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Theory of Equations:

Every equation f(x) = 0 of the th 
degree has  

    

    

  

       

        

   (x) = 0 has a root real or imaginary and let that root be a2.

Then   (x) is exactly divisible by   , so that

      

       

          

          

    

 

 

   

         

  

   …  If  is given any value different from any one of these  roots,

then no factor of f( ) can vanish and the equation is not satisfied. Hence f( ) = 0 cannot have

more than  roots.
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UNIT - I THEORY OF EQUATION



Example. 1. If  be a real root of the cubic equation 
3
 + px

2
 +qx + r = 0, of which the 

coefficients are real, show that the other two roots of the equation are real, if 

p
2 

> 4q + 2p  + 3
2
. 

Solution. 

Since  is a root of the equation, 
3
 + px

2
 +qx + r is exactly divisible by – . 

 Let 
3
 + px

2
 +qx + r 

2
 + (p + )x + q + p  + 

2
 = 0 

            Which are real if (p+ )
2
 – 4 (q+ p  +

2
)  0 

i.e.,p
2
 – 2p – 4q – 3

2
   0 

i.e., p
2
  4q + 2p  + 3

2
. 

Example 2. If 1, 

1, 

1, 
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are real.

            

Solution. 

      Then a – b, b – c, a – c are positive. 

        f (–a) = – ve. 

f (–b) = + ve. 

f (–c) = – ve. 

         The equation has at least one real root between –a and –b, and another between –b and 

–c. 

The equation can have only two roots since f (x) = 0 is a quadratic equation. 

  The roots of the equations are real. 

Exercises  

1. If  x
3
+ 3px + q has a factor of the form x

2 
– 2ax + a

2
, show that q

2
+ 4p

3
 = 0. 

2. If  px
3
+ qx + r has a factor of the form x

2
+ ax + 1, prove that p

2
 = pq + r

2
. 

3. If  px
5
+ qx

2
 + r has a factor of the form x

2
+ ax + 1,   prove that  

    (p
2
 – r

2
) (p

2
 – r

2 
+ qr) = p

2
 q

2
. 

4. If  a, b, c are all positive, show that all the roots of 
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 +  +   =  are real. 

5. If  a > b > c > d and E, A, B, C, D are positive, show that the equation 

E +   +  +  +  = 0 

               has no root between a and b, one root between b and c and one between c and d and 

if      

               E > 0,  there is a root > d and if E < 0, there is a root < a. 

6. If a < b < c < d, show that the roots of (x – a) (x – c) = k (x – b) (x – d)

are real for all values of  k. 

 In an equation with rational coefficients, imaginary roots occur in pairs. 

Let the equation be f(x) = 0 and let α + iβ be an imaginary root of the equation. We 

shall show that  α –  iβ is also a root.  

We have (x – α – iβ)( x – α + iβ) = (x – α)
2
 +  β2

   ………(1) 

If f(x) is divided by (x – α)
2
 + β2

, let the quotient be Q(x) and the remainder be Rx + R'              

             Here Q(x) is of degree (n – 2). 

             f(x) = {( x – α)
2
 + β2

 } Q(x) + Rx + R'      ………(2)  

          Substituting (α + iβ) for x in the equation (2), we get  

          f(α + iβ) = {( α + iβ – α)
2
 + β2

} Q(α + iβ) + R(α + iβ) + R' 

            = R(α + iβ) + R' 

   But f(α + iβ) = 0 since α + iβ is a root of f(x) = 0. 

Therefore       

            R(α + iβ) + R' = 0. 

Equating to zero the real and imaginary parts 

                      Rα + R' = 0 and Rβ = 0. 
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                                 Since β ≠ 0, R = 0 and so R' = 0 

                 f(x) = {( x – α)
2
 + β2

}Q(x). 

                α – iβ is also a root of f(x) = 0. 

Solved Problems  

1.  Form a rational cubic equation which shall have for roots 1, 3 – . 

        Solution. 

                          Since  3 –  is a root of the equation, 3 +  is also a root. So 

we    

                           have to form an equation whose roots are 1, 3 – , 3 + . 

                            Hence the required equation is (x – 1)(x – 3 – )( x – 3 + ) 

= 0 

                                                          (x – 1){(x – 3)
2
 + 2} = 0 

                                                            (x – 1)(x
2
 – 6x + 11) = 0 

                                                              x
3
 – 7x

2
 +17x – 11 = 0. 

2.  Solve the equation x
4
 + 4x

3
 + 5x

2
 + 2x – 2 = 0 of which one root is – 1 + . 

                     Solution.  

                            Imaginary roots occur in pairs. Hence   – 1  is also a root of the 

equation. 

                            Therefore the expression on the left side of equation has the factors                      

                           (x +1  )(x + 1 ). 

                       The expression on the left side is exactly divisible by (x + 1)
2
 + 1 , i.e.,x

2
 + 2x 

+ 2. 

                        Dividing x
4
 + 4x

3
 + 5x

2
 + 2x – 2 by x

2
 + 2x + 2, we get the quotient x

2
 + 2x – 

1. 

                       Therefore x
4
 + 4x

3
 + 5x

2
 + 2x – 2  = (x

2
 +2x + 2)(x

2
 + 2x – 1). 

                        Hence the other roots are obtained from x
2
 + 2x – 1 = 0. 

                       Thus the other roots are – 1 ± . 
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3.  Show that x  + δ = 0 has only real roots if a, b, c, α, β, γ, δ are 

real. 

                   Solution. 

                             If possible let p + iq be a root. Then p – iq is also root. 

                              Substituting these values for x, we have  

                                 = 0    ……(1) 

                             = 0    ……(2) 

                              Substituting (2) from (1), we get  

                            = 0 

                            = 0 

             This is only possible when q = 0 since the other factor cannot be zero. In that case the    

               roots are real.     

In an equation with rational coefficients irrational roots occur in pairs. 

Let f(x) = 0 denotes the equation and suppose that a +  is a root of the equation 

where a and b are rational and   is irrational. We now show that a –  is also a root of the 

equation 

                       (x – a –  )( x – a  + ) = (x – a)
2
 – b                                                 …….. 

(1)  

                If f(x) is divided by (x – a)
2
 – b, let the quotient be Q(x) and the remainder be Rx + 

R'. 

                Here Q(x) is a polynomial of degree (n – 2). 

                  f(x) = {(x – a)
2
 – b} Q(x) + Rx + R'             ……….(2) 
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                 Substituting a +   for x in (2), we get  

                  f(a +  ) = {( a + – a)
2
 – b} Q(a + ) + R(a + ) + R' 

                                   =   R(a + ) + R' 

                   but f(a +  )  = 0, since a +   is a root of f(x) = 0. 

                         Ra + R' + R   = 0. 

                       Equating the rational and irrational parts, we have  

                        Ra + R'   = 0 and R = 0. 

                            R'   = 0. 

                                        Hence f(x) = {(x – a)
2
 – b}Q(x). 

                                         = (x – a – )(x – a + )Q(x). 

                                a –  is a root of f(x) = 0. 

Solved Problems  

Example 1. Frame an equation with rational coefficients, one of whose root is  

                  Solution. 

                           Then the other roots are  , , 

       Hence the required equation is (x  )(x )(x )(x ) 

= 0 

                                                           i.e.{(x – )
2
 – 2 } {( x + )

2
 – 2 } = 0 

                                                            i.e.(x
2
 – 2x  +3)( x

2
 + 2x  +3) = 0 

                                                              i.e.(x
2
 + 3)

2
 – 4x

2
.5 = 0 

                                                               i.e. x
4
 – 14x

2
 + 9 = 0. 
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     Example 2. Solve the equation x
4
 – 5x

3
 + 4x

2
 + 8x – 8 = 0 given that one of the roots is 1 

 . 

                  Solution. 

                     Since the irrational roots occur in pairs, 1  is also a root. The factors   

                       corresponding to these roots are 

                            (x – 1 +  )( x – 1 ), i.e.(x – 1)
2
 – 5  

                              i.e. x
2
 – 2x – 4. 

                    Dividing x
4
 – 5x

3
 + 4x

2
 + 8x – 8 by x

2
 – 2x – 4, we get the quotient x

2
 – 3x + 2. 

                    Therefore   x
4
 – 5x

3
 + 4x

2
 + 8x – 8 = (x

2
 – 2x – 4)(x

2
 – 3x + 2) 

                                                                            =  (x
2
 – 2x – 4)(x – 1)(x – 2) 

                                      The roots of the equation are 1 ± , 1, 2. 

Example 3. Form the equation with rational coefficients whose roots are  

(i) 1 + 5 , 5    

(ii)   + . 

Solution : 

(i) 1 + 5 , 5    

Then the other roots are 1 + 5 , 5  , 1   5 , 5 +   

Hence the equation is  

     (x 1 + 5  )(x )(x )(x )  = 0 

       = 0 

        (x
2
 – 2x +26) (x

2
 – 10x  + 26)  = 0 

         x
4
 – 12x

3
 + 72x

2
 – 312x + 676 = 0. 

(ii)     + 

                  Then the other roots are   + ,     +   

                                                 = 0  
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                                                   (x
2
 + 2√3x + 5)(x2

 – 2√3x + 5) = 0 

                                                                              x
4
  – 2x

2
  + 25 = 0. 

Example 4. Solve : x
4
 – 4x

3
 + 8x + 35 = 0 given that  2 + i√3 is a root of it. 

                     Solution. 

                  Since the irrational roots occur in pair, 2 – i√3 is also a root. 

                         The factors corresponding to these roots are (x – 2)
2
 – (i√3)2

   

                                                                     x
2
 – 4x + 7. 

                          Dividing x
4
 – 4x

3
 + 8x + 35 by x

2
 – 4x + 7, we get the equation x

2
 + 4x + 5 

                                         x
4
 – 4x

3
 + 8x + 35 = (x

2
 – 4x + 7)( x

2
 + 4x + 5) 

                                                     The roots of the equation are 2 ± i√3, – 2 ± i 

Example 5.Solve the equation 2x
6
 – 3x

5
 + 5x

4
 + 6x

3
 – 27x + 81 = 0 given that one root is 

. 

                              Solution.  

                            Then the other roots are 

                                                   = 0 

                                                                                     (x
2
 –2√2x + 3)(x2

 + 2√2x + 3) = 0 

                                                                                                                    x
4
 – 2x

2
 +9 = 0 

      Dividing 2x
6
 – 3x

5
 + 5x

4
 + 6x

3
 – 27x + 81 by x

4
 – 2x

2
 + 9 we get the equation 2x

2
 – 3x + 9 

                   2x
6
 – 3x

5
 + 5x

4
 + 6x

3
 – 27x + 81 = (x

4
 – 2x

2
 +9)( 2x

2
 – 3x + 9) 

           The roots of the equation are , , 

Exercises  

1. Find the equation with rational coefficients whose roots are  

(i) 4  5 + 2  . 

(ii) . 
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2. Solve the equation x
4
 + 2x

3
 – 5x

2
 + 6x + 2 = 0 given that 1 +  is a root of it  

3. Solve the equation x
6
 – 4x

5
 – 11x

4
 + 40x

3
 + 11x

2
 – 4x – 1 = 0 given that one root 

is . 

Answer :  1. (i)x
4
 – 10x

3
 – 19x

2
 + 480x – 1392= 0,(ii) x

4
 – 8x

2
 + 36 = 0, 2. –2 ± , 3. 

2 ± , 2 ± .  

Relation between the roots and coefficient of equations. 

Let the equation be x
n
 + p1x

n-1 
+ p2x

n-2
 + … + pn-1x + pn = 0.If this equation has the 

roots α1, α2, α3, …, αn, then we have  

x
n
 + p1x

n-1 
+ p2x

n-2
 + … + pn-1x + pn

= (x – α1)(x – α2)…( x – αn) 

= x
n
 –  + …+(–1)

n
 α1, α2, α3, …, αn

= x
n
 – S1x

n-1 
+ S2x

n-2
 – … + (–1)

n
Sn 

Where Sr is the sum of the products of the quantities α1, α2, α3, …, αn taken r at a time. 

Equating the coefficients of like powers on both sides, we have 

– p1     = S1     = sum of the roots. 

(–1)
2
p2  = S2     =  sum of the products of the roots taken two at a time. 

(–1)
3
p3  = S3        =  sum of the products of the roots taken three at a time. 

(–1)
n
pn  = Sn      =  product of the roots. 

If the equation is a0x
n
 + a1x

n-1 
+ a2x

n-2 + …+ an-1x + an = 0. 

Divide each term of the equation by a0. 

The equation becomes  

and so we have  

       α1 α2 α3 … αn   = 

These n equations are of no help in the general solution of an equation but they are 

often helpful in the solution of numerical equations when some special relation is known to 

exist among the roots. The method is illustrated in the examples given below.    
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Example 1. Show that the roots of the equation x
3
 + px

2
 + qx + r = 0 are in Arithmetical 

progression if 2p
3
 – 9pq + 27r = 0 show that the above condition is satisfied by the equation 

x
3
 – 6x

2
 + 13x – 10 = 0. Hence or otherwise solve the equation. 

         Solution. 

Let the roots of the equation x
3
 + px

2
 + qx + r = 0 be α – δ, α, α + δ. 

We have from the relation of the roots and coefficients  

                                   α – δ+ α + α + δ   = – p 

   (α – δ) α + ( α – δ)( α + δ) + α (α + δ) = q 

                                      (α – δ)α (α + δ) = – r. 

Simplifying these equation, we get  

                                 3α = – p                                    …(1) 

                      3 α2
 – δ2

  = q                                        …(2) 

                      α3
 – α δ2

  = – r.                                     …(3)

From (1), α = . 

From (2), δ2
 = 3 = . 

Substituting these value in (3), we get  

 = – r 

i.e.,2p
3
 – 9pq + 27 r = 0. 

In the equation x
3
 – 6x

2
 + 13x – 10 = 0. 

p = – 6, q = 13, r =  – 10. 

Therefore 2p
3
 – 9pq + 27 r = 2(–6)

3
 – 9(–6)13 + 27(– 10) = 0 

The condition is satisfied and so the roots of the equation are in arithmetical 

progression. In this case the equations (1), (2), (3) become  

3α =  6 

3 α2
 – δ2

  = 13 

α3
 – α δ2

  = 10. 

α   = 2 , 12 – δ2
 
  
 = 13  

Therefore        δ2
 =  –1   

i.e., δ = ± i. 

The roots are 2 – i, 2, 2 + i.  
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Example 2. Find the condition that the roots of the equation ax
3
 + 3bx

2
 + 3cx + d = 0 may be 

in geometric progression. Solve the equation 27x
3
 + 42x

2
 – 28x – 8 = 0 whose roots are in 

geometric progression. 

Solution. 

Let the roots of the equation be , k, kr. 

Therefore  + k +  kr =                                       …..(1) 

              + k
2
 +  k

2
r =                                            ….(2) 

                              k
3
 =                                          …..(3) 

From (1),    = . 

From (2),   = . 

Divided one by the other, we get k = 

Substituting this value of k in (3), we get . 

Therefore ac
3
 = b

3
d. 

In the equation 27x
3
 + 42x

2
 – 28x – 8 = 0 

     + k +  kr =                                       

 + k
2
 +  k

2
r =                                                       

                  k
3
 =      

                k =   . 

          Substituting the value of k in(4), we get 

                   = 

                     3r
2
 + 10r +3 = 0 

                  (3r + 1)(r + 3) = 0 

          Therefore r =  or r = – 3. 

            For both the value of r, the roots are –2, .  
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Example 3. Solve the equation 81x
3
 – 18x

2
 – 36x + 8 = 0 whose roots are in harmonic 

progression. 

        Solution.  

                  Let the roots be α, β, γ. 

                      Then   

                       i.e., 2γα = βγ + αβ                              ……(1) 

                      From the relation between the coefficients and the roots we have  

                                 α + β + γ =                                          …….(2) 

                            αβ + βγ + γα =                                      ……..(3) 

                                        α  β γ =                                          ….(4) 

                      From (1) and (3), we get 

                          2γα + γα =   

                                 3γα = 

                      Therefore  γα =        …….(5) 

                      Substituting this value of γα in (4), we get 

                     β  =   

                    Therefore  β = . 

                     From (2), we have  

                    α + γ =         ……(6)  

                     From (5)and (6), we get  

                    α = and   γ =  

 

w
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                   The roots are  and . 

Example 4. If the sum of two roots of the equation x
4
 + px

3
 + qx

2
 + rx + s = 0 equals the sum 

of the other two, prove that p
3
 +8r = 4pq. 

            Solution. 

                       Let the roots of the equation be α, β, γ and δ 

                       Then      α + β   = γ + δ                                           …..(1) 

                       From the relation of the coefficients and the roots, we have  

                       α + β + γ  + δ   =  – p            ………(2)

αβ + αγ + αδ +  βγ + βδ+ γδ    =    q            ………..(3) 

        αβγ + αβδ + αγδ +  βγδ    =    – r         ………..(4) 

                                    αβγδ     =     s           ………..(5) 

        From (1) and (2), we get 

               2(α + β   ) =   – p                             ………(6) 

       (3) can be written as 

      αβ + γδ + (α +  β)(γ +δ)    =    q   

i.e.,   (αβ + γδ) + (α +  β)2
 = q                           ……(7) 

            (4) can be written as  

αβ(γ + δ) + γδ(α +  β)   =    – r 

       (αβ+ γδ)(α +  β)    =    – r                          ……(8) 

   From (6) and (7), we get  

      αβ + γδ + = q  

          αβ + γδ = q                                     …..(9) 
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              From (8), we get  

    (αβ+ γδ)    =    – r 

           αβ+ γδ     =                                     …….  (10) 

                Equating (9) and (10), we get  

                             q     =          

                             4pq – p
3
 = 8r  

                               p
3
 + 8r = 4pq.   

   Example 5. Solve the equation x
4
 – 2x

3
 + 4x

2
 + 6x – 21 = 0 given that two of its roots are 

equal in magnitude and opposite in sign. 

                Solution. 

                          Let the roots of the equation be α, β, γ and δ 

                                   Here γ = – δ 

                              i.e., γ +  δ = 0                             ……(1) 

                          From the relation of the roots and coefficients  

                        α + β + γ  + δ   =  2               ………(2)

αβ + αγ + αδ +  βγ + βδ+ γδ    =    4            ………..(3) 

        αβγ + αβδ + αγδ +  βγδ    =    – 6         ………..(4) 

                                    αβγδ     =    – 21            ………..(5)

from (1) and (2), we get  α + β = 2                      …….(6) 

(3) can be written as αβ + γδ + (α +  β)(γ +δ)    =    4  

     αβ + γδ = 4                                              ……(7) 

(4) can be written as  αβ(γ + δ) + γδ(α +  β)   =    – 6 
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              γδ(α +  β)   =    – 6               ………..(8) 

from (6) and (8), we get              γδ = – 3 …..(9) 

but γ +  δ = 0       γ = ,   δ = . 

               From (7) and (9), we get  αβ = 7 

              α and β  are the roots of x2 – 2x + 7 = 0. 

              α = 1 + , β = 1  

               Therefore the roots of the equation are , 1  . 

Example 6. Find the condition that the general bi quadratic equation ax
4
 + 4bx

3
 + 6cx

2
 + 4dx 

+ e = 0 may have two pairs of equal roots. 

       Solution. 

                Let the roots be α, α, β, β. 

                From the relations of coefficients and roots  

                            2α +2β =                                  …………….(1) 

                  α2
 + β2

  + 4αβ =                                          …………(2) 

                     2α β2
 +2 α2β =                                   …………….(3) 

                                α2
 β2

   =                                             …………(4) 

                  From (1), we get        α +β =                           ……..(5) 

               From (3), we get  2αβ(α +β) =                     

                                         αβ =                                          ………(6) 

From (5) and (6), we get that α, β are the roots of the equation x2
 + 

            ax
4
 + 4bx

3
 + 6cx

2
 + 4dx + e  a  
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                            Comparing coefficients 

                             6c = a  and e =   

                            3abc =  a
2
d + 2b

3
 and eb

2
 = ad

2
. 

Exercises  

1. Solve the equation 6x
3
 – 11x

2
 + 6x – 1 = 0 whose  roots are in harmonic progression.  

2. Find the values of a and b for which the roots of the equation 4x
4
 – 16x

3
 + ax

2
 + bx – 

7 = 0 are in arithmetical progression. 

3. The roots of the equation 8x
3
 – 14x

2
 + 7x – 1 = 0 are in geometrical progression. Find 

them. 

4. Solve x
4
 – 8x

3
 + 14x

2
 + 8x – 15 = 0, it being given that the sum of two of the roots is 

equal to the sum of the other two. 

5. If two roots of the equation x
4
 + px

3
 + qx

2
 + rx + s = 0 are equal in value but differ in 

sign, show that r
2
 + p

2
s = pqr. 

6. Show that the four roots, α, β, γ and δ of the equation x4
 + px

3
 + qx

2
 + rx + s = 0 will 

be connected by the relation  α β + γ δ  = 0 if p2
s + r

2
 = 4qs. 

7. Solve the equation x
4
 – 2x

3
 – 3x

2
 + 4x – 1 = 0given that the product of two of the 

roots is unity. 

Answer : 1.1, , 2.a = 4 or , b = 24 or  3. , 4. – 1, 5, 1, 3, 7. 

Symmetric function of the roots 

If a function involving all the roots of an equation is unaltered in value if any two of 

the roots are interchanged, it is called a symmetric function of the roots. 

Let α1, α2, α3,………αn be the roots of the equation. 

f (x) = x
n
 + p1x

n – 1
 + p2x

n–2
 + …. + pn = 0. 

We have learned that 

S1 = Σ α1 = p1 

S2 = Σ α1α2 = p2 
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S3 = Σ α1 α2 α3 = p3 

……………………..

…………………….. 

 Without knowing the values of the roots separately in terms of the coefficients, by using the 

above relations between the coefficients and the roots of an equation, we can express any 

symmetric function of the roots in terms of the coefficients of the equations. 

Example 1. If α, β, γ are the roots of the equations x
3
 + px

2
 + qx + r = 0,    Express the value 

of Σ α2
 β in terms of the coefficients. 

                  Solution.  

                            We have     α + β + γ = – p 

                             αβ + βγ + γα = q 

                               αβγ =  – r. 

                Σ α2β  = α2β + α2γ + β2α + β2γ + γ2α + γ2β 

                           = (αβ + βγ + γα) (α + β + γ) – 3αβγ 

                = q (– p) – 3 (– r) 

                = 3r – pq. 

Example 2.  If α, β, γ, δ be the roots of the bi quadratic equation x
4
 + px

3
 + qx

2
 + rx + s = 0, 

Find (1) Σ α2
 , (2) Σ α2

 βγ, (3) Σ α2
 β2 , (4) Σ α3

 β and (5) Σ α4
. 

Solution. 

     The relations between the roots and the coefficients are  

                                   α + β + γ + δ = – p. 

αβ + αγ + αδ + βγ + βδ + γδ = q 

        αβγ + αβδ + αγδ + βγδ = – r 
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  αβγδ = s. 

                         Σ α2
 = α2

 + β2
 + γ2

 + δ2 

                                           
= (α + β + γ + δ)2 – 2 (αβ + αγ + αδ + βγ + βδ + γδ) 

                                = (Σ α)2
 – 2 Σ αβ 

                                = p
2
 – 2q. 

                    Σ α2
 βγ = (αβγ + αβδ + αγδ + βγδ) (α + β + γ + δ) – 4 αβγδ 

                    = (Σ αβγ) (Σ α) – 4 αβγδ 

                    = pr – 4s. 

                    Σ α2
 β2 = α2

 β2
 + α2

 γ2
 + α2

 δ2
 + β2

 γ2
 + β2

 δ2 + γ2
 δ2 

                           = (Σ αβ)2
 – 2 Σ α2 βγ – 6 αβγδ 

                     = q
2 – 2 (pr – 4s) – 6s 

                     = q
2
 – 2pr + 2s. 

                    Σ α3
 β = (Σ α2) (Σ αβ) – Σ α2

 βγ 

                  = (p
2
 – 2q) q – (pr – 4s) 

                 = p
2
q – 2q

2
 – pr + 4s. 

                     Σ α4 = (Σ α2
)
2
 – 2 Σ α2

 β2 

                      
= (p

2
 – 2q)

2
 –2 (q

2 – 2pr + 2s) 

                = p
4
 – 4p

2
q + 2q

2 
+ 4pr – 4s. 

Example  3. If α, β, γ are the roots of the equation x3
 + ax

2
 + bx + c =0, from the equation 

whose roots are αβ, βγ, and γα. 

                     Solution. 
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                        The relations between the roots and coefficients are  

                           α + β + γ = – a 

                                  αβ + βγ + γα = b 

                                       αβγ = –c. 

                                                The required equation is 

                 (x – αβ) (x – βγ) (x – γα) = 0 

                  i.e.,  x
3
 – x

2
 (αβ + βγ + γα) (α2βγ + αβ2γ + αβγ2

) x – α2β2γ2
 = 0 

                  i.e.,  x
3
 – x

2
 (αβ + βγ + γα) + x αβγ (α + β + γ) – (αβγ)2

 = 0 

                   i.e.,  x
3
 – bx

2
 + acx – c

2
 = 0 

Example  4. If α, β, γ are the roots of the equation x3
 + px

2
 + qx + r =0, from the equation 

whose roots are β + γ – 2α, γ + α – 2β, α + β –2γ. 

                          Solution. 

                We have α + β + γ = – p 

                          αβ + βγ + γα = q 

                               αβγ = – r. 

                        In the required equation  

                    S1 = Sum of the roots = β + γ – 2α + γ + α – 2β + α + β – 2γ 

                    = 0. 

                    S2 = Sum of the products of the roots taken two at a time 

                = (β + γ – 2α) (γ + α – 2β) + (β + γ – 2α) (α + β – 2γ) + (α + β –2γ) (γ + α –

2β) 

                = (α + β + γ – 3α) (α + β + γ – 3β) + 2 similar terms 

                = (– p – 3α) (– p –3β) + (– p – 3α) (– p – 3γ) + (– p – 3γ) (– p –3β) 
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                = (p + 3α) (p + 3β) + (p + 3α) (p + 3γ) + (p + 3γ) (p + 3β) 

                = 3p
2
 + 6p (α + β + γ) + 9 (αβ + βγ + γα) 

                 = 3p
2
 + 6p (– p) + 9q 

                  = 9q – 3p
2
. 

                         S3 = Products of the roots 

                  = (β + γ – 2α) (γ + α – 2β) (α + β – 2γ) 

                   = (α + β + γ – 3α) (α + β + γ – 3β) (α + β + γ – 3γ) 

                    = (– p – 3α) (– p –3β) (– p –3γ) 

                     = – { p
3
 + 3p

2
 (α + β + γ) + 9p (αβ + βγ + γα) + 27 αβγ } 

                      = – { p
3
 + 3p

2
 (– p) + 9pq – 27r } 

                       = 2p
2
 – 9pq + 27r 

               Hence the required equation is 

                      x
3
 – S1x

2
 + S2x – S3 = 0 

                       i.e., x
3
 + (9q –3p

2
) x – (2p

3
 – 9pq + 27r) = 0. 

Example  5. If α, β, γ are the roots of the equation x3
 + px

2
 + qx + r =0 prove that  

(1) (α + β )( β + γ )( γ + α )  = r – pq  

(2)   α3
 + β3

  + γ3
  =  – p

3
 + 3pq – 3r. 

Solution.                                    

                                        We have α + β + γ = – p 

                          αβ + βγ + γα = q 

                               αβγ = – r. 

         (1).                        (α + β )( β + γ )( γ + α )  =   [– (p + α )( p + β)( p + γ)]  
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Since α + β + γ = – p                          α + β  = – p – γ 

                         =   – [p
3
 +p

2
 (α + β + γ) + p (αβ + βγ + γα) + αβγ] 

                         =   –[p
3
 + p

2
 × – p + pq – r] = – [p

3
 – p

3
 + pq – r] = r – pq. 

(2). α3
 + β3

  + γ3
 - 3αβγ = (α + β + γ)[ α2

 + β2
 + γ2

 – (αβ + βγ + γα)] 

  

                       But 

            Therefore  = – p[p2 – 3q] – 3r = – p3 + 3pq – 

3r. 

Example  6. If α, β, γ are the roots of the equation x
3
 + qx + r =0 find the values of 

(1) . 

(2) 

Solution. 

Since α, β, γ are the roots of the equation x3
 + qx + r = 0. 

                                         We have α + β + γ = 0 

                          αβ + βγ + γα = q 

                               αβγ = – r. 

Therefore β + γ = – α  

(1).   =  =  –   =  =  =

(2).  =  =  =  = 

=  since 

But = = = since = 

; since 
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 = q
2
 ;  =  = 

 =  = . 

Example  7. If α, β, γ are the roots of the equation x3
 – px

2
 + qx – r = 0 find the value of  

(1). 

(2). . 

Solution.  

Since α, β, γ are the roots of the equation x3
 – px

2
 + qx – r = 0  

We have                                         α + β + γ =  p 

                          αβ + βγ + γα = q 

                               αβγ = r. 

(1).  =  = 

 =   

But  =   

 =  = . 

(2).  =  =  =   

= 3p
2
 + 4

. 
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Example  8. If α, β, γ are the roots of the equation ax3
 + bx

2
 + cx + d = 0find the value of  

        

Solution. 

Since α, β, γ are the roots of the equation ax3
 + bx

2
 + cx + d = 0 

We have                                         α + β + γ =  

                          αβ + βγ + γα =  

                               αβγ =   

 =  =  =  =  

            = 

Exercises  

1. If α, β, γ are the roots of the equation x3
 + px

2
 + qx + r =0 find the value of                                         

(1) (β + γ – α)3
 + (γ + α – β)3

 + (α + β – γ)3
. 

(2)  +  + . 

2. If α, β, γ, δ are the roots of the equation x
4
 + px

3
 + qx

2
 + rx + s =0, 

Evaluate (1) Σ α
2 

βγ,  (2) Σ (β + α + δ)
2 

and  (3) Σ 

Answer : 1.  (1).24r – p
3
, (2).  ,   2. (1).pr – 4s , (2).3p

2
 – 2q,(3).   
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   x
n
 + p1x

n-1
 + p2x

n-2
 + …… pn = 0. 

We have  

 x
n
 + p1x

n-1
 + p2x

n-2
 + …… pn  (x – ) (x – )…… (x – ). 

      Put x =  , we have 

 + p1 + p2 +…..+ pn 

  =  …..  

Multiplying throughout  by  y
n 

, we have  

 pny
n
 + pn-1y

n-1
 + pn-2y

n-2
 + ……+ p1y + 1 = 0 

  = (α1  α2 ….. αn)  …..  

Hence the equation  

 pny
n
 + pn-1y

n-1
 + pn-2y

n-2
 + ……+ p1y + 1 = 0 has roots   ,  , … ,   

Reciprocal equation. 

          If an equation remains unaltered when x is changed into its reciprocal, it is called 

reciprocal equation. 

Reciprocal roots.

  To transform an equation into another whose roots are the reciprocals of the roots of the 

given equation.

Let α1 , α2 , α3 , ….. αn be the roots of the equation

UNIT - II RECIPROCAL EQUATION
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Let    x
n
 + p1x

n-1
 + p2x

n-2
 + ……+ pn-1x + pn = 0.    ……(1) 

 be a reciprocal equation. When x is changed into its reciprocal , we get the transformed 

equation  

 pnx
n
 + pn-1x

n-1
 + pn-2x

n-2
 + ……+ p1x + 1 = 0 

 x
n
 +  x

n-1
 + x

n-2
 + …. + x +  = 0   ….(2) 

Since (1) is a reciprocal equation , it must be the same as (2), 

     = p1 ,  = p2 …  = pn-1 and  = pn. 

    = 1. 

   pn =  1. 

Case i.  pn = 1. 

Then  =  p1 ,  =  p2 ,  =  p3 , …… 

In this case the coefficients of the terms equidistant from the beginning and the end are equal 

in magnitude and have the same sign. 

Case ii.  pn = – 1, we have  

  = – p1 ,  = – p2 , ….  =  – pn-1. 

In this case the terms equidistant from the beginning and the end are equal in magnitude but 

different in sign. 

 Standard form of reciprocal equations. 

If α be a root of a reciprocal equation,   must also be a root, for it is a root of the transformed 

equation and the transformed equation is identical with the first equation, Hence the roots of a 

reciprocal equation occur in pairs 

  , , β,  , … 
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 When the degree is odd one of its roots must be its own reciprocal. 

   γ =   

       i.e., γ2
 = 1. 

       i.e., γ =  1. 

          If the coefficients have all like signs, then  – 1 is a root ; if the coefficients of the 

terms equidistant from the first and last have opposite signs, then + 1 is a root. In either case 

the degree of an equation can be depressed by unity if we divide the equation by x +1 or by x 

– 1. The depressed equation is always a reciprocal equation of even degree with like signs for 

its coefficients. 

  If the degree of a given reciprocal equation is even , say n = 2m and if terms 

equidistant from the first and last have opposite signs, then 

   = – pm. 

       i.e.,  = 0 , so that in this type of reciprocal equations, the middle term is absent. Such 

an equation may be written as  

                   x
2m

 – 1 + p1x(x
2m-2 – 1) + ….. 0 . 

Dividing by  x
2 – 1 , this reduces to a reciprocal equation of like signs of even degree. Hence 

all reciprocal equations may be reduced to an even degree reciprocal equation with like sign, 

and so an even degree reciprocal equation with like signs is considered as the standard form 

of reciprocal equations. 

A reciprocal equation of the standard form can always be depressed to another of half 

the dimensions. 

 It has been shown in the previous article that all reciprocal equations can be reduced 

to a standard form, in which the degree is even and the coefficients of terms equidistant from 

the beginning and the end are equal and have the same sign. 

 Let the standard reciprocal equation be  

a0x
2m

 + a1x
2m-1

 + a2x
2m-2

 +….. amx
m
 +….+ a1 x + a0  = 0. 
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Dividing by x
m

 and grouping the terms equally distant from the ends, we have  

 a0 + a1 +…..+ am-1 + am = 0 

 Let x +   = z and  = Xr 

 We have the relation  Xr +1 = z . Xr –  Xr-1. 

 Giving r in succession the values 1, 2, 3, … 

 We have  X2= z X1 –  X0 = – 2  

      X3= z X2 –  X1 = – 3z 

      X4= z X3 –  X2 = –  2 

      X5= z X4 –  X3 = –  5z 

and so on. Substituting these values in the above equation. We get an equation of the  

degree in z. To every root of the reduced equation in z, correspond two roots of the reciprocal 

equation. Thus if k be a root of the reduced equation, the quadratic x +   = k , i.e.,  – kx + 

1 = 0 gives the two corresponding roots   of the given reciprocal equation. 

Example 1.  Find the roots of the equation x
5
 + 4x

4
 + 3x

3
 + 3x

2  
+ 4x

 
+ 1 = 0. 

      Solution. 

           This is a reciprocal equation of odd degree with like signs. 

         (x+1) is a factor of x
5
 + 4x

4
 + 3x

3
 + 3x

2  
+ 4x

 
+ 1 

           The equation can be written as  

  x
5
 + x

4
 + 3x

4
 + 3x

3
 + 3x

2  
+ 3x

 
+ x + 1 = 0 

i.e., x
4
(x +1)+ 3x

3
(x +1)+ 3x(x +1)+1(x +1) = 0 

i.e., (x +1) (x
4
 + 3x

3
 + 3x

 
+ 1) = 0. 
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       x +1 = 0 or x
4
 + 3x

3
 + 3x

 
+ 1 = 0. 

Dividing by x
2
, we get x

2
 + 3x  

 + 3  = 0 . 

Put  = z.     =  – 2  

    – 2 + 3z = 0 

 z =  . 

Hence   =  

i.e.,  +  x + 2 = 0  

or     +  x + 2 = 0. 

From these equations x can be found. 

Example 2. Solve the equation 6x
5
 – x

4
 – 43x

3
 + 43x

2 
+ x – 6 = 0. 

              Solution. 

 This is a reciprocal equation of odd degree with unlike signs.  

                Hence x – 1 is a factor of the left- hand side. 

 The equation can be written as follows: 

 6x
5
 – 6x

4
 + 5x

4 – 
 
5x

3
 – 38x

2  
+ 5x

2
 – 5x + 6x – 6 = 0 

i.e., 6x
4
 (x – 1)+ 5x

3
(x – 1) – 38x

2 
(x – 1)+ 5x(x – 1)+ 6 (x – 1) = 0  

i.e., (x – 1) (6x
4
+ 5x

3– 38x
2
+ 5x+6) = 0 

   x – 1 = 0 or  6x
4
+ 5x

3– 38x
2 

+ 5x + 6 = 0 . 

We have to solve the equation 6x
4
+ 5x

3– 38x
2 

+ 5x + 6 = 0. 
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Dividing by x
2 , 

6x
2 

+ 5x – 38+  +  = 0  

 i.e., 6 +5 – 38 = 0. 

 Put  = z.     =  – 2. 

The equation becomes  

             6( ) + 5z – 38 = 0 

          i.e.,  6  + 5z – 50 = 0 

          i.e., (2z–5) (3z+10) = 0. 

             or     

        i.e.,   2x
2– 5x + 2 = 0  or  3x

2 
+ 10x + 3 = 0   

        i.e.,   (2x – 1) (x – 2) = 0  or  (3x + 1) (x + 3) = 0 

        i.e.,   x =   or 2   or      or . 

    The roots of the equation are 1, , 2,   and .   

Example 3.  Solve the equation 6x
6
 – 35x

5
 + 56x

4
 – 56x

2  
+ 35x – 6 = 0. 

       Solution. 

 There is no mid-term and this is a reciprocal equation of even degree with unlike 

signs. We can easily see that x
2 – 1 is a factor of the expression on left-hand side of the 

equation. 

 The equation can be written as  

         6(x
6 – 1) – 35x(x

4 – 1) + 56x
2
(x

2 – 1) = 0 

  i.e.,  6(x
2 – 1)( x

4 
+ x

2 
+1) – 35x(x

2 – 1) + (x
2 

+ 1) ) + 56x
2
(x

2 – 1) = 0 
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 i.e.,  (x
2 – 1) (6x

4– 35x
3
 + 62x

2 – 35x + 6) = 0 

 i.e.,  x = 1  or  – 1  or   6x
4– 35x

3
+62x

2– 35x+6 = 0. 

Dividing by x
2 
, we get   6x

2 – 35x+ 62 –  + = 0.  

 6 – 35 + 62 = 0. 

Put  = z.     =  – 2. 

        6( ) – 35z + 62 = 0 

          i.e.,  6  – 35z – 50 = 0 

          i.e., (3z–10) (2z– 5) = 0 

   z =   or    . 

              or    

        i.e.,   3x
2– 10x+3 = 0  or  2x

2– 5x+2 = 0   

        i.e.,   (x – 3) (3x – 1) = 0  or  (x – 2) (2x – 1) = 0 

        i.e.,   x = 3  or      or  2  or       

    The roots of the equation are 1,   ,  , 2  and  .   

Exercises  

Solve the following equations:- 

1. x
4
 – 10x

3
 + 26x

2
 – 10x

  
+ 1 = 0. 

2. x
4
 + 3x

3
 – 3x

  – 1 = 0.     

3. 2x
6
 – 9x

5
 + 10x

4
 – 3x

3
 + 10x

2
 – 9x

  
+ 2 = 0. 

4. 2x
5
 + x

4
 + x

  
+ 1 = 12x

2
(x +1).      

5. x
5
 – 5x

3
 + 5x

2
 – 1 = 0. 
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6. x
6
 + 2x

5
 + 2x

4
 – 2x

2
 – 2x

  – 1 = 0. 

Answer : 1.3 ± √8, 2 ± √3, 2. ± 1, , 3. 2, , 4. 2,  , 

5.1, 1, 1,  , 6. ± 1, , . 

Transformation in general. 

Let α1 , α2 , …., αn be the roots of the equations f (x) = 0, it is required to find an equation 

whose roots are 

  (α1),  (α2), … ,  (αn). 

The relation between a root x of f (x) = 0 and a root y of the required equation is y =  (x). 

       Now if x be eliminated between f (x) = 0 and y =  (x), an equation in y is obtained 

which is the required equation. 

     By means of the relations between the roots and coefficients of an equation we can 

establish a relation between the corresponding roots given and the required equations. A few 

examples will illustrate the methods of procedure. 

Example 1.  If α , β , γ are the roots of the equation  x3
 + px

2
 + qx

  
+ r  0, from the equation 

whose roots are   ,  , . 

Solution. 

  We have    

   =  

   =  since  =  r  

   = . 

    y = . 

  The required equation is obtained by eliminating x between the equations 
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Horner’s method                           

 This method can be used to determine both the commensurable and the 

incommensurable roots of a numerical equation. First we shall explain the method for 

obtained the positive root. The procedure is to determine the root figure by figure, first the 

integral part and then the first decimal place, then the second decimal place and so on until 

the root terminates or the root has been obtained to the required degree of approximation. The 

main principle involved in this method is diminishing the roots by certain known quantities 

by successive transformations. In this method the successive transformations can be exhibited 

in a compact form and the roots can be obtained to any number of places of decimals 

required. 

First we have to find by trial two consecutive integers between which a real positive 

root of the equation lies. This will give the integral part of the root. Let it be a first diminish 

all the roots of the equation by a. Then the transformed equation will have a root between 0 

and 1. In order to avoid decimal in the working,  all the roots of this transformed equation are 

multiplied by 10. Then the new transformed equation has a root between 0 and 10. By trial 

find the integers between which the root lies and thus find the integral part of the root. Let it 

be b. Then diminish the roots be b and again multiply the roots by 10 and continue the 

process till we get the root to the number of decimal we required.  

Example 1. The equation x
3
 – 3x + 1 = 0 has a root between 1 and 2. Calculate it to three 

places of decimals. 

Solution. 

Since the roots lies between  1 and 2, the integral part of the root is 1. Diminish the root of 

the equation by 1. 

                                      1        0        – 3          1                                                                            

(1 

                                                1          1          – 2  

                                                1        – 2          - 1  

                                                1           2  

                                                2           0  
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                                                1 

                                                3 

The transformed equation is x
3
 + 3x

2
 – 1 = 0 

This equation has therefore  a root between 0 and 1. 

Multiply the roots of this equation by 10. 

Then the equation transforms into x
3
 + 30x

2
 – 1000 = 0 

We can easily see that a root of this equation lies between 5 and 6. Diminish the roots of the 

equation by 5. 

                      1        30           0               – 1000                                                                             

(5 

                                 5           175                 875  

                                35          175               – 125  

                                5            200 

                                40           375 

                                 5 

                                45 

The transformed equation is x
3
 + 45x

2
 + 375x – 125 = 0. 

This equation has therefore a root between 0 and 1. 

Multiply the roots of the equation by 10. 

Then the equation transforms into x
3
 + 450x

2
 + 37500x – 125000 = 0. 

We can easily see that a root of this equation lies between 3 and 4. 

Diminish the roots of this equation by 3.  

                          1                 450             37500         – 125000                                              (3 
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                                              3                1359              116577 

                                          453               38859               – 8423  

                                           3                   1368 

                                         456                 40227 

                                           3 

                                         459 

The transformed equation is x
3
 + 459x

2
 + 40227x – 8423 = 0. 

Multiply the roots be 10.  

Then the equation transforms into x
3
 + 4590x

2
 + 4022700x – 8423000 = 0. 

We can easily see that a root of this equation lies between 2 and 3.diminish the root be 2 

                         1           4590        4022700               – 8423000                                    (2  

                                      2               9184                       80637668 

                                      4592       4031884                  – 359232  

                                        2           9188 

                                    4594        4041072 

                                      2 

                                  4596 

The transformed equation is x
3
 + 4596x

2
 + 4041072x – 359232 = 0 

Multiply the roots by 10. Then the equation transforms into  

x
3
 + 45960x

2
 + 404107200x – 359232000 = 0 

We can easily see that a root of this equation lies between 0 and 1. We can stop with this 

since we require the root correct to three decimal places. Thus the root correct to three 

decimal places is 1.532. In the actual presentation we need write only the coefficients of the 
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various transformed equations omitting completely the powers of x. The series of arithmetical 

operations is represented as follows: 

                                               1        0                  – 3                 1                           (1.5320 

                                                          1                      1               – 2  

                                                          1                     – 2          – 1000  

                                                          1                        2                875 

                                                          2                         0              – 125000  

                                                          1                       175             116577 

                                                          30                    175             – 8423000 

                                                           5                     200                     8063768 

                                                           35                      37500           – 359232000  

                                                            5                        1359 

                                                           40                        38859 

                                                            5                           1368 

                                                           450                   4022700 

                                                            3                          9184 

                                                           453                     4031884 

                                                             3                            9188 

                                                            456                        401407200 

                                                             3  

                                                           4590 

                                                            2 

                                                          4592 
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                                                              2 

                                                           4594 

                                                               2 

                                                           45960 

Example 2. Find the positive root of the equation x
3
 – 2x

3
 – 3x – 4 = 0 correct to three places 

of decimals. 

Solution.  

by   Descartes’ rule of signs, there can be at the most only one positive root and we can easily 

see that it lies between 3 and 4. The process is exhibited as follows: 

                                              -2                – 3                       – 4                                   (3.2842 

                                               3                    3                          0 

                                               1                     0                     – 4000  

                                               3                    12                         2688 

                                               4                     1200                 -1312000 

                                                3                     144                           1242752 

                                               70                    1344                           - 69248000  

                                               2                        148                                64746224 

                                              72                     149200                            – 4501776000 

                                                2                       6144                                       3243903688 

                                              74                      155344                                      – 1257872312 

                                              2                          6208 

                                            760                     16155200 

                                             8                           31356 
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                                           768                      16186556 

                                            8                            31392 

                                          776                       1621794800 

                                            8                                   157044 

                                         7840                                1621951844 

                                            4 

                                          7844 

                                             4 

                                          7848 

                                              4 

                                         78520 

                                             2 

                                          78522 

   The roots correct to three decimal places is 3.284 

Exercises  

1. Find the positive root, correct to two decimal places of the equation x
3
 + 3x

2
 + 2x – 5 

= 0. 

2. Find the real  root of x
3
 + 6x = 2 to three places of decimals 

3. Find the root between 0 and 1 correct to three places of decimal of the equation x
3
 + 

18x – 6 = 0. 

4. Find the root of the equation x
3
 – 5x – 11 = 0 which lies between 2 and 3 correct to 

two places of decimals. 

Answers : 1.0.90, 2.0.327, 3. 0.33, 4. 2.99.    
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 (1 + x)
n
 = 1 +  +  + . . . +   + . . .      (1) 

This is known as binomial series for (1+ x)
n
 where n is a rational number. 

General term 

   The (r + 1) 
th

 term in the expansion is often denoted by 

         or  .   n   

   We may obtain any particular term by giving r particular values. Thus the first term is 

obtained by writing r = 0, the second by writing r = 1 and so on . So the (r +1) 
th

 term is 

called the general term. 

      Thus we get   =    

Note:- 

(1) The expansion contains (n + 1) terms. 

(2) The numbers  n , n …. n  ….. n  are called the Binomial Coefficients. They are 

sometimes written as  ,  , .These binomial coefficients are all integers since n  is 

the number of combinations of n things taken r at a time.  

(3) Since  ,  , ……  , the coefficients of terms equidistant 

from the beginning and the end of the expansion are equal. 

 Summation of various series involving Binomial Coefficients   

        It is convenient to write the Binomial theorem in the form  

           

          
   

  

           

          
   

(i.e)  < 1 and it is given by

 

 

Summation of series using Binomial, Exponential and Logarithmic series.

BINOMIAL SERIES

  When n is a positive integer (x + a)
n 

can be expanded as    =  + n . a +

n .  +…+ n .  .  +…+  .. This is known as the binomial theorem for the positive

integer n. When n is a rational number (1 + x)
n 

can be expanded as an infinite series when – 1 < x < 1
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           = + +….+ +…. . 

        We can seen in the expansion that the coefficients of terms which are equidistant from 

the beginning and the end are equal. 

            =  = 1 , = = n …. and in general. 

  = = . 

Some important particular cases of the Binomial expansion. 

           = 1+ x +  + +….. 

           = 1 + 2x +  + +…..  

          =  {1.2 + 2.3x + 3.4 + 4.5 +….} 

          =  {1.2.3 + 2.3.4x + 3.4.5 + 4.5.6 +…} 

            = 1 + nx +  +  + …… 

         =  1 + x + +  + …… 

          = 1 + x + +  + …… 

 Application of the Binomial theorem to the summation of series. 

    We have proved when  < 1 , for all values of n 

       1 + nx +  +  + …… 

       1  nx +  +  + …… 

     = 1  nx +    + …… 

      = 1 + nx +  +  + ……  
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Solved problems  

Example 1. Find the sum to infinity of the series 1 +  +  +… 

Solution. 

      The factors in the numerators form an A.P with common difference 2: we therefore 

divide each of these by 2. 

    Each of the factors in the denominator has 4 for a factor; removing 4 from each will leave a 

factorial . Hence we have 

       1 +  .  +  . +  . + …… 

i.e.,  1 +  .  +  . +  . + …… 

    Put n =    and x = . 

Then the series becomes 

      1 +  x+  +  + …… 

             =   

             =  

             = . 

Example 2. Sum the series to infinity   ….. 

Solution. 

         The numerators form an A.P . with 3 as common difference and the denominators are 

factorials, each of whose factors has been multiplied by 5. 

         The series can be written as  
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      S =  . +  . +  . + …. 

 Put n =    and   x = . 

      S =    + ….. 

             = 1 + nx +    

            =  

            =  .  =  . 

Example 3. Sum the series to infinity.   + + +…… 

Solution. 

 The factors in the numerator form an A.P. with common difference 6 and those of the 

denominator an A.P with common difference 8. 

      Let S be the sum of the series. 

   Then S = .  . + . + ….. 

        The factors of the denominators do not begin with 1. Hence one additional factor , 

namely unity, has to be introduced into the denominator of each coefficient. The number of 

factors in the numerator is to be the same as that of the factors in the denominator. So we 

have to introduce an additional factor in the numerator also, which factor is clearly  . 

          = + … 

      Since the index of x in every term must be the same as the number of factors in the 

numerator or denominator of the coefficient, we have 

      S.  = +… 
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      Put    = n  and   x = . 

          =  +  + …… 

                    = 1 + +  +  + …… (1+nx) 

                    =   (1 + nx) 

                     = (1 + ) 

                      = (1 + ) 

                       = . 

                 S = . 

Example 4. Find the sum of to infinity of the series +  …. 

Solution. 

 Proceeding as in the previous example, we get  

   S = .  . + . + ….. 

     In order to express this in the standard binomial form, the factor 1 . 2 must be inserted in 

each denominator, and two additional factors must be then inserted in each numerator to 

secure that the number of factors in the numerator is the same as that in the denominator. In 

order that the factors of the numerator may remain in A.P. the additional factors(which 

should be the same in each term) must be   , . 

          .S.  = .  . + .  

     The index of x should be the same as the number of factors in the numerator. 
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           The series is to be multiplied by  . 

        .S. .  

          = . + . +…… 

    i.e.,   = +……. 

      If n =   , x = . 

            =  + { 1 nx+ } 

                       =   { 1+ + } 

            =  + 1 +  +  

           =  

      S = (179   ). 

Exercises  

Find the sum to infinity of the following series: 

(1)  +  +  +……    

(2)  +  +  + ….. 

(3)  +  +  + …… 

(4)  +  +  + ….. 

(5)  + .  + .  +…. 

(6)   +  +…… 
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Answers: 1. , 2. , 3. , 4. , 

5. , 6. .  

 Sum of coefficients. 

         If f (x) can be expanded as an ascending series in x, we can find the sum of the list 

(n+1) coefficients. 

         Let    f (x) =  + + …. + +….. 

          = 1 + x +  ……. 

                = (  + + …. + +…..) . (1 + x + +…) 

                  Coefficient of  in  =  + +…+ . 

        Thus, to find the sum of the first (n+1) coefficients in the expansion of  f (x), we have 

only to find the coefficient of of the expansion of  . 

Example 1. Find the sum of the coefficients of the first (r +1) term in the expansion of 

. 

Solution. 

        The required result is the coefficient of  in the expansion of   . 

       i.e., in the expansion of    

      i.e., in 1 + 4x +  + + ……+   

         Sum of the (r +1) coefficients in the expansion of  

   is  . 
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Therefore coefficient of x
r
 = coeff.of x

2n
 

= -3 + 4(-1)
n
 

= - 3 + 4(-1)
r/2

.    

5. If x is so small that its square and higher powers may be neglected prove that 

 = 4 -   .(nearly) 

Solution. 

  

 =  

= 4  

= 4  (neglecting x
2
 and higher power of x) 

= . 

6. Show that 1 + n  + + ...... = . 

Solution. 

Put . 

Then L.H.S = 1+   

=  where p = n; a = 1 and . Hence x = y. 

Hence L.H.S =  = =   = R.H.S 

7. Prove that  = 

 

Solution. 

L.H.S = 1 +   

=  = =  

R.H.S =  

=   = =  

L.H.S = R.H.S. 
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            9. Sum to infinity the series 1 +  + ....... 

Solution.  

Let S = 1 +  + ....... 

  

Therefore S = 1 +  

= (1 – x)
-p/q 

where p = 1; q = 3 and . Hence x =  

Therefore S = . 

10. Sum to ∞ the series  

Solution. 

Let S =  

 

Therefore S =   

-S =  

-S + 1 =  

 

= (1 – x)
-p/q 

where p = 1; q = 2 and  

Hence  x =  . Hence –S+1 =   

=  Hence S = 1 -  . 

11. Sum to ∞ the series  + ....... 

Solution. 

Let S =   + ....... 

=  

Therefore  
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 = (1 – x)
-p/q 

where p = 5;q = 4 and  and hence x =  

Therefore  

 

 =  

      =  =  

                     S  = . 

Exponential Series 

      We will learn some series which can be summed up by exponential series. We have 

proved that for all real values of x. 

         = to                           …………..(1) 

     In particular when x = 1 , we have 

          = to                                 …………..(2) 

     and when x =  , we have 

        = to        …………..(3) 

    Changing x into  in series (1) , we get 

         =                      …………..(4) 

    Adding (1) and (4) , we get  

        =  to                                       ……………(5) 

    Subtracting (4) from (1) , we get 

        =  to                                          ………….(6) 
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     When x = 1 , series (5) and (6) become 

         =  to        ………….(7) 

          =  to        ………….(8) 

Note. It can be verified that e is an irrational number whose value lies between 2 and 3. Further the 

value of e correct to four places of decimals is given by e = 2.7183. We shall use these series to 

find the sums of certain series. The different methods are illustrated by the following worked 

examples.. 

Example. Sum the series  to   

Solution. 

     Let  be the  term of the series and S be the sum to infinity of the series. 

                 =  

                    =  .  

                     =  

                 =  

                  =  

                  =  

                  ………………. 

                  ………………. 

                    =  
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                  ……………….. 

                  ………………. 

            S =  

                =  (  

                 =  ( . 

Exercises 

1. Show that  =  

2. Show that   = .  

3.  Show that 2 { 1 +  + …..} =     

4. Show that  = 1. 

 If the given series is  where f (n) is a polynomial in n of degree r , we can find 

constants ,  so that  

       = +  and then 

      =  +  + …. +  

                            = + +…..+  

                        = (  + …. )  

Example 1. Sum the series  . . 

Solution. 

            Put  = A + B  + C  (  – 1) + D  (  – 1)(  – 2). 

50 / 146



 

 

 

     Putting  = 0 , 1 , 2 and equating the coefficients of  , we get    

                      A = 1, B = 7, C = 6, D = 1. 

   Let the sum of the series be S. 

    S =  

      =  +  + +  

Now       =  

         

          

           

        S = (1 + 7 ) . 

Example 2. Sum the series  .........+ +….. 

Solution. 

     Let the   term of the series be  and the sum to infinity be S. 

    Then   =  =   

    Let  = A + B  + C  (  – 1) + D  (  – 1)(  – 2). 

                      A = 0, B = 6, C = 9, D = –2. 

         S =   

             =  + +  
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               = e + e + e 

              = e. 

Exercises  

1. Show that the sum to infinity of the series  

 +  +  +  + …. = (  

2. Find the sum to infinity of the series 

(1)  +  +  + ….  

(2) +4.5. …. 

3. Sum to infinity the following series:- 

(1) ….. 

(2)  + … 

(3) ….. 

(4) ….. 

4. Show that 

(1) ….. to   = 13e. 

(2)  +  + + …. to   = 27e. 

(3)  = 5e 1. 

Answers : 2.(1).(x2 +7x + 8) ex, (2). (x2 + 4x + 2)ex, 3.(1). ,(2).15e, (3).e + 

1,(4). 3e. 

Example 1. Sum the series   . . 

Solution. 

      Let the sum of the series be S. 

      Then S =  . . 
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      Let   

    We can easily find that A = , B = 7, C = 2 and D = 1. 

  Then S =  . . 

            =  +   +  

    Now  = +….+  + …. 

                          = ( ). 

           = +….+  + …. 

                           = ( ). 

           = ….+  + …. = . 

           = ….+  + …. =  

          S = ( )+ ( ) +  

              = + . 

Example 2. Sum the series  ….. 

Solution. 

   The   term  =  

        Put  = A + B. 

    Then A = 1  and B = 4. 
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               =  

                   =  +  

                  =  +  

             = 1 +  

               =  +  

              =  +  

            ………….. 

            ………….. 

    Sum to infinity = ( 1 +  +  +….) + 4(  +  +….) 

                        = + 4 .  .  

                       = . 

Example 3. Prove that the infinite series      + ….. = .  

Solution. 

    Let  be the  term of the series and S be the sum of the series to infinity. 

 Then    =   

               = . 

   Put  = A + B ( +1) + C ( +1) . 
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        A = 1 , B = 1 , C = 1. 

      =  

              =  . . 

       S =  +  +  

   Now  =  …. =  

                 =  …=  

           =  …= . 

               S = 1 +  

                  =  . 

 Exercises  

1. Show that  

(1)   .  = { + . 

(2)  =  

 

2. Sum to infinity the series 

(1) ….. 

(2) ….. 

(3) ….. 

3. Show that  = +  

4. Prove that   = . 
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5. Show that + …… = . 

Answer : 2(1). ,(2). ,(3). . 

   By equating the coefficients of like powers of x in the expansions of function of x in two 

different ways, we can derive some identities. The following examples will illustrated the 

method: 

Example 1. By expanding   in two ways or otherwise prove that  

     n + n …… = 0 where r < n. 

      What is the sum of the above series when r = n? 

Solution. 

              =  n  + …. 

             = +… n

… 

                                     + n …. 

   Coefficient of   in the expansion of   

                =   n + n …… 

               =  n + n ….} 

     Again    =  

                                   =   

                                =  . 

All terms in the expansion contain   and the higher power of x. 
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    If  r < n , there will be no term containing  in the expansion. 

         n + n ….} = 0 

         i.e.,   n + n = 0 

  If  r = n , then  

           n + n ….} 

                     = Coefficient of   in the expansion of  

                    = 1 . 

     n + n …. =  

Example 2. Show that if   be the coefficient of   in the expansion of    , then 

       = . 

Hence show that 

+ … = 5  

+ … = 15 . 

Solution. 

 = +…. 

       = +…. 

        = +….) + +….) 

                                   + +….)+… 
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 Hence the coefficient of   = . 

Again 

       =  =  

             =    

                                   +  + …} 

  Coefficient of   =  

                               =  (1 + 3 + 1) = . 

     We have shown that the coefficient of  

                           =   

             =  

           ….. = . 

  Similarly equating the coefficient of   , we get the second result. 

Example 3. Prove that if n is a positive integer 

      1  

                  = +….}. 

Solution. 

              = ….. 
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      = 1 . +….. 

       1   

      = the term independent of y in the product of  . 

      = . .  

              = .{ 1 +  + +….}  

               =   

    The term containing  in the expression  

          

      is       …. 

          Term independent of y in    is 

               ….} 

       =     ….}. 

   Hence the required result. 

Exercises  

1. Show that , if n is a positive integer  

n . + …. =  

2. Find the coefficient of   in the expansion of   ,  n being a positive integer and 

find the values of 
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(1) …..+  

(2) …..+  

(3) …..+  

 

3. By means of the identity   =  show that 

   ….} = 1 +  + …. 

 [ Left side = term independent of x in  

   

   = 1 +  +  +  + …… 

  Term independent of x in the above expansion  

                 = 1 +  +  + …..] 

Answer : 2(1). ,(2). ,(3). . 

Extra problems 

1. Find the coefficient of x
n
 in  . 

Solution. 

  =    

                               =  

= a  + b  + c 

  

coefficient of x
n
 in  is =  . 

2. What is the coefficient of x
n
 in the expansion of (1 + x)e

1+x
 in ascending powers of x. 

Solution. 

(1 + x)e
1+x

 = (1 + x) e e
x
 

    = e(1 + x)  

Therefore coefficient of x
n
 in (1 + x)e

1+x
 is  = e  
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= e  =  . 

3. Prove that log 2 – . 

Solution. 

Put log 2 = y. 

Therefore L.H.S = y -   

= -  

= -(e
- y

 – 1) = 1 – e
-log 2

 = 1 -  = . 

4. Prove that  =  

Solution. 

L.H.S =   =  

=  = . 

5. Show that if a > 1. S = 1 + . 

Solution. 

n
th
 term Tn =  = . 

Therefore Tn =  .............. (1) 

Putting n = 1, 2, 3, ...  in (1) we get 

T1 =  

T2 =  

T3 =  

...  ...  ...  ... ... 

...  ...  ...  ... ... 

Adding we get  

S =  

=  = . 

6. Prove that S = 1 +  

Solution. 

n
th
 term Tn =  

= . 
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Let  n+ 1 =A +B(n – 1). 

Putting n = 1 and n = 0 we get A = 2; B = 1. 

Therefore  Tn =  

Therefore  Tn  =  ................(1) 

Putting n = 1, 2, 3, ... in (1) we get 

T1 = 1 

T2 =  

T3 =  

T4 =  

...  ...  ...  ... ... 

...  ...  ...  ... ... 

Adding we get S = +   

=  e +  = . 

7. Find S = . 

Solution. 

Here the n
th
 term Tn =  

                                = . 

Now, let n2 – 1 = A + B(n + 2) + C(n +2)(n +1). 

We get A = 3, B = - 3, C = 1 

Therefore Tn =    ...............................(1) 

Putting n = 1, 2, 3, ... in (1)we get 

T1 =     

T2 =     

T3 =    

 ...  ...  ...  ... ... 

...  ...  ...  ... ... 

Adding we get  

S = 3  

   =  

   =  

62 / 146



 

 

 

   =  

   =  

   = . 

8. Show that  = 27e. 

Solution. 

n
th
 term Tn =  =  

let n(n + 1)
2
 = A + B(n – 1) + C(n – 1)(n – 2) + D (n – 1)(n – 2)(n – 3) 

we get A = 4;B = 14; C = 8; D = 1. 

Therefore  Tn = . 

T1 =  

T2 =  

T3 =  

T4 =  

T5 =  

...  ...  ...  ... ... 

...  ...  ...  ... ... 

Adding we get  

Therefore  S = 4

 

= 4e +14e +8e + e  = 27e. 

 Logarithmic series  

        =   +  ….. 

                         =  +  ….. 

Modification of the logarithmic series. 

    If 1 < x < 1 , we have  

        =  +   ….. +  + …         ………(1) 
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   It is convenient to remember the form of the series in the case in which x is negative. 

    Thus  

          =  …… 

                          =  

           i.e.,   =                           ………..(2) 

   Adding the series (1) and (2),  

         + …… 

     i.e.,    = 2                                       

            log(1 + x) + log(1 – x) =   

             log 2 =  

Using the different forms of the logarithmic series we can find the sums of the certain series. 

The following examples will illustrate the methods of such summation. 

Example 1. Show that if  x > 0 .   =  +  .  + ….. 

Solution.  

  R.H.S. =  +  + …..  

        =  

       = +  

        =   

        =  
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   The expansion is valid when  

     < 1 and  < 1 ,  is always less than 1.  

  When  < 1 ,  > 1 , i.e.,  > 0 

           When x > 0, the expansion is valid . 

Example 2. Show that   = 1 +  +  +  + …. 

Solution. 

   Right side expression can be written as  

           +  +  + ….+ 1 +  +  .  +  +….. 

       =  + + +…..+ 1 +  . +…. 

       =  +  +  +…..+ 1 +  + …. When x =  

       =  {  +  …..} +  { x + +  +  + …} 

        =    ) +    .  

      The series =    +  , since  x = . 

                        =    +  

     =  log 9   

     =  log  

     =  log   

     = . 

65 / 146



 

 

 

Example 3. If a , b , c  denote three consecutive integers, show that  

    =    +   +  +  .  + …. 

Solution. 

Right side =   +   +    

                =   +   +   

               =  log  +  log  

               =  log  .  

               =  log  

     If a , b , c  denote three consecutive integers then b = a + 1  and b = c – 1  

            a = b – 1  ;   c = b + 1. 

            ac =  – 1  , i.e.,   ac + 1 = . 

         log  =  log  = log b. 

Exercises  

1. Show that  

 log  =  +  .  +  .  + ….. 

 

2. Sum the series  +  .  +  .  + …. 

3. Show that when 1 < x <   

2( +…) =    .  +  . …. 
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4. Show that  

log  = 2log . 

5. Show that  

 = 1   ….. . 

6. Show that   = 1 +  +  +  + ….. 

7. Sum the series  +  +  + ….. to infinity. 

8. Sum to infinity the series   , (  < 1). 

9. Prove that   = . 

Answer : 2. , 7. 9log 3 – 12log 2, 8. . 

 Series which can be summed up by the logarithmic series. 

           We can split the general term into partial fractions and using the result  

 log 2 = 1   +  + …. We can sum certain series. The following examples will 

illustrate the method. 

Example 1. Sum the series  . 

Solution. 

        Let S be the sum of the series and   be the   term. 

          Then   =  +  .  

                  =  

                    =  

                    =  
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                           …………………………………………. 

                            ……………………………………….. 

 

Adding the last fraction of a term with the first fraction of the next term, we get 

       

         S =  ….. 

          =  1  …. 

         = . 

Example 2. Show that    +  +  + ….  = 3 log 2  1. 

Solution. 

      Let S be the sum of the series and  be the  term of the series. 

      Then   =  . 

      Splitting  into partial fractions, we get 

             = 2 .  +  .  

       Giving values 1 , 2 , 3 , …. in  , we have 

                   =  

                    =  

                    =  

                           …………………………………………. 

                            ……………………………………….. 

         S =   …. 

                =  
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               =  

                =  ( log 2 ) 

               =  + 3 log 2. 

Exercises  

Show that the sum of the series to infinity 

1.  +  +  + …. = log 2 

2.  +  +  + …. = 2  log 2. 

3.  +  +  +  + …. = 3 log 2. 

4.  +  +  + …. =  log 2 

 If  k is a positive integer and   < 1 , then 

          =  +  +  +  + …… 

                      =  

                       =  { x +  + ….+  +  +  +  + …   

 x +  + ….+  } 

                       =  {  log (1 – x)  x +  + ….+  } 

                        =  { log (1 – x) + x +  + ….+  } 

   Similarly   =  { log (1 – x) + x} 

                     =  { log (1 – x) + x +  } 

                       =  { log (1 – x) + x + +  } 
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  Using these result we can sum certain series. The following examples will illustrate the 

method. 

Example 1. Sum the series   when  < 1 . 

Solution. 

       Split    into partial fractions. 

         We have   S =   

                         = +   +   . 

 =  +  +  + …..   

                             =  ( 1 + 2x +  + ….  ) 

                              =   = . 

               =  log (1 – x ). 

               =  { log (1 – x) + x +  } 

      S =   log (1 – x)   { log (1 – x) + x +  }. 

Example 2. Find the sum of the series   . 

Solution. 

          = +  

       Let S be the sum of the series  

      S =   
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         = . 

   We have  

        ….. = log (1 + x) 

        =  …… =   

                                                                 =  {  log (1+x) + x} 

        =  …… =   

                                                                 =  { log (1+x) x +  }. 

        S =  log (1+x) {  log (1+x) + x} +  { log (1+x) x +  } 

             =  log (1+x) ( 1 +  +  )  (  +  ). 

Exercises  

1. Prove that the sum of the infinite series whose   term is   .   is 1  log 2. 

2. Sum the series 

(1) . 

(2) . 

(3) . 

3. Show that  

(1) …. = 4 log 1. 

4. Show that  

(1)  = log 3  log 2. 

71 / 146



 

 

 

                                         

             =  +  + terms in   and higher powers of x. 

   Hence    y  =  + . 

  Exercises  

1. Evaluate  . 

2. Evaluate  . 

3. Find  . 

4. Find the limit as   of  . 

5. Evaluate  . 

6. Evaluate  . 

7. Find the value, when x tends to the limit 1 of the expression  

log log . 

8. Show that when x is small , log {  +  is approximately equal 

to log 2  . 

9. By using the fact that   =   prove that  

   +  =  {1 +   }. 

Answer : 1.2, 2. , 3. , 4 – 1, 5. .  ,6. , 7 . 

Extra problems. 

1. Show that ... = logea – logeb. 

Solution. 

Put     . 
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Therefore L.H.S = x +   

= - log(1 – x) 

= - log  = - log  = log      

= log a – log b. 

= R.H.S. 

2. Prove that log  =  

Solution. 

Let   = x.  

Therefore R.H.S =  =  

=  =  

= log  . 

= L.H.S. 

3. Show that  = log 2. 

Solution. 

L.H.S =   

=  

=   

=   

=   = log 2 = R.H.S. 

4. Sum to infinity the series  

Solution. 

 

                 = +  

                 = 3  

                = 3  
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                = log -  =  

                =  

                =  

                =  

                = 9log3 – 12log2. 

5.  Prove that =  

Solution. 

Put x =   

Then L.H.S = x +  

= - log(1 – x) = - log  = - log   

= log  

= R.H.S. 

6. If y = x -  prove that x =  

Solution. 

  y = x -  (i.e) y = log(1 + x) 

e
y
 = 1 + x 

Therefore x = e
y
 – 1 =  

Therefore x =    

7. If x = y -  and  < 1 show that y = x   

Solution. 

x = y -  

= -  

= - [e
-y

 – 1] 

Thus x = 1 – e
-y

 

e
-y

 = 1 – x  

-y = loge (1 – x) 

y = - loge(1 – x) 
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Therefore y = x +  . 

8. If log (1 – x + x
2
) be expanded in ascending powers of x in the form a1x + a2x

2
 +a3x

3
 +........ 

prove that a3 + a6 + a9 +........ =  log 2. 

Solution. 

       log(1 – x + x
2
) = log    

= log (1+ x
3
) – log (1+ x) 

= -   

Coefficient of x
3n

 is a3n =  

=  

=  ......................(1) 

Putting n = 1, 2, 3, ... in (1) and adding we get 

a3 + a6 + a9 + ..... =  

=  

9. Show that if x > 0 log x =    

Solution. 

R.H.S =  

+  

= - log  + log  

= - log  + log  

= log x 

= L.H.S. 

10. If f(x) = x +  where -1 < x < 1.  

(i) Represent f(x) as a logarithmic function  

(ii) Hence prove f  = 2f(x) 

Solution. (i) For – 1 < x < 1 we have  

log(1 + x) = x -    

log(1 – x) = - x -   
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log(1 + x) – log (1 – x) = 2  

 

              f(x) =  

(ii) Now, f    

=  

=  

= 2 f(x). 

11. Sum the series to infinity  log3e – log 9e + log 27e – log 81e + ............ 

Solution. 

 

log3e – log 9e + log 27e – log 81e + ............ 

=   

=  

=  

=  

12. Show that (1 + x)
1 + x

  = 1 + x + x
2
 +  x

3
  neglecting and higher powers of x. Also find an 

approximate value of (1.01)
1.01

. 

Solution. 

(1 + x)
1 + x

  =  

=  

≈  

≈  

≈ 1 +  

≈ 1 + x +  

≈  1 + x + x
2
 +  

Put x = .01 in the result. 
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= 1 + .01 + .0001+  = 1.0101005. 

13. Prove S =  

Solution. 

Here Tn =  

Tn =  

            We can find A = 1; B = - 2  

             Therefore Tn =  ..............................(1) 

             Putting n = 1, 2, 3, ... in (1) we get 

            T1 =  

             T2 =  

             T3 =  

              ...  ...  ...  ... 

             Therefore  S = 1 +   

                                  = 1 –   

                                  = 1 – [log 2 – 1] 

                                  = 2 – log 2. 

14.   Prove S =   = log 4 – 1  

Solution. 

Tn =  

We have  

Tn =  ...........................(1) 

Putting n = 1, 2, 3, ....in (1) we get 

T1 =  

T2 =  
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T3 =  

              ...  ...  ...  ... 

              ...  ...  ...  ... 

Therefore  S = 1 + 2  

= 1 + 2 (log 2 – 1) 

= log 4 – 1. 

15. Prove that log  

Solution. 

Put  

Therefore  R.H.S = 1 –  

= 1 –  

=  

=  

= log (1 – x) – log(1 – x) 

=  log (1 – x) 

= (1 – n – 1)log  

= – n log   = log  

= L.H.S.    
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k��l��!j��d��e�m�WXY�FX[aFbF̀Wc�ZW[X\gYTe�[aỲ��m�Ẁ �̂m��WXY�FX[aFbF̀Wc�ZW[X\gYTj�
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_31>̀,*̀.0C*>?@A12.0*B010C*+,-./0+1234/50���#":$"8�$D�9$#F;&��8�$D�9$6:'8!�6��� !� "�

9�''8=����#":$"8=�9$#F;&��8�$D�9$6:'8!�6��� !(���� "�=8#$�8=�<E aGbcGd (�

V*2.5��D�Gd�#=�Wd<8��%8����#":$"8=�9$#F;&��8"�$D����#=�X��8":89� Y8'EH��%8#��

���������� ��Z [G
dd U��� �����������������������  ��Z [G W G W

d d de Q e ��

���������   ��Z [Ĝ Ĝ
d dQ � ���������� Y��Z [GW GW

d d dQ �

f.3+4241>0g1234/50��"h;��8�6��� !��� "�"� =��$�<8��8�6 � �#����� !� DD�G GdQ (�

�&���U ��%8#�� U ��#=��iU �

V*2.500j(��#��8�6 � �#�6��� !��%8�:� #9 :�'�= �&$#�'�8'868#�"���8��8�'(�

k(��%8��8�6 � �#�6��� !�$Y8���%8�D 8'=�$D��8�'�#;6<8�"� "�#$�% #&�<;���8�'�"E668�� 9�6��� !(�

�(��#��8�6 � �#�6��� !��U� IJ MLM
NO PR S H� HIJ JIN N IJQ l (�

mn.opf.3+4241>0g1234/50��"h;��8�6��� !��� "�"� =��$�<8��q87	�8�6 � �#����� !� DD

G GdQr (�

�&���8���U ��%8#� U ��#=� �

� � U	�� �� "�"q87	�8�6 � �#�6��� !(�

V*2.500j(��#��q87	�8�6 � �#�6��� !��%8�:� #9 :�'�= �&$#�'�8'868#�"���8�8 �%8��s8�$�$���;�8'E�

�6�& #��E(0

k � t

u v t

I

I I

\O P
w xr r\R S

G
k � t

u v t

I

I I

rO P
w x\ rrR S

y j�

j� v

I

I

\O P
w xrR S

G
y j�

j� v

I

I

rO P
w x\R S

y j�

j� v

I

I

\O P
w xrR S

� k

k

I I

I I

r \O P
w xr\ rR S

G
� k

k

I I

I I

rO P
w xrrR S

Z[ x
S

P
w
R

O

r

rr
Q

II

II
G
z

k

k�

� Z[
z

G �

86 / 146



������������	��� �
�


�������
���������
������������
���������������������
������
�� �
� �

����������������������	������ �!"��! ��#�$%��� ���&��'(�$&���!'�")�*��+��+�"$ ��",�*) ���!'�

�����	��-��� ��.��! ��#��

�����������/���"�����	����� �!"��! ��#��0�
12 343
56 78 9 :� :12 215 5 12;< = ��

>?@ABCDEFBAC@GHE����I)!����! ��#����+�+!�(� $�*��)"� !�-��! ��#��&&�

JKK KK LMNK KO O O <; ; ; �

�,�� �

PQRSCRTUHEVWRCDEXYZBCRETBAC@GE[B?E\REZ?@YZR]DERĜCRXXR_EBXEBEXZTES̀EaRCT@A@B?EB?_E
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@ABK�f2+*5���/59�j�/,*��*,021/5�0/1,24*)��

����������i���
h

� �% ���59���
h

k k% 													�����

88 / 146



������������	��� �
�


�������
���������
������������
���������������������
������
�� �
� �

� 
���� � � �
��

�� �� �� ��� � � �

������ � � ������ �
�

�� ��� � �

� � � ������ � � � ���� ����
� � � � � �

�� �� � � � �� � � � �

� � � ������� ��� � �� !��"���

� � � ����� � ��� ���� � �

��#$%#�� 	 ��&'�(�')#�	�#*&+&($�*(+,&-.�

/01234562748729:
; <= > <?

> <? ; <=

@ �@A B
C D@ �E F

2GH2IJG78KL2GM28JN25JOL2GM28PQRPQSPQNP:T2

35OU��V&W#$��X
; <= > <?

> <? ; <=

@ �@A B
C D@ �E F

�

�����Y#$�
; <= > <?

�
> <? ; <=

� ��A B
�C D� @E F

�

�#$%#� �� D
F

B
C
E

A

@��

��
��

<=;<?>

<?><=;
��
�Z �

���������� D
F

B
C
E

A

@��

��
D
F

B
C
E

A

�@

@�@
�[

<=;<?>

<?><=;

<=;<?>

<?><=;
��Z �

������������X
\ \ \ \

\ \ \ \

]

]

; > = ?

; > = ?

^ _@ @ @
` a

@ @ @b c
�

��������� dZ[ � �&e�($f��$g!�&e�\ \ \ \ "; > = ?@ @ @ ��

h0iGjkJ2748729:
] "\

"\ ]

<

<

@A B
C D�@E F

l2H456274872� �� �"�@� �d�d 2GH282IJG78KL2m87KGn12

35OU��#�Y(W#� D
F

B
C
E

A

@�

@
�D
F

B
C
E

A
��

]\"

\"]

"]

]"

<

<
�d �

� � �
" "\

"\ "

<

<

��A B
�C D�E F

��$f�

� � D
F

B
C
E

A

@�

@
@D
F

B
C
E

A
�@

]\"

\"]

"]

]"

<

<
�d �

89 / 146



������������	��� �
�


�������
���������
������������
���������������������
������
�� �
� �

� � � �
� � �

� � �

�

�

�� �
� � �! "

�

� � # $ �
"

�
�
!

�

 

  

  
%�&  

���

���

�'�

�
��

�

�

�

�

�
() �

� � � �������

� ���

�� �*

�

�

  � �
% � � ! "�

�+,� # $# $� � % ()()- �

�
"

�
�
!

�

�    � 

       �
%�
"

�
�
!

�

 

  
�
"

�
�
!

�

 

  
%

�������������

�������������

*

�

���

���

���

���

*

�

����

����

�

�

�

�
-

�

�
"

�
�
!

�

  

   
%

''�

'�'

*

�

�

�
- �


./�
' � '�

� ' '*

�
-

�

  �� �
% � ��  ! "

�012�#$
' � '�

� ' '*

3 �
-

�

 �� �
% � � �  ! "

�

#$
' � '�

� ' '4*

3 �
--

�

   � �
% � �  ! "

�
"

�
�
!

�

 � 

� 

''�

'�'

�

�
�

�� ��������
4* 5 � 5�

5 4* 5 �4*
)

� � � �
% % %� � � �

! " ! "
�

�#$ �
3

- - % �

67+7�8�69�:16,0;<�=0,;6>7�

# $# $� � & ()() 69�0�:16,0;<�=0,;6>7�

?@AAABCDEAFCGFAFCHAIJKHLMHADNAGAOJIFGLPAQGFLIRAIMAOJIFGLPSA

BDTU��+,���V+�0�:16,0;<�=0,;6>7��W+1�(( )X% �

��������67+��# $
� �(( )X   % �

90 / 146



���������	�
�������������
���
��

������� �� ���
�� ��  !��"�#$%"&��'"�&()*�+%,,-#���.��/(0�"&��&"0#1-&2"�(-0�3����4��&"0#1-&2#�4�

(0�-�"�#5"/"&�2%/�(,/��-1�(�#�/1�(*�*��4���3���647�8.�0��.��%090-:0�#5"/"&�6�(#�90-:0�"#�"0�

;<=>?@ABCDE?FAGHAIJ?AKCIL=MANAC@OAIJ?APG&&�#,-0Q(0R�0-0ST?LGAB?PIGLAUA=VAW@GX@ACVA;<=>?@A

Y?PIGLFAGHANZA[GLL?V\G@O=@>AIGA<=>?@ABCDE?6*�8.%#��.��](R�0�̂"/%�#�_-&̀�5."&"5��&(#�(5�

"̂/%�#�_-&̀�,&-,�&�̂"/%�#�_-&̀�/"��0��&--�#�"&��#5"/"&#�6�:.(5.�#"�(#1a��.���$%"�(-0*�

�4��64�1-&�4bc7�� c _ ` cde fe d fe6 6g h i g h �

jJ=PJAL?\L?V?@IVACAVkVI?lAGHAm@nAJGlG>?@?GEVA?oECI=G@VA=@Am@nABCL=CpD?VAMq7�)r7�SSSS7�)0��.(#�

#a#��2�-1��$%"�(-0#�."#�0-0S�&(̂("/�#-/%�(-0#�s1��.��5-�11(5(�0��2"�&()�_�S6s̀�(#�#(0R%/"&�(*�*�

cd f6g h
����

qq qr q

rq rr r

q r

c

�

�

� � ��

� � �

� � �

� � �

6

6

6

g

g

g

g g g

g g g

i g g g g g g h

g g g g g g

g g g
�

]),"0#(-0�-1��.��Q���&2(0"0��(#� q r
q r_q̀� � � �

�t t t6 6 6g gg u u uggggu �(#��.��vw��Q�R&���-1�

"�,-/a0-2("/� _`�x6�:.(5.�(#�90-:0�"#�yz{|}|~��}����~���������|��*��1��

91 / 146



������������	��� �
�


�������
���������
������������
���������������������
������
�� �
� �

� �
� ����� � � �

�� � �� � �� �� � � ������ ��� !�"#$%#�&!�'()*+*,-.+/0-/,1234*-/5678��9:!�

;9<�� =<#�>&?:<!�$@�&�!A:&B<��&;B C���&B<�;9<�B$$;!�$@�;9<�D9&B&D;<B !; D�<A:&; $#8�

EFG��<;����H
I J
K L

M������N���H
K
OK
M�

�N���H
I J
K L

MH
K
OK
M���H

K
PK
MQKRH

K
PK
MQKRS�

�<B<��9&B&D;<B !; D�><D;$B�$@��� !�H
K
OK
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�/8fQR8/8�					��8����/7��fQR7�/7��							��7���

�(�+%$�!1$*��8���*� �

�

��3! "��(� )1&)���&���&#�5�6��0�#��

A B A B9999999 :::;: 78877 <=E �

								��>��)�

�(�+%$�!1$*! "��7���*� �

�� ,��'(&+��>��� .��g��6��"����

�

�

8 7� �< <h �

�

i�jI��k̀QRQX̂QVZQOXYOZQ[V\]OQ_̀QaQVZdQ̀lamQX̂QVZnQc_\nZ_oXV\QXZQaSQPeOZQPeOQOXYOZQ[V\]OQ_̀Q

l̀amQX̂Q̀lRmQp�

GHI��IJLq�KGHIKrstIuKvwxyIzK��KwK{I�JsjswuKJwj�s|Kw�IK�Iwx}K

������������������(+!�!� �+��(!-F��'�/�����0���!"� �#�,�&(�,&((�)1& .! "��&��0���!"� �#�$%��

� �&'��5��0� ���/�2� /�																				��8�K< <

109 / 146



������������	��� �
�


�������
���������
������������
���������������������
������
�� �
� �

������������� !�"#�$�%�&�%�#'��(��"�� )*��!���

																							��+��

�,-� !�.# /�!,�����, %�#%��#'�"#�$�%�&�%�#'��+��

���0��!��� �

�1�� �

�#��� 																				��2��

��#���+��, &��2�)�*��$,3���

�������� �

�1��� �

���������������������������������������� �

��� .�� ��%���,�1�

45678��$����!� �3,���%�#'�,���,��%�������.�,���,�����,��

95:5;;<:=���$����!� �3,���%�#'�,�%-�*	�������, ��,���>�,������$������������,!� ,����#���

?��#�

@:55A��������"���$��%-�*	�������, ��,���>�

�������������'�B�"���$����!� �3�.�#��.#���%�# &� !��#��$����!� �3,���� �#'��)��$� ��

������������ �

��������������#���$�%����'#��#*%��$,�� ��%�, ���!� �3,����#'����

������������0$�.$��%��������, ��%� .�����%�%-�*	$������, ��

������������ �

���
#*��� �

�������������� .�� ��%���,�1��$���'#������%��"�����$���

������������?��#�#�����������,!� ,��1�

����� .���$����!� �3,���%�#'�%-�*	�������, ��,���>�,������������,!� ,���#��C��#�

DE75:7FGHI8G�$����!� �3,���%�#'�, �� ��,����,���>�$,3��,"%#�����3,�����1�

��##'��������"��,�%J�,���� ��,����,���>�*$#%����!� �3,�����%� �*��$�.#���%�# &� !���!� �

3�.�#��B�

������������� ��� �

������������� ���� � �

KL

KKMKK LL NO

P Q P QKMK KK
L LL LNO

P Q P Q P Q P QR SLLLLLLLLLLLLL N MTTMUVWMXYMXYKKKMK OOO Z

P Q P Q)KMK KK K K M M
L LL L L L LN [ \O O O] ^_ `

KK KKL LN NO

P Q a aKKLN N N Nb O c b O

P QaKKLN Nc O d

e N

N

PQ PQ��MK KfghMK h KN NO O

hN

M MLe Ob

PQ P QhMMhhMMhhM ObbObOO LLL

Nh N

N

c PQ(MK KNO i

c MK KNO
j j jK M KNc O PQ+i

110 / 146



������������	��� �
�


�������
���������
������������
���������������������
������
�� �
� �

��������������������� !�"��#�$�� �

�%�&��'��(��)�$��� �� �

�*����� ����+,��-���

� �

�������� !"��,����#�$�� �

��������������������������������������������������� � �

�������� . �

/��,����#�$�� .%�

0123456789:;7<=>7?@:A>7<=>:9>;B7C>7=?A>7DE=>7F=?9?F<>9GH<GF79::<7:I7?J7:9<=:K:J?L7,����M��������

:I7NJG<7;:ONLNHPQ�

���������(*��#��+�R ����R���)���$�R����+S������� �,����M���'�+��#+)+��R�,����M�����T�� �%�

UV31W3X4YZ[���+$���#��������\+���+S��������� �,����M���������� *�

�]W11̂[�������T���������� �,����M!��#��� �

��� "#���� �����#�������\+��'��+�_�)����+S��*�

���������������������� ��

������������������� �

����������������� � 4

����������������� � �

�� ������ ������������ �,����M*�

4

4

4

4

4

4

4

4

4

4

`a `a-
b

c c de f

b b
g c ` a ggcg

b
hhe

b b
gg gghhe

i ` a% j
b
gg hhk e

j
b
ggl % jhhk e

i %hhe

h h

h

m

* *cc cc dn ne e

cn

` a ` a `a
b b b

cc cc dn no e e

` a ` a `a
b b b

cc cc dn no e e

i ` a ` a
b bb bc c c c dn ne e

i ` a ` ab b b bc c c c d
n n
e e

bc

111 / 146



������������	��� �
�


�������
���������
������������
���������������������
������
�� �
� �

���������� ��!"#�

$%���&'�()*�+,('-.��

$ / 0

1 0 /

1 1 /

2

34 5
6 786 7
6 739 :

�;-<=�()*��->*<�?,@A*B�&;�
0 /0 C D /2 2 2 EF 3 F �

�&@����)*��),',G(*'-B(-G�*HA,(-&<�&;���-B� 12 EI3 8 �-%*%�

$ / 0

1 0 / 1

1 1 /

I

I

I

3 3

3 8

33
�

JK LK LK L$ 0 / 1I I I3 3 33 8 �

M��->*<�?,@A*B�,'*�$N�0N	/%�

�;�I�-B�()*��->*<�?,@A*�&;��%�,<=�������-B�()*�O&@P<&+-,@�-<���()*<�()*��->*<�?,@A*�&;�

;�����-B�;��I��

�*(�KL 0 /0 C D /Q2 2 2 2 E8 F 3 F �

R��->*<�S,@A*�&;�;�����,'*�;��$�N�;��	/�N�;��0��

;��$��T�0UC	DU/�T�V�

;��	/��T�0�	W�UC�V�	D�	/�U/�T�	/VU/1U$/U/�T�$1�

;��0��T�0�/X�UC�Y�UD�0�U/�T�W$UVC	$WU/�T�$$1�

�)*��->*<�?,@A*B�&;�;��,��,'*�;��I��T�VN�$1N$$1�

�

�

Z[�\]̂��_̀���]a�̂��b�c�"�b̂���]a�̂���d_��"��e�_̀��!b_�]f�g�b̂��]_"�]̂���"�h�ì �����
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UNIT - V 

Number Theory 

Number theory is a branch of mathematics which helps to study the set of positive whole 

numbers, say 1, 2, 3, 4, 5, 6,. . . , which are also called the set of natural numbers and sometimes 

called “higher arithmetic”. 

Number theory helps to study the relationships between different sorts of numbers. Natural 

numbers are separated into a variety of times. Here are some of the familiar and unfamiliar 

examples with quick number theory introduction. 

Applications of Number Theory 

Here are some of the most important number theory applications. Number theory is used to find 

some of the important divisibility tests, whether a given integer m divides the integer n. Number 

theory have countless applications in mathematics as well in practical applications such as 

• Security System like in banking securities 

• E-commerce websites 

• Coding theory 

• Barcodes 

• Making of modular designs 

• Memory management system 

• Authentication system 

It is also defined in hash functions, linear congruences, Pseudo random numbers and fast 

arithmetic operations. 

 

Problems  

1.  Find the Greatest Common Divisor(G.C.D ) of a number 30 and 52 

Solution: 

Divisors of 30 are 1, 2, 3, 5, 6, 10, 15, 30 

Divisors of 52 are 1, 2, 4, 13, 26, 52 

The common divisors in 30 and 52 is 2 

Therefore, the G. C.D of 30 and 52 is 2 
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g.c.d (30,52)= 2 

2. Find the common factors of 10 and 16 

Solution: 

Factors of 10 are: 

2 x 5 =10 

1 x 10 = 10 

Therefore, the factors are 1, 2, 5 and 10 

Factors of 16 are 

4 x 4 = 16 

1 x 16 = 16 

2 x 8 = 16 

Therefore, the factors of 16 are as follows: 1, 2, 4, 8, 16 

Then, the common factors are 1 and 2. 

3. Show that the greatest factor of a number is the number itself. 

Solution: 

Assume the number 24 

The factors of 24 are 

1 x 24 =24 

12 x 2 = 24 

8 x 3 = 24 

6 x 4 = 24 

The factors of 24 are 1, 2, 3, 4, 6, 8, 12 and 24 

From this, we can say that 24 is the greatest factor of a number 24. 
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Hence proved

1. Prime Numbers

A prime number is the one which has exactly two factors, which means, it can be divided by only 

“1” and itself. But “1” is not a prime number.

Example of Prime Number

3 is a prime number because 3 can be divided by only two number’s i.e. 1 and 3 itself.

3/1 = 3

3/3 = 1

In the same way, 2, 5, 7, 11, 13, 17 are prime numbers.

Composite Numbers

A composite number has more than two factors, which means apart from getting divided by 

number 1 and itself, it can also be divided by at least one integer or number. We don’t consider 

‘1’ as a composite number.

Example of Composite Number

12 is a composite number because it can be divided by 1,2,3,4,6 and 12. So, the number ‘12’ has 

6 factors.

12/1 = 12

12/2 =6

12/3 =4

12/4 =3

12/6 =2

12/12 =1

Coprime Numbers

The coprime-numbers or mutually primes or relatively primes are the two numbers which have 

only one common factor, which is 1. Let us understand the concept with an example.

Suppose there are two numbers, 14 and 15. Find whether both are coprime or not.
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The factors of 14 are 1, 2 and 7 

The factors of 15 are 1, 3 and 5. 

For both the numbers, we can see, the common factor is 1. Therefore, 14 and 15 are coprime 

numbers. But if we consider another number say, 21, whose factors are 1, 3 and 7. Then, 21 is 

neither a coprime for 14 nor for 15. 

Problems: 

1: Check whether 13 and 31 are co-prime. 

Solution: 

13 and 31 are two prime numbers; therefore, they are co-prime to each other. (Property 2) 

The factors of 13 are 1, 13 and the factors of 31 are 1, 31. 

They have only 1 as their common factor. So, they are coprime numbers. 

 2: Check whether 150 and 295 are coprimes. 

Solution:  

Given two number are: 150 and 295 

150 and 295 are divisible by 5. 

From the properties of coprime numbers, 150 and 295 are not coprime. 

Alternatively, 

150 = 2 × 3 × 5 × 5 

295 = 5 × 59 

HCF(150, 295) = 5 ≠ 1 

Therefore, 150 and 295 are not coprime. 

Sieve of Eratosthenes 

The ancient Greek mathematician, poet, and scientist Eratosthenes (third century BCE) 

suggested a relatively method of determining all prime numbers up to a certain number. 

Eratosthenes was a chief librarian in the famous Library of Alexandria, and made scholarly 

contributions to several fields. 

Among his other contributions, he is known for having been the first person to calculate the 

circumference of the Earth. 

To find all prime numbers up to a certain number, Eratosthenes developed what later became 

known as the Sieve of Eratosthenes. To help illustrate his method, 

             2       3        4        5          6         7      8       9        10 
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11        12     13     14      15        16       17     18     19       20 

21        22      23    24       25        26      27     28     29       30 

We consider how we might find all prime numbers up to 30. For our purposes, we ignore the 

number 1, for a reason that will become momentarily clear. We begin by circling 2 and then 

crossing off all subsequent numbers that are multiples of 2. We then find the next smallest 

number that is not crossed out, which in the case is 3. Since 3 is not crossed out, it must not 

be a multiple and continue the process till 30. 

 

             2       3        4        5          6         7      8       9        10 

11        12     13     14      15        16       17     18     19       20 

21        22      23    24       25        26      27     28     29       30 

 

Divisibility 

A basic concept that arises in studying numbers, especially in studying prime and composite 

numbers, is that of divisibility. The numbers 18 and 24 can be “evenly divided” by 2 and 3, 

but not by 5 or 7. The following definition makes this idea precise 

Definition 12. 

We say that a divides b if there exists some integer k∈Z such that b=k�a. We write a/b to 

indicate that a divides b; we write a∤b if a does not divide b 

Divisor of a given number N 

Let   � = �	
��
   … p,q,r be primes and a,b,c be integers . Then t 

the number of divisors of N =   �� + 1��� + 1��� + 1� [the divisor include 1 and the number 

itself]. 

Sum of all divisor is  � = ������
��� . ������

��� . 
�����

�� . 

Problems: 

1. Find the number of divisor of 720 

Solution:  

Now, 720 = 24 × 32 × 51 

So, the number of integral divisors of 720 are. 
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(4 + 1) × (2 + 1) × (1 + 1) = 5 × 3 × 2 = 30. 

2. Find the number of divisor of 480 

Solution:  

Now, 480 = 25 × 31 × 51 

So, the number of integral divisors of 480 are. 

(5 + 1) × (1 + 1) × (1 + 1) = 6 × 2 × 2 = 24. 

3. Find the number of divisor  and sum of all the divisors of 360. 

Solution:  

Now, 360 = 23 × 32 × 51 

So, the number of integral divisors of 360 are. 

(3 + 1) × (2 + 1) × (1 + 1) = 4 × 3 × 2 = 24. 

                Sum of all divisor is  � =  !����
 �� . "#����

"�� . $�����
$�� . 

                                      =  �$
� .  %

 .  &
& = 1170 , 

In general )��� = � *1 − �
�, *1 − �

�, *1 − �

, … 

Notes: 

1. )��� = )���)��� i. � = ��, a and b are prime to one another. 

2. /. � 01 �2034 5ℎ47 )��
� = �
 *1 − �
�,. 

 

          Problems: 

2 . Euler’s Function

Definition:

The Euler’s Function is the number of positive integers less than N and prime to it.it

is denoted by)���.
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1. Find the number of integer lessthan 210 and prime to it. 

Solution:  

210 = 2 × 3 × 5× 7.  

We know that  )��� = � *1 − �
�, *1 − �

�, *1 − �

, … 

                          )�210� = 210 *1 − �
 , *1 − �

", *1 − �
$, *1 − �

9, = 48.     

2. Find the number of integer lessthan 210 and prime to it. 

Solution:  

720 = 2 × 3 × 5  

We know that  )��� = � *1 − �
�, *1 − �

�, *1 − �

, … 

                          )�720� = 720 *1 − �
 , *1 − �

", *1 − �
$, = 192.     

Integral part of a real number 

1. 
9
 = 3 + �

    , 3 is the integral part, 
�
   is the fractional part. 

2. 
>
 = 4 + �

    , 4 is the integral part, 
�
   is the fractional part. 

Highest power of a prime number p contained in  ?!. 

Highest power of p is 7! is =AB
�C + A B

�#C + ⋯ + A B
�EF�C. 

Problems:  

1. Find the highest power of 7 is 1000! 
Solution:  

Now A�GGG
9 C = 142 

H142
7 I = 20 
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H20
7 I = 2 

Highest power of p is 7! is =AB
�C + A B

�#C + ⋯ + A B
�EF�C. 

                               =  142 + 20 + 2 = 164 

  7�%&is the highest power of 7 in 1000!. 

2. With how many zero does 61! end? 

Solution:  

Let us find the highest power of 2 and 5 in 61! 

 

 

 

 

 

 

 

 

 

 

 

 

H6
2
1I = 30

H3
2
0I = 15

H1
2
5I = 7

H2
7I = 3

H2
7I = 1

The highest power of 2 in 61! = 30 + 15 + 7 + 1 = 56.

H6
5
1I = 12

H1
5
2I = 2
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The highest power of 5 in 61!=12+2=14.



The highest power of 10 in 61!=14.



61! Will end in 14 zeros.





����������	
�����
�����������������������������	������
 �

�� !"#$%&'&%&(���������)��������*+��,�--���.��/0�����,)�������1

�*+2��3�453 �--2��6�453

�)�������1���1�)�,��3�7�����18
-
6��

��������*+��--����4�
9�)��)�

��������,)����)�����������������8-�--����3�)10
)�������8-��,--����

�����1���1�)�,������,)�),�,.:3;��)�)��
������1�����
��)���

�8-2��*�35< --2-35<

=>$?@$! %&'&A&BCD�E-FCGHCIJKI�L	LML�FCJNFODNJNPOKDCQCNRSTUCKDUC

VWXXWYOKQZNWZCNDOCRUWXI[

\J]���������S

\F]V̂��	������_DUCK	��������S

\̀]V̂��	������JKI	�M������_DUCK��M������S

\I]V̂��	������JKIM��������_DUCK�5M�	5�������JKI

�M�	�������S

\C]V̂��	������_DUCK�5M�	5M������JKI�M�	a������S

\V]V̂��	������_DUCK�b�	b������VWNJKPZWRODOcCOKDCQCNbS

d@??e&f����:)�����������������2gh�����������������
i��)�

��	�������������	2b������1�)������b
j�����	��2��b��2��b��

��,.�������b)���)���������)�:)�
,�0��0���:�.�


k��0���:���)��
)���
:
����.�)���lm�00���������	��������,�
��

	�M������
7���������/)��)�������n��,b���)��:)����	2n���,	�M2b�


����

�������

��M2���	�5�	�M�2n�5b�2�n5b��

138 / 146



�����������	
��
���������������������

��������������������	
��
�������	
��
���������������������

���� !�������� "���������������� !��� "�#�����������$����������

�%����

��&�
���&�
� ����
&����


�  !�& "��� !& "
�

���������������������������&���&��	
��
�#��������������������������

��'��'���(��
���������

�����& !�
��& "�
���&�� "&� !& ! "�
�

)������� "&� !& ! "�������������������(������������������%*�%(��

������������	
��
�

+��'������'��'���(��
���������%(��
������������������	
��
�,���**(�

���%����'��'���(��
%(��-�����������������������+������������������*(

��*����� �.��������**���������������������/0�� �,�����
���-���

��������	
��
����1��1�	
��
����������'*(������1���1�	
��
���

�$����*���*(�12!��12!�	
��
�+����������������������������*���-����

 &.���������������������'�����'*���� 3

456789:;<=<><?�������@.�������AAB�.�C�%����%(����������

AD��E�	
�@.
��������AD
F���E
F�	
�@.
%(+������G�.�@��
H�������

������A"I�J.KJ.�	
�@.
�)��J.��.�	
�@.
������J.KJ.�.�	
�@.
�

L����'�����%
�����
��+������G�.�@���/��**(��������

A"I�.�J.KJ.�.�.�.�B�	
�@.


+����@.MA"I�.�����������

456789:;<=<N<,����������0��'*�����������'�������''��������������-��

��/���������������%�������'����������������

139 / 146



������������������������

	
����
���������
����������������
������	������������������
������

�	������
��������������� 
�������!��!�"#$%��&'����(���)*�(

)�!���+�,���)!��+�,���)!�"#$%��&

-���
���
(��.������

��������������������!����������������!�"#$%��&

/�����
���
(������
�0����
�������������
������������
�
���	
���

1234536 7898:8;<=>!=?"#$%@&ABCDE>!?"#$%@F%&AGCDHD%IJ=%"=K@&L

M544N8O
�
P�����
�(�������
��

=">Q?&I=>Q=?I)@

�������
������)�R���
������J=%"=K@&I%(������S
�������
���
P�
��
�������T

���U���
��

��=I%T(@I%U���������������������	��
�����
�����
�P��
��

�0���
��������������������%��������(������������
�

T">Q?&I)U

V����(UWT">Q?&���J=%"TKU&I��X���
�Y������

����UW>Q?(��
����
	�

��������>!?"#$%U&'
�����������(>!?"#$%@F%&� Z

[454\\]5̂ 7898_8;<=>!=?"#$%@&̀EaJ=%"=K@&I�ABCDE>!?"#$%@&L

[454\\]5̂ 7898b8;<=>!=?"#$%c&̀Eacd=AGCDHDcef̀ gHehDEihjDHABCDE

>!?"#$%c&L

M544N8�������
�
���cd=���c�P�
��
�P�
����J=%"=Kc&I�� Z

140 / 146



�
� ��������������������� ���������������

������� �
�
������ !"#!$�%���&
'()*+(,-./0(,1234--53()6,)*789:6(1

8;<=>?�@AB*&9

����C
D�E�FGHEIJ%H#GK��GHF!$�L�#!*M?N%#G!GO��PQ!GNQ�#%R8S!$ !G#T!$�

GH!�F��#

8UV8UW8UXXXU�*M?&8

Y%H�%R!$�#�HP�E��#G#J%HF�P�H!�%KPQ%*!% HI%!$��TH%�G# HIJ%HF�P�H!!%

Z��%[\HK��KTGRG!$ NN�H�K!$ !

]8> 8̂�@AB*& ?_]̀ _̂*M?

!$�H J%PQKE�J HJ�Q�K!%FGO�]> �̂@AB*&Ta$GJ$G#G�N%##GEQ�[b$���R%��T!$�

N��OG%P##�!%RGH!�F��#�P#!E�J%HF�P�H!�%KPQ%*!%?UVUWUXXXU*M?T! c�HGH

#%��%�K��[dPQ!GNQIGHF QQ!$�#�J%HF�P�HJ�#!%F�!$��Ta�LHK!$ !

8XV8XW8XXX�*M?&8>?XVXWXXX�*M?&�@AB*&

a$�HJ�

8;<=�*M?&e>�*M?&e�@AB*&

141 / 146

Rajpri
Placed Image



���������	
������
�����������
��������������
���������������
�
�����
�
�

��������
����������	�����

����������
����
�
�����
�����������������

������� !"���#�
��
�$�����%��������& '

()*)++,*-./0/1/23�4567849:;<=:>����� !"��3?86>@4><:A:8�B

C*))D/E���������������������F
���
G��
��H����
���
�����
���

���I��� !"��&J��K������������
����$�����%���������#���F�

���L��� !"��&E�����
�����������
���
�
�

���G���������
��
��

����� !"����

�#�& '

MNOO,./0/P/23�6>QR68:Q45<4>S<7849:5T4<=����� !"R�6>Q�U��� !"��;

<=:>��U��� !"�R�B

C*))D/V��
�������

��G��

���������U����U� !"���#�������U��� !"��

��
���G�G������
�&W���
�
�������������������#�����
���U��� !"�����
�

�
X���������������U��&J������
��
G�
�

���������R���U��&W���

��GY��

V�������&Z&[��#G
�
���R���U���#�
�����������������U��� !"�R�& '

\]N)*NO ./0/./23̂ 456>?QQ75:_Q?7849:;<=:>̀ abY
a��456c68A:8?>:B

C*))D/d������̂ 
��������
���������#����#�
��̂ bef�#
���gehfg &̂

V����������
����i���
��Y��j���
��Y&k�Yl���Ya������m�
F�
���
GYl���̀ a�

��n
��̀ a������
��&dG����G���������Y
a�Y� !"̂ �H�����Ya�Ybô ���
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