L'l_'L_

) GREGORIOS COLLEG

ﬂJl} ARTS & SCIENGE

Block No.8, College Road, M ogappair West, Chennai — 37

Affiliated to the University of Madras
Approved by the Gover nment of Tamil Nadu
An 1SO 9001:2015 Certified I nstitution

Y Ongoo
0

o
DEPARTMENT OF MATHEMATICS

SUBJECT NAME: TRANSFORM TECHNIQUES

SEMESTER: IV
PREPARED BY: PROF.T.N.REKHA

!
:



UNIVERSITY OF MADRAS

B.Sc. DEGREE COURSE IN MATHEMATICS
SYLLABUSWITH EFFECT FROM 2020-2021

BMA-CSCO07
CORE-VII: TRANSFORM TECHNIQUES
(Common to B.Sc. Mathswith Computer Applications)
Inst.Hrs: 4 YEAR: I
Credits : 4 SEMESTER: 1V

L earning outcomes:

Studentswill acquire knowledge

e About Laplace Transforms and itsinverse

e To apply Laplace transform in solving Ordinary Differential Equations with constant
coefficients, simultaneous Ordinary Differential Equations.

e To solve problemsin Fourier series and Fourier transforms.

UNIT |:The Laplace Transforms-Definitions-Sufficient conditions for the existence of the
Laplace transform(without proof)-Laplace transform of periodic functions-some general
theorems-evaluation of integrals using L aplace transform-Problems.

Chapter 5: Section-1to 5.

UNIT I1:The inverse Laplace Transforms- Applications of Laplace Transforms to ordinary
differential equations with constant co-efficients and variable co-efficients, simultaneous
equations and equations involving integrals-Problems.

Chapter 5: Section-6to 12.

UNIT I1l: Fourier series- Expansion of periodic functions of period 2n- Expansion of even and
odd functions, Half range Fourier series-Change of intervals —Problems.

Chapter 6: Section-1to 6.

UNIT IV: Fourier Transform- Infinite Fourier Transform(Complex form) — Properties of Fourier
Transform — Fourier cosine and Fourier sine Tranform — Properties — Parseval’s identity —
Convolution theorem - Problems.

Chapter 6: Section-8to 15.

UNIT V: Z Transforms. Definitionof Z-Transform and its properties - Z-Transforms of some
basic functions- Examples and simple problems

Chapter 7: Sections-7.1t07.3.
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UNIT |
LAPLACE TRANSFORM

Definition of Laplace transform

Properties of Laplace transform

Laplace transforms of derivatives and integrals
Inverse Laplace transform

Properties of Inverse Laplace transform

Convolution theorem and applications
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Introduction

In mathematics the Laplace  transformis  anintegral  transform named  after  its
discoverer Pierre-Simon Laplace . It takes a function of a positive real variable t (often time)
to a function of a complex variable s (frequency).The Laplace transform is very similar to
the Fourier transform. While the Fourier transform of a function is a complex function of
areal variable (frequency), the Laplace transform of a function is a complex function of
a complex variable. Laplace transforms are usually restricted to functions of t witht> 0. A
consequence of this restriction is that the Laplace transform of a function is a holomorphic
function of the variables. Unlike the Fourier transform, the Laplace transform of
a distribution is generally a well-behaved function. Also techniques of complex variables can
be used directly to study Laplace transforms. As a holomorphic function, the Laplace
transform has a power series representation. This power series expresses a function as a linear
superposition of moments of the function. This perspective has applications in probability
theory.

Introduction
Let f{t) be a given function which is defined for all positive values of t, if

o0
Fis)= [ e™ft) dt
0
exists, then F(s) is called Laplace transform of (t) and is denoted by

o0
L{f(t)} = Fs) = [ ™ ft) dt
0
The inverse transform, or inverse of L{f{t)} or F(s), is

fity = L {F(s)}

where s is real or complex value.

Laplace Transform of Basic Functions

LL [1]=] edr= —%e‘” "= %

2.L [t']= J':t“e‘”dt = j:(%)“e‘“ % =

—(s—a)|0 :S—a

4.L [e"]= 1_ = L [cosat +isinat]=

S—la S

- L [cosat]= %, and L [sinat]=
s*+a

5.1 [sinhar]=L [%

L [coshat]=L |




1. Linearity
L [af(tr+bg(t))= | 0°° [af (1) + bg(t)]e 't = a : f(edt+b| 0°° g(t)e"'dt = aF (s) + bG(s)

EX: Find the Laplace transform of cos’.
1+ cos 2t 1(1 s j 57 +2

- s(s* +4)

s st+2?

Solution : L[cos? t]=L —_
[ 1=L[ > ] 5

2. Shifting
(@)L [f(t—a)u(t-a)]= j: f(t—ayu(t-ayedt = ; F(t—a)e™dt
Let t=1¢—a, then

L [f(t-au(t—a)]=| 0‘” f(@e dr=e 0°° F(t)e du=e"F(s)

(b) F(s—a)= " f(t)e™ "t = "[e" f()le™"dt =L [e"f(1)]
0, t<4
208, t>4

EX:What is the Laplace transform of the function f(¢) = {

Solution: f(t)=2tu(t-4)
L [(t))=L {2[(t—4)*+12(t-4)*+48(t—4)+64]u(t-4)}

| |
=2€_4S(3‘ +12x 2! +48X%+gj=4e_45(i4+%+2_§+£j

S4 S3 N A S A S A

3. Scaling
L [f (@)=, f(are™dr

Let T = at, then

” ot e — 1 s
L [f(@)] =] f(x)e “d===["f(v)e “dr=—F()
a a a a
EX:Find the Laplace transform of cos2t.
Solution : - L [cost]=

st +1

S
oL [cos2t]:l 2 - 2S

4. Derivative
(a) Derivative of original function

Lirtn= [, S/ de = f(0e™| = (=) (et

(1) If f(t) is continuous, equation (2.1) reduces to

L [f (t)]=—A(0)+sF(s)=sF(s)-(0)
(2) If f(t) is not continuous at t=a, equation reduces to

LIFl=f@e™| +f(®e™|  +sF(s)=lfla)e ™ "~f0)]+[0—f(a")e *]+sF(s)
=sF(s)-f(0)-e " [fla")-f(a )]

(3) Similarly, if f(t) is not continuous at t=a,, a,, ***,"**,a,, equation reduces to
LIF(t)]=sF(s)— f(0)= Y e [f(a,)~ f(a,)]
i=1

If f(t), £(t), (1), -, £ (t) are continuous, and f")(t) is piecewise continuous, and all of them
are exponential order functions, then




L [f"(t))=s"F(s)— is”_if(i"l) (0)

(b) Derivative of transformed function
L[ pede= [ L1 f0e = [ (-0 fwe e =L (0]

”F(s)

[Deduction] L [(=)" f(D)]

EX:Find the Laplace transform of te'.

Solution : L (e’)zL:L (te’):—i( ! j: L -
s—1 ds\s—1) (s-1)

EX: f(r):{g’ ?jgl, find L [£(2)].

Solution : f'(¢) = ¢ *[u(t) — u(t —1)]

L [/(O]=L [Fu@®)]-L [t*u(t-D]= ——L e=D+1Tu@-1)}

=2 L1 20— 1) + T 1)}
S

2 2 1 1
=—-e ' (+2—+—-
s> (s3 s s)

L [f'D]=sF(s)= f(0)—e”[f(17) - f(17)]

2 2 2 . 2 .2 2
[ S e (D] -0-e(0-) =S —e (S +5)
S S S S S S

5. Integration

(a) Integral of original function
L[ 0 S@d)=["[ f(x)dvedr
- }S{e Jorodd -] f(t)e‘“dt} —F(5)
L [jo’j;._.jo’f(z)dzdt---dt]=SinF(s)

(b) Integration of Laplace transform

“Fsyds=[ [ ferads = [ @) e dsdt
) I ], Jy rf,
:I:f(t)e__j S dt =I:@e‘”dt: L [@]

- L”L“’--.ij(s)dsds---ds =L [tinf(r)]




Ex: Find (a) L [l_t_ (b) L [l_tf_t .

Solution : (@)L [1—e"]=1 -
s s+l

_ ot 0 - 0

1 ]=J. (l—L)ds=lns—ln(s+1)| —lIn——
sos o s+l s s+1|,

_lnizlns_-i-l
s+1 S

j 1ns—+1ds_ S ‘L s(—— — Ly

s s+1 s

_smiH des{sln—”lﬂn(Hl)}
s |, s os+l1 s

)

=[(s+DIn(s+1)=sIns]” =sIns—(s+1)In(s +1)

EX: Find (a )J‘ Mdl (b)j sinx

Solution : (a)IOw sin ktte dt=1L [smtkt]

L [sinkt]= k

L [smkt 3

(b)J‘ Slle _2J‘ sin x

X

9 %im j: sin kte™ s

k—1
s—0

t

=21imE —tan" 2y =1
k-1 k

s—0

6. Convolution theorem

I f(t)g(t—r)dr] I '[ f(0)g(t—1)dte™dt

=[[ r@et-ve =" f(0)] gt —r)e dudr
Let u =t—1, du =dt, then

L[] fge-ndn = f(0] " gluwe ™ dudr
= J.wa(t)e’”dr'[: gw)e™du = F(s5)G(s)




EX: Find the Laplace transform of L)t e "sin2tdr.

. 1 .
Solution : L [e']=——, L 2t =
olution [e'] PR [sin 2¢] T2
L [jo’ef-f sin2¢dt] =L [e' *sin2¢]=L [e']-L [sin2¢]
12 2
s—1 s +4 (s—1)(s*+4)

7. Periodic Function: f (¢t + T) =f (¢)

L [f(D]= J.:f(t)eisldl‘ = J.OTf(t)eistdt"‘J.:Tf(l‘)efstdt+

2T T T
and jr f(H)e*'dt = IO fu+T)e™" Dy = e’STJ.0 f(u)e ™ du
Similarly,

J‘;TTf(t)e’”dt = e’zSTIOTf(u)e’S”du

AL @)= (e +e 4| p(e

__ 1! [ rwedi

1 _ e—ST

EX: Find the Laplace transform of f(¢) = ﬁt, O<t<p, f(t+p)=f(1).
P

. 1 vk _,
Solution : L [f(0)] =~— jo ;te dt
__ b 5[l(ze*” 4 —'[pe’”dt)]
l-e” p —s 0o
p
— (te™™ + le“’)
s 0

e’f

=————(pe + - l)
s s

8. Initial Value Theorem:

L [f'(®)]=sF(s)— f(0)= liglo'[:f'(t)e’”dt zlgrglcsF(s) -f(0)=0= IEEIOSF(S)—f(O)
we get initial value theorem lgrol f(t)= hi?o sF(s)

SO _

Deduce general initial value theorem : im ——= = hm@
t—0 g(t) S§—>00 G(S)




9. Final Value Theorem:
L [/ (0]=sF(s) = f(O) = lim [ " /" (”"dt =lim sF (5) - /(0) =
}E{OI f()—-f(0) = 112% sF(s)— f(0) = final value theorem : }Lrg f(H)= ligré sF(s)

General final value theorem : lim =—= AU limM
t—>0 g([) 50 G(S)

Ex:Find L [[ Sm—xd]

smx sint

Solution : Let f(¢) = j = [(0=="=,1(0)=0

L [ @)=L [sinf]=—
s +1
d

— L L0l=

—di[sF(s)—f(O)] .
S

sF(s)=—tan"'s+C
From the initial value theorem, we get

lim £(£) = lim sF (s)

0=-24+C .C==
2 2

sF(s)=Z—tan™ s = tan™ 1
2 s

F(s)= L an 1
s s

X

EX: Find L Dwe dx}.

-t

Solution : Let f(¢) = e (1) = —67, lim f(z) =0
X X t—w
L [f"(]=L [-e"

- F () - fO =
S

d B
asPTOI= T

sF(s)=In(s+1)+C
From the final value theorem : lim f(¢) = lirr(} sF(s)
[—0 §—>
0=0+C = C=0,and F(s)= 2 *D
s

1SN x
Note:j ——dx, an
0 x




UNIT I
INVERSE LAPLACE TRANSFORM

I. Inversion from Basic Properties

1. Linearity

,1 2S+1

@L 551 oL s+l
+4

—16]
; 2s +1 K 1 2
Solution : (a)L =L 2 +—
ution (@)L 1577 R SN
2405 +1) 4 S 4
p)L L 4
(b) [S —16] [ SRR

2]:ZCos2t+lsinZt

yE | =4 cosh 4t + sinh 4¢

2. Shifting

@L 41 mL 23

s2+25+2 s +3s+2

Solution : (a) L _1[2_—] L _I[L]

+25+2 (s+1)> +1

L ‘1[—1 -

(s+1)" +1

and L [f(t—a)u(t—a)]=e “F(s)
L™

(s+1)* +1

]=e"sint

1=e """ sin(t — n)u(t —m) = —e ™ sin tu(t — m)

3
-t

25 +3 ]=2e? coshi

(b) L _[W]_L I

3
2(s + 5)

3.,
+7
(5457 =G

~(Ly

3. Scaling

L 71[ 4s

16s> —4
4s 45

Solution: L [——]=L ‘l[ﬁ]=lcosh2-lt=lcosh£
165> — 4 (457 —2°" 4 4 T4

1.

4. Derivative

1 s+a

(a)L 7[m] ()L "[ln +b]
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. . 0 ) d o) 208
solution: (a)L [sinwt]= =L [tsinot]=—— =

! @b 1 | S+ o [ | ds s°+o° (s’+o°)’

Let F(f)=tsinot = L [F'()]=s- % ~ F(0)
(s"+w)
s° (s’ +o’)-o’ 1 o’

L [F'()]=20———=20[——"—]=2® -

(@] (s> +®*)? (s> +°)’ ] [52+(92 (s2+002)2]
20’

(s2 + 032)2

=2L [sinwt]—
1 1
(s’+0’) 20

= 1
(s? +(02)2]

‘L [2sinwt—F'(1)]

. 1 .
= [2smot—F'(t)] = SIn ®f — Mt Cos ®t
P [ ()] 2003( )

(B Let L [£(1)] =122 —In(s + a) — In(s + b)
s+b
L [ (0] = lin(s +a)—In(s + b)] = —— — L= [e¥— )
ds s+b s+a

—bt e—at

="

t

5. Integration

@L LETY e mitY,
s°os+1 s+b

o Ll os=10 ] 1
Solution : (@)L [ (—1=L ]_je dt—jojoe dtdt

0

sGs+1) s2(s+1)

=—(e" =D+ [ (" =Ddt=—~(e" =)~ (" ~1)—r=2-2¢" ~1
(BL [ ~e =
s+b s+a

1 1 s+b

- )ds =1In it
s+b s+a s+a s+b

N

o0

6. Convolution

@L !

(s2 + (»2)2

]




Solution : (a)L [sinot]=— ® > =L [—sinot]=—5——
ST+ o ® ST+ o

1

| )
m] =— JO sin wtsin w(z — 1)dt

L [
1 1
=— jo— [cos(mT — @f + ®T) — cos(®T + wf — 0T)]dt

t

J-t[cos(2wr —t)—coswt]dt = ! 5 Lsin(2o)r — ) — TCOS Wt
207 | 2o

- 2
2m° 70 0

= 5 ! > {[L (sin ot —sin(—wt)]| —¢cos t} = 21—3 (sin ot — ®t cos ot)
® ®

(b)L gsmcot]—s ! > L [cosmt]= 2S

+® T+

5 |= ljotsin ®tcos (t —1)dt

L -1
[(s2 +0’) o

_1 J- 1 [sin(®T + of — ®T) + sin(®T — ©f + ©1)]dt
®702

t

0

= 1 J' t[sin ot +sin(2ot — ot)]dt = 1 Tsin of + -1 c0s(20T — o)
2m70 20 20

= 1 {tsin ot — 1 [cos ot — cos(—wt)]} = L sin ot
20 20

II. Partial Fraction

If F(s)=is), where deg[P(s)]<deg[Q(s)]

1.Q(s)=0 with unrepeated factors s—a;

P(S)— Al + A2 +...+i

Q(S)_S—a1 s—a, s—a,

—4a;

P(s) p I
(s—a,)]= (ak) lm % 0(s)

_ P(a,) lim —— = P(@)
e 0'(s)  Q'(a,)

P(s) _ P(a)/0'(a) , P@)/Q'(a)  P(a,)/0'(a,)
0(s) s—a, s—a, s—a,

—1[P(S) _ P(a,) " P(az) Ly n P(a,) o
0(s)” 0Q'(a) Q (az) 0'(a,)

,1[ S+1
s> +s2—6s




s+1 s+1 A 4, A,

3, 2 - sttt

s +s°—6s s(s—=2)(s+3) s s-2 s+3
s+1 1

Solution :

1 m —————7-=
0 (s—=2)(s+3) 6

A, =limSFL 3
s>2 5(s+3) 10

A, = lim s+1 -2
s>35(s—2) 15

r 3 =2
L s+1 1= 6, 10 , 15 :_l+iezt_£e-3t
s*+5? —6s K s—2 s+3 6 10 15

2. Q(s)=0 with repeated factors (s—ay)"

P(s) _ C, N C,., N C,

o(s) (s—a)" (s—a)" S —ay
P(s)
O(s)

P(s)
C =
= lim( 2% (5 -a)"]
A PO
Cm_l_fhﬁnalk{ds[Q()(s a;
d” P(s)
- Imigges o

(s—a)" =C,+C, (s—a)+C,,(s-a,) ++C(s—a)"

st =787 #1357 +45-12
s2(s=1)(s =2)(s = 3)

1.




. ~7s> +13s* +4s-12 _ C, C A1
Solution : =2
sP(s=1(s=2)(s=3) s s s—l
st =77 +1357 +45 12 —12
C, =lm = =
>0 (s=1)(s—-2)(s—3) -6
4 3 2 _
Clzlimi[s 7s” +13s° +4s 12]
=0ds (s—=1)(s—2)(s-3)
_AED2)(E3) - (1) [(2)(3) + (= D(3) + (- 1D(=2)] . —24+12x11
[(=D(2)(-3)T’ 6”
im ® —7s3+13s2+4s—12_—_1
5ol s*(s=2)(s-3) 2
Azzlims 7§ +13s° +4s IZZi:_Z
52 s7(s=1)(s=3) -4
A, =Tim st =757 +13s7 +4s5—12 91
53 s*(s—1)(s—2) 18 2
st =787 #1357 + 4512 1,

[— ]=2t+3—— —2e* +—e
s (s=D(s=2)(s-3) 2 2

=3

3. Q(s)=0 with unrepeated factor (s—cx)2+[3, where >0
P(s) _ As + B
O(s) (s—a)’ +p’
SES;[( —0)’ +p*]=As+B

HMB{QE ;[( —a)’ +B*]} = A(a+iB)+ B

R+il =(Ao+B)+idp

where R and [ are the real and imaginary partsof lim { E ;[( —a)’ +B*]}, respectively

54)11+l

Aoa+B =R
then, py , Where we can get 4 and B, and

Pls) | A=)+ (da+B)

[Q(S) (s—a) +Pp

1= 0"(Acoth+A B+Bsin[3t)




2 2 2
S S

S
Y4 (82)+2-522+422 2572 (s2+2)2—(25)°
s’ As+B,  As+B,
= = +
(s> +2s+2)(s>=2s+2) (s+D*+1 (s=1)>2+1

Solution :

2 _ .
lim —5 = A (140t B = 2 = (A, + B +id,
st (s —1)2 +1 44

8;3:%—4+BJ+Ug:nﬂz—iJﬂ:0

. s? 2i
Iim ——=4,(1+i)+ B, = =(A,+B,)+id
1 (s + 1) +1 (a0 By = TR Bk,
%szﬁBJﬂ@:@z%&:O

1 I 1 1
g i ——s+D)+— —(s-D+—
L 1[ - ]_L 1[ 4 4 4 4

2 + ]
s"+4 (s+1)"+1 (s=1)"+1

—t t

e . e .
=—(—cost+smt)+Z(cost+smt)

4. Q(s)=0 with repeated complex factor [(s—a)2+B]2, where >0
P(s) As + B Cs+D

06) (G- +p T (-a) +p°

P“H@—af+sﬂ2=As+B+«k+Dn@—af+Bﬂ
0o(s)

Sggiﬁ{% [(s— o) + B2} = A(c+B) + B

R, +il, =(Ao+ B)+iAB = {

Aa+B=R,
AB=1,

Ks—af+{ﬁf}:A+{C@»+$)+Lﬂlm%ééﬁs—af44¥]
S—>o+1 S

, where 4 and B can be obtained

lim 4 PG)

ssatip s O(s)
R, +il, = A+[C(a.+iB) + D2ip = (A - 2CB*) +i(2aBC + 2BD)
={ A-20p" =R, , where we get C and D, hence

20BC+2D =1,

is)]: L _I{A(S—oc)+(Aoc+B)

O(s) [(s— )’ +BT

=e” [12% sinfBt+ (Ao + B)2L[33(Sin Bt —BtcosPt)]+[CcosPt+ (Co + D)%sinBt]}

C(s—a)+(C+D)
(s—a)* +p’

L b+l ]




L ,1[s3—3s2+6s—4
(s> =2s+2)"
. =357 +65-4 As+ B cs+D
Solution : = +
(s* =25 +2) [(s—1)*+17 (s—1)7+1
lim (s> —=3s> +6s+4) = A(1+i)+ B

s—o1+i
2i=(A+B)+id= A=2,B=-2

lim i(s3 ~3s> +6s+4)= A+[c(1+i)+ D] lirln_di[(s—l)2 +1]
s>+ S

s—ol+i s
0=A+(c+ic+D)2i=(A—-2c)+2i(c+ D)
c=1,D=-1
s =3s+6s—4
(s> =2s+2)°

2(s—1)
[(5—1) +1T’

s—1
(s—1)2+1

L =L 4L ]

r . .
:e’(2-551nt+cost) =e'(tsint + cost)

IV. Differentiation with Respect to a Number

1
L -1
[(s2 +032)2

1.

Solution:i( 21 >) = 2_20)2 5
do s"+o (s"+o)

-2m

d 1
do's v e Tro)

do s* +o°

1 d 1 . 1 . t
s— 1= ——(—simwt) = ——sin®f + —cos ot
ST+ do o o) 0]

=L N=L

]

1 d
2oL MT——]=—"1_
® [(52+0)2)2] do [

a1 1
(s> +°)°

]

=2 (sin ot — ®t cos wt)
®

V. Method of Differential Equation

L [e].




Solution : y = e = y'=-

we get the equation 45y"+2y'—y =0= 4L [i (*y)]+2L [-y]-L [y]=0

4%(l2y)—21y—y=0:>4t2y'+(6t 1)y = o:sdy o1
y

dt=0

t2

3 1 2
mhy+=hht+—=¢c =>y=ct 2e ™
Ty 4 7Y

L [r?]= =— andL[ly]—L[ct 2¢ 4]

1
il E\/— R
g s

while L [#y] =

Applied to Solve Differential Equations

I. Ordinary Differential Equations with Constant Coefficients

Y'+y'+y =g(x), ¥(0) =1, »'(0) = 0, where g(x) = {

Solution : g(x) = u(x) + 2u(x —3)

1 0<x<3
3 x>3

[s*Y = 59(0) = ' (0)] + [sY = »(0)] + ¥

2 1 e
(s"+s+D)Y =s+1+—+2
S S
s+1 1 2e7

2 + 2 + 2
s“+s+1 s(s+s+1) s(sT+s+1)

s+1 1 s+1 1 s+1
=t () + 2 (-
sP+s+1 (s s2+s+1) (s sP+s+1

s 7)+ 143
2S+1 = V3 2 =L 1[25;1]:e_’z(cosﬁx+Lsin£x)
sS+s+1 (s+—)2+(ﬁ)2 sP+s+1 2 NER)

2 2

_XT}[COS \/_( —3)+%sm?(x ]}

y(x)=u(x)+2u(x-3){1—e




YO =2y" (0 +5y"(0) =0, ¥(0) =0, y'(0) =1, y(g) =1.

Solution : [s’Y —s°y(0) — 53" (0) — »""(0)] = 2[s°Y — sp(0) — »"'(0)] + 5[sY — »(0)] =
y'(0)=c

s+c—2 é Ps+Q
s
-

T s(s’—25+5) (s—1) +2°
A =lim s+c—2 2
=057 —2s+5 5

P(1+2i)+0 = lim s+c—2:—1+c+2z:c+3+4—2ci
5142 S 1+2i 5 5
P:2—c 2c+1

5 9775

c—2 2—c c+3 .
) = +é cos 2t + sin 2¢
(1) s ( s 0 )

g 2—-c 1 c+3 1
Q=== (L S ) =

Ly =1+e (— cos 2t + sin 2t)

II. Ordinary Differential Equations with Variable Coefficients

ty"+(1-2t)y'-2y=0, y(0)=1, y'(0)=2.

Solution : —di[szY —sy(0) =y (0)]+{[sY — y(0)] + 2di[sY— y(0)]} -2Y =0
s s

(=s*Y'-2sY + 1)+ [(sY = 1)+ 2(sY'+Y)]-2Y =0
(s> +25)Y'+H(25+s+2-2)Y =0

C(s—2y=y X s

=Y =-In(s-2)+¢
s—=2

Y=L2:>y(t)—ce

W0) =1, T=c, y(t)=e”

II1. Simultaneous Ordinary Differential Equations
Ex. 4.

d); =2x+y+2e”

“ . x(0)=y(0)=0.
= =x+2y+3e”
dt




SX—x(0)=2X 4V +—2— | (s-2)X -V =—2_
Solution : s 55 = §=35
sY—y(0)=X+2Y+—2 - X+(s-2)Y =

S—

3
s=2
2 3
s—5+s—2_ 25 =55 =17
(s=2)" -1 (s=D(s=2)(s=3)(s=5)
2 3
T RS SN S E
(s=2)" -1 (s=D(s=3)(s-5)
X:5/4+ -3 N 1 +3/4
s=1 s-2 s-3 s-5
-5/4 1 1/4
= + +
s—=1 s-3 s-5

(s-2)

= x(t) = %e’ —3e* + e +%es’

Y

5 t 3t 1 5t
> yi)=——e +e +—e
y(1) 2 ,




UNIT 111
FOURIER SERIES

Definition of periodic function

Determination of Fourier coefficients

Fourier expansion of periodic function in a given interval of length 2nt
Fourier series of even and odd functions

Fourier series in an arbitrary interval

Half- range Fourier sine and cosine expansions
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UNIT III

FOURIER SERIES


INTRODUCTION:
Fourier series which was named after the French mathematician “Jean-Baptise Joseph

Fourier” (1768-1830).Fourier series is an infinite series representation of periodic function in
terms of trigonometric sine and cosine functions. It is very powerful method to solve ordinary
and partial differential equations particularly with periodic functions appearing as non-
homogeneous terms. We know that Taylor’s series expansion is valid only for functions
which are continuous and differentiable. Fourier series is possible not only for continuous
functions but also for periodic functions, functions which are discontinuous in their values
and derivatives because of the periodic nature Fourier series constructed for one period is
valid for all. Fourier series has been an important tool in solving problems in many fields like
current and voltage in alternating circuit, conduction of heat in solids, electrodynamics etc.

Periodic function
A function f:R—R is said to be periodic if there exists a positive number t such that
f(x+T)=f(x) for all x belongs to R .
e T iscalled the period of f(x).
e Ifa function f(x) has a smallest period T(>0) then this is called fundamental period
of f(x) or primitive period of f(x)

EXAMPLE
e Sinx, cos x are periodic functions with primitive period 27

. - . . o : 27
e Sinnx,cosnx are periodic functions with primitive period —
n

e Tanx are periodic functions with primitive period

Tannx are periodic functions with primitive period —
n

If f(x)= constant is a periodic function but it has no primitive period

Any integral multiple of T is also a period ie. if f(x) is a periodic then
f(x+nT)=f(x).where T is a period and n € Z
If fi and f, are periodic functions having same period T then f(x)=c;fi(x)+c2f2(X)
,[c1,¢2 are constants] is also the periodic function of period T
If T is the period of f then f{cix+c;)also has the period T [c),c; are constants]
If f(x) is a periodic function of x of period T

(1) f(ax),a#0 1s periodic function of x of period T/a

(2) f(x/b), b0 is periodic function of x of period Tb

EVEN FUNCTION:
A function f(x) 1s even function if f{(-x)=f(x)
Ex: f(x)=cos x, X

» The graph of even function y=f(x) is symmetric about Y -axis

> Iff(x) is even function [ f(x)dx =2[f(x)dx
—a 0




ODD FUNCTION:
A function f(x) 1s odd function if f{(-x)= -f(x)
Ex: f(x)=sin x, x’

» The graph of odd function y=f(x) is symmetric about the origin

> Iff(x) is odd function | f(x)dx =0

NOTE
e There may be some functions which are neither even nor odd

Ex: f(x) =4sinx +3tanx-e*
e The product of two even functions is even
e The product of two odd functions is even
e The product of an even and odd function is odd

TRIGONOMETRIC SERIES: A series of the form

f(x)= ap+ Xp—1(a, cosnx + b, sin nx)
Where ag,a;,a;, a, and by,by, b, are coefficient of the series.Since each term of
the trigonometric series is a function of period 27 it can be observed that if the series is

convergent then its sum is also a function of period 2w
CONDITIONS FOR FOURIER EXPANSION (DIRICHLET CONDITIONS)

A function f(x) defined in [0,27] has a valid Fourier series expansion of the form
f(x)= az—" + Yn-1(apcosnx + b, sinnx)
Where a, a,, b,are constants, provided
e f(x) is well defined and single-valued, except possibly at a finite number of point in
the
interval [0,27] .
e f(x) has finite number of finite discontinuities in the interval in [0,27] .
e f(x) has finite number of finite maxima and minima.
Note: The above conditions are valid for the function defined in the Intervals [-m,x],[0,21],
[-L1]
» {l,cos 1x,cos 2X,....,CO8NX,.....,sin 1x,sin 2x,....,sin nx,....}
Consider any two, All these have a common period 2x . Here 1=cos 0x

X 21X nmx . MX . 2TX . NTX
» {l,cos T>C0ST 5,008 ——,....,8IN TSI ==, .., sin ==, ot
All these have a common period 21 .

These are called complete set of orthogonal functions.




Then the Fourier series converges to f(x) at all points where f(x) is continuous. Also the
series converges to the average of the left limit and right limit of f(x) at each point of
discontinuity of f(x).
Example

e sin~! x cannot be expanded as fourier series since it is not single valued
e Tan x cannot be expanded as Fourier series in (0,27) since tan x is infinite at x =

T 3m
E and 7
EULER’S FORMULAE
The Fourier series for the function f(x) in the interval c<x<c+2m is given by

f(x)= 370 + Y1 (a,cosnx + b, sinnx)

Where a= % fcc+2ﬁ f(x)dx

1 pct2
a, = fcc+ " f(x) cosnx dx

1 rc+2m
by

These values are known as Euler’s Formulae.

f(x)sin nxdx

Proof:consider f(x)=a7° + X1 (a,cosnx + b, sinnx)

Integrating eq(1) with respective x from x=c, x=c+2m on both sides

c+27 c+2m 2T o cH+2m o

.!. f(x)dx = J; a?de+ '!. ;an cosnxdx + ! nzz;bn sin nxdx
H.fn f(x)dx = H‘fn%‘) dx + gan thn cosnxdx + gbn 01.2“ sin nxdx

c+27
[ f(x)dx = %O[c +2n—c]

c+2m

a, =% [ f(x)dx

Multiplying cosnx and Integrating eq(1) with respective x from x=c, x=c+2n on both sides

c+2m c+2m 2T o c+21 o

j f(x)cosnxdx = j a?‘)cosnxdx+ I Zan cosnx cosnxdx + I an sin nx cos nxdx

c ¢ n=l ¢ n=l

c+27 c+2m a © c+2m 0 c+2m

j f(x)cosnxdx = J- —°cosnxdx+Z:an j cos’ nxdx+an I sin nx cos nxdx
c c 2 n=l c n=l c

c+2m

I f(x)cosnxdx =a n

C

1 c+2m

a =— .[ f(x)cosnx dx
T

n
c

Multiplying sinnx and Integrating eq(1) with respective x from x=c, x=c+2x on both sides




c+27 c+2n cH+2m o c+2T o
j f(x)sinnx dx = J- —sinnxdx + J- Z a_ cosnx sinnxdx + j Z b sinnx sin nxdx
c 2 ¢ n=l ¢ n=l
c+2m c+2n c+2m © c+2m
j f(x)sinnx dx = J. —%sin nxdx + Z a _[ cos nx sin nxdx + an J. sin” nxdx
c c n=l c
c+2m
I f(x)sinnxdx =b w

C

c+2m

b, _1 [ £(x)sinnxdx
Tc C

DEFINITION OF FOURIER SERIES
» Let f(x) be a function defined in [0,27] . Let f(x+27)=f(x) then the Fourier Series of is
given by
f(x)= a—o + X ;(a,cosnx + b, sinnx)

Where 2=~ fo f(x)dx
1 r2m
a, =, f(x) cosnx dx

b, =% fozn f(x)sin nxdx

These values ag, a,,, b, are called as Fourier coefficients of f(x)in [0,27].

» Let f(x) be a function defined in [-7,7] . Let f{(x+2m)=f(x) then the Fourier Series of is
given by
f(x)== 20 4 ¥ (a,cosnx + by, sinnx)

Where ag = % ffﬂ f(x)dx
a, =% fjﬁ f(x) cosnx dx
bfi fjﬁ f(x)sin nxdx

These values ag, a,, b,are called as Fourier coefficients of f(x)in [-m,x]

» Let f(x) is a function defined in [0,2/]. Let f(x+2/)=f(x) then the Fourier Series of is
given by
f(x)= %0 + (ancos Z 4+ b,sin mlTX)

Where ap = Tfo f(x)dx
n :% fOZIf(x) cos@ dx
b, :% fOZI f(x)sin% dx

These values ag, a,, b, are called as Fourier coefficients of f(x) in [0,2/]

» Let f(x) be a function defined in [-,/] . Let f(x+2/)=f(x) then the Fourier Series of is
given by
fx)== Dpye 1(ancos = + b,sin

nT[X)




!
ap = %f—l f(X)dx
a, :% f_llf(x) cos% dx

b, =% f_ll f(x)sin% dx

These values ag, a,, b, are called as Fourier coefficients of f(x) in [-/,/]

FOURIER SERIES FOR EVEN AND ODD FUNCTIONS
We know that if f(x) be a function defined in [-m, ]. Let f(x+27) =f(x), then the Fourier series
f(x) of is given by

fx)= 370 + X._;(a,cosnx + b, sinnx)
Where ap=2 ™ f(x)dx
T U

a, =% fjﬁ f(x) cosnx dx
b, :% ffﬁ f(x)sin nxdx

These values ay, a,, b,are called as Fourier coefficients of f(x) in [-r, n]

Case (i): When f(x) 1is an even function

o flx)= ? + )1 a,cosnx
Where ap= % f(;T f(x)dx
a, =% foﬂ f(x) cosnx dx

o Jfi)=7 +Zrqa,cos—
2
Whelre a =1 fo f(x)dx
a, :% Jy f(x)cos%dx

Case (11): When f(x) 1s an Odd Function

e f(x)= X1 b,sinnx
Where b, :% fon f(x)sin nxdx

e f(x)= X1 b,sinnx
Where b, :% fol f(x)sin % dx




FOURIER SERIES FOR DISCONTINUOUS FUNCTIONS

filx),c <x<xg

Let f(x) be defined by f(x) z{fz (), xg <x<c+2m

Where x,is the point of discontinuity in (c, c+2)
Then the Fourier coefficient is given by

1 X0 c+2m
a :;U f1(x)dx+j f2(x) dxl

X0

1 X0 c+2m
= ;U f1(x)cos nx dx+j f2(x) cos nx dxl
c X0

1 X0 c+2m
= ;U f1(x)sin nx dx+j f2(x)sin nx dxl
c X0

fxA0)+f (x=0).

The Fourier series converges to > if x is a point of discontinuity of f{x)

PROBLEMS

Find the Fourier series expansion of f(x) = x’, 0 <x <2m. Hence deduce that

L~ L1 1
(@) 1—2+2—2+3—2+
1

@) T+

(iii) 1—2+

Fourier series is

flx) = “70 + (a, cos nx +b, sin nx)

n=1

2 27
a, 1 jf(x)cosnxdx = J- * cos nx dx
T 0 0

smnx (2x )( cosnxj (2)(

=
[ (4”)(1) o}— o+ 0—0}}




2 2
b, 1 If(x)sinnxdx 1 sz sin nx dx
T r

0

:l x )( cosnx) (2x )( smnx) (2)(cosnxﬂ2”
7| n .
{—47[ +0+%}—{O+O+%H

L n n n

_4Az
n

f(x)= Z _cosnx + b, sin nx)
n=1
i
3

4
=— —COSI’DC——SH’II’ZX
n= 1 n

cosx cost cos 3x 1 sm2x sin3x
+ T + + +

JS(x) = 3 5

Put x = 0 in the above series we get

A’ I 1

0) = + +—+

A 3 {12 27

But x = 0 is the point of discontinuity. So we have
2

)~ O +2f(27r) O+ ;4;; ),

Hence equation (1) becomes




Fourier series 1s

[ =2+ (a, cos nx+b, sin nx)

n=1

2 2w
a, =% If(x)dx =% jxsinxdx
0 0

_1 [x (—cos x) = (I)(=sinx)];”
r

- L2r+0)-0+0)]
T
=-2

2z 2z

1 1 .
a, =— J.f(x)cosnxdx =— Ixsmxcosnxdx
7 0 T 0

n

2z

=— Ix(2 cos nx sin x) dx
4 0

2r
_ 1 [x[sin(n+ Dx —sin(n—D)x]dx . n#1
2 5

2 2z
= 1 Ixsin(n +1)x a’x—L J-xsin(n —1)x dx
27 27

_ 1 —cos(n+1Dx) —sin(n+1)x M
_27r{(x)£ P j (l)( (n+1)° HO

[ (=cost=Dx) (=sinn-Dx ]
27[{(@[—”_1 ) (1)[—(n_1)2 ﬂ




:LHM+o}_{om}}——HMW}—{M}}
2 n+l1 2 n—1

-1 1
+_
n+l n-1

_—(n=-D+(m+1)
 (n+D(n-1)
2

n® -1

, n#l

When n= 1, we have
2 2r

a, =— If(x)cosxdx =— Ixsinxcosxdx
4 0 T 0

27
_ jxsinzxdx

_x(_ cos 2xj (l)( sin 2x ﬂ 2

L 2 0
_{27{%1) + O} -0+ O)}

1

2z 2z

b, =— If(x)sinnxdx =l Ixsinxsinnxdx
4 0 7T 0
2z

=— | x(2sin nxsin x)dx
2 -([

= [x[cos(n—1)x—cos(n+Dx]dx , n#l
T

0
2z 2z

1 1
:Z _fxcos(n—l)x dx—g .([xcos(n+1)x dx

0

sin(n—1)x cos(n—1)x 2”
[( )(—j ()[—(n_l)2 HO
sin(n +1)x —cos(n+1)x Zﬂ
{( >(—+1 j (1)(—(%1)2 ﬂ
{0 (1)2”} {0+ ! ZH——HM(_DHT}—{M ! 2H
i (n—1)* (n-1) 2r (n+1) (n+1)
I e e |
i (n-1) (n-1) 2r (n+1)

b,=0, nzl

When n = 1, we have




2w
:l _[f(x)smxdx =— Ixsmxsmxa’x

xsin? x dx

1—cos 2x]dx
2

{2
o -o-(3)--o-3]

f(x)= %0 + Z(an cosnx +b, s nx)

n=1

a,
=?+alcosx a, cosnx +b, smx+2b sin nx
n=2

—cosnx+msinx+0
(n— 1)(n+1)

-2
=———cos
2

)
T

cos2x cos3x cosdx cosSx
+ + +
1.3 24 35 4.6

) 1 )
xsmx :—l—Ecosx+7zsmx+2{

Put x = % in the above series we get

3 Obtain the Fourier expansion of f(x)=e™" in the interval (-w, 7).
Sol  Fourier series is

fx) = “70 + (a, cos nx +b, sin nx)

n=1




aozlje_“xdle{e }
T |l —a]_

e’ —e "  2smmhar

ar ar

1 A
a,=— J-e‘“" cos nxdx

Tla +n

_ 2_6{(—1)" sinhaﬂ}

—ax 7
¢ {~ acosnx + nsin nx}
2 2
-

7 a’+n’

17 ..
b, = —Ie “sin nxdx
T*

rla +n

2n [(—1)" sinhaﬂ}

2 2
T a +n

—ax 7
N {~ asin nx — ncos nx}
2 2
-

sinh aﬂ 2asinhar &
f(x) = > =

=1 cosnx+2s1nha7zzn( Ul sin nx
ar T ~a+n V4 ~a+n

For x=0, a=1, the series reduces to

{0)=1 = smhrr 2sinh 7 & (1)
V4

T ,,ln +1

V4 T 2 =S+l

| = sinh 7 2smh7r{ (- 1)”}

| = 2smh7zz (-1

T =S+l

Find the Fourier series for the function f{x) =1+x +x’ in (-x, 7). Deduce

The given function is neither an even nor an odd function.

flx) = “70 + (a, cos nx +b, sin nx)
n=1

a, —%J-f(x)dx :ij‘(l+x+x2)dx




a, _1 J‘f(x)cosnxdx _1 j(1+x+x2)cosnxdx
7 T

=l{(l+x+x2)(smnx)_(1 )( cosnx] (2)( smnxﬂ”
T n n r
:l{{0+(l+2nz(—1)" _0}_{0+(1—2ﬁ2(—1)" _OH

T n n

- (‘1)2" [1+27—1+27]
wn

( 1) _AcEh”
n2

_1 Jf(x)sinnxdx =l j(1+x+x2)sinnxdx
71'7” 7[7”

:1{(l+x+xz)(—czsnx] (142 )( s;nnxj (2)[cosnxﬂ

{ ey +0+2(_31)”}—{—(1—7:+7r2)(_1)n +0+2(_31)nH
n n n

n

~N—-z—-7*+1- 7r+7z]

LD Ly 26D 26D
nr n n

f(x)= %0 + > (a, cos nx + b, sin nx)
n=1

2 © _1\» _ n+l
:%(2+%J+Z[@cosm+&smm}
n=1

n n

7’ COSX COS2X cOoS3x sinx sin2x sin3x
=l+—+4 —— ————  t + - + —
3 1 2 3 1 2 3

f(.X) —1+?—4

7’ [cosx cos2x+cos3x . sin x sin2x+sin3x

22

Put x =z in the above series we get
2

But x =7 1s the point of discontinuity. So we have

f(x) :f(—fr)2+f(7r) _ (1—7z+7z2)J2r(1+7z+;r2) _2+27°

Hence equation (1) becomes




. . . . 2.
Find the Fourier series expansion of (m — x)” in —t <x<m.
Fourier series is

S =2+ (a, cos nx+b, sin nx)
n=1

a, =%_Jif(x)dx = %_Ji(;r—x)z dx

_E-»]
o -3 1.,
1 3
=E[0—87Z' ]

B 87’
3

s 1 s
a, _1 If(x)cosnxdx =— I(ﬁ—x)2cosnxdx
T T,

_ l{(ﬂ_x)z(sin nxj 27— x)(D)] [—cos nx] . (2)(—sin nxﬂ "

T n I’l2 I’l3
=l{{0+0—0}—{0—w—oﬂ

T n

4(-1)"

2
n

b, = il jf(x)sinnxdx _1 j(;z—x)2 sin nx dx
7[—71' 7[—71'

_ l{(”_x)z[—cc;s nx)_[2(ﬂ_x)(_1)](—sinnxJ+ (2)(cosnxﬂ "

3
v n2 n

:1H0+0+ﬂ}_{_(4ﬂ2)(—1y +0+2(—31)nH
T n n n

Az (=)
- n




fx)= “7°+ 3" (a, cos nx+b, sin nx)

n=1

2 0 _1\" _ 1\
SBT3 2D s 2D
20 3 ] n n

47 [ cosx cos2x cos3x N 1 sm2x sin3x
T

- + - + +
1’ 2? 3? 2 3

S(x)=

COSX CcoS2x cos3x sinx sin2x sin3x

. B 4r’ B B
(ie) f(x)= 3 4[ e 5 + Vs 5 + i

Find the Fourier series of periodicity 3 for f{(x) = 2x — x’in 0 <x< 3.
Fourier series is

(x)— +Z(a oS +b sin 2n371x}

n=1

L[ yan =§j(2x—x2)dx

“ (3/2)

r 3
_ 2x*  x°

2 3

2

3_ 0

2[(. 27
5_(9—?j (0—0)}

=0

a, = (3/2) If(x)cosnxdx ——j(2x X )cos

. 2nmx 2nmx . 2nnx
) sin 3 —cos 3 —sin
2x - x? —Q-2) —— 3 () — 3
(2x=x7) 2nrw ( %) 4n’r? +2) 8n’n’

3 9 27

sl o-ofzz]

b, = (3/2) J.f(x)smnxdx —7.[(2x x )sm




Expand f{x) =x—x’ as a Fourier series in —/ <x </ and using this series find the
root square mean value of f{(x) in the interval.

Fourier series is

f(x)= %MZ(% cos? +b sin ”’l[—xj
n=1

a, :%Jif(x)dx =%Ii(x—x2)dx

_ﬁ_ﬁ}l

_2 3 -1

(2 B (12 P
_____+_
5SR-S
201 -2
3 3

1¢ nux 1¢ 2 nx
a, =;J‘lf(x)cosde =;_';(x—x )cosde

. nnux nux

1 s —— —COS——

(x—x?) n; —(1-2x) | ——
n T

L ! I

1{0+a—20(Q%X§J+0}—{0+u+2n(“gyf
I_ n°mw n'r
=(_D”2h—y—1—y]

I nrn?

-1)"1 477 (-1
YA ) [ .
n27z,2 [ ] n2ﬂ_2




1¢ . nax 1 . nm
b =~ x)sin—dx =- | (x—x*)sin— dx
\ lj[f( )sin = l,j,( )sin=

nux . nnx
—COS —— —Sm-— COS ——

2 / / /
H-x) ——L |—a-2 -2
| G e |02 | e )

i 2 I’ »

R e e e e
l_ nr

G L RSN EY

I nr

_ (_1)n+1 [21]: 2[ (_1)n+l

nrw nrw

f(x)— 5 +Z[a cosT+b i %j

n=1

(=207 &(4PED"" nrx 20(-D"" . n
=—[ 3 J+Z( st ——sin—

2 ] nr
. -1 4]* rx 1 2rx 1 3rx 1 4 x
ie. X)=—+—| —00S— ——COS—— +—C0S —— — —COS —— +
(ie) J(x) 3 [12 [ 27 / 3? / 4* /
2001 . 7zx 1 . 27nx 1 . 37nx 1 .
+—| -sin — — —sin —— + —sin —— — —sin
7|1 /I 2 / 3 / 4

Obtain the Fourier series of f(x) = 1-x* over the interval (-1,1).
The given function is even, as f(-x) = f(x). Also period of f(x) is 1-(-1)=2

Here

ap = %j‘f(x)dx = ij(x)a’x

—2!(1 x)dx—2[x 3}

0

= %j.f(x) cos(nmx)dx
= 25[ f(x)cos(nmx)dx

= 2I(I—x2) cos(nzmx)dx

Integrating by parts, we get

L\ sinnmx COS N7 sin nmx l
an=2{(1—x{ - ] <2)( s j - >( s ﬂ




1
b, = %J. f(x)sin(nx)dx =0, since f(x)sin(nnx) is odd.
-1

The Fourier series of f(x) is

Find the Fourier series for the function f(x) = {

0 2
Deduce that z L _ = r
n=1 (2n - 1) 8

. f=x)=1-x in(-2,0)
=f(x) in (0, 2)

and f(=x)=1+x in (0, 2)
= f(x) in (-2, 0)

Hence f(x) is an even function.

S f(x)= @JrZan cos %
n=1

a, =%ff(x)dx = f(l—x)dx

3]
= x——

2 0
=[2-2)-(0)]
=0

2

2
a, =§.([f(x)cos%dx J.(l—x)cos%dx




f(x)= i_lcosE+Lcos3—ﬂx+Lcossm
12 3 2 5

Put x = 0 in the above series we get
81 1
f(O) :?_1—24'3—2"‘—
But x = 0 is the point of discontinuity. So we have
0-)+ f(0+ D+(1) 2
f(O):f( )+ /0 _D+D _2_,
2 2 2
Hence equation (1) becomes

8{1 1 1
l=—|5+5+5
T

12 32

X
10 Obtain the sine series for f(x)=

l—x in

Sol Fourier sine series 1s

f(x)=3 b, sin ==
n=1

2 ¢ . X
== —d
[!f(x)sm 7 X
27 amx 2 ¢ . X
:7 j x s1anx+7 J(l—x) sdex

0 1/2
12

nm . X nm
—cos— ; —cos—

(X) -0 +* (=x) ————|= (1]




nr
[.cos—

2 !
—{0+0} +7 {0-0} - —(2)

nrw

. T . X 1 . 37 . 3nx 1 . 5z .
sm—sm—+0+—zsm—sm—+0+—zsm—sm—+0+
2 / 3 2 / 5 2 /

2, m<x<2rw

>

Find the Fourier series of f(x) :{ ’

Fourier series 1s

a - .
f(x) ==+ (a, cosnx +b, sin nx)
n=1

a, = % :)[”f(x) dx = % ‘f(l) dx +% 72[”(2) dx

2

— L0+ 2jer-n)]
T T
=14+2=3

2z V4 2z
a, =l If(x)cosnxa’x =lj(1)cosnxa’x+l I(2)cosnxdx
4 0 4 0 4 V3

. . 2
_ 1| sinnx ”+2 sinnx |
. n |, m n ],

L0-0)+2(0-0)
T T

=0




2 V4 2z
b, 1 [ f(x)sinnxdx =lj(1)sinnxarx+l [ 2)sin nxadx
4 0 4 0 4 4

{—cosnxr +£{—cosnxT”

n o n .

I e
niw nmw

- Ly s1-242¢ 1]
niw

_E=D -1

nrw

f(x)= a?°+ Z(an cosnx + b, sin nx)

n=1

= 3+Z:{O.cosnx+msinnx
n=1

nrw

3 2|sinx sin2x sin3x
2 x| 1 2 3

X

2

12 Find the Fourier series expansion of f(x)=
[—x, 5 <x<l

Sol Let 2L=1= L= é, then the given function becomes

) X, O<x<L
X) =
2L—x, L<x<2L

. L ay ~ nmwx
Fourier series is f(x) =—+ Z a, coS——+b sin
2 n L n

n=1

a, = % :[Lf(x) dx = % .([L(x) dx + % ;[L(2L —Xx)dx

o]
et

£
2




JTX)COS————ak

cos +l J. (2L —x)cos nrx X
L L

e
f

1
L_
= s 2[( D" -1-1+4(-1)"]= Lz [ —1]
7Z'
:Z j f(x)sin””d
ifxsm X dx + *J.(ZL— X)sin Lx

. hmwXx

(=1

SIEC T STRC T SHE SRS

. . . . l—x, O0<x<l
13 Find the Fourier series expansion of f(x) =
0, [ <x<2l

Hence deduce the value of the series (i) 1—%+% —%+

(ii) —+L 5L2+

Sol o
Fourier series is f(x) = %0 + Z

n=1




a, 2% J:lf(x)dx =%!j(l—x)dx+% JI%I(O)dx

(1-x7]
_2 o

1
:_—21[0—12]

_1
l

niwx
[

nmwx

21 !
a, :%}[f(x)cos dx:%_([(l—x)cos

. hrwrXx
sm

(1—x) —L

nrw
o

e

(_1)11[2
e
[ n’r’

l [(_1)n+l + 1]

[(_1)n+l + 1]

n-iw

2_2
nnw

nwx

[

nwx

1 21
b, =5 ! f(x)sin z

1¢ .
dx =;£(l—x)sm

nmwx
— COS

o

dx+0

nmwx
—COS

!
R
12
12

2_2
T

i

n

dx+0

(- ——— |-




/
+

(ie) f(x):Z |

Put x = é (which is point of continuity) in equation (1), we get

[ 2]
=—+

1. = 1. 1 . 37 1. 1 . 5x
(0) + —| =sin—+ —sin 7 + —sin— + —sin 4z + —sin— +
i1 2 2 3 2 4 5 2

72_2

Put x =/in equation (1) we get
[ 21
)=—+—
SO =7 =

But x =/ is the point of discontinuity. So we have

P f(l—);f(l+) _ ' 0 _,

Hence equation (2) becomes
[ 21 [ 1 1 1

:4 7’

12 +3—2+




HALF RANGE FOURIER SERIES
e Half Range Fourier Sine Series defined in [0, 7] :

[oe]

The Fourier half range sine series in [0, 7r]is given by f(x)=;—; b, sinnx
Where b"=12_: f(;t f(x)sin nxdx

This is Similar to the Fourier series defined for odd function in [—m, 7]
e Half Range Fourier Sine Series defined in [0, 1] :

The Fourier half range sine series in [0, 7t]is given by f{x)=Y..>_; b, sinnx
nmx

Where bn:% fol f(x)sin —=dx
This is Similar to the Fourier series defined for odd function in [—, []

e Half Range Fourier cosine Series defined in [0, 7] :
The Fourier half range cosine series in [0, 7t]is given by
fx)= % + Y1 @, COSNX
Where
a, =% fon f(x)cosnxdx
This is Similar to the Fourier series defined for even function in [, 7]
e Half Range Fourier cosine Series defined in [0, ] :

The Fourier half range cosine series in [0, l]is given by
nmx

Sx)= ? + Xin=1 @, COS ——
1
Where ay= % fo f(x)dx

2 (L
an = Jy f(x)cos@dx

This is Similar to the Fourier series defined for even function in [—1,[]

Problems
Find the half range sine series for f{x) =2 in 0 <x <m.

Sol s
f(x)=>b,sinnx
n=1

b, :sz(x)sinnxdx :Ejz sin x dx
T 0 T 0

——[_“’S"x} =22ey —1]=2 -]
nrw nrw

T 0

n




Half range sine series is

f(x)=ibnsinnx—z4[l =D’]

ni
4 {2smx 2sin3x 2sin5x
. + + +
1 3 5
8|lsinx sm3x sinSx
=— + + +
1 3 5

sin nx

T

T

Expand f(x) = cos x, 0 <x <z in a Fourier sine series.

Sol ' Fourier sine series is

o0
f(x)= an sin nx
n=1
COS x sin nx dx

b, =£If(x)sinnxdx =
4 0

2sin nx cos x dx

f
&

lJﬁrsm(n+1)x+s1n(n—l)x] n#l

72.0

1 (—cos(n+l)x +(—cos(n—l)xj "

_7r n+l n—1 0

:_l (_l)n+1+(_1)n—l _{ 1 N 1 }
7r_ n+l n—1 n+l n-1

el b
Vs n+l n-1 n+l n-1
o]
(-1 + +

V4 n+1 n—1 n+l n-1
n 2n

o {2_1}}

[( 1" +1]

1
T

bn -
z(n (

Whenn=1, we have

b, _2 [ f(x)sinxax _2 jcosxsinxdx
T T

= % fsin 2xdx

l{—cos2x} _ —L(l—l) _0
V4 2 0 2r




f(x)= an smnx =b, sinx + an sin nx

n=1 n=2
=0+ z wsin nx
n=2 7[(” _1)

2 [4sin 2x 8sin4x 12sin 6x
= +0+

+0+ +0+
T 3 15 35

8| sm2x 2sindx 3sin6bx
=— + + +
3 15 35

T

Find the half range cosine series for the function f(x) =x (7 — x) in 0<x<
.

Half range Fourier cosine series 1s

f(x)= a70+zan COS nXx
n=1

0y =2 [ Fxya -
72-0

SRS

fx(ﬂ —x)dx

B 2
X x3

SN

3|
1

SHES

w N

a, :gjf(x)cosnxdx = 2 J.x(ﬂ—x)cosnxdx
V3 T

(ﬁx_xz)isinnxj (-2 )( cosnx] (2)( smnxﬂ”
L n 0
{0+M+0}—{0+ﬂ2®+0}]

n n

27r[ =1y’ _1]

2




f(x)= %O+Zan COS 11X
n=1

1(~* = 2 0
_E£?j+;—n—2[(—l) +1]cosnx

2
:%_2{(” 2c;i2x+0+ 2cZi4x+0+ 20056x+

7’ cos2x cosdx cos6x
= _ + + +

6 22 42

Find the half range cosine series for the functionf(x) =x in0 <x <L

SOI o niwTx
Half range Fourier cosine series 1s  f(x) = 7 +> a, cosT

n=1
!

2 2 o[ 2] 2
_2 dx == [xax =22 ==|L_o|=y
“ zlf(x)x kG z{zl 1{2 }

0

2/ nrTx 2/ nrTx
=— X)Cos dx = — | xcos dx
a, l!f( )oos = l! I

. hmwXx
Sm

(x)

[
e,

2_2
n 7w

— 2L [y -]
n o

f(x) ——0 ia cos—

2 )" -1
Z()] 1

=1

2 TX 2 3z x 2 S x

!

2

i 2 ——¢c08s—+0-—cos——+0—-—cos——+0—
2 ) 5° [

7z2 1?

(ie) f(x)———4—le 0s 2%

5 Find the half range sine series of f{x) =x cos x in (0, n).

SOl - - . . = -
Fourier sine series is f(x) = an sin nx

n=1




X (2sin nxcos x) dx

x[sin(n+1)x+sin(n—Dx]dx, n#1

0
Vs
0
T
0
T

1 jxsm(n+1)xdx+i jxsin(n—l)xdx o n#l
4 0

cos(n+1)x] —sin(n+x ’ l [ cos(n l)xJ 0 —sin(n—1)x\|"
n+l m+)? )|, 7 (-0 )],

= H (- DM } O+O} H (= 1)nlJrO} 0+0}
n+l1

G N GV

n+1 n—l

1 1
— ln -
=0 )[n+1 n-— 1}

B 2n
- Lnﬂ)(n—l)}

Whenn =1, we have

b, _2 jf(x)sinxdx _2 jxcosxsinxdx
T

0 0

:ljxsinzxdx
T 0

x(_cozssz <1>[ Sm%ﬂ:
_{”(_71)”}—{%0}}_%

f(x)= an sinnx = b, sinx + an sin nx

n=1

1
T

:—%sm Z n( 1) sin nx

=2
1 [2sm 2x 3sm 3x 4sindx
= ——sinx + T +




Obtain the half range cosine series for f{x) = (x —2)* in the interval 0
2

<x < 2. Deduce that z z 1) %
n=1 n—

Half range cosine series 1s

f(x)=a—°+2an cos &
2 = 2

a, :%ff(x)dx = J.z(x—2)2 dx

2]

2 ¢ nm : s nm
a, =— x)cos—dx = | (x—2)" cos—dx
v =7 ]S T = [ =2y o T

. hnx nzx
S —— —COS ——

(x=2)| ——2= | ~[2(x~2)]

2

{0+0—0}—{0—n122 —OH

16
*n’

1= g+ 2 eos X

(ze)f(x)——+£{i SE+Lcosz—ﬂx+icos =

1 2 27 2 3
Put x = 0 in equation (1) we get
4 16| 1 1 1
f<o>=§+;[1—2+2—2+32
But x = 0 is the point of discontinuity. So we have
+2)" + 2
f(x) = (x+2)° : (x-2)°
(0+2)* +(0-2)* (4) +(4)
2 2
Hence equation becomes

f(0) = =4




Put x =2 in equation we get
4 16 I 1 1
D=—+—|-"F5+—=—-—=+
/@ 3 7Z'2|: 1?27
But x = 2 1s the point of discontinuity. So we have
x—2)" +(2-x)°
PPNCEIETCEs)
2
(2-2)*+(2-2) _
2
Hence equation becomes

O=i+1—62{ 1+
3

f(2)= 0




UNIT IV
FOURIER TRANSFORMS

Fourier integral theorem,

Fourier sine and cosine integrals
Fourier transforms

Fourier sine and cosine transform
Inverse transforms

Finite Fourier transforms



Antony
Textbox

Antony
Textbox

Antony
Typewriter
UNIT IV

FOURIER TRANSFORMS


Introduction

The Fourier transform named after Joseph Fourier, is a mathematical transformation
employed to transform signals between time (or spatial) domain and frequency domain,
which has many applications in physics and engineering. It is reversible, being able to
transform from either domain to the other. The term itself refers to both the transform
operation and to the function it produces.

In the case of a periodic function over time (for example, a continuous but not
necessarily sinusoidal musical sound), the Fourier transform can be simplified to the
calculation of a discrete set of complex amplitudes, called Fourier series coefficients.
They represent the frequency spectrum of the original time-domain signal. Also, when a
time-domain function is sampled to facilitate storage or computer-processing, it is still
possible to recreate a version of the original Fourier transform according to the Poisson
summation formula, also known as discrete-time Fourier transform. See also Fourier
analysis and List of Fourier-related transforms.

Integral Transform
The integral transform of a function f(x) is given by
b
= [ £ (x)k(s, x)dx
I[f(x)] or F(s) «
Where k(s, x) is a known function called kernel of the transform

s is called the parameter of the transform
f(x) is called the inverse transform of F(s)

Fourier transform
k(s,x)=e"

FIf(0)]=F(s)= [ f(x)e”dx

Laplace transform
k(s,x)=e"

LLf ()] = F(s) = [ f(x)e"dx

Henkel transform
k(s,x)=xJ,(sx)

HI ()= H(s) = [ f(x)x], (sx)dx

Mellin transform
k(s,x)=x""

MIf(e)]=M(s) = [ fondx

DIRICHLET’S CONDITION
A function f(x) is said to satisfy Dirichlet’s conditions in the interval (a,b) if
1. f(x) defined and 1s single valued function except possibly at a finite number of
points in the interval (a,b)
2. f(x) and f'(x) are piecewise continuous in (a,b)




Fourier integral theorem
If f(x) 1s a given function defined in (-/,/) and satisfies the Dirichlet conditions then

fi(x) = {f T £(t)cos A(t —x)dtdh

Proof:

f(x)=20 4 D a, cos(I%y 4 > b, sin(
2 n=1 L n=1

where

1 L
a, = Eij(t)dt
a = l j‘ f(t) cos(—nnx)dt
! L= L

nmnx

-

L
b, = % [t sin(%) dt

L

Substituting the values in f(x)
L 0
f(x)= l J. f(o)[1+ 22 cos(g)(t— x)]dt
LY ~ L
But cosine functions are even functions
3 cos(n—IjT)(t— x)=1+23 cos(n—IjT)(t— X)
n=—o0 n=l

Substituting equation (2) in (1)
1% T ~ nmn
f0=5- jL f(t)In;O cos(——)(t=x)dt

nm_,
L

Lt % > cos(n—L’“)(t— X) = j cosh(t—x)dA = 2jcos At—x)dA

—o0 0

f(x) = i ]; f(t)[2I cosA(t—x)dA]dt
f(x) = lT T £(t) cos A(t—x)d Adt
T 2

Fourier Sine Integral
If £ (t) is an odd function
f(x)= 2 j sin Ax j f(t)sin Adtdr
% 0
Fourier Cosine Integral
If f (t) 1s an even function

0

f(x)= 2 j COSAX j f(t) cos Atdtd).
n 0

0




Problems

o0 .
sin A CoSAX

Llx| <1
Express f(x) ={ 1% as a Fourier integral. Hence evaluate J.

0|ﬂ>1

and also find the value of J. sin A

f(x)= ;T T f(t)cosA(t—x)d Adt

o 1
f(x) = %j [ cos a(t—x)drdt
0 —1

f(x):lfzsinkcoskxdk
Ty A

dr==

Tsinkcoskx
> A

x| =1

Lsin AcosA X

2
Using Fourier Integral show that ¢ ™ cosx = 2 J. A Z 2 cosAxd
Ty AT +2

f(x)=e “cosx

f(x)zgj‘coskx[jf(t)cosktdt]dk
TCO (0}

f(x) zg_"coskx[je*t costcosAtdt]dA
TCO (0}

f(x) = %J.cos Ax[[ e (cos(h + 1) t+cos(A —D tdt]d A
(0] (0]

1% 1 1
FC0 :EICOSKX[@H)Z 1 oy 9t

f(x) =

2
—J.x +2coskxdk




FOURIER TRANSFORMS
The complex form of Fourier integral of any function f(x) 1s in the form

[ee)

- 1 7 —irx int
F) =~ _joo e _joo £ (t)e™dtdr
Replacing A bys
1 T —1SX T ist
£(x) =%_J;e ds__[of(t)e dt

Let

F(s) = T f(t)e™ dt

1 5 i
f(x)=— | F(s)e™ds
(=7 j (s)
Here F(s) is called Fourier transform of f(x) and f(x) is called inverse Fourier transform
of F(s)
Alternative Definitions

FLA@] = F(s)=—— [ f(x)e"dr, f(x)=—= | F(s)e™ds
N Nrd)

F(s) = j F(x)e ™ dx, f(x):i j F(s)e™ds

Fourier Cosine Transform
Infinite

Folf(O)]=F.(s)= \/%Tf(t) cos stdt

S(x)= \/ZTFC[f(I)]COS sxds
7 0
Finite

nrt

FLO1=F5)= 2] foees "
F)= 1o+ |23 Fets)cos("2)

Fourier Sine Transform
Infinite

FLf(0)]=Fy(s) = \/% [ £@ysin sear

f(x)= \/ETFS[f(I)] sin sxds
T 0




Finite

Fy[/(0)]= Fy(s) = \F [ f@)sin(= )i

1= 23 F@)sin2)

Alternative Definitions:

1.E.(s)= If(x) cossxdx, f(x) = %IFC (s)cossxds
0 0

2F,(s) = f f(x)sinsxdx, f(x) = % I Fy(s)sin sxds
0 0

Properties of Fourier Transforms
Linear Property: Flaf| (x) + bf,(x)] =aF (s) + bE,(s)

Flaf, (x) +bf,(x)] = [af, (x) + bf, (x)]e™dt

A

Flaf, (x) + bf,(x)] = St + S

J_If()e J_If(x)e

Flaf, (x) + bf,(x)] = aF,(s) + bE, (s)

Shifting Theorem: (a) F[f(x—a)] =e™ F(s)
(b) Fle™ f(x)] = F(s+a)

Ff(x—a)] = f(t—a)e™dt

|
t—-a=z
dt=dz

F[f(x—a)] = f(z)e™e™dz

A

Flf(x—a)] = f(z)e™dz

o

Ff(x—a)]=e™ F(s)

[elax f(X) I f(t)elstelatdt

J_

[elax f(X) 1(a+s)tdt

J— j (e

Fle™ f(x)] = F(s+a)




Change of scale property: Ff(ax)]|= lF(E)(a >0)
a a

F[f(ax)] = ﬁ j f(at)e™dt

at=1z

dt:ldz
a

F[f(ax)] = j f(z)e \* : j
Flf(ax)] = 3 F(g)

Multiplication Property: F[x"f(x)] = (—1) d F

Flf(x)] = f(t)e™dt

|

dF__ 1 j tf(H)e dt
TE

E
j £ f(t)e™ dt

ds 2 /

continuing

d"F

— ist
o dt

FIx"f(x)]=(—

Modulation Theorem: F[f(x)cosax]= %[F(s +a)+F(s—a)], F[s] = F[f(x)]

o0

F[f(x)] = J. f(t)cosat e™'dt
F[f(x)] = Tf(t){ | | } St

Ff(x)] = [ f(t) i+t ﬁjf(t)ei(s_a)tdt:l

F[f(x) cosax] = —[F(s +a)+F(s—a)]




1

Problems
<1

Find the Fourier transform of f(x)= { | {
X|>

0

>

o .
sin X
Hence evaluate J. dx

v X

F[f(x)] = T f(x)e™dx

—00

F[f(x)] = j 1.e™dx

isx 1

HEGOT==

e sin's

Ff(x)]=———=2

1S S

0

f(x)= % j F[s]e™ds

T _sins _
f(x) = 222 e (s
(x)= 2H£

sins _;
f(x)=— | —=e ™ds
(x) HJ

—00

S

¢ sins
.[ *lSXd

—00

=0

1 _ 2
Find the Fourier transform of f(x)={ o
0, X| >1

» )

X COS X —SIin X

Hence evaluate .[—3 coSs 5 dx
X




F[f(x)] = T f(x)e™dx

—0

Ff(x)] = j (1-x%)e™dx

-1

FIf(x)]=|(1-x%)<

(s)  (is)'],

F[f(x)] _ 2’[eis + S—is j_ 2(615 _.e3—is J
—S —1S

F[f(x)]= Sf(scoss sins)

1 % ,-
f(x)=— | F[s]e "™*ds
(x) m_j@ [s]

1 74 ) 3
f(x)=— | —(scoss—sins)e **ds
(=5 £ = )

2 x|£1
O,|X|>1

%__‘;;—3(3 coss—sins)e ™ ds ={

x=1/2

1 % 4 ) i
—j—3 scoss—sins)e ™ ds ==
II- s

SCOSS—sSINns
—3)[cos§—isin§]ds =—3—H
S 2 2 8

(scoss—sins) 300
—300$—ds =
S 2 16

Find the Fourier transform of ¢ ** .Hence deduce that ¢*

reciprocal in respect of Fourier transform

is self-




F[f(x)] = m f(x)e™dx

00

o0
2.2

FIf(x)]= [ e e™dx

—00

F[f(X)] _ [ e—az(x2—isx/a2)dX

00

F[f(X)] — T efa2 (xfisx/Zaz)zefszMa2 dX

t=a(x—isx/2a’)
dx=dt/a

0

F[f(x)] = j e

—00

—s?/4a? dt

e—sz/4a2 00 5
FLE (o] =— [ et

—00

—s%/4a>

€

FI ()] =~ Jn

N H e—s2/4a2
d

F[f(x)]=
a’=1/2

F[e—X2/2] — ﬁe—s2/2

Hence e "*is self-reciprocal in respect of Fourier transform

. . . — 2
Find the Fourier cosine transforme ™ .




7x2

cossxdx =1

a_ —J. xe™* sinsxdx = 1 I (—2xe‘Xz )sins xdx
ds 2

ﬁz_—s_‘.(—’f"2 cossxdx:_—sl
ds 0 2
i _ s 4

I 2

int egratingonbosthsides

logl = I;ds+logc :Ts+logc =log(ce™ ")

— cefs‘/4

2 2
e ™ cossxdx =ce* "

=0

@

2

@6752/4

0
.2
c:'[exdx:

o0

2
.[e * cossxdx =
0

Find the Fourier sine transform ef‘x‘ .Hence show that

J-xsmrr21><dX _ Ile m>0
1+x 2

0

x being positive in the interval (0,0)
I ax

e’'=e

E(e™)=|e " sinsxdx = 5
1+s

f(x)= ETF (e *)sinsxds

s .
f(x)= sin sxds
-(|).1+ s*

5 sin sxds
o 1+s

Replace x by m

2sinsmds
ITy1+s

m

. I
>sinsmds = —e”
1+s 2

—m

!
|

5 sinmxds:Ee
1+x 2




x,0<x<1
Find the Fourier cosine transform f(x)={2-x,1<x<2.

0,x>2
E (f(x)) = Tf(x) cossxdx

E (f(x)) = | x cossxdx +'f(2 X) cos sxdx +IO cossxdx

1

1
!

F(F(x)) = (sms coss 2]+(_sms_00525+0055j
2

S s? s’

coss 1 cos2s
F(f(x))=——

2 2
S S

If the Fourier sine transform of f(x) = I(COTS)HH then find f(x).
n

f(x) = %ZFS (n)sin nx
n=1

1—cosnll

(nIT)’

2 1- coan )
f(x)=— sin nx
(x) HZ (arl

E(n)=

1—cos nH .

f(x)= i e In nx

=1
Convolution Theorem
Definition

The convolution of two functions f(x) and g{x) is defined as

. S e
flx)+g(x) = EJ..;”””‘I — t)dt

Perseval’s Identity

If F{s) is the Fourier transform of f{x) then

I71f(0)Rdx = [T |F(s)I2ds




PROBLEMS

Problen 1 If the Fourier transform of f(x) is F(s) then, what is Fourier transform of
f (ax)?
Solution:

Problem 2 Find the Fourier sine transform of e**.
Solution:

F(f (x)):\/g [ f(x)sins dx

0

2 .
F —3X — = —3X d
(e™) /7; J;e sinsx dx
:Jz{ fﬁ (—33insx—scosx)}
T |s™+9 0
:\/g(szigj{'.jeaxsin bx dx = a2e+b2 [asinbx—bcosbx]]

Problen 3  Find the Fourier sine transform of f(x)=e™, a>0. Hence deduce that

T Xsinax T,
j S—Ox=—¢€
5 1+ X 2

Solution:

2% .
F(f = |=|f d
S( (x)) \/;J; (x)sinsxdx
ax):\/? je’axsinsxdx
T 0
2 (&=
r \s+a?
By inverse Sine transform, we get

f (x)z\/gz F.(s)sinsx ds

27 2( s :
:\/;J\/;(sz+a2jsn9(ds
0




Replace ‘s by * x’

T ssinsx T,
_[ - dx=—¢e".
v 1+ X 2

Problem 4 Provethat F.| f(x cosax]——[F (s+a)+F.(s-a)].

Solution:

L) 2 ] (s
F.[  (x)cosax = \E [ 1 (x)cosaxcossxx
\/7J. {cos (a+s) x;cos(a s) X }dx
:E{\gl f (x)cos(s+a)xdx}+%{\/gz f (x)cos(s—a)xdx}

1
==|F F.(s- )
2[ (s+a)+F,(s a)]
cosx, O<x<a

Problem 5 Find the Fourier cosine transform of f (x) :{ 0 «>a

Solution:

F(f(x)) \/7_[ X)cossxdx = \/Ej'cosxcossxdx
0

s(s+1)x+cos(s-1)x
2

b |
{sm(s+l)x+sin(ss—1)x_a
|

ax

s+1 -1 o

1 sm(s+1)a+sm(ss—1)a provided S#£1, S#-1.

N2 -1

Problem 6 Find F, ( ) and F (
Solution:

F (e ) = L1 (0)]
Fc(xeax)zd%Fs[eaX]

:i{\/zje‘axsinsudx}
ds| Vg




e
Fs[xew]:_dis[ﬁe“](.-. F, (X (x
-l ]

Problem 7 If F(s) isthe Fourier transform of f (x) , then prove that the Fourier transform of
e™f (x) is F(s+a).
Solution:

%_]if 'Sxdx
1 T ax |SX
F(e™ x =T£é f( dx

a+sxf (X

@Le

=F(s+a).

Problem 8 Find the Fourier cosine transform of e > +3e*.
Solution:
Let f —e¥* 43"

\/7j cossxdx

F, [e*ZX + 3e*x] = \/:{J'ezx cossxdx + TBeX COSSX dx}
T 1% 0

\F[ 2 3 }
=, [|= + .
| +4 $+1

Problem 9 State convolution theorem.
Solution:
If F(s) and G(s) are Fourier transform of f (x)and g(x) respectively, Then the Fourier

transform of the convolutions of f (x)and g(x)isthe product of their Fourier transforms.
e FLE()*g(x)]=F[f(x)]F[a(x)]

Problem 10 Derive the relation between Fourier transform and Laplace transform.
Solution:

_xt
Consider f(t){e 9(t), t>0

-(1
0 , t<0 ( )
The Fourier transform of f (x) isgiven by

t)edt

F[ f (t)]z%if
j )€t




- f (t)dtﬂ

L x Laplace transform of g(t) where g(t) is defined by (1).
NP

. Fourier transform of f (t)=

Problem 11 Find the Fourier sine transform of E
X

Solution:

\/7_[ x)sinsx dx
F{%j \/7] sinsx dx

Let sx=0
sdx=dg; 6:0—> x

[J-alans
B s

Problem 12 Find f (x) if itssinetransformis €*,a> 0.
Solution:

Fs(f(X))=F(S)

Given that F )) g™

\/7JF smxdx
\/7je sinsxds

2| e® . )
= m(—asnsx—xcos SX)
T
0
rla®+x*)
@ 2

Problem 13 Using Parseval’s Theorem find the value of X—zdx,a> 0. Find the Fourier

o(x2+a2)

%

transform of €%, a>0.

Solution:
Parseval’ sidentify is [ |f (x)|"dx= [ |F(s) ds

Resault: F. (e




1 O<xx<l

Problem 14 Find the Fourier sine transform of f ( ): {O 1
) X >

Solution:

The Fourier sine transform of f (x)isgivenby F,( f (x)):\/zj f (x)sin sx dx
ﬂ:O

/2 t ® 2 —cossx [
= —{J'sinsxdxﬂ'Osinsxdx}: —{ }
T 0 1 T S

0
B E{—coser}}_ 2[1 coss
z| s s) \zls s |

Problem 15 Find the Fourier transform of €®! a> 0
Solution:

F(f (x)):%if f (x)€e™dx
e¥dx

I
i

-1 J' e (cossx+isinsx)dx

oz -

% J' e cossx dx [ J' e snsx dx=0, odd function}
T

—00

X cossx dx

Z%Lew
_alx 2 a
F(e ):E(a2+szj'




o0

9= 5z ] 1
[J' de+J'( 1X) 'Sxdx+J'de}

E( —|X|)(cossx-+isinsx)dx

X) €%dx

[ J'asi nsx& |Xsinsxareodd functi ons}

By inverse Fourier transform f 1 j e’ ds.

\/ 2r 7,

25in? & |
e '¥ds Put x=0

. sisadummy variable, we can replaceit by ‘t']

v

Problem 17 (i) Provethat e 2 isself —reciprocal with respect to Fourier transform.

< .
(ii) Find the Fourier transform of f(x)z{(])" Ii};:.Henceevaluate J‘%Sds.

Solution:

M) f(x)=e




X=0=>Yy=00
dXZ\/Edy X=—-00=>Y=—0w

2 —52/2\/5 dy

a
=—J' Ccossx dx
—-a

N

2r
_ﬁ[sin sxT1

N

S 1o

S




By inverse Fourier transforms,

1 7 -
—— | F(s)e"™dx
= J (s)

J'\/ggnas(cosy—isiny)dx
b e

S

Smascossxdx—(o) [ Slnassinsxisodd}

Problem 18. Find the Fourier cosine transform of f(z) defined as

x for <<l
s -

2—z for l<xz<2
0 for x>2

Solution. By definition of Fourier Transform

Ff (@) / " (@) da

2
x cos st dx +/ (2 — x)cos sz da:}
) 1

. 1 . 2
Sin sx COS ST sin sx COS ST
z - +12-2) +—
0 1

52 s s

s

sin s coss —cos0 sins  cos2s — cos s

-0 - 5 )+(O—(1) + )}
s s s s

(
_<

_00525—20055—1—1]

52




Problem 19
ek g < x<b;

Find the Fourier transform of f(x) = { 0 r<a andz>b
Solution.

\/% /_O:c f(ac)eisx dx

ezkxelsx dx

vl
m/ bt o) da

PN [ei(k—i—s)b_ez'(k—ks)a}
+ s us

Problem 20. State and Prove convolution theorem on Fourier transforms

Statement: The Fourier transforms of the convolution of f (x) and g (x) isthe product of their

Fourier transforms.

F(f(x)*a(x)=F[f(x)]F[a(x)]

Pr oof:

F(f*g)

N
)

g — 8
Ve

*g)(x)e™dx

f(t)g(x—t)dt € ax

Y
N

_h
—
—+
N—
ﬁﬁp
‘«EI

I
8

x—t) e~ dxdt

-
_
é*—.&
«Q
—

jg (x—t)é€ 'Sxdedt

[
T;
[0
I
I
I

*

Problem 21

-x*, |x<a

0, x|>a
© . 2

0 I(smt ttcostjdt (i) I(smt—tcostj &t

3
0 t

2
Find the Fourier transform of f (x) = {a and hence evaluate




Solutions

Fourier transform of f(x)is

f(x))= if( X)€% dx

2

0+ j’ (a® - x*)e¥dx+ 0}

[I a?—x? cossx+isinx)dx}

jl a - X )cossxdx[ (a - X )smsmsan odd fn]
0

i A bi—
|

2acosas 2asin as}

0- g

S3

2 [sin as— ascosas}

[_ 2acosas+2sin as}

F(s)=2/|%
(5)=2 2| S22

By inverse Fourier transforms,
1 —iSX
:TJ F(s)e"dx
! IZ\/:(3naS ascosasj(cosy—isinw)ds
T

2 ¢ sinas— ascosas . .
— J' cossxdx (.. the second termsis on odd function)
T

f(x)=
Put a=1

2 _7sins—scoss 1-x%,[q<1
f(x)=;x2J'Tcossxds {f(x)—{o X>1

—0

Put x=0

4 % sins—scoss
f(O)=—| —d
(0)= 25524

S
tsins—scoss
—————0s
fgj‘sint-t cost
4,
Hence (i) is proved. Using Parseva’s identify

'T;‘F (s)‘zdS:Df (x)‘2 dx



GEETHA
Typewritten text
Solutions


2 g(smas ascosasﬂ dS:je‘az—xz‘dx

T

sins— scoss 1
SINS—SCOSS | 4o = J‘
-1

I(%‘Q}scossj ds= ZI (1- x)zdx
0

0

%(sins—scoss)’ 23T
—3j ds=2| X+ "
S 43|

“(sns-scoss) , 7« 8\ =«
I ——— | ds=—x2| — |=—
0 S 16 15) 15

Put a=1
Puts=t
*(sint—tcost )

J-(t—3j dt :115' Hence (ii) is proved.

0

Problem: 22

1-1x, [x<1 .
Find the Fourier transform of f (x) ={ o1 and hence find the value of

w = 2 0 = 4

. rSIN°t .. SNt

(l)J dt. t4 dt
0

2
% t
Solution:

The Fourier transform of




(1 |X)(cossx+isinsx)dx

)
el
i)
oo

By inverse Fourier transform

F(s)e'™ds

—0

_TT\[F SOSS} cosssx—isins«)(by (1))

17 (1 oSS
ﬂ —00

1- |x| cossxdx[ (1—|x|)sinsxisanodd fn.]
C

2

jcossxds( Second term is odd)
¢(1-coss
f(x):;J' ~— |cossxds

5 S
Putx=0

2¢(1-coss
1-[0=— ( jds
o=2([ =2
j(l—cossjdsz_
2

0
TZsinZ(s/Z)d x
;& 2

put t=s/2 ds=2dt

TZsin t

o (2t)

TSI n’t s

5 2

(i) Using Parseva’s identity.

[IF () as= [ | (oo

I o s
z(l—zgssjz ds :J1‘1(1—|X|)2 dx

>
2 1
- COSS) ds :ZJ (1- x)2 dx
0

SZ
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S —;Lett=s/2,dt=%S

167 S'ntj 2t =2
2t

Ty 3
0 . 4

16 (smtj dt:}

167 t 3

i(stntj dt_g

Problem 23 (i) Find the Fourier sine transform ofeli. Hence prove that

j(xsmoéxjdx=£e“, a>0.
oL 1+ X 2

(i)Find the Fourier sine transform of e®(a>0).Hence find (39)F;(xe™) and

(b) . (ﬁj |
X

Solution:

(|)F \/7j smsxdx
X‘ \/7J'exsmsxdx
\/7J'e sinsxdx = \/E( S jsinsxdx
1+ &

Result: J'e""X sinbxdx =

a’ +b?

By Fourier sineinversion formula, we have

27 :
=./—|F d
‘/EJ; ,(s)sin sxds
,X 27 12( s .
e’= /—J' /—(Hszjsm sxds

ssmsx
;j s +1
* ssinsx
{ s +1
rssinsa
J; 1+
Replace S by

jxsmax
1+ X2

(i) . F

ds=

T
—€
2

T

ds==¢e*

2
X

T

dx==¢e>.

2




= \/g{aze:;z (—asinsx—scossx)} = \/%(
By Property

FLx £ (0] == R (1 ()]

Re[ x f(X) x]:d—st(f (X)

(@ ToFind Fc[xe‘aX]

Fc[xe‘ax]:diSFs(e:‘ax)
:dis{\/g(sziazj_
_\E[a(;:;s
Lo

(b) To find F{e }
X

F(f(x)) \/77—atsmstdt -(1)

© —aI
\/7j—smst dt

Diff. on both sidesw.r to ‘s we get

d d Zmefat . T _ax a
d—S(F(s)):—\/:J'—snstdt {'.J;e cosbxdx=m}
:\/ziﬁ{isinst}dt
os| t
\/7J-te cosst |

\/7J'e cosst dt
2 a
d—F( \/7J'e cosst dt _\/;(sz+a2j

Integrati ng w.r.to‘s we get

j sds+c
\l s +a’
—tan (SJ+C
a a

But F(s)=0When s=0..c=0 from (1)

~F(s)= \/gtanl (gj
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—x2

Problem 24 (i) Find the Fourier transform of &% Hence prove that e 2 is sdf reciprocal
with respectto Fourier Transforms.

(i) Find the Fourier cosine transform of x"'. Hence deduce that 1 is self-reciprocal

Jx

under cosine transform. Also find F [%J .
X

Solution:
(i) F[f(x)]:%j f (x)€>dx

a><

+IS>( dX

TJ@_
e
e

a>< ISX X _(1)

Consider a®x* —isx

et w2](2]
:(ax—i_sjzﬁ_zz (2

2a 4a
Sub: (2) in (1) ,We get

e{[ax‘; a} dx

Let t:ax—E, dt = adx
2a

[ T etdt = \/;}

_S?/2
=e

e 5?5 sdlf reci procal with respect to Fourier Transforms.

\/7 T cossx dx
0

0

J' ' cossx dx -(2)

O

We know that T'(n) = I eVy"dy
0

Put y=ax, weget [e™(ax)" adx=T(n)
0




T r(n
—ax,,N-1 _
Ie X" dx= ~

Puta=1is

—|S><an X = (n)
Jereet

(cossx—isinsx)x"dx= wrn

n

F(n) T .. x)"
=—7>=| COS—+I1SN—
3 2 2

S
F(n){ nr nﬂ}
=— "/l cos— —isin
s" 2 2

Equating real parts, we get

rn nr

j X" cossxdx = ——~ cos—-

S
0
Using thisin (1) we get

F. (X”’l) = \/% ann) OS%T

PutnzE
2

_\/5

Hence 1 is self-reciprocal under Fourier cosine transform

Ix




—as

Problem 25 (i) Find f (x) if its Fourier sine Transform is €
s

(if) Usi ng Parseval’s Identify for Fourier cosine and sine transforms of e,

—d o). [ X 4
@ J‘(a 2 ) © O J‘(x 2y a?) "
Solution:
e*as

(i) Let F(f(x)=—

S

Then f(x) \/7J'—assmsxdx -(2)

\/7J'e cossxds = \/7
= 2o
:\/gtanl(g}rc ~(2)

At x=0, f (0)=0using (1)

(2) => f(O):\/gtan‘l(O)+c -.c=0
Hence f(x):\/gtan‘l(gj.

(i) (@)To find j—)z
8. +X

F(e™) = \/:J'e‘ax cossxdx
%

e—ax
———(—acossx+ ssin sx)
m|a’+s .

F°(eax):\/§(aziszj -

By Parseval’ sidentify.
ﬂ f (x)‘2 dx = FC (s)‘zds

e°¥dx= 2 ds, from (1)
Jero |2 555

: Tiaz?—ds 2
-2a o T o(a2+82)

1 _2a°7 ds

2a 7 pa’+s

ie [Re place:s: by x]

J‘ ax _ 7
o(aZerz)2 4a’

2

(b) To find jﬁ dx
a +X

evauate




\fj ™ sin sxdx
_ ﬁ [H( asinsc— scossx)I
Fs<e-“>:€(aziszJ

By parseval’s identify

x+a

Problem 26 (i). Find the Fourier cosine transform of e ® cosax

L )dx (b). j

(ii). Evaluate (a). '[ x +1)(x2+4

dx, using Fourier cosine and

X*+a )(x +b2)

sine transform.
Solution:

() F \/7] cossxdx
F.(e ):\/;J;e‘ cossx dx
(e
n\s+a’
By Modulation Theorem,
F[f(x cosax]——[F (a+s)+F, (a-

F[e cosax —{ %{ a+s (ZS)ZH
1 | d s ey |
2 \/; {[a ’+(a+s) }[a +(as)2}}

_a [4a°+32s
J2r | st+4at

2a [2a2+sﬂ

F [e’ax cosax} = - =
¢ s’ +4a*

Jor

(i) (@) Let £ (x)=e*andg(x) =e?

27
)z\/;ie cossxdx

(—cosx+ssin sx)}

0

0







X

Problem 27 (i). Find Fourier transform of e “" and hence deduce that

() J'COSXt dt — 277a —a\X\ (b) F[ a\x\:| \/%(zz;aszz

s+a)'

(ii) . Find Fourier cosine transform of e *sinax.

Solution:
(i) Fourier transform of f (x)is
1

-alx]
— | e COSSX+isinsx)dx
o) ( )dx
1 5 e =
=— cossx dx e
N2 [

F[e_dx]:%{azisz—‘zlz(s) _(1)

X sin sxisodd fn}

(a) Using Fourie rinverse transform,

g 1

T F(s)e'*ds

21 7,

! j\f{ }cossx+isinsx)ds
Jor ) a’+s

T cossx sinsx .
I .. ——lisanodd fn.
a’ s +a

—00

a2 NE (Replace's' by 't")

—00

= dt.
Y at+t?

(b) . Find Fourier cosine transform of € ® sinax.
To prove F [xe a‘x‘] \/22;&52

T (s*+a%)
Property:




=
T a‘+s
. \/5 -2s \/E 2as
=g, o s =i
7 (a2+sz) 7 (a*+5)
(ii) Find the Fourier cosine transform of € * sinax.
:\/ij(x)cossxdx
ﬂ:O
Fc[e‘axsinax}:\/zj'e‘axsinaxcossxdx
2 o
:\/7 J'e [sin(s+a)x—sin(s—a)x]dx
s+a s—a (e ™ snbxdx— b
_ F—— % ..{e sinbxdx=——

+(s+a)” a’+(s+a

{(a2 +(s+ a)z)(s+ a)—(s—a)(a2 +(s+ a)z)}

(a2 +(s+ a)z)(a2 +(s— a)z)

2a’s+s® —2as® + 2a® +as® — 2a’s—2s” — s° — 2as’ + 2a° + s“a+ 2sa” }

4a* + 2a%s’ —4a’s+2a%s’ + s — 2as’® + 4a’s+ 2as® — 4a°s’

1
J2r

1
J2r

1
Jor

2

20 -as'|  [2[a(26-)
“Vor | dat+st | x| dat+st |
Problem 28 (i). State and Prove Parseval’s Identity in Fourier Transform.
(ii). Find Fourier cosine transform of €

Solution:
(i) Parseval’ s identity:
Statement: If F(s)isthe Fourier transform of f (x), then “f(x)‘zdx:ﬂF(S)2

Proof by convolution theorem F [ f * g]=F (s)G(s)
f*g=F*[F(s)G( s)]

o0

5= | T 00endt=—2 [F(spp(s)e™ ds—(y

—00

Put x=0andg(-t)= f( ) then it follows that G(s)=F(s)
. (1) becomes

[T T = [[FEFET]os

i.e.j\f(t)\ dt = j\F(s)\zds
|eH ‘ dx = _UF s)‘zds
(i)

F[f (x)]:\/ng(x)cossxdx




\/7J'e < cossxdx

J' e cossxdx

2
" cossxdx

{ T eldt= \/;}

Problem 29 (i). Find the Fourier transform of  sin ax
® and hence prove that J' sin’ ax dx=4ar .
X

2sin3(s—2r)

(ii). Find f (x), if the Fourier transform of F(s) is (s—27)

Solution:

(.)F[f )]= f_Tf

[smax}ésx &

X

ax} (cossx+sin x)dx




na+s)x+S|n(a—S)X dx = E[ﬂﬂr} if a+s>0&a-s>0
X |2 2

ifats>0&a-s<0ora+s<0&a-s>0

By Parseval’s identity
“f (X)‘de= HF(S)\zds
T Sinzzax 2 ZdSZZH[S]:\ =27z(a+a):4ﬂ-a

[e¢] -2
. % sinax
|.e._|' ~dx=4ra
X

(if) Let usfind F-l{zs'—”ss}
S

- {25m3s} J'Zsm3$ & s
ﬂ —00

_ 1 % 2sin3s
2r° S
(By the property of odd and even function)
2lsin(3 in(3-
:lj{sm( +x)s+sm( x)}ds
T

S S

(cossx+isinsx)ds:ljmds

0

Dsm (3+x)s f }

0 0

i[” ”}f 3+X>0&3-X>0
2 2

if 3+ x>0&3-x<0 or
3+Xx<0&3-x>0

_Tsinmx
X

B 1 if -3<x<3

“loif x<-3orx>3

1 if [{<3
:{O if [¢>3 ~(1)
By the shitting property, F {éaxf (x)} ~F(s-a)
1= (s-a)
Thus F1{23“’1[3(5—271')]}:6&”':1(28“'138)

dx:%or—%according as m>0orm<0. }

S-2rx S

. 1if [{ <3
:éﬂx
Oif|x|>3

(et |x <3
=e X
0 if[x>3
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Definition of Z-transforms
Elementary properties
Inverse Z-transform
Convolution theorem

Formation and solution of difference equations.
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Introduction

The z-transform is useful for the manipulation of discrete data sequences and has acquired a
new significance in the formulation and analysis of discrete-time systems. It is used
extensively today in the areas of applied mathematics, digital signal processing, control
theory, population science and economics. These discrete models are solved with difference
equations in a manner that is analogous to solving continuous models with differential
equations. The role played by the z-transform in the solution of difference equations
corresponds to that played by the Laplace transforms in the solution of differential equations.

Definition
If the function u, 1s defined for discrete value and u, =0for n<0 then the Z-transform 1s

defined to be
Z(u,)=U(z)= Zunzfn

n=l

The inverse Z-transform is written as
u, =Z"'[U(z)]

Properties of the z transform
For the following

2= 2 k" = FE) Zlg, b= g2 = Gle)

Linearity:

Z{af,+ bg,} = aF(z) + bG(z). and ROC is R¢( | R,
which follows from definition of z-transform.

Time Shifting

Ifwe have f[n]< F(z) then fln—n,]<> z " F(z)

The ROC of Y(z) is the same as F(z) except that there are possible pole additions or deletions
atz=0orz=oo0.

Proof:Let y[n] =f [n — no]then

Y(E)= Y sln-nl="

n=—oo

Assume k = n- ny then n=k+ny, substituting in the above equation we have:

Y(z)= ki;@f[k]z_k_"0 =z F[z]

Multiplication by an Exponential Sequence

z
Let y[n]=z{ fn] then Y(z)= X(—j
=0
The consequence 1s pole and zero locations are scaled by z. If the ROC of FX(z) 1s 1r< |Z|
<rp, then the ROC of Y(2z) isrr< |z/zo| <ry, 1.€., |Zo|rr< |Z| < |Zo|rL

Proof: Y( )= "y j =X(£]
20 20

The consequence is pole and zero locations are scaled by zy. If the ROC of X(z) 1s




rR<|z|<rL, then the ROC of Y(z) is
rR< |z/zy| <tL, 1.e., |zo[tR <|z| <|zo|rL

Differentiation of X(z)

If we have f[n] = F(Z) then nf[n]< Z 5z dF(Z) and ROC = R¢
z

Proof:

F)= Lk
_ZZ nflnlz"" = i—nf[n]z_”

dF( )

zdF—(Z)<Z—>nf[n]

dz

Some Standard Z-Transform
Sequence z - tran=sform
dn]

1[n]

h:l'l

Z - B2
z
(z - 1%
z [z + 1]
(z - 1)
b=

zE*
(z - g4t
2in (4l =

5in (an) -2cos(alz +1

zin(al b=
-2cos(albz +hi
Z (2 -co3(a)l)

b"sin (an)

ces (an) -2cos(ales +1

z [(z-bcos (a))
-2co2 (Al bz +hi

E" zoz (an)




Problems
Find the z transform of 3n +2 x 3"
From the linearity property
Z{3n+2x 3"} =3Z{n} +27{3"}
and from the Table 1

z
——— and Z{3"(=
(- 1y an { }
(#'with r = 3). Therefore
3z 2z

(-1 (z-3)

z

(z-3)

Z{3n+2x3")=

Find the z-transform of each of the following sequences:
(a) x(n)=2"u(n)+3(*2)"u(n)
(b) x(n)=cos(nwo)u(n).

Because x(n) is a sum of two sequences of the form «"u(n), using the linearity
property of the z-transform, and referring to Table 1, the z-transform pair

! 3 4-2e
X(z)z + = 2

o T
=220 2 (1—22)(1—15‘)
2 2

For this sequence we write _
x(n) = cos(nwo) u(n) = ("’ + e 7"*°) u(n)

Therefore, the z-transform is
1 1 1 1
X (Z) =— —+ — —
21-e""z 21—z
with a region of convergence |z| >1. Combining the two terms together, we have
1

1—(cosm,)z"
1-2(coswy )z +z~

2

Determine f,by Infinite Series and Partial Fraction Expansion
F(Z) _ 2z

(z - 2)(2 - 1)2
2z
F(Z) 2 =4z +52-2
Now divide (long division) with the polynomials written in descending powers of z
27 %482 4222 45227 °+114z2 %+,
7°-4z°+5z-22z
27z-8+10z '-4z7°

8-10z714+04z72
8-32z'+40z7%-162"°

22z 1-36z7°+016z27°
2277 1-8827%+110z °-4477*

52272-094z%+044z7¢
5227%2-208z%+260z7%-104z27°

114z7°-216z"%+104z7°




F(2)=Y f,z" =227 +82° +227°* +522° +1147° +..
: n=0

And the time sequence for f, is
n|0|1]2]3]4 |5 |6
f,10]02]8[22]52|114] ...
This method does NOT give a closed form for the answer, but it is a good method
for finding the first few sample values or to check out that the closed form given by
another method at least starts out correctly.

2z k= N k,z N kyz
(z=2)z-1f z-2 z-1 (z-1y
To find k1 multiply both sides of the equation by (z-2), divide by z, and let

F(z):

2z - kzz(z—2) N k3z(z —22)
z—1 (z—l)
k, z—2)+k3(z—2)

(z-1)

k] =2
Similarly to find k; multiply both sides by (z-1)%, divide by z, and let z—1
2 k(z-1y
(z-2) z=2
k3 =-2
Finding k2 requires going back to Equation A above and taking the
derivative of both sides
2 k(z-1)
(z-2) z-2

2 2z-1) 2(z-1) Tk
(z=2y | z-2 (z-2y |
Now again let z—1
k2=-2
2z 2z 2z
F(z)= - -
. (Z) z-2 z-1 (2—1)2

+hy(z—1)+kyz

+hy(z—1)+kyz

Convolution theorem

n

Ifu, =Z'[U(2)] andv, =Z"'[V(2)] then Z™'[U(2).V(2)]= D u,V, , =u, *v,
m=0

Where the symbol * denotes the convolution operation
We have

u, =Z'[U(z)] and v, =Z'[V(z)]




U(2).V(z) = (u, + Uz +u,z a2 ) x(vy+ viz ' v,z
o0

U(z).V(2) = Z:(uov11 FUV, F UV, U,V )Z "
n=0

U(2).V(z2) =Z(uyv, +u, v, +u,v, , +....+u,v,)

2 U@ V@I= Y uve =1, v,

m=0

2
Use convolution theorem to evaluate 7! {Z—)}

(z—a)(z—-
} 25
z—-b
Zl{ L }za“’“b11
(z- a)(Z b) (z—a) (z-b)

=

(el
1{@ - b)} 2
{ -

Z 1

-1

(a/b)m—l _
(z— a)(z b) (a/b)—1

n+l _ bn+l
(z a)(z b) a—-b

Formation and solution of difference equations.

Take the Z-transform of both sides of the difference equations and the given
conditions

Transpose all terms without U(z) to the right
Divide by the coefficient of U(z) getting U(z) as a function of z

Express this function in terms of Z-transforms of known functions and take inverse
Z-transform of both sides

This gives u, as a function of n which is desired solution

7! b"

Using Z-transform solve u,,, +4u, ., +3u, =3" withu,=0,u, =1
Z(u,)=U(z),Z(u,,,) =7 U(z) —u,]
Z(u,.,)=2"[U(z) ~uy —u;z"']
7Z(3")=z/(z-3)
2’[U(z) —u, —u,z ' ]+ 42U(z) —u,]+3U(z) =2/ (z - 3)
U(z)(z* +4z+3)=z+2/(z-3)
Vo _ 1 1
z (z+1)(z+3) (z=3)(z+1)(z+3)

U(z) = 3z N z 3 5z
_8(z+1) 24(z-3) 12(z+3)

7|2 Lz 2| 2z 2
z+D)| 247 [(z-3)] 127 |(z+3)

D"+ —(3) ——( 3)"

u. =

n

u. =

n

3
8
3
8




