2 2a s s

a s

 
  

  

 
 

2 2

22 2

2
.c

a s
F x f x

a s

 
      

(b) To find
ax

s

e
F

x

 
 
 

    
at

0

2
sin 1s

e
F f x st dt

t

 

 

 
at

0

2
sin

e
F s st dt

t

 

 
Diff. on both sides w.r to ‘s’ we get

  
at

0

2
sin

d d e
F s st dt

ds ds t

 

  2 2
0

cosax a
e bx dx

b a




 
  

 


at

0

2
sin

e
st dt

s t

  
  

  


at

0

2 coste st
dt

t

 

 

at

0

2
cose st dt




 

  at
2 2

0

2 2
cos

d a
F s e st dt

ds s a 


  

   
 


Integrating w.r. to ‘s’ we get

  2 2

2 a
F s ds c

s a
 



12 1
. tan

s
a c

a a
  

  
 

But   0F s  When 0s  0c  from (1)

  12
tan .

s
F s

a
  

   
 

 

(a) To Find ax

nathan000080@gmail.com
Typewritten text
c



2 2a xe Hence prove that
2

2

x

e


is self reciprocal
with respect to Fourier Transforms.

(ii) Find the Fourier cosine transform of 1nx  . Hence deduce that
1

x
is self-reciprocal

under cosine transform. Also find
1

F
x

 
 
 
 

.

Solution:

(i)     is1

2
xF f x f x e dx







   

2 2 is1

2
a xe e dx








 

 2 2
is1

2

a x xe dx



 



 

   
2 2 is1

1
2

a x x
e dx




 



 

Consider 2 2a x isx

   
  2 2

2 is is is
2

2 2 2
ax ax

a a a
   

      
   

 
2 2

2

is s
2

2 4
ax

a a
 

    
 

Sub: (2) in (1) ,We get

 

2

2

is

2 41

2

s
ax

a aF f x e dx


      
   



   
2

2

2is

241

2

s
ax

aae e dx


     



 
2

2241 is
,

2 2

s
ta

dt
e e Let t ax dt adx

a a








   
2

2 2 2241

2

s
a x taF e e e dt

a
 






 



 
      

 


 
2

241
3

2

s

ae
a



 

 
1

3
2

Put a in

2 2/ 2 / 2x SF e e   
 

2 / 2Se is self reciprocal with respect to Fourier Transforms.

(ii).     
0

2
coscF f x f x sx dx





 

   1 1

0

2
cos 1n n

cF x x sx dx



  

We know that   1

0

y nn e y dy


   

Put ,y ax we get    
1

0

naxe ax adx n


  

Problem 24 (i) Find the Fourier transform of



 1

0

ax n
n

n
e x dx

a


  


Put a = is

 
 

is 1

0 is
x n

n

n
e x dx


  

 

 
 1

0

cos sin n n
n

n
sx i sx x dx i

s


 

 

 
cos i sin

2 2

n

n

n

s

 


  
  

 

 
cos isin

2 2n

n n n

s

   
   
Equating real parts, we get

 
 1

0

cos cos 2
2

n
n

n n
x sxdx

s


 

 
Using this in (1) we get

   1 2
cos

2
n

c n

n n
F x

s




 



Put
1

2
n 

1
1 2 2

cos
4cF

x s





 
     

 

2 1 1

22s






  
    

  
1

s


Hence
1

x
is self-reciprocal under Fourier cosine transform

To find
1

1 1
F

x

 
 
 

1 1 is

2

x
F e dx

xx 





  
 

  


 
1 1

cos is
2

sx insx dx
x





 

 
0

2 1
cos sec

2
sx dx The ond term odd

x



 
Put n =1/2 in (2), we get

0

cos 1/ 2
cos

4

sx
dx

x s






1

2 2s s

 
 

1 2 1
.

2
F

s sx





  
    

  



ase

s



.

(ii) Using Parseval’s Identify for Fourier cosine and sine transforms of axe , evaluate

(a).
 

22 2
0

1
dx

a x




 (b).

 

2

22 2
0

x
dx

x a






Solution:

(i) Let   
as

s

e
F f x

s





Then    
0

2
sin 1

ase
f x sx dx

s

 

 

2 2
0

2 2
cosasdf a

e sx ds
dx a x 


  



  2 2

2 dx
F x a

a x
 



 12
tan 2

x
c

a
  

   
 

At  0, 0 0x f  using (1)

(2) =>    12
0 tan 0 0f c c


   

Hence   12
tan .

x
f x

a
  

  
 

(ii) (a)To find
 

22 2
0

dx

a x






 
0

2
cosax ax

cF e e sx dx



  

 2 2

0

2
cos sin

axe
a sx s sx

a s

 
   

 

   2 2

2
1ax

c

a
F e

a s
  

  


   
2 2

0 0

cf x dx F s ds
 

 
2

2
2 2

0 0

2
, (1)ax a

e dx ds from
a s

 


 
  

 
 

 

2
2

22 2
00

2

2

axe ds
a

a a s

  
   



2

2 2
0

1 2

2

a ds

a a s






 
 2 32 2

0

. e ' '
4aa x








(b) To find
 

2

22 2
0

x
dx

a x






Problem 25 (i) Find f x if its Fourier sine Transform is

 
By Parseval’s identify.

i e         dx R place s by x



 
0

2
sinax ax

sF e e sx dx



  

 2 2

0

2
sin cos

axe
a sx s sx

a s

 
   

 

  2 2

2ax
s

s
F e

a s
  

  
 

By parseval’s identify

    
22

0 0

sf x dx F f x ds
 

 

 
2

2

2 2
0 0

2ax s
e dx ds

a s

 
  

  
 

 

 

2

2 2
0 0

1
.

2 2 2 2

axs e
i e ds

a aa s

 
  

     


 
 

2

22 2
0

Re ' ' ' ' .
4

x
dx place s by x

ax a








(ii). Evaluate (a).
  2 2

0

1

1 4
dx

x x



  (b).
  

2

2 2 2 2
0

x
dx

x a x b



  , using Fourier cosine and

sine transform.
Solution:

(i)     
0

2
coscF f x f x sx dx





 

 
0

2
cosax ax

cF e e sx dx



  

  2 2

2
c

a
F s

s a

 
  

 
By Modulation Theorem,

     
1

cos
2c c cF f x ax F a s F a s         

   
2 22 2

1 2
cos

2
ax

c

a a
F e ax

a a s a a s


   
      

       

   

   

2 22 2

2 22 2

1 2
.

2

a a s a a s
a

a a s a a s

 
     

    
           

2 2

4 4

4 2

42

a a s

s a

 
   

2 2

4 4

2 2
cos .

42
ax

c

a a s
F e ax

s a

  
      

2andx xf x e g x e  

 
0

2
cosx x

cF e e sx dx



  

 2

0

2
cos sin

1

xe
x s sx

s

 
   

 

(ii) (a) Let    

Problem 26 (i). Find the Fourier cosine transform of eax cos ax



 2

2 1
1

1s

 
   

 2 2

0

2
cosx x

cF e e sx dx



  

 2

2 2
2

4s

 
  

 

         
0 0

c cf x g x dx F f x F g x ds
 

  

    2
2 2

0 0

2 1 1
. 1 & 2

1 4
x xe e dx ds from

s s

 
   

  
  

 

  
3

2 2
0 0

4

1 4
x ds

e dx ds
s s

 
 

  

   

3

2 2
0 0

1

4 3 4 31 4

xds e

s s

 
    

        


  2 2
0

.
121 4

ds

s s




 

(b) To find
   

2

2 2 2 2
0

.
x

dx
x a x b



 

Let

    ,ax bxf x e g x e  

    2 2
0

2 2
sin 1ax

s

s
F g x e sx

s a 


  

   
 



    2 2
0

2 2
sin 2bx

s

s
F g x e sx

s b 


  

   
 



       
0 0

. (1)and(2)s sf x g x dx F f x F g x ds From
 

        

  

2

2 2 2 2
0 0

2ax bx s
e e dx ds

s a s b

 
  

  

  
 

2

2 2 2 2
0 02

a b xs
ds e dx

s a s b

 
 

  

  

 

   

2

2 2 2 2
0 0

. .
2 2

a b xx e
i e dx

a b a bx a x b

 


   
  

     




a xe

0
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(ii) . Find Fourier cosine transform of sinaxe ax .
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a sx sx
ds an odd fn

a s s a





 
     



 2 2

2 cos
Re ' ' ' '

a xt
dt place s by t

a t








2 2

cos
.

2
a x xt

e dt
a a t

 







(b) . Find Fourier cosine transform of sinaxe ax .

To prove
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d F
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F x f x i
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 a x
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i dF e
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(i) Fourier transform of f x is

and hence deduce that

(a).
2 2

Solution:

(a) Using Fourie   rinverse transform,

Problem 27 (i). Find Fourier transform of
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(ii) Find the Fourier cosine transform of sinaxe ax .
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 2 23 2

4 4 4 4

22 2 2
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4 42
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Solution:

(i) Parseval’s identity:

Statement: If  F s is the Fourier transform of  f x , then    
2 2

f x dx F s
 

 

 

     Pr *oof by convolution theorem F f g F s G s

   1*f g F F s G s   

         is1 1
1

2 2
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Problem 28 (i). State and Prove Parseval’s Identity in Fourier Transform.

(ii). Find Fourier cosine transform of
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and hence prove that

2

2

sin
4

ax
dx a

x






 .
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Problem 29 (i). Find the Fourier transform of     sin ax
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(By the property of odd and even function)
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