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SETS AND FUNCTIONS

1.1. SETS AND FUNCTIONS.

1.SET
A set isacollection of well-defined object.
Notation: sets are usually denoted by capital letter A, B, C...
The elements of asetisdenoted by a, b, c...

2. Subset and Super set

We say that A isasubset of B if xe A = X € B.
Notation: A — B

Note: Here B is called super set A. [Or] B o A i.e, B contains A.
3. Proper subset

A issaid to be proper subset of B, If (1) Ac B(2) A = B
4. Equality of sets

Two sets A and B aresaid to beequal (i.e,, A =B)if f

They contains the same el ements.

i.e, A=B<=>if xeA<=>x e B

i.e, A=Biff (1).A cB(2) B c A.
5. Power set

The set of all subset of aset A iscalled the power set of A.
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Notation: Power set of A = P(A)

Example Let A ={1, 2, 3}

TheP(A) ={{}{1}.{2} {3} .{1, 2} {1, 3} {2, 3} {1, 2, 3}}
The number of eltsin P(A)=2". if n(A)=n

6. Define mapping (OR) function.

A mapping f: A — B isarule which associate every elements of
A,

There existsaunique elt y in B,s.t f(x)=y.

Results
R1. The Rangeof f =f(B) = Image of A under
f={y e Bly=f(X) Vx €A}
R2. A iscalled domain set
R3. B iscalled co-domain.
R4. f issaid to beamap if every element as unique image.

7. Define onto map.[OR] Surjection map
We say that f is onto map, if for every elty €B, 3 x € A. such
that y = f(x).
[OR]
f isontomapif f(A) =B
(i.e, Rangeof f —f(A)=B)
[OR]
f isonto if every eltsof B, thereisapreimagein A.
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8. Constant mapping [OR] many one map
A mapping f: A — B issaid to be many one function,
If every element in A is mapped into one element in B.
i.e, V X € A, 3 uniqueyeB, st y=f(x).

9. One-One map:[OR] Injection map
A mapping f: A —» B issaid to be 1-1 map,
If different elt of A have different imagein B.
[ifa = bthenf(a) = f(b)]
[OR]
Equal imagein B haveequal eltin A. [ if f(a) =f(b) thena = b]

10. Define 1-1 Correspondence [OR] Bijection map

A mapping f: A - B issaid to be 1-1 correspondence, If f is1-1
and onto.

11. Define composition of mapping
Letf:A>Bandg:B—>C,thengof: A>C

12. Define characteristic function

[A15 N13
1 if xeA

Let A B then the function X) =
= 23 {o if xg A

Is called characteristic function of A.
Properties. if A,B < S.
PL . s()=max(y,, 7s) P.T-A13

P2. ZAmB(X):min(ZmZB)
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P3. xas(X) = xa(¥) — xs(X¥)

PA. 2 n(X) =1 2 (X).

PS. z,(X) = 0. [Define char fun of empty set-A15]
P6. ys(X) =1.

13.Define the real valued function
A mapping f is said to be real valued function
If the range of f is asubset of R.
Examplel. Let f: A —> Risreal valued function,
Example2. Let f: A — Ciscomplex valued function.
Letf: A—> Randg: A —> Rbetwo real valued function, then

L (f+g) () =) +g(x)

2. (fg) () =f(x).9(x)
3. (f/g) (x) =f(X)/g(x) for g(x) #0.
4. max(f, g) = max(f (x), g(x))
5. min(f, g)=min( f(x) , g(x) ).
6. Max (a,b) = (a+b)2+|a_b| :

_ (a+b)—|a-H

Min (a, b) = truefora=f andb =g.
Theorem:1

If f isafunctionf: A—>Band X,Y < B.
Then f1(X U Y)=f4X) U f-1(Y)
[OR]
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P.T theinverseimage of union of two sets = the union of their
inver seimage.

Proof: Let ‘a’ be an arbitrary element of fX(X U Y)

e, aefiXUY) ©f(@eX UY.
&f(a) eXorf(a) eY
aefi(X)ora e f1(Y)

e, aefiXUY) ®aef1X)UFL(Y)

Hencef 1(XUY) < f4X) Uf1(Y)and

FHX) U (Y) c FHXUY).

X UY) =f1X) Uf1(Y).

Theorem: 2
Letf:A—>B,X,Y subsetof A, Thenf(X UY)=1(X) Uf(Y).
[OR]
P.T theimage of union of two setsisthe union of their images.
Proof: Let b be any arbitrary eltinf(X U Y),
Thend ainX UY.stf(a)=bh.
SinceaeX UY.=>aeX oraey.
=f(@) e f(X)orf(a) e f(Y)=f(a) e f(X) Uf(Y).
fXUY) < f(X) U f(Y) .. (1)
Similarly, f(X) U f(Y) c f(X UY) .. (12
From(1.1) & (1.2) f(X U Y) =f(X) U f(Y)

Hence the proof.
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Theorem: 3
Letf:A—>B,X,Y cA,thenf(X NY)=f(X) N f(Y)istrue?
Justify your answer .
Proof:
Thisisnot equal
For example. Let X ={0,-1,-2,-3.....} and
Y={0,1235,....}
Letf: A — Bisdefined by f(x) = x2
Here
XNY = {0 =fXNY)={0} ... (L3
But
f(X)={0,1,2,3,....} and
f(¥Y)={0,1,23,.....}

fX) Nf(Y) ={0,1,2,3.....} ... (1.9
From (1.3) & (1.4 f(X NY) = f(X) N f(Y)
Hence the proof.

PROBLEMS BASED ON FUNCTIONS

| Problem 1.1 | Consider the function defined by f (x) = sin x,
—0< X<

(i) What israngeof f?

(i) Findthedomain of f?

(iii) what isthe image of % under f.
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(iv) Find f-1(2)

o oo ]} 23]

T

(Vi) LetA:{O,E] B:{%{,ﬁ} Doesf (ANB) =f (A) N f(B)?
©Solution:

(i). Therange of f is [0, 1] (since sin(0) = 0 and sin %zl)

(ii)The domain of f iSR = (—oo,o0) isared line,

e TN T

(|||)f(5)—sm(2) 1

ey T

(ivyf—=(1)= >

z =[g | Z = 1

(v) f([O,GD [sino, sin 6] [0, V4

0%] 5.5
(vi)GivenA=L 6] g=L6

ThenAN B = {0} = f(A(1B)=sin0=0 ... (15)
= z =g | z = 15
f(A) = fqo, GD [sino, sin 6] [0, ¥

([5 ] e

[1/2, 0] =[0,2/2]
f(A)NF(B) = [0,1/2] ... (16)
From (1.5) &(1.6) = f(ANB) = f(A) N f(B)?

f(B)
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| Problem 1.2 | Let f(x) =x2, —co< X<
(i) What isthedomain of f.
(i) What istherangeof f.
(iii) Find theimage of 2 under f.
(iv) Find f-1(16)
(V) Findf-1(-7)?
(vi) Find [0, 3]
©Solution:
(i) Thedomainof f isR = (—oo,) isaredl line,

(i) Therangeof f is[0, «].

(i) f(2) = 22=4

(iv) f1(16) = 4

(v) f1(-7) thereis no number —7in [0, «).
(vi) [0, 3] = [, 39 =[0,9].

| Problem 1.3 | Iff(x) =arcsinx,-1< x <1.

g(X) =tan X, —co< X< 0
Then h = gof. Writea simple formula for h?
What are the domain of domain and the range of h?
©Solution:
Givenf(x)=sintx,-1 < x < 1.
g(X) =tan X,— oo < X< o
Then h(x) = (9o f)(x) = g(f (x) = g(sin™(x)) = tan (sin™(x)).
1. Thedomainof his-1 < x < 1=[-11]
2. Therangeof his[tan(sin(-1), tan(sin’}(1)]

= [tan(—%), tan(sin"(1)]= [ — o0, 0]
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| Problem1.4 | Iff(x)=1+sinx, —oo< X<

g(x) = x2, find gof and fog?

©Solution:

(1) (goN(x) =g(f(x)) =g(1+sinx) = (1 +sinx)

(2 (fog)(x) =f(g(x)) =f(x?) =1 +sin(x?).

Hint composition of a mapping is not commutative. i.e., (fog) #
(gof).

| Problem 1.5 | Let f(x) = 2x, —co<X<oo can you think of
function goh which satisfy the two equations gof = 2gh and hof =

h?— g2?
©Solution:
Given f(X) = 2X, —o0< X<
gof = 2gh .. (L7
hof = h2—g? ...(18)
(gof) (x) = (2gh) (x)
= 9(f(x)) = 29 (x) h(x)
= 9(29 =29(x) h (x)
= 29(x) = 2g9(x) h(x)
h(x) = 1(x) [Multiply g1 ... (1.9
Also, (hof) (x) = (h*~g? (x)
= h(f(x)) = h*(x) - g*(x)
= h(2x) = h*(x) - g2(x)
= 2h(x) = PP(x) - g*(x)

Sub h =1, we get, 21(x) = 1%(x) — g2(X)
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= 21(x) = 1(x) ~ g*(x)
= Ix) = —g°(x)
= g(x) = /—1(X) isnot defined.

Hence g & h are not satisfied the given equations (1.7) &
(1.81.8).

| Problem 1.6 | Let f(x) = 2x, —oo< x<oo .Find two functions
g & h which satisfy the two equations gof = 2g h and hof = h2— ¢??
©Solution:
Givenf(x) =2x, —o< X< 0.
gof = 2gh ... (1.10)
hof = h?— g@? .. (111
Let g(x) =sin, h(x) = cos x
Sub in (1.10) = (gof)(x) = (2gh) (X)

= g (f(x)) = 29(x) h(x)
= 9(29 = 29(x) h (x)
= Sin2x = 2.sinx.cosx istrue. ... (112
Also, (hof) (x) = ("~ g)(x)
= h(f(x)) = h2(x) - g*(x)
= h(2) = h*(x) - g*(x)
= CoS2X = cosX —sin’istrue .... (1.13)

Hence Let g(x) = sin, h(x) = cos x are satisfies the given two
equations (1.10) & (1.11).
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| Problem 1.7 | If f is a function f: A — B & is the

characteristic of E — B of what subset of A is of the characteristic
function .Ans: f(E).

| Problem 1.8 | If A and B are subsets of S then —A13. Prove
that (i) (AUB)’=A4’(\B’. and (ii) (A(\B)’ = A’U B’ [De Morgans’
Laws]

| Problem 1.9 | Define functionsf + g if f: A >R & g: A
SR [AL6]

| Problem 1.10 | Give an example of onto functions. A15

| Problem 1.11 | When do you say that the functions f is 1-1.
Al6

| Problem 1.12 | When are the two functions f & g are equals.
Al3

| Problem1.13 | P.Tf(x) =cosx, 0 < x < 7, is1-1.-N14.

| Problem 1.14 | if f(X) = x 2, —0 < X < oo, find (i) f-1(-8) -
A13 (ii) f-1(4) —N13.

1.2. COUNTABLE SETS.

1. Define Countable set (Denumerable set). Give an example.
A set A issaid to be countable set,
if Aisequivalent to set | (the set of al +veintegers)
Ex1. Z-The set of al integer is countable.
Ex2. Q-The set of all rational number is countable.

Note. Equivalent of two sets is there is a 1-1 correspondence
between them.
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2. Define uncountable set. Give an Example?
A set which is not countableis called uncountable.
Ex1.R-the set of all real number is uncountable
Ex2.The set [0, 1] is uncountable
Ex3.Q": The set of al irrational number is uncountable.

3. Define cantor set, give an example?

[A N13,14

The cantor set K is the set of al numbers [0, 1] which have a
ternary expansion without digit one.

Note: The cantor set K is uncountable. [N13]

4. Explain the construction of Cantor set?
The Cantor set K is obtained in the following way:

Stepl.From [0.1] remove the open middle third leaving {O, %J

Step2.From each of [O, :—ﬂ and Eﬂ remove the open middle

wrouna[0]. 23] [£7] [0

Proceeding sin thisway after the nth steps the open middle third
is removed from each of 2™intervalsis of length 3™,
2n—1

The Total lengths removed at the nth step is 2™ % 3= R
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Then there remains 2" intervals each of length 3™ is clear that
what remains of [0, 1] after this process is continued and

infinitely isthe set K.

Pl1. Is the Cantor set is countable? N13. Ans no, it is

uncountable.
Thereom:1
P.T. the set of al integer is countable.
Proof:
Let Z be the set of all integer.
i.e, Z = {..-3,-2,-1,0,1,2,3.....}
Wedefinef: N> Z[HereN=1={1,2,3....}
n_—l if n=135...
By f(n) = {
5 if n=246....

Clearly fis1-1 & onto
..N & Z are equivalent sets
Hence, Z —-The set of all integer is countable

Theorem: 2

Prove that Countable union of countable set is countable.
[OR]
If A1, Az, .... An are countable sets, Then U A, iscountable.
n=1

Proof:
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Since Ay, Ao, .... An arethe countable sets.
We can write A1 = {a, ap, 3, ...}
Az = {a,, Ay, Ay, ...}
Az = {ag, agy, agg, ...}
An = {an, a2, a3, ....}
We define height of aj =i + |

We can arrange the elements of U A, according to the elts height

n=1
asfollows.
a,; : of height2.
aj,, a, - of height 3.
a3, a2, as : of height 4.
Omitting the element &; which have been already counted.
ail  awr a3 4 .......
an  ax ass a.......
as. azx as3 az.....
a1 A aus g ......

Hence | J A, iscountable.

n=1
Theorem: 3
P.T the set of al rational number is countable.

Proof:

Let An={ wenpforn=1,23 ...

Sk
SN

3
n
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An=Q " (The set of all +verationa number)

Clearly each An is countable.
~.Q"=JA, iscountable.
=1

Similarly, Q@ = The set of al negative rational number is
countable.

= Q=Q"UQ U{0} iscountable.
Hence Q = The set of all rational number is countable.

Theorem: 4
Prove that the set [0,1] = {x: 0< x<1 }isuncountable.
[A15,16 N13

Proof:

Let us assume that [0,1] is countable.

Then [0, 1] ={X1, X2, X3, .....}

Where each number in [0, 1] occurs among any Xi’s.
We write each x; has an infinite decimals as follows
x1= 0.anazas.. ...

X2 = 0.az1@228a23. . ..

X3 = 0.az1832833. . ...

%n= 0.an18@n2an3. . ...

Let b1 be any integer from 0 to 8, Such that, b1 = a11
Let b be any integer from O to 8, Such that, by # az
Let bs be any integer from 0 to 8, Such that, bs# ass
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Let bn be any integer from 0 to 8, Such that, bn# am

Ingeneral, foreachn=1,2,3...

Lety =0.b1bz2bs......

Then for any n

The decimal expansion of y defer from the decimal expansion of
Xn[- b, #=a,]

Also, y isunique, (since nor bh=9)

Hencey#xn VNn. & (0<y<1)

Which isacontradiction

Hence the set [0, 1] is uncountable.

Theorem: 5

P.T the set of al real number R is uncountable. [A14]
Proof:

[For 10 marks write above]

We know that every subset of countable set is countable.

Suppose R is countabl e set.
Then [0, 1] which is a subset of R must also a countable set.
which is a contradiction to the set [0,1] is uncountable.

Hence R is uncountable.

Theorem: 6
P.T the set of dl irrational number is uncountable.

Proof:
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Since R-the set of real number is uncountable.
Also, Q = The set of rational number is countable.
S R—Q=Theset of adl irrational number is uncountable.

1.3. UPPER BOUND AND LOWER BOUND.

1.

4.

Define upper bound and lower bound of a set.
Upper bound:

A subset A < Rissaid to be bounded above,
If 3anumberM eR,stx <M , Vx € A.
Then M is called upper bound of A.

L ower bound:

A subset A — Rissaid to be bounded below,
If 3anumberL €R,st x 2L, V x € A.
Then L iscaled lower bound of A.

Define least upper bound. [l.u.b or supremum]

The number M iscaled thel.u.b for A (or) supremum of A.

If (1) M isan upper bound for A.
(2) No number lessthan M is an upper bound for A.

Define greatest lower bound. [g.l.b or infimum)]

The number L iscaled the g.l.b for A (or) infimum of A.
If (1) L isalower bound for A.

(2) No number greater than L is an lower bound for A.

Define bounded set. [A16]
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A subset A — Rissaid to be bounded,

If If 3anumbersL& M € R,st L <x <M, V x € A.
[OR]

A isbounded if it has bounded blow and bounded above.

Note: A subset which is not bounded is called unbounded set.

5. State the least upper bound axiom.

Every non-empty subset A of R which is bounded above has a
l.ubinR.

6. State the properties of Supremum and Infimum.
(1) Sup (A +B) = Sup(a) + Sup(B)
(2) Sup (kA) = k.Sup(A)
(3) Sup(-A) =—inf(A).
Similarly, for infimum.

PROBLEMS BASED ON L.U.B AND G.L.B.

P1. ForS=][0,1] herel.ub=1&g.l.b=0.

P2. ForS= E,E,Z,... find l.u.b & g.1.b?
2 48

Solution:
2" -1
2n

n

For the set nth term is sn

here an

, nth term

n
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. . 2n_1
lim a, = lim
n—o n— o 2”
1
m?l )
_ lim ~(1-0
T now 2n _( N )
lim_. _ 1
:>n—)ooan - 2
~.gl.bof A=1/2 & l.ubof A =1,
2o 1) 1
S, = —n2:1.Andg.I.b: sl:E .

P3. Find g.l.b and l.u.b for the set N of all natural numbers.
Solution:
The set N of al natural number integers={,,,,—2,-1,0,1, 2,,,,}
Here glb = 1 and thereisno lub.
Since N is not bounded above.

P4. S=(7,8) herelubis 8and glbis 7.
But both are not a member of S.

P5. Find lub and glb for the set {x in R/0 < x <£2}.Ans: glb =0 and
lub = 2.

P6. Write a lower bound for the set

{(1+1j ,n=123..0r ne N} N15.
n

Solution:
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glb=2andlub=e.
P7. Find lub and glb of the following sets

(W) r+ L7+ 2743} (i) {72’-1—],72’4—%,72’4—%,....}

Solution:

(i) glb=7+1 and thereisno lub [sinceit is not bounded above]

Glb=7+1 and lub=7. (since - =0)
o0

P8. Give an example of a countable subset of odd whose g.l.b &
l.u.b are bothin R-A?

Solution:
Let A = The set of all rational number in (~/2,+/3).

Hereg.l.bof A = J2andl.ubof A = +/3 both arein R - A.

P9. Find the g.l.b for the following set

@ (7,98)

(b)Y 7 +1, 7 +2, £ +3,....... }

©{r7r+1, #+12, = +1/3,,,}
Solution:
(@ LetA=(78); glbof A=7& l.ubof A=8.
(b LetA={ n+1, 7+2, T+3,....... }
Herean:ﬂ+n,n”m a '_)":O

—> 0

_ | _
n-n (TC+n)_OO

.. glbof A=7+1.Butnol.ub
(o Let A={ 7 +1, n+1/2, 7 +1/3.,,,}
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Hereaq:ﬂ+n’n|lm a, = lim (

1
—> 0 T n)_ﬂ.'

n— o
SglbofA=xr & lubof A=x + 1
For the singleton set { 5}
Thegl.b=l.ub=5.

Let A ={x/xisirrational 1< 1+ x> < 3}

P10. Find l.u.b & g.l.b?
Solution:
Given A = {x/xisirrational,1<1+x3 < 3}
= {x/xisirrational, 0 < x® < 2}
(subtract 1 on both side)
A = {x/xisirrational, 0<x < %/5}
- glbof A=0(notintheset) & l.ubof A =%3.

.. A isunbounded set.
[OR]
A is bounded above, but not bounded below.

1
P11. Findg.l.b&lub (a){l——,ne N} (b) {3n+ 2,ne N}
n 2n+1

) {x/-5<x <3} ) {x:x =(-1)"n,n eN} (e){x: x =2",n €N}
[Note: N = The set of natural no/- ={1, 2,3, ....}
Solution:

(a) Let A= {l—%,ne N}

={0,1/2,13,1/4,...... (n-1)/n, ....}
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1 . .
Herean:(l——j, lim a = lim (1_lj:1
n n— o n— o n

2. gllbof A=0& l.ubof A =1

(b) Let A= 3n+2 - 581 3n+2 3
“lon+1’ Y3’ 7T on+1"2
H 3n+2
ere = ,
&= ont1
2
3+=
lim _ _ lim (3n+2)_lim n( nj_§
Nnoo N n50l2Nn+1) nowon 1) 2
2+H

3 5
©albofA=> &lubofA= .
g p &M 3

(c)LetA={x/-5<x<3},.. glbof A=-5& l.ubof A=3.
dLetA={x:x=(-1)"n,n eN} ={-1,2,-3,4,-5,......... }
={-5,-3,-1,2,4,6, ...... }

.. gl.bof A=-5& l.ubof A doesnot exists

Hence A is unbounded set.

(e LetA={x:x=2""ne N} ={2,22,23 ...}

.. gl.bof A=2& l.u.bof A doesnot exists.

Hence A is unbounded set.
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2.1. SEQUENCE OF REAL NUMBERS

1. Define sequence

A sequence S = {sn}n=1 Of real numbersis afunction from | into
R.

2. Define subsequence

A seguence is said to be a subsequence of S, if it contains least
onelessthan S.

Example 1: Let S={n}n=1={1, 2, 3,.....} is a sequence
Also, S={n+1}n=1={2,3,4,5,.....} is a subsequence of S.
And S={2n}n=1={2, 4,6,....} is a subsequence of S.

3. Define limit of a sequence
Let { sn}n=1 be asequence of real numbers.
We say that s, approachesto the limit L asn approachestox.
If V € >0, Ja+veinteger N,
Solvethat|s, — L|<e, ¥n >N,

[OR]
lim

n— o

Sh=L.
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4.

5.

6.

Define convergent sequence
A sequence of real number { sh}n=1iSsaid to convergent to L,

If the sequence {s\}n=1 hasalimit L.
[OR]

lim

n— oo

sh=L existsfinitely.

Example 1: Thesequence{1, 1, 1.....} changesto 1.
Example 2: The sequence{1, 1/2, 1/3.....} changesto 0

. . 1
(Since lm:o Sh= lim —=0)

n— n—>o N

Define divergent sequence
A sequence of real numbers {s\}n=1issaid to be divergent,

If the sequence. { s} n=1does not have alimit.
e, M s %L (not finite).

n—
Example 1: The sequence {n}n=1 isdiverges.
Sincerj'mw S= nl'm n=o0.

- — o

Define divergent to minus infinity

Define divergent to minus infinity. [OR] Converges to minus

infinite.

A sequence of real number — {s}n =1 IS said to be divergent to

infinite.

If for al real number- M >0, 3a+'einteger N,

Solvethat s < —M, ¥V n >N.
[OR]
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lim
S.‘:
n— o

1 :
Example 1: The sequence {Iog—} divergesto—o.
n n=1
7. Define oscillating sequence of real numbers

A sequence sequence { s,} of real numbersis said to be oscillating
sequence.

If the sequence { s} diverges but not divergesto ccand —.
Example 1. The sequence {(-1)"}n =1 is not diverges to both o
and — oo.
8. Define bounded sequence
A sequence {sn}n=1issaid to be bounded sequence
if 3aM eR, solvethat |s,| <M, Vnel.
[OR]

We say that the sequence { s} is said to be bounded sequence, if it
is both bounded above and below.

Note:

(i) We say that the sequence { s} is said to be bounded above, if
the range of { s,} is bounded above.

(i) Similarly, We say that the sequence {s\} is said to be
bounded below, if the range of { s} is bounded below.
Examples

Example 1: The oscillating sequence {(-1)"} is bounded . [Since
itsrangesetis{-1, 1}]
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Example 2: The sequence {1, 2, 1, 3, 1, 4....} is an oscillating
sequence is not bounded sequence.
[Sinceit is bounded below by 1, but it has not bounded above.]

9. Define Monotone sequence

Let { sn}n=1 be a sequence of real number

Ifss <<k <H<xm+1<..

Then {sn}n=1 is called non-decreasing sequence.

fS1>S>....5 2> 12>

Then {s}n=1iscaled non-increasing sequence.

A monotone sequence is a sequence which is either non-
decreasing or non-increasing
10. Define limit superior of a sequence {sn} of all real numbers.

Let {sn}n = 1 be a sequence of rea number — that is bounded
above.

LeeMn=lub{s, sh+1, S+2,....... }
- lim _ lim
If {Mn}n=1isconvergent, then Sups = Mhn
n— o n— o
If {Mn}n=1isdivergentto—oo, thennI'_To Sup s = oo.

11. Define limit Inferior of a sequence {sn} of all real numbers.
Let { sn}n=1 be asequence of real number- that is bounded below,

Leem=glb{s, sn+1, S+2,....... }

(3 If {mn}n=1 isconvergent, then nIIn inf s, = “”:Omh

0 n—
lim

n— oo

(b) If {my}n=1isdivergent to oo, then inf sp=.=w
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12. Define Cauchy sequence
Let {sn}n=1 be sequence of real number- is Cauchy sequence,
If Given € >0, FJa+'einteger N,
solvethat |s,, — s,| <€, ¥m,n > N,

Example 1: The sequence { 1/n}n =1 is a Cauchy sequence.

Most | mportant Resultsin real analysis

Result 1: A non-decreasing sequence which is bounded above is
convergent.

Result 2: A non-increasing sequence which is bounded below is
convergent.

Result 3: The sequence {1+ lj } isconvergesto e.
n
n=1

Result 4. prove that every subsequence of a convergent sequence
converges to the same limit.

Result 5: (a) If 0 < x <1, then the sequence { X"} convergesto 0.
(b) If x > 1, then the sequence { X"} divergesto infinity.

Example:

im 1

lim L _ 0.

nosw

(i) For x = 1/2, the sequence { X"},

(ii) For x = 3, The sequence {x}, "™ 3" = «, it is divergent

sequence.
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2.2. THEOREMS ON LIMITS

Theorem: 1

If { s} n=1 is asequence of non-negative real number and

it "M = thenl > 0.
n— o
Proof:
Given 'M g =L 21
n— o

Toprovethat, L > O
Let usassumethat L < 0.

L
By definition, for consider e =— 3
s [s —Lf<e, ¥vn=N. ... (22) by (2.2)

= |Sn—L|<—%, ¥ n > N.

:—(—£]<s —L<(—£J Yn>N
2 " 2) -

[Since|<a=>-a<x<a]

Add L, on both sides, 3—2L<sn<%,Vn > N.

) L
l.e. ;i< E,Vnz N

Which is a contradiction to { s,} is non-negative sequence. Hence,
L>0.
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Theorem: 2 (Uniqueness of limits)

Prove that the limit of the | lim s = L and lim s =
uence is unique. n— oo ' n— oo
> a M, thenL =M.

Proof:

To provethat, if L and M are two limits of a convergent sequence

{S’]}n:l, thenl_ = M
We assumethat L =M. Let [M —L|>0,

M -4
—>0
2

Let e= ... (23)

“moos" = and nI|m

—> 0

Since S=M,

n—
Ja+veinteger N1, N2.
Solvethat s, — L|<e, ¥ n >N; .. (24)

s, —M|<e, V n =Nz ... (25)
Choose N = Max (N1, N2)

Then,

IM = L|=|(s, = L)+ (s, - M) <[s, = L| +|s, - M|<e +e=2¢
ie, [M-L|<2e

i.e,|M-L|<|M-L| by(23) -whichisacontradiction.
=L =M.

Hence the limit of the sequence is unique.
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Theorem: 3

If the sequence {s\}n = 1 converges to L, then prove that every
subsequence of {s\}n=1isaso convergesto L.
[OR]
Prove that every subsequence of a convergent sequence converges
to the same limit.

Proof
Let { s\}n=1 be aconvergent sequence, then lim Sh=L.

n— oo

Let {sn}i=1beasubsequence of {sn}n=1

Since “moo ss=L.

n—
By definition, given € >0, dJa+veinteger N,
solvethat |s, — L|<e, V n> N,

=|s,; —L|<e, V ni >N,

N lim si=L.

n— o

Hence every subsequence of { s} isalso convergesto L.
Theorem: 4

Prove that every convergent sequence is bounded.
Proof:

Let {s\}n=1 be aconvergent sequence then Iimw Sh=L.

n—
By definition, given e=1, 3 aN € |,
Solvethat |s, — L|<e, ¥ n > N,

Now |s,| = (s, —L)+L|<[s, - L|+|L| ¥ n> N,
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=|s,|<1+]L|, v n> N,

oo |Snal

|8y <M, ¥ n > N, {s}n=1isbounded. Hence the proof,

Choose M =Max {|s)], |s,|, |ss

Result: Bounded sequence need not be convergent.

Example: Consider the sequence {1, -1, 1, -1, ...... } it is a
bounded sequence, with rang set {-1, 1}.But it is a oscillating
sequence.

THEOREMS ON MONOTONIC SEQUENCE

Theorem: 5

Prove that a non-decreasing sequence which is bounded above is
convergent. Give an example.

Proof:
Let {s} be anon-decreasing sequence which is bounded above.

Let A = {s1, &, S ,um,} IS anon-empty set which is bounded
above.

.. A hasl.u.b say M (by axiom of |.u.b}
i.e, M =lLub{sy, &, ..} ... (2.6)
To prove thatnI ;nl S = M.

By definition of l.u.b

Given € >0

M — € isnot anu.b for A.

.. Thereexistsan integer N >0, solvethat sh > M —€ ... (27

Since s is anon-decreasing sequence
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227NN=s>M-€,Vn=N ... (2.8)
SinceM isan u.b for A.
S<M+e VvVn=123... ... (29

.. From (2.8) & (2.9)

M-—e<s<M+e€,V n=>N,

SUbM, - e <s—-M<e,Vn=>N,

:>|Sn —M|<e, ¥ n2>N,

) irlxi—r>noo Si =M.
Hence a non-decreasing sequence which is bounded above is

convergent.

Theorem: 6

Prove that a non-increasing sequence of real number which is
bounded below is convergent.

Proof:
Let {s\} be anon-increasing sequence which is bounded below.
Let A = {s1, &, S,.,»} IS @ noOn-empty set which is bounded
below.
.. A hasg.l.bsay L [By axiom of g.l.b]
i.e, L=glb{s, %, S,,} ... (210

To prove that i _r:o Sii = L.

n
By definition of g.l.b

Given € >0,L + e isnotanl.bfor A.

.. Thereexistsaninteger N >0, solvethat s,<L + €. ... (2.11)
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Since s, is anon-increasing sequence

21) > s<L+e,¥Vn=>N ... (212
SinceL isanl.bfor A.
S>L-e Vn=1223... ... (2.13)

.. From (2.12) and (2.13)
L-e<si<L+e€,V n=N,
SubL,-e<s;-L<e,V n2x>N,
:>|Sn—L|<e, ¥V n2>N,

o lim

Tino o

Si=L.

Hence a non-increasing sequence which is bounded below is
convergent.
Theorem: 7

Prove that a non-decreasing sequence which is not bounded above
isdivergent to infinity.
Proof:

Let {s} be a non-decreasing sequence which is not bounded
above.

GivenM >0. WecanfindN e |, solvethat s, >M, V n > N,... (2.14)
Since M is not an upper bound for the sequence { s},
Theremust beNe |, solvethat s, > M

For this N, (2.14) follows from the hypothesis that {s,} be a non-
decreasing sequence.

Hence the proof.
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Theorem: 8

Prove that a non-increasing sequence which is not bounded below
isdivergent to minus infinity.
Proof:

Let {s} be a non-increasing sequence which is not bounded
above.

GivenM > 0.
WecanfindN e |, solvethat s <M, V n > N, ... (2.15)

Since M is not an upper bound for the sequence { .}, There must
beNel, solvethat sy< M

For this N, (2.15) follows from the hypothesis that {s,} be a non-
decreasing seqg.

Hence the proof.

PROBLEMS BASED ON CONVERGENT SEQUENCE.

| Problem 2.1 | Write formula for s, for each of the following

sequence.

(i) {21,4,3,6,5,8,7,...... }

Ans. ss=n+1lifnisodd, ss=n-1, if niseven.
@y {13,-1,2,-1,.....}

Ans ss=1if nisodd, s,=-1, if niseven.
(iii){1,0,2,0,1....... }

Ans. ss=n+1lifnisodd, ss=n-1, if niseven.
(iv) {1, 3, 6,10, 15, ...... }

Ans. ss=n(n+1) /2.
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1 2 3
(V) {E, 5, Z,....}

Ans. ss=n/(n+1)

| Problem 2.2 | Test either that the sequence hasa limit or not?

| n? . 3n 3n . 1
® {n+5}n_l (D {n+7nl’2}n_1(m) {n+7n2}n_1 (iv) {n_ﬁ}n_l
©Solution:

iy Nim n2 _im _n2d) n

nooN+5 now 5 = 5 =
o 1+7) (147

2
Hencethewquence{ n 5} is divergent sequence.
+
n=1

v lim 30 lim nd _lim 3 _ 3 _
(i) c= M - = =3
n— o = n— o 7 n— o 7 (1+0)
n+7n2 n1+ 1/2 l+ 1/2
n n
Hence the sequence {—nm} changesto 3.
n+7/n"°J
iy 1 o= M 9= S =0
n+m n2(7+) n[7+j
n n
3n
Thesequence{ 2} changesto 0.
n+7n°J

(iv) n“j:o (n—%j:oo— 0 = . Hence the sequence {n—i} is

n=1

divergent seqg.
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Home work

1. Show that the sequence {nll} changesto 1.
+

n=1

2

2.  Show that thesequence{ 5 1} changesto 1/2.
n
1

3. (i) Provethat the sequence {107/n}n=1 has alimit 0.
(ii) Prove that the sequence { n/10"} n- 1 does not have alimit.

| Problem 2.3 | Solve That the sequence {2— 2}_1} changes
n=1

to 2.
©Solution:

1 . .
Lets,=2— :hmsn:hm (2— 1j:Z—O:Z.

on-1 n— o n— o on-1

1
} changesto 2.
n=1

n-1

Hence the sequence {2 —

| Problem 2.4 | Provethat “moo S = 0if {sh} = {U/n} [OR] Test

n—

for changes of {1/n}

©Solution:
By definition, given € >0. Wemust findN € [, 0
Solvethat |[s, — L|<e, ¥ n> N.

1
Inthiscase‘ﬁ—0(<e,v n > N.

.. If we choose N, solve that % <e
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1 1
e, —<—<e,¥Vn=>N.
n N

S f N>lforNeI,
(S

~.(1) holds.
Hence the sequence {s,} changesto O.
| Problem 25| Using definition of limit SOLVE THAT the

3n
uence{s\} wheres, = hasalt 3.
S oo} n+5Jn
©Solution:
3n
Let s, =
n+5x/ﬁ

By definition, given € > 0. We can find N € I, solve that
|Sn—L|<e, vV nzN

3n
= -3<e,V n>N. ... (2.16
n+5\/ﬁ% (210
To provethat (1) holdsfor n > N.
3n—-3n-15/n
For| 5\/_— <e,V n2> N.
‘ n+5\/ﬁ
1
= 5\/ﬁ <e,V n2>N.
n+5\/ﬁ
15\/ﬁ 15\/H:E<E,Vn2N.

= <
n+5\/ﬁ n \/ﬁ
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225
=—-<Nn,V nx>N. ... (217)
€

. Wechoose N, solvethat N > 2—225
(S

.(2.17) holds & consequently (2.16) holds.

225
Hence for any +veinteger N > g

~lim

’ n— oo

S$Hh=3.

1
| Problem 2.6 | Prove that the sequence {Iog E} is divergent
n=1

to— .
©Solution:

1
To prove that the sequence {Iog E} isdivergent to— oo.
n=1

i.e. To prove that for given €>0. WecanfindN € I,

1
Solve that Iogﬁ <-M,Vnx>N ... (2.18)

=—-logn<-M,V n>N

=logn>M, ¥V n> N

=>n>", vn>N ... (219)
We choose N > eV

Then (2.19) holds and Consequently (2.18) holds.

.. The sequence {Iog %} divergent to .

n=1
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[OR]
lim |, 1_lim (—logn) = lim _\oan =—oo
n—o gn_naoo g T now ogn = ’

| Problem 2.7 | Give an example of a sequence {s,} which isnot

bounded for which lim i:O.
n —o n

©Solution:
Lets=+/n,
o7 2
Hence the sequence {s,} ={ /n} is bounded sequence.

gyt M S lim ¥n_lim 1 _
ns>wo n nNox n n%w\/ﬁ )



OPERATION ON CONVERGENT

SEQUENCE
3.1. OPERATION ON CONVERGENT SEQUENCE
Theorem: 1
If {s.} and {t.} are sequence of | ¢ _Iim s, =L and .Iim { =
real numbers converges to L & n= n=
M respectively. M _
Then the sequence {s, + t} Thenirll'inoo (Sh+ty) =L+ M.
converges toL + M.

Proof:
|

n

im sqi:Land_“m
—> ©

In— o

Sincei Si=M
By definition, for given € > 0. 3 a+veintegers N;, N2

|sn—L|<§, vV n >Ny,

|sn—M|<§, vV n >Ny,

Choose N = Max (N1, N2)
Forn > N,
(s, +t,) —(L+M)|=[(s, - L)+ (s, - M)|, ¥ n > N,

<|s, —L|+|s, ~M|<S+Z=¢
2 2
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=|(s, +t,) - (L+M)|<e ¥V n= N.

S NM vty =L+ M,

In— o
Hence the sequence { s, + t} isconvergesto L + M.

Theorem: 2

If {s} be a sequence of red | . c Rang IM —
numbers converges to L, Then in— o0

the sequence {c. s} converges Then_”m c.Sy =C.L.
toc.L. nee
Proof:

Case (1): If ¢ =0, then the theorem is obvious.

Case(2): If c #0.
Since_Iim Si=L

In— o
By definition, given € >0. 4 N € |,

Solvethat |s, — L|<§, V n>N,
- |es, —cL|=ld|s, - L|£c..§, vV n>N,
:>|CSn —CL|<€V n= N,

lim
=

In— oo

c.S,y=c.L.

Hence the the sequence { c.s,} convergesto c.L
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Corollary

& M respectively.

converges toL — M.

If {s,} and {t,} are the sequence
of real numbers converges to L

Then the sequence {s, — tn}

If lim

in— o

Then

s, =L and Ilmoo t

lim
in— o

(i—th)=L-M.

Proof:

Smce sn L and

. ir!'i“w (1) =—M ( by above

t) =

lim

. lim
( in— o

..in—>oo

Sh—

Theorem: 3

[Sh+ (— )]

th=M

th}

=L-M.

If {s} and {t,} ae the
sequence of rea numbers
converges to L and M
respectively.

Then prove that the sequence

If =L and ”m ' t, = M, Then

prove that s~. th=L.M.

{s, tn} converges toL. M.

Proof:

Smce s1 L and

) I|m

inow

And

(h+ty) =L+ M. =

M (s-ty=L-M=>

SSita = Z[(S” +1.)? —(s, -

I|m

th=M
(st ?=(L+ M)

Ilm (S’]_tn)zz (L- M)Z

in— o

t,)’]
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lim

n— o

lim 11 lim
M s =g M s M (5

21 2 o el 1
_Z[(L+M) (L—M) ]_4[4L|v|]

lim
Cinow

S . ty) =LM.

Hence the sequence { s, t,} converges to L.M

Theorem: 4
If {s} and {t;} are the |f_|im sn:Land_“m t,= M.
sequence of real numbers| N7 n—>w
coverges to L & M| qpe provethat_“m S, _ L
respectively. in>et M

Then prove that the sequence

n

s, L
— converges to —
{ t }n_l M

Proof:
(d) Division Rule.

lim s, _ L
To provethat . —=—whereM=#0
In— o tn M
lim 1

n— oo t
n

1
Wefirst prove thati = MwhereM =0

i.e. To provethat given € >0, 3Nel, 0

1
Solve that "

n

<e,¥ n2> N,

Since_IIrn th=M
INn— oo
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For, € >0, 3Nel,Ost [t,—M|<e,V n 2N, ...(31
S M=M=t + | <M=t [+

=|M|<e +t,| by (3.)

=t,[>M|--e, V n 2N,

! < 1 vV nx>N (3.2
=>—<T—, > ... (3.
t| IM[-<
Given €' >0, ANel
‘ |t —M| t, —|v|| e ()
- < =e
taM| “M-9
:>t——— <€,V n2N,
1
lim 1 —whereM %0
n—)OOt
. . . . l
lim S, _ I|mSn lim l:L.—
n— o tn n— o n— o tn M
lim S_n::—.Henceproved.
n— o tn M
Theorem: 5

If {s,} be a sequence of red It lim " s = L then prove that
number .convergesto L, I|m| | |L|

Then prove that the sequence | "—«
{s.]}., converges to |L|
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Proof:
Since{s,} convergestoL i.e. .I|m Si=L

In— oo
By definition, given € >0. 4 N € |,
stls, —L|<e, ¥ n 2N

WK el -|o] <la-8|

= |s,|—|L<]s, ~L|<eV n>N,
=|s,|-|L|<e, ¥ n> N,
Nimes =cl

ins oo N

Hence the sequence {s, |} , convergesto |L|

Result: But converseis not true.

ie. if{]sn|}n:1 converges to |L|then need not implies that {sq}
converges to L.

Example 1. Consider the sequence, {s} ={1,-1,1,-1,.....}

Here {s,} , ={1 1 1,...}

But { s} convergesto 1. Hence the proof.
Example 2: Prove that if ﬂsn|}n:l converges to O, then the

sequence. { s,} converges to O.

Proof:

Given {[Sn|}n:1 convergesto Oi.e. irl]im |s,| =0.

—> ©

By definition, given € >0. 3 N € |,
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st |sn|—q<e, Vn>N

=|s,/]<eV n=N,=|s,-0O<e, V n2N,

ir!'inoo = 0. Hence then the sequence { s,} convergesto 0.
Theorem : 6

If {s:} and {t;} are non- | ¢ lim s =L and lim t =M

decreasing sequence of rea | n—© " in—co 0

numbers converges to L and | @ndif s, <1, V. n.

M respectively and if s, < t, | Thenprovethat L < M.
Y n

Then provethat L < M.

Proof:

SinceiIIm s, =L and_IIm t.=M,

n— o in—>ow "
By givenifs, <t, Vv n
T th— S 2 0={..t, — s} is a non-negative sequence of real
numbers.
lim

n— oo

= (s,-t,) =0.

= (M-L) >0. [By Th]

=M > L

= Or L £ M. Hence the theorem.

Theorem: 7

If the sequence {s.} converges | s .Iim s, = L then prove that

to L, then prove that the l_'”—”O
sequence{s.2} convergesto L% | "M s %=2

in— o
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Proof:

Since{s,} convergestoL i.e. iri'm s, =L

-0 I
W.K.T every cgt sequence is bounded.
ForM>0,3 Nel, .[s|<M,vnxN

Since{s,} convergesto L.
By definition, given € >0. 3 N e |, st s, —L|<e, ¥ n> N

Forn >N, =|s,” - L?|=[(s, - LXs, +L),¥ n> N
=15, - L’|<e(M +|L))=€'=, ¥ n> N

—|s®—L%<€ , ¥V n >N

. |Imsz

n

- = L2

in— oo
Hence the sequence. {s,% convergesto L2

Theorem: 8
(1) If 0 < x <1, then prove that the sequence { X"} convergesto O.
(2) If x> 1, then prove that the sequence { X} divergesto oo.

Pr oof:

Part (1): If0<x<1,thenxX"*1=x" x<x". [ = <=]

iexX""l<x", V nez
Hence, {X"} is an non-increasing sequence.
Sincex" >0,V neZ

. {X"} isabounded below by zero.
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By known result, [W.K.T, Every sequence which is bonded below
is convergent.]

The sequence { X"} convergesto O.

dime n
S X =L (say) ... (3.3
Jim ymas iMooy My x by (3.3)
in— in— o in— o
.'._“m X" = Lx.
In— oo

Hence the sequence {x"**} convergesto Lx.
But, {x"* '} isasubsequence of {x"}

. Lx = L [Every sequence and its subsequence converges to
same limit.]

=(x-1)=0
=L =0(.Xx#1)
Hence the sequence { X"} convergesto 0if 0 < x <1.
Part (2): If 1<x< oo, thenX"<xX"*! V n eZ
[ forx=3,3<3%]
~.{x"} isanon-decreasing sequence.
Also, x">1,V neZ.
Now Let us assume that {x"} is bounded above sequence.

By known resullt,

M o = L (say) .. (34)

—> 0

{x"} convergestoL.i.e. -

M ymas 1M ooy 1M 0 = L x by (3.4)

in— o in— o in— oo
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LMy

In— oo
Hence the sequence {x"**} convergesto Lx.
But, {x"* '} isasubsequence of {x"}

. Lx = L [Every sequence and its subsequence converges to
same limit.]

=L(x-1)=0

=L=0("X#1)

Whichisacontradiction to {x"} is not bounded above.
Hence the sequence { X"} divergestoo, for 1 <x< oo.

3.2. LIMIT SUPERIMUM AND LIMIT INFIMUM.

1. Define limit superimum of sequence {s,} of real numbers.
Let {s,} isasequence of real numbers that is bounded above.

LeM,=l.ub{s, sv+1,....}

lim lim

(@) If {M} converges and we define L sups, = M,

n—
[im

(b) If {My} divergesto minusinfinity and we define _ sups, =

n—

— w_
2. Define limit infimum of of sequence {s,} of real numbers.

Let {s,} isasequence of real numbers that is bounded below.

Letemy=gl.b{s, Sh+1,....}
lim

n— o

lim

n— oo

(@ If {m,} converges and we define inf s, = m,

(b) If {my} divergesto infinity and we define '™ inf 5 =oo.
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Theorem: 1
If {s,} isaconvergent sequence of real number. Then prove that
lim lim lim

SUps, =, oolnfsq:in—)oo%

in— o n—

Proof:
Let {s,} beaconvergent sequence of real number

Letnli_ir:o s,=L

By definition, given €>0. 3 aN € I,st|s, —L|<e, V n> N
—=—-e<S,—-L<e,Vn2=N

AddL,=>L-e<s, <L+e,Vn>N ... (35

=L + € isan upper bound for {s,, Sh+1, S1+2,-....}

But L —e isnot an upper bound .

=L-e <Mp=lub{s, $+1,S+2.....;<L+ €,V n >N
lim
n— o

Add (-L),=> - e <sups,-L<e,vn=>N

Apply limit, = L- e< M, <L+ e,V nz=N.

lim
= " |sups,-Lj<e, V n2 N
:>n|'_r>noosupsn =L, for arbitrary €. ... (3.6)

Similarly, by (3.5) ,
=L + € isanlower bound for {s,, Sh+1, Sh+2,.....}
But L — € isnot an lower bound.

=L -e <m=glb{s, Si+1,S+2....;}<L+€,Vn=N
Apply limit, =L — € <n|'_)":0 m<L+e,Vn=N
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Add(-L),=>-e<infs —-L<e,Vnx=N

=linfs, —L/<e, v n>N

I|m |nf s,= L, for arbltrary €. ... (87)
From (35) & (36) = '™ sups, = "M infs,= 1M
Hence the proof.

Converse of the above theorem.
Theorem: 2

If {s} isasequence of real number and If

lim sups, = I'Ln infs,=L

in— o

Then {s,} isconvergesto L.

Proof:

Since_IIm sups, =L
In— o

By definition, given € >0. 3 Ny €l, st |sups, —L|<e, V n>

—>—e<sups, —L<e,Vn=N

AddL,=L—e<lubs J<L+e,V nx=N

n? n+1’ n+2’
=>5<L+e ... (3.8)
Also, lim infs =L

in— o
By definition, given € >0. 3 Ny € |, st |inf S, —L|<e, vV n>
N1
—>—e<sups, —L<e,Vn=N



Real Analysis

AddL, > L-e<glb{s,,s.;,S .} <L+e,VN=>N
=>L-e<s ... (3.9
Choose N = Max (Ny, No)
Forn>N,From(38) & (39) =L - e <s,<L + €
Add(-L),=>-e<s,-L< e,V n=>N
:>|Sn—L|<e,‘v’nZN

-

Hence the sequence { s,} convergesto L.

s,=L

n

Theorem: 3

If {sn} is a bounded sequence of real numbers, then prove that

lim . lim
<
. inf s, _sups,.

Proof:
Let {s,} be abounded sequence of real number
mM=glb{s, Si+1S+2.....} Lub{s, S+1S+2.....}=Mp.
=M, <My, V n.

lim lim M I|m m

Applylimit,:>n_)w m< M, |nfsn<II _ sups,
Hence the proof.
Theorem: 4

If {s\} & {t,} bethe bounded sequence of real numbers. And if s,
<th, Vn

Then prove that

lim lim

L, sups, < T suptnand I|m

_inf s> I|_r>n inft,

n—
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Proof:
Since{s,} and{t,} are bounded sequence of real numbers.
Also, S, < 1, V n.

=lub{s, Sh+1S+2,.....} < Lub{th, the1 theo,.....}
=>Mp < Ty, V N
Apply limit, = Izanns lim T

n— oo

I|m supsh< lim supt,

n n— o

Also, S, < tp, V n.
=g.l.b{s, Sh+1S+2.....} 2 Qlb{th, ths1theo.....}

=m, < py,V N
'm

Apply limit, :> mn =
nl|_r>n infs > " I|m _ inf t,. Hence the theorem.
Theorem: 5

If {s,} and {t,} be the bounded sequence of real numbers.

Then

@ "™ sup, +t) < "M sups,+ "M supt,

I|m

@ "M inf(s, +1,) “mlnfsh+ ' inft,

Proof:
Part (1): Let {s,} and {t,} be the bounded sequence of real numbers.

Slhub{s, Sh+1Sh+2,.....} exists and
I.u.b{tn, tn+l’ tn+2,.....} EXIQS
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Let My = L.ub{Sy, Sre1 Svazseerns)
To=lLub{t, th+1thso,.....} .

=% <MpVk2>n.

Andtc < T, Vk > n.

S&F S M+ T, Vk 2N

=M, + T, isan upper bound for { (s, + tn), (Sv+ 1+ th+1)seeenn.n.
=lub{(sh+tn), (Sie1+tths1)yeeenenn b < Mp+ T,

Apply limit,

lim lim
= . Lub{(s, +t,),(s, +t,).......} < n_>oo(Mn+Tn)
:>I|m SUPGS, +1.) < [im M+ lim T

n— o n— oo n—oo

lim lim lim
= sup(s, +t,) < ., Sups, + T supt,

Hence part (1) is proved.
Part (2):
Let {s} & {t,} bethe bounded sequence of rea no/-s.
Solb{s, sv+1S+2.....} exists and
gl.b{tn ths1ths2,.....} EXists.
Letmy=glb{s, sh+1S+2.....}
pn=g.l.b{ty, th+ 1, ths2,.....}.
=8 2>m, Vk.>n.
Andty > py, VK > n.
SLS&tt>2my+pn, VK 2N
=my, + pnisan lower bound for { (S, + tn),(Sw1 + the1)s....... |3
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=glb{(sh+t), (Sh+1tther).... ... o> my+py

Apply limit,

' lim
:>nll_>n:o glb{(Sn +tn)!(sn +tn) ....... }Z N (rnn+ pn)
=M = I 1T,

Hence part (2) is proved.
Theorem 6: (without proof)
Let {s,} be abounded sequence of real numbers.
If Lt sup s, =M.
Then for any €> 0,
<M + e, V¥, but finite number of values of n.
S > M — €, for infinitely many values of n.
Similarly. for if Lt inf s,=m.
Then for any € >0,
a) s, >m+ e, V, but finite numbers of values of n.
b) s, <M — €, for infinitely many values of n.
Theorem: 7

Prove that any bounded sequence of real number has a convergent
subsequence.

Proof:
Let {s,} be abounded sequence of real numbers.
To prove that, we have to construct a convergent subseguence

{s}.
For, Let M = Lt sup s,,
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For every €>0,

Then there are infinitely many valuesof n, sts,>M — 1.
Let n; be one such value.

ienel,ands,>M -1.

Similarly, there are infinitely many values of n

sts,>M l
S 5

1
Choosen2>n,§3>|v|—§.
Continuing in thisway
1
anM—E,Vnpn, ... (3.10)

For e>0,3 N € I,
sts, <M + e, YV, but finite number of values of n.
i.e.s, <M+ €,V but finite number of values of n. ...(311)

1
Fork>N,M—e<M—E

=>M- € <5,<M + €, V, but finite number of values of n.
=>— e<§-M<+e, Vne>n.

=|s, —~M|<e, ¥V e > n

= lim S,=M. Hence the sequence{s,} convergesto M.

n— o
Theorem: 8

Prove that every convergent sequence of real number is a Cauchy
sequence.
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Proof:
Let {s,} beaconvergent sequence of real numbers.

Let lim s, =L,

n— o

By definition, given € >0. 3 N el, st s, —L|<e, Vv n> N.

Choosem, n > N.
|Sn—L|<e, Y n2>N.

|Sm —L|<e,v m >N.

Form,n> N.

|Sm _Sm|:|(sm - L)_(Sn - L)|
£|Sm —L|+|Sn - L|<e+e:2€:e’
=Sy —Sw| <€, V. mn = N.

={s,} isaCauchy sequence of real numbers.
Note: Every Cauchy sequence need not be convergent.
***x[Every Cauchy sequenceis bdd]****

Theorem: 9.

If {s,} be a Cauchy sequence of real numbers, Then prove that
{s} isabounded sequence.

Proof:

Let {s,} beaCauchy sequence of real numbers.

By definition, given € >0. 3 N el, st |s, —S,/<e, V. mn >
N.

=|sm—S./<1, ¥ mn=N
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If m>N. [s,| =[S, =S, +S,| <[Sn — S0| +]S]

m|_

|Sn| <1#|s,| , V m>N, n=N

=|Sa| <M +1+1+|s| =k (say)
=>|s,| <k, V ke l.

Hence{s,} isabounded sequence.
Theorem: 10

Prove that if {s)} is a Cauchy sequence of real numbers, Then
prove that { s} isaconvergent sequence.

Proof:
Let {s,} beaCauchy sequence of real numbers,

Then {s,} isabounded sequence [By previous Theorem 9]

lim sups, andir!iinw inf s, exists.

in— o
To provethat { s} isaconvergent sequence.
[im lim inf s,

i.e. to provethat, . sups,=

n— in— o

For Clearly, ir!'_r:o inf s, Sirl,TOOSUPSn ... (3.12)
. lim lim .

ToClam: " sups, < " infs,.

For since{s,} isaCauchy sequence

By definition, given € >0. 3 N el, st |Sm—sn|<§, Y m,n>
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=|sy —sn|<§,v n > N.
:>sN—S<sn<sN+ E,V n > N.
2 2
=+ % isan upper bound for the set {S,, Si+1.S+2,-....}
And sy - % isan lower bound for the set { $,,Sn+1,Sw2,-- ...}

SSN— % <glb{s,sw1Sm2,.....} < lLub{s,S1S2,.....} <N+

E,VnZN.
2

:>|.U.b{$1, S T g|b{$~., Sh+1lSn+2ye.e) < (SN+
S)-l-3)
2 2

=>Mn,_mp,<e,V n>N.
:>I|m

n— o (Mn_rn”)se
lim
:>n—>oo Mn_ rnnge
lim lim
:>n—>°0 nSn—Mzo rn”+e
lim lim . .
=. ., sups, <. T inf s, . For arbitrary <. ... (3.13)
From (3.12) & (3.13) = M sups = 1M jnrg =Mg =
In— oo in— o n— o

. {s} isaconvergent sequence. Hence the proof .
Theorem: 11
State and prove Nested interval theorem.
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Statement
For each nel,

Let I, = [an, by] be any non-empty closed bounded interval of real
numbers.

Iho lh+12lh+2D.....

lim

n— oo

(8,-b,) =" length of I, =0.

Then ﬂ |, contains (exactly) precisely one point.

n=1

Proof:

By hypothesis (1), .In D lh+12 1 h+2D ...

=a,<ay+1 < b1 <by V N

= The sequence {a,} is an non-decreasing sequence and the
sequence { b} isan non-increasing sequence.

But all the points of the sequence {a,} and {b,} liesin theinterval
l1.

The sequence {a,} and {b,} are bounded above and bounded
below respectively.

The sequence {a,} and {b,} are convergent sequence [By

theorem]
lim__ lim, _
’ n—)oo_x’n—)oobn_y’

thena, < X,y < by Vn
By hypothesis (2),
y —x=Mp limgy - M4y 5 y=0(Given)

Nnbwo " noo " noow
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nyYy-Xx=0 =>y=x
a, <x<bn Vv nel,
Xn € ln, V nel,
=Xp € ﬂln

n=1

To prove the uniqueness part.

Letz # xGﬁln
n=1

Then |z—X =0

=|z-X<[b, —a,|

— lim |Z—XIS lim |bn_an|

n— o n— o
lim
— X<
= |z—X<0
=|z— X =0-which isacontradiction.
LZ=X

Hence ﬂ |, contains exactly one point.
n=1

PROBLEMS BASED ON LIMITS OF SEQUENCE

P1. Evaluate:-
. . 3 .
n— o n+3 n— oo 4n +n n— o [n2+1
lim 2n°-5n+4

n—w 302 1 6n+11

. lim 3n*-6n
iv = =
W) 5n° + 4

N13 (v)
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(V')JLTo( o (V||) lim \/_(\/n+1 \/_)AlG.
(V|||) I|m (\/n +n— n) (|x) I|m (5 ij N15

1 .
I|m 2n’+5n_1 (xi) lim Jn

X Provethat _—
) 8n°-6 4 = Jn+l+/n

Solution
g lim 2n _ lim _n@ _ lim (9
in— oo n+3 in>©n@+3/n) N>« (1+3/n)
[im
C now? 2 _,
M (143/n) " 1+0)

. . . n3(2+52j _ (2+52j
[im 2n°+5n _ [im n° ) _lim n

n— oo 4n3+n2_n»oo n3(4+1j n— oo (44_1)
n

Iim(2+%j
n— o n) 2+0 1

lim (4+1j 440 2

(i)

n— oo n
gip 'm_n_ _lim __n__ _lim 1 _ 1
n— , 2 n— o n— o i 1
e L+ N e
n n n
— 1 —
v1+0

[ (iv),(v),(vi) Same as (ii)]
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(vi) [For Root sums Multiply Nr & Dr by its conjugates]

i i) = m a R )

_lim - (n+1-n)

n—ow ‘m+\/ﬁ’

_lim _ Jn_lim Jn _lim 1
n— oo ‘ / 1 ’ n—oo n—oo
n+1+n \/ﬁ( 1+1+1j ( 1+1+1J
n n
: 1 _ 1 1
=— = hn Ty
n“_)nl( 1+%+1] (\/1”)

. . 2
N VN +n-n
(vii) lim (\/n2+n—n): lim (\/n2+n+n)
n— oo n— o /n2+n+n

_lim n>+n-n

" VN2 +n+n

2

_ lim n _ lim n
n— o n—
n(‘/1+1 +1] (‘/1+1 +1J
n n
lim n
n— oo
= =00,

lim [‘/1+1 +1]
n— o n

Therefore the sequence divergent to oo.
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lim P(n+1)

P2. If P is a polynomial of degree two, then P.T =1.
"= P(n)

N16.
Solution:
Let P(x) = @+ bx + ¢, (a, b, ¢ are real numbers) be a polynomial
of degree two.

Then
lim P(n+1) _ lim a(n+1)?+b(n+1) +c
n—o  pP(n) now an’+bn+c

lim an®+(2a+b)n+(a+b+c)
n—o an’+bn+c

_ nz{a+(2a+ b)1+(a+ b+ c)l}
lim n n

S nz{a+b1+cl}
n n
_ {a+(2a+b)1+(a+b+c)1}
_lim n n
i {a+b1+cl}
n n
lim {a+(2a+b)l+(a+b+c)l}
n—e n n] a+0+0_
Iim[aer}H;}} a+0+0
n— o n n
lim P(n+1) _

Hence
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P3. IsaP(x)=ax’+bx*+cx +d,a, b, c,darein RP.T nIToo
P(n+1) 1

P(n)
Solution:

Given P(x) = ac + bx + cx + d,
lim P(n+D) _lim a(n+1)°+b(n+1)*+c(n+1)+d
noo  P(n) Now an®+bn®*+cn+d

(n+1)3{a+ b 4+ © =+ d 3}
(n+) (n+D° (n+1)

_ lim
n— o 3[ b ¢ d}
n““la+—+—+—
n n° n
3 1 : b C d
n°1+— | |a+ + >+ 3
_ lim n (n+) (n+1)° (n+))
Thnow 3‘: b c d:|
n“la+—+ S+ 5
n n° n
{ 1T b c d
1+ | |a+ + >+ 3
_lim n (n+) (n+1)* (n+1)
o {a+b+c+d}
n n> n

_[+of[a+0+0+0] _a_
- [a+0+0+0 a
. lim P(n+1):a

n— oo P(n)
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1 n
P4. (UQ)***S.T the sequence {l+ Ej } is convergent.
n=1

[OR] prove that nlim (1+lj =e.

—> © n

Solution:
1 n
Lets, = [1+ —j =
n

1+n(1]+n(n—1)(£j L +n(n—1) ..... [n—(n—l)](lj .

1ln 2 n k! n
Fork=1,23,...n

The (k + 1)" term i "0~ [n= (N1 (Ejk
k! n

e R |
ey e G RIS

We expand s,+1, one moreterm than s, .
Fork=1,2,3,...n
The (k + 2)" termiis

1.2.;...k Kl_ nilj(]__ nilj """ P%ﬂ

Clearly, $,< sh+1

The sequence { s} isanon-decreasing sequence.
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RS
L N(1), nn-0(1 2+ L Nn-=)...[n—(n-D](1 k+
M A " o IR
Sl+1+i+i+ ..... + 1
12 123 1.23..n
sl+1+—+i2+ ..... + 11—1+ 1
2" 1
1- =
2
[s,=1+a+a’+..+a™t=11-r.
£1+1=1+2=3.
1
2
LS5 <3

.. The sequence {s,} is bounded above by 3.
~.{s} isan increasing sequence which is bounded above by 3.

Hence {s,} isaconvergent sequence.

. lim (1+5j = e [where 2< e <3 and ¢=2.7182...]
n

n— o

Alter Methods.

1 n
Let s,= (l+—j
n

1Y 1
Thenlog s, = Iog(1+ Ej =nlog (1+ ﬁj

{1 11 11 }
=nl=-Z 4+ ..
n 2n*> 3n
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o _[1_i+i_i }
N N
{71 1 1 } [1 11 }
s, = e 2n 3n? an® :el.e 2n 3n? an® —e
(_1 11 j (_1 1_1+jz
2n 3n% 4an® ) 2n 3n®> 4n® )
1 + e
1 2
1 1
=-e 1-—— 4+ —— .
. [ 2n ' 3n? }
oo dim o _lim g, 11
Applyllmlt,rHDo Sn_n%w{l 2n+3n2 ..... }

—> 0

HencenIIrn (1+lj ze.where2<e<3,e=27182...

n

P5. Prove that

(i) nlim (1+%jn+l: e (ii) n“_)mw (1+iJn: e

e n+1
ipy 1im (1+3j - &
n— o n
Solution:
. n+1 . n
Given lim (1+£j = lim (1+Ej .(1+1j
n— o n n— o n n

=lim (1+1jn lim (1+%j =e(l+0)=e

n— oo n n— o
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. n+1
Hencen“m (1+1j —e

—> © n

Operation on Convergent Sequence

(if) For IM (1+ijn

n— e n+1

Putx=n+lasn— o, X— ®©

1\ lim 1\
|im[ 1Y Jim (“xj ”“(“;)

= 1+_j =
s 1

Solution:

1+E:(1+ij(1+£j
n n+1 n
Check(n+1+1j(n+1}:(n+2)(n+1j]
n+1 n n+1 n
lim (1+gj = lim (1+ij .(1+Ej
n— o n n— o n_+_1
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P6 Prove thatif a,.;=42+4/a, forn=0,1,2,3....

Then {a,} is convergent and that a, <2, V n.

Solution:
Letan g = m,fornzo, 1,2,....
a = V2
a = \/2+\/a:\/2+\/§>«/§:a1
Sap>a
az = \/2+\/a>2 >\/2+\/a:a2[-.- ay> ay]
=az>a

an+1 > apforn=0,1,2,....
= {an} isan non-decreasing sequence.
Toprovethata,<2. V n=1,2,....

Supposean > 2,V n=1, 2, ... (319
Thenan:,[2+,lan71 :\/2+w[2+1/an72
—a,<V2++/2 ... (3.15)

From (3.14) and (3.15) = 2 < Oa, < 2+ J2
Which isacontradictionto 2 < /2 + V2

Hencea,<2.V n=1,2,3....

. {an} is an non-decreasing sequence, which is bounded above
by 2.
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Hence the sequence { a,} is convergent.

lim
P7. If Sn=\/§,3n+1=\/§ \JS,, V¥V n > 2 Then provethatn'_msn=

2.
Solution:

Givens,=v2,5:1=v24/s,, ¥V n> 2.

5=v2, % =12 s =v2 W2 => 5,55,
SUppPosE Sh+1> Sy

2 f5a o2 S

S%H+2>S+1> S

=%+2>%, V. n=1273....

={s,} i1san non-decreasing sequence.
Also, si=+/2< 2.

Suppose s, < 2.

Then Sn+1:\/§ \/Ssn

=>(%1+1)°=2% =>n”fl (Sh1)” = 2n'me s,

—=L2=2L [ {s+1} isasubsequence of {s,} convergesto same
limit] —

=>L%2-2L=0=L(L-2)

=L =2[L#0and s=+/2>0]

. lim

n— oo

S,=2. Hence{s} isconvergent to 2.
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PROBLEMS BASED ON LIMIT SUP & LIMIT INF

P8. lets,=(-1)",n €I, find Ltsup & Ltinf.
Solution:
Givens,=(-1)",ne I.
Si={-1,1,-1,1,-1...... }
HereM;=lub{-1,1,-1,1,-1,...}
Mz=lub{1,-1,1,-1,.....}
ClearlyM1=1,Mx>=1......
. {Mp} isthe sequence consist of 1.

. lim M = lim (1) =1.

“n—>oo " now

Hence Lt sup s, =1.

Also,my=glb{-1,1,-1,1,-1,....}
m=glb{1-11,-1,....}

Clearly mpy=-1, my=-1

~.{m.} isthe sequence consist of —1.

. lim M = lim (-1 =-1.

“n—)oo n n— o

HencelLtinf s,=-1.

P9. Find the Lt sup & Lt inf for the following sequence.

1,-1,1,-2,1,-3,1, —4,.....
1,2,3,1,2,3,1,2,3....

Sh=(=n),nin I



Operation on Convergent Sequence

ol

Solution:
(a) Givensequence{1,-1,1,-2,1,-3,1,-4....}
HereM,=l.ub{1,-1,1,-2,1,-3,1,-4...}}=1.

vV n=123...
lim M = lim (1) =1
n— o n— o

Hencelimitsup s,=1.a



SERIES OF REAL NUMBERS

4.1. CONVERGENT AND DIVERGENT SERIES

1. Define series of real numbers

The series a1 + a2+ az +.....+ an +.... is called an infinite series
[or] series.

We denoted by Zan —artatazt....tant....

n=1
Then sy = a1+ ax+ ag+.....+ an is caled the n" partial sum of the
seri&Zan.
n=1

2. Define convergence of the series
A series ) a, issaid to be cgesto A
n=1
If the seq { s} be the n'" partial sum of the series cgesto A.

i.e, If lim Sh=A.
n— o

3. Define divergence of the series

A series Zan issaid to bedgesto «
n=1

If the seq { s} be the n'" partial sum of the series dgesto .
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i.e, If lim S, =00,

nosow N

Notations:

(1) If aseries Zan cgesto A = nIme s, = A. [Notations Zan =A

n=1 n=1

(2) If the series »_a, is a cgt series of non-negative terms, Then
n=1

o0
Zan <+ o0,
=1

(3) If the series Zan is a dgt series of non-negative terms, Then
n=1

Theorem: 1

If Y acges to A & Db cges to B, Then PT
n=1 n=1

0

@ Y.(a,+b,) cgesto (A + B); (b) if ¢ R, then ic.am cges to

n=1 n=1

A () 3 (a, ~b,) cgesto (A~ B)

n=1
Proof:

Letsh=ar+a+az+..... +an
th = by + by + bs +..... + by are the N partial sum of the series

i a, & i b, respectively.

n=1 n=1
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By hypothesis, Y&, cgesto A & b, cgesto B,

n=1 n=1

Then "M s =g M ¢ =B

Let ur = n'" partial sum of the series

i(a +b = (a1+ b1)+(a2+ b2)+

n=1

Then un = (aata+az+....tan) +(br+bo+bs+.....+ by

= Uh = S+ tq

. Ilmun_llms+t_llms+llmt
n— oo n—
lim _

= iy Un = (A+B)

Hence the series i(an + bn) cgesto (A + B).

n=1
Part(b). Let ¢ €R,
then pn = " partial sumof Y ca, .
n=1
Cap+ Cax+ Ccaz+...+ Can
clar+az+as+....+an) =c.s

Pn = C.Sn
lim b = lim = lim S, =CA
n— oo n—oo n—

lim  _

n—)oopn - CA

Hence the series )_C.a, cgesto CA.
n=1
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(3) By using (&) & (b)
Putc=-1in(a)

00

Y [a, +(-b,)] cgesto A + (-B)=A - B

n=1

Hence Y (a, —b,) cgesto A —B.

n=1

Theorem: 2

The necessary condition for the series to be cgt. If Z a, isacgt
n=1
series then n“m a,=0.

Sw N

Proof:
Let Zan isacgestoA. i.e, Zan =A.
n=1 n=1

Let sv= a1+ a + ag+.....+ an be the n" partial sum of the series

Also, S.1 = aataztazt....tan1
lim _ lim —
Clearlyn_msn = A& " s, 1=A

[ {s+1} isasubseq of {sn} cgesto same limit]
SS—-Sa=(aataxtazt....tan)—(aatatast....tan-1)
= an
lim _ lim
a, = Sn_Snfl

n— o n— o
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— lim S lim

n— o n— o

Hence "”:O a =0.

n— n

Result
The converseis not true.

lim
f
n— o

a, = 0, then the series Z a, need not be cqt.

n=1

ie,i

Proof:

. w1
Let us consider the series Z—.

nﬂn
1
Herea, = —
n
lim _lim1_
n%ooan _nﬁoon =0

=1
But the series zﬁ always dges.

n=1

PROBLEMS BASED ON CONVERGENT AND DIVERGENT SERIES

Pl PTifai+a+ as+..... cges to S. Then ax + az +..... also cges to
S—ai.

Solution:

Given > a,=s, M a =5

n— o
n=1

Let S = aatatazt....tan
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00

Let > a,

n=2
lim

p,thent, = ax+ az+.....+ an,

hwtn =P
Si—th=(an+ax+ast....+an) — (a2+as+.....+ an) = au.
st = Nasa
- Imsm=
= S—-p = aorp=s-ai

Hence the series Zan cgestos — a1
n=2

P2. For what value of x does the series (1 — x) + (X — x2) +
(X2 =x3) + (x3=x% +.... Cges?
Solution:
Given series Y (x"* - x")
n=1
Then the nth partial sum
S =((1-X)+(X=x2) + (2= x3) + (C—xH + ... +X""1-X).

=1-x"
lim — lim
n—)oosn - n—>oo(1_xn)
_ lim _ _
= 1- Xn=1-0=1[0<<x<1)
n— o

The seq {s} cgesto 1.
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Hence the series Y (X" —X") cgesto 1,if 0 <<x <L.
n=1

. 1
P3. P.T if a1 + a2 + a3 +.....00 cges to A. Then E(al + ap) +

1 1 )
E(a2+ az) + > (az + a) +.... Cges. What is the sum of the 2
Series.

Solution:

Given Zan sgesto A.
n=2
Then the n™" partial sum s, = a1 + ax+ag+.....+ an.
=1
Given 2 " seriesis za(an +a.,).
n=1

Then the n'" partial sum is

1 1 1 1
pn = §(a1+ ag) + E(az+ ag) + §(a3+ as) +....+§(an71+ an) +

1
E(an+an+l)
1
= > (antan+1) +(2+taxt+azt.....t an)
1
= (al+az+33+.....+an)—E(al—an+1)
1
pn = sn—E (a1—an+1)
lim lim 1
n—>oopn = n_NO‘:Sn_E(al_an+1):|
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lim s, — lim

n— o n— o

1
E(al_an+1)

lim

n— oo

1
Pn = A - _(al—an+1)
2
1
= (P cOS10A - > (@1 ane)

oY1 1
Hence the 2™ series ) = (a, + &,,,) cgesto A — = (a1 an+1)

n=1 2 2
00 1 1
[Or] Z_(an +an+1) =A- —(ar-an+1)
n=1 2 2
o : : > 1-n
P4. Test for the seriesis cgt or dgt:- if cgt find value. (a) Zl+ on
n=1

® 0

1 " 2 1
we © Yoo 0 @ gl

(e) 1+%+—2+—3+
Solution:
x = 1- 1—
(a) Let nz_;‘an = nz_;‘l+2nn herean=1+2nnA15
lm g, = I oo

=lim
o n(l+2j
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(i_ ] —M=_—1¢0.

:'!m(1+2j‘(0+2) 2

n

. - 1-n
- lima, # 0. Hence the series D, ———— diverges.
1+2n

n—oo n=1

¢) Prove that the series
© nz_;‘ n(n+1)

< < 1 1 1 1
L Y, Yo heea E—

v v "n(h+1) n n+1

converges. Find itsvalue.

. . 1 1
-'-Ilman=llm(———)=0-

n—o nN—w n n+1
~ lima.,=0 Hencetheseriesi 1 cges
B r!m " . n=1 n(n+1) 0

To find value.
The nth partial sumissy= a1+ @+ az+......+ an

LI

_ 1
T n+l
I|mSn=I|m(1——1 j=1
n—oo n—oo n+1
R < 1
the series Y convergesto 1.

—=n(n+1)
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— 1n(n+1)

Series of Real Numbers

Hence(c)LetZa Z( D", herean=(-1)"

n=1

~Sliman=lim D" limit does not exists.

nN—o n—o

Hence the series Y (-1)" diverges.
n=1

(d) Let Za Zlog (1+ 1}

n=1

1 1 11 11
herea, =log| 1+ =
g( j n 2n*> 3nd

1 11
~lima, —I|m(————+

=1

1

3
1
Hence the series Zlog[ n) Cges.

. . 1 1 1
(e)leensenesl+—+—+—3

=Y Hereas o
~lima, —hm(zn_lj
. 1 1 1 :
Hence series l+5+?+§+.... is convergent.

To find the value.

The nth partial sumissy,=ai+a>+as+
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2 22 2 2"t 1-r
1
-0
=2 2 :2(1_ij
-1 2"
2

. . 1
~lims.=lim 2@;) =2(1-0)=2,

n—oo Nn—oo
: 1 1
= the series 1+E +?+? +.... convergesto 2.

1 —
—3+...._2.

: 1 1
e, l+—+—5+
2 2

0 1 n
P5. What is the value of k where ) (Ej =k? Al3.

n=0

Solution:

o0 [ee) 1 n 1
Let ) a,= —| herean=—
= 2 (ZJ 2"

n n=0

. . 1
-'-Ilman=llm(gj=0-

n—oo N—ao0

: 1"
- |ima,=0. Hence the series | (Ej Cges.

0
n—ow n=0

To find value.
The nth partial sumissy= a1+ @+ 8g+......+ an

=
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1
=1+l+i+i+ ..... 1 = 1ot = 2
2 22 2 2"t 1-r 11
2
) . 1
~lims=lim2|1-or=20=0=2
Hence the series Z (Ej convergesto 2.
n=0
& (1Y
i.e, Z (—J =2. Hencek = 2.
n=0 2
P6. A13. Let ) a, bea infinite series where a,= ifs=a
n=1 n(n-l—l)

+ azx+ ag+.....+ an. Then find Si0.

Solution:
1 _}_ 1
nin+l) n n+1

Given an=

Sio=a1+a+az+.....+ ag+ aioo

1 1) (1 1) (1 1 1 1 1 1
= T H TS S e Bl I e
(1 2) [2 3) (3 4) (99 100] (100 101}

T 101 101
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4.2. SERIES WITH NON-NEGATIVE TERMS

Theorem: 1

If Zan IS a series of non-negative numbers with s, = a1 + a> +
n=1

agt....+a.ThenP.T (@) Y. a, cges if seq{s:} isbounded.

n=1

If Zan dvges, if seq {sn} is unbounded.

n=1

Proof:
(8 Sincean 20. Vn.
Wehaveswi=ar+a+ast.....t @+ @n+1 = S+ @n+1 > Sn.
= S$H+12 S, VN
= the seq {s,} isanon-decreasing seq & bounded.
= {s} cges
Hence the series Y a, is convergent.
n=2
If the seq { s} is unbounded.
Then { s} isnot cgnt.

Hence Z a, isdivergent.
n=2
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Theorem: 2

o0 1 0
(@ If 0<x <1, then D X" cgesto T (b)If x >1, then D X"

n=0 - n=0

dges.

Proof:
(b) if If x > 1, then X" cges o asn —» .

Hence the series D X" diverges. [Takex =3, 3" asn -]
n=0

Part(a): Let0<x < 1.

Let sh=1+x +x2+x3+...+x"bethen™ partial sum of Y x" .

n=0
1_Xn+l
C G = by G.P.
&= by
lims.=li 1-x"t i (i)_l X"t
AL L v L L g a1 L
1
=~ -0
1-x

[by known th if 0<x<L,|imX" =0]

n—oo

Iimsn: 1 o

n—oo 1_ X

© ) 1
Hence the series ) X" cgesto T FO<x<L
n=0 -

Hence the proof.
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Define Alternating series
The alternating seriesis of the form
a1 — &+ ag— as ...+ (D" "1 a, +.... is denoted by

i (_1) n+1 an -
n=1

Theorem: 3

State and Prove Leibnitz’s Theorem. If {an} is a seq of positive
no/-s. Such that (a) a1 > a2 > az >.> an > an+1 > (b) |iman:o_

n—oo

Then the alternating series Y (-1)""a, iscges.

n=1

Proof:
Given series i(—l) "la, .. (4)
n=1

Letsy=ai— ax+ az— ay+.....+(-1)™* an be the n partial sum of
Q).

To P.T the seq { sen} cges.

Wehavesyn=a1—a+az—au+.....& @n1— an

SoSn+2=Snt an1—aan-2

= Snv2-Sn= an1— an -2 20 [by hypothesis (a).]

Also, we have

Sn=a1— (@2—as) — (u—as) —.... — (@n2—axn-1) —an < au.

[ By(d,a2> = a—a3>0,as—as > 0and a; ismax no/- a
>b=>a-b > a]
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= Sn<ai Vn,

= theseq {sn} isbounded seq.
= theseq {sn} iscat.

= limsza=L (say).

n—oo
We have spn+1 = Son + azn+1.
:>IImSZn+l:-IIm SZn+||ma2n+l

n—oo Nn—o Nn—o

=L +0[Byhyp(b) [ima,=0]

n—oo

:>||m32n+1:|—

Since {sn} & {Sn+1} cgesto the samelimit L.
=|lims.=L.

n—o

S (e, =L
n=1

Hence the alternating series Y (-1)""a, cges.

n=1
Hence the theorem.
Problems based on alternating series.

Theorem: 4

=1
S.T the series Z— diverges.

n=1
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Proof:

Given seriesiE

n=1

We now examine the subseq s1, S, 4, Ss...... S of {sn}.
Wehaves: =1

=1+

1 1
>S—+=+= =2
4 4
11 1111 3
Kottt —F+—+=S2+—+—+—+—=— .
5 6 7 8 8 8 8 8 2

2

n+2
Ingeneral,32>( J2r )forn:1,2,3....

= { sz} diverges.
= {s} aso diverges. [Seq & subseq cges or dges
simultaneously]

Hence the series Z— )

n=1
Theorem: 5

(_ 1) n+l
n

S.T the series Z Ccges.
n=1
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Solution:
© _1 n+1 l
Givenseriesz( ) ,Hereanzﬁ
n=1
(1) Clearly an> an ["1>E]
Yy +1 . 573
. .1
@ lima.=lim=0
.. Leibniz’s test true.
. 0 (_1)n+1
Hence the series Z Cges.
n=1
Theorem: 6
© _1 n+1n
Solve that theseriesz( ) diverges.
= 2n-1
Solution:
] ) © (_l)n+ln n
Given series wherean= ——
; on-1 ]
ar=1 a-= E 3= §
1 y 31 5!
(1) Clearly a1>a>> az>.... holds
. . n . n . 1
@ lima=lims=—= lim——==lim——F~
n—co n—o 2n_1 n—o 1 n—o 1
n2--— 2——
n n
1
= :1 # 0. (fails)
(2-0) 2
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Leibniz’s Conditions (2) fails.

. © (_l)n+1n .
Hence the series D ~——— diverges.
= 2n-1
HOME WORK

1. Show that the following series do not converges.

. 1.1 .1 .1 ) o el
(i) 15_1Z+1§_11_6'+ ...... (ii) nz_;‘ (-1) —
e no 3N
(|||)§(—l) a1

2

2. Test the series i(—l)”

1 for convergence. (Ans: cges)
s n® +

n

3. Prove that: i(—l)"+1 5

diverges.
n=1 1 g

Theorem: 6
1 1 i1
Provethat () 2 22 + 23 _ 24+2°% _ ... diverges.
1 1 1

M) (1-2)—(1-22)-(1-23)—(1-2%)...... converges.

Solution:
1111
() Givenseries2 — 22 +23-24+25- .
1 1

=D (-D™2"  herean = 2".
n=1
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1 1
a1=2,a=2%,a3=23
(DClearly a;> ax> az>....holds

1

@ lima,=lim2"= 2° =1 #0. (fails)
n—oo n—oo
Leibniz’s Conditions (2) fails.
. 1
Hence the series ) (-1)"™*.2" diverges.

n=1
1 1 1

Proof(b) Given series (1 — 2) — (1 — 22) — (1 — 23) — (1 — 2*%)
=> ()™ a-27)

Herean = (1-2")

ar=(1-2), a2 = (1 - 22), a3 = (1-23) holds

(D) Clearly a1 > ax>az>....

1
@ lima=lim@-2M)=@-2%=1-1)=0.
.. Leibniz’s test true.
1

Hence the series Z(—l) ””.(1—25) converges.
n=1

Theorem: 7

1 1 1 1
For what value of p does the series — ——+———+.......

1P 29 3p 4P
cges?
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Solution:

. i 1 1 1 1 °°(—1)”*1
Givenseries ———+———+........ =
1P 2P 3P 4P nz_;‘ nP
1 1 1
Hereai = 1—p:1,a2: g,agz 3—p .....an:F
(1) Clearly a1>ax> az>.... holds
; ) 1 .
(2 |r!man:|r!mF:0truelfp>1.
lima.= 0 ifp<1
Leibniz’s Conditions
h ) 1 1 1 1 it
Hencet eserlesl—p—§+§—ﬂ+ ........ cgesif p >1.
1 1 1 1
— -t ———t ... dgesif p <1.

1p 29 3p 4p

4.3. CONDITIONAL CONVERGENTS.

1. Define absolute convergence and conditional convergence.

Let Y a, beaseriesof rea no/s-.

n=1

@ if Z|an| cges, then Zan is said to be absolute convergent.
n=1 n=1

(b) ifian cges, but i|an| dges, then ian is said to be
n=1 n=1 n=1

conditional convergence.
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Ex1. Givean exampl e of absolute cgt series

0 n+1
z( D™ _ 1
2 22 2®
Proof:
Given series 1 l+i i+
2 2° 28
Take the absolute value of each term,
1 1
The series 1+ -+ +— +..... is convergent.
2 2°0 2
1 1 1
Hencetheseries1 - -+ ——; +..... cges absolutely.
2 2° 2
Ex2. Give an example of conditional cgt. [A13,15, N14
0 1 n+1 1 1 1
Z( ) =1- — - —+....
= 2 3 4
Proof:
. : 1 1 . :
Given series1 — §+§ — Z+ it is an aternating seq

Which is convergent series.
. 1 11 L
The absolute value of each termis 1+ > +§ +Z +..... is divergent

1 1
Hencethe series 1 — > + 372 +..... is conditionally convergent.

Define Positive and negative components of a series.
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Let Y a, beaseriesof rea nols-.

n=1

a, ifa, >0
Letpn:

0 ifa, <0
o a, ifa, <0
Similarly. gn =
970 ifa >0

Then pn & gn are called positive and negative terms of the series.

Result
R1. pn = max(an, 0); On = min(an,0)
(a+b)+ja-b (a+b)-|a-b|
R2. Max(a, b) = ; Min(a, b) = ;
2 2
- _a, +a,| _a,—|a,|
en Pn= 5 ; On = 5 .
Theorem: 8

If Zan cges absolutely, then Zan Ccges.
n=1 n=1
[OR]

Solve that if i|an| cges, then ian cyes.
n=1 n=1

Proof:

By hypothesis i|an| <wi.e i|an| cges.
n=1 n=1
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By def, Let tn = [ay|+|a,|+[a|+....be the n" partidl sum of
2.[a|
n=1

. the seq {t} iscgt.
= Theseq{t} isaCauchy seq

[.-every bdd cgt seq is Cauchy seq]
= By def, Given € >0, 3 aNel, St t,, -t [<e,¥m,n>N.

Letsh=ar+ax+as+....+ a, bethen partial sumof Y_a,
n=1

To Prove that: i a, Ccges,
n=1
i.e, TOP.T: {s} cqt.
i.e.,, TOP.T: {s} isaCauchy seq.
[ Every Cauchy seqiscgt]
For Choose m> n.
IS = So| =[aps + @y, + @

n+l n+2 n+3
<@, | +[an, o] F|An2| oot |Am] =[tm — ta| <€
=[Sy —S./<e, Vmn>N.

= the seq { s} isaCauchy seqg. Hence the proof.
Result: Converseis not true. Justify your answer.
[OR]

If ian cgestheni|an| need not be cgt.
n=1 n=1
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Proof:
© _1n+1 1 1 1
Considertheseriesz( ) =1- —+—-—+.....
= n 2 3 4
herean—1 a=1 az—l as—l
TR ® g

ar>a>az>...... holds.

; ; 1
||man:||mE:O. (holds)

n—oo N—oo

.. By Leibniz test true.

© _1 n+1
. the series Z( r)1
n=0

cges.

< 1 11
But nZ:;|an|—1+§+§+Z+.....here

-1.1
21 2

=1
=> — isdiverges. [By problem]
n=0

. Y |a,| isdges.

n=1

i.e, Y a, isnot absolutely cgt.

n=1

Theorem: 9

@ if Zan cges absolutely, Then both Z p, and an cges
n=1 n=1 n=1

(b)if D_a, cgesconditionally, Thenboth Y p, and Y_d, dges.
n=1

n=1 n=1
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Proof:

(a) Let ian cges absolutely, Then i|an| cges.

n=1 n=1
Let pn=max(an, 0); gn = min(an,0)
Then 2pn=an + |3, |; 200 =an— |a,|

Since ian & i|an| cges
n=1 n=1

0

:Z(an +|an|) cges = inn cg%:i P, cges.
n=1 n=1

n=1

similarly, i(an —|an|) cges = ian cg%:iqn cges.
n=1 n=1 n=1

(b)Let Z a, isconditionaly convergent.

n=1

Then ian cges, but i|an| dges ... (42)
n=1 n=1

Since 2pn=an + [a,| = [a,| =2pn—an

Suppose z p, converges.
n=1

:>Z(2pn —a,) cges.

n=1

:i|an| cges, = to i|an| dges.
n=1 n=1

Hence Z p, diverges.

n=1
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Also Since 20n = an — |8,| = [a,| = an— 20

Suppose Z g, converges.

n=1
:i(an —2q,) cges.
n=1
:i|an| cges, =><= to i|an| dges.
n=1 n=1
Hence iqn diverges.

n=1

[Here =><= means which is a contradiction]

PROBLEMS BASED ON CONDITIONAL CONVERGENCE.

P1. Classify asto divergent or conditionally cget or absolutely cgt?

1 1 1 1
I-—t—
r 2 3 4

1242 24

4.4. TEST FOR ABSOLUTE CONVERGENCE OF THE SERIES.

1. Define dominance of a series.
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Wesay that Y_a, isdominate the series Y b,

n=1 n=1

If 3 N el, Solvethat |a,|<|b,|,¥n.

We shell denotes by Z a, Z b, , hereis dominated by.

n=1 n=1

Theorem: 10
STATE AND PROVE COMPARISON TEST

Statement. (a) If ian ibn & if ibn cges absolutely

n=1 n=1 n=1

Then ) a, cgesabsolutely.

n=1

(b) If ian ibn & ibn dges, Then ian dges.
n=1 n=1 n=1 n=1

Proof:
(@ LetM = gh'
Where |a,|<|b,| , ¥ n>N.
If S0 = [ay| + |a,| + [ag] + ...+ [an | + [ana] + {2
<lay|+|ay| +[as| + ... + |y | + [oae| + |3
<lay|+|ay| +[as| + ...+ oy | + M

The seq { s} isbounded above
= the seq { s} cges.
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:i|an| cgeszian cges absol utely.
n=1 n=1
(b)if i|bn| cges, then by comparison test (a)
n=1

i|an| asocges = <=to i|bn| dges.
n=1 n=1

For example
Let Y a, z— and 3b, =
n=1 n=1 n= 13rI

21
Clearly the series isdominated b —
y nz_;‘Zn+3 y;3n

> 1 © 1
But —dges=> > ——— dges.
,12_;3n g ;2n+3 g

Theorem: 11
STATE AND PROVE LIMIT TEST.

If Zb cges absolutely & ||m| d

N—o | |

exists.

Then Z a, cges absolutely.

n=1
Z|a =0 & ||m||b ||eX|sts Then Z:|bn|:oo (diverges)

N—o
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Proof:

. a, .
(@ Since |im ||b || exsist

{||Zn||} iscges. It isbounded.
n n=1

|an| <M |¥nel,
b,

Hence, 3 aM > 0, Solve that
= [a,|<MJb,|, ¥nel,

= Sl /<MY, vnel,
n=1 n=1

= i|an| is dominated by M i|bn|
n=1 n=1
.. By Comparison test

:i|an| converges [ i|bn| cges|
n=1

n=1

= Z a, isconverges absolutely.

n=1

a
Since .. {||bn||} iscges. Itisbounded.
nlJ n=1

=S <MY, vnel,
n=1 n=1

:Zw:|an| is dominated by M i|bn|
n=1 n=1
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.. By Comparison test
= if i|an| is diverges then i|bn| diverges.
n=1 n=1

Hence the proof.

Theorem: 12
STATE AND PROVE RATIO TEST.
Statement:

Let Y a, beaseriesof non-negative real no/-s.
n=1

a'n+l

a

an+1

a

Leta = [jmint

n—o

& A=|imsup soa<A.

Nn—oo

n n

A <1, then i|an| <o (cges)
n=1

If a>1. Then Z a, diverges.

n=1

If a< 1 < A, then the test fails.

Proof:
(@ LetA<1 ChooseBstA<B<1 ... (4.3
ThenB=A + € forsome € >0.

Since A = ||msup

N—o0

a'n+l
a

n

By def, limit sup, Givene >0, INe€l,



Series of Real Numbers

Solve that St <A+e ¥ n =N,
n

Forn >N,

valcp el g o Iual [Be) _pa |2

a'N aN-v—l a'N aN+l
For k>0.

a'N+k S| aN+k | aN+k—1| ...... |aN+1

aN ‘ ‘aN+k—1 aN+k—2‘ ‘ aN
= < B sl < BYfay = Y Jag <8 ay)

N k=1 k=1

Since Bki|aN|.cg&s [0<B<1]
k=1
.. By Comparison test, i|an|. converges.
k=1

= Y a, converges absolutely.
n=1

(b) Let a >1.
ChooseB,sta>B>1.0r1<B<a
LeeB=a- € forsome €> 0.

a'n+1

Sincea =|jminf .

n—o0

n

By def of limit inf, By def, Givene >0, INel,

< B2

.. (4.4)
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Solvethat |—(>a-e=B ,v n >N

n

= |an+1| > B|an| > |an|' [1 <B< a]

={a} isnot cgesto zero.
= |lima. #0.

N—o0

Hence the series Y_a, diverges.
n=1

ool 1
(c) consider the series ) — herean= —
n n
n=1
1
n+1 n B
l![I‘ Y I|m Ir!mml—lnlm( 1j_
1+
n n

. 1
lim——==v1=1 =0.
N0 1
n
na=A=1

Hence the series Y_a, diverges.
n=1

21
If we consider the series Z —2
=l
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1
. la,] o (he1)? . n? : n’
~Aim2H=lim——=lim—=lim——— =
N | Ay n—o0 - n—w (n+l) n—o 2( 1]
2 n°| 1+ —
n n
. 1
lim———=v1=1=0.

2
N—oo (1+ 1]
n

v 1
But the series ZF cges.

n=1

Hence theratio test fails.

Theorem: 13
STATE AND PROVE ROOT TEST.
[OR] CAUCHY ROOQOT TEST.

Let Z a, be the series of real numbers.

n=1

1
Let A=|jmsupja,|»

N—o0

If A <1, then i|an| cges.
n=1

If A>1, then i|an| dvges.
n=1

If A =1, thetest fails.
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Proof:

1
(@ Let A=|jmsupla.|n Let A <1,

N—o0

ChooseA<B<1 ... (4.5
TakeB=A + € forsome € >0 ... (4.6)

1
Since A = |imsupia,|

n—ow

By def of limit sup, Givene >0, INel,

1
Solvethat |a,|n < A+e=B,V n >N,

=la,[<B",¥ n >N,
= la,|<D.B"
n=1 n=1
Now i B" converges[since B < 1]
n=1
.. By Comparison test, i|an|. converges.
k=1

= Z a, converges absolutely.

n=1
(b LetA>1.St1<B<A.
ChooseB = A — e for some €> 0.

1
But A = |jmsupla,|»

nN—oo
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By def of limit sup, :>|an|% > A- e, for sufficiently many value
of n,
= |an|% >B>1, for sufficiently many value of n,
=la,[>1
. {an} isnot cgesto zero.

:;an. diverges = ;a =o0.

(c) Consider the two series i a,.= i% the series diverges.
k=1 k=1
i b,.= i iz the series converges.
k=1 k=1 N
1
= limla, In-llm( j

o, limbb=lim( | =

N—o0 N—o0

. Test failswhen A = 1.

Theorem: 14
STATE AND PROVE POWER TEST.
Let {an} beaseq of rea numbers.

@ If [imsurla, |n—0 then Za x".cges absolutely, V red x,

nN—o
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1 o0
(b) If |jmsupla,|n=L>0. Then > a,x".cges absolutely for
k=1

N—o0

|x|<1 & divergesfor |X >34
L L

1 S
(©) If [jmsupla,|»=. oo.then > a x". cgesonly x =0 & div V
k=1

N—o0

other x.
Note: Here L is called Radius of convergence.

Proof:

1
Given |jmsupla,|"=0 .. (47
— , .
~ limsupia, x"|"=]imsuna.|n X =0Jx =0<1

N—oo N—oo

[By Root test]

ianx”.cgesabsolutely, V red X,
k=1

1
(b) Let [imsupia,-x"|"=L >0 ... (4.8)
: o 1
~ limsupa, x"|"=[imsupa;[ =L
N—0 n—ow
.. By Root Test,

i a,x".cges absolutely, if LJX<li.e X <%
k=1
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i a,x".divergesif L|X>1i.e|X> %
k=1

(©) Let |[imsupia, x"|"= .
n—oo
. o 1
~ limsuria, x" “:||msup|an|n.|)(|:oo.|x|=oO>l if Jx 0.
n—oo n—oo
.. By Root Test,

> a,x".divergesif x # 0.
k=1

ifx=0, ) ax".matax+ax’+..=a+0+0+. ...
k=1

[-x=0]

SERIES WHOSE TERMS FORM A NON-INCREASING SEQUENCE.

Theorem: 14
STATE AND PROVE CAUCHY CONDENSATION TEST.
If {as} is a non-increasing seq of +ve numbers & if

> 2"a,,.cges.
k=1

Then ) a, cges. [A16 N13

n=1
Proof:

Wehavea; < ap.
taz<axta<a [az< a
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aut+as+ast ar < day < %y

tat...ta 1< 2%
2n+171

ie, >.a <> 2%, <> 2“a,. [SuUmLHS&RHS]
k=1 k=0 k=0
By hypothesis, Y 2"a,, cges,
k=0

.. By Comparison Test, Z a, converges.

n=1

Converse of the above theorem.

Theorem: 15

If {an} is a non-decreasing seq of +ve numbers & If

> 2"a, diverges.
k=1

Then Zan diverges.

n=1
Proof:
Givenar> a2>az> .... 2 an >
[A N13
Wehaveas+ as > 282 [az > ag]
Andas+ as+ a7+ ag > 4az [as, as, ar > ag)

1
Ingeneral, az+1+ @23+ A3t ...+ @2 > 2Na2 = E[2n+1_a2 ]

Sum LHS & RHS,
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1 < k+1 : k
= ak ZEZZ a2k+1 :;2 a21

.. By Comparison Test, Z a, converges.
n=1

Y 2a, diverges= Y_a, diverges.
k=1 n=1

Hence the theorem.
Theorem: 16
If {an} isanon-increasing seq of +ve numbers.

If > a, cges, then |jmna,=0.
n=1

n—o0

Proof:

Let s, = a1 + ap + ast...+an be the n'" partial sum of the series

Let Zan =A (Zan cgesto A.)
n=1 n=1

Then |iM S»=A.= |IM Szn. [Seq & subseq cges to same limit]

n—oo n—ow

:>Iim(52n —Sn):O_

n—o

= Sn—Sh=ami+ aw2t....tam = axn+axn +....2 0. [{an} is
non-increasing}

= 0< |imn'a2n < Iim(SZn _Sn)zo-

N— N—
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= 0<|im2na,, <0

nN—o

= lim2na,=0 .. (49)

Nn—oo

But azn+1 < agn, then (2n+1)agn+1 < (2r21_+1j 2n.aon.
n

By(1) = |im@2n+1a,,,=0 ... (4.10)

n—o

From (1) & (2), we get, Zn.an = 0. For dl n.

n=1

PROBLEMS BASED ON TEST FOR CONVERGECNE OF THE SERIES

Formula for limits theorem.

Type-l Comparison Test
0 a 0
If 2_[bq|cges&. IimHexs'st, Then Y_[a,| cges
n=1 n

n—oo n=1

Type-ll Ratio Test

[If Factorial is Given Use Ratio Test]

a'n+l

an+1

& A=|imsup so a<A.

nN—o0

If a= ||m|nf

nN—oo

n n

A<1, then i|an| (cges)
n=1

If A>1. Then Zan diverges.

n=1

If A=1, then thetest fails.
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Type-lll Cauchy Root Test

[If Power is N Use Root Test]

1
Let A =|jmsupa,|n

N—o0

If A <1, then i|an| cges.
n=1

If A > 1, then i|an| dvges.
n=1

If A =1, thetest fails.

Type-IV Cauchy condensation Test
If {an} is a non-increasing seq of +ve numbers & if

i 2"a,,.cges.
k=1
Then ian cges.
n=1

TYPE-V Rabee’s Test

. a, 3 _
lf |r!—r>p|:n(an+l j:|_ L

Then (@) Y&, cgesifL >1.

n=1

(b) D a, dgesifL <1,

n=1

(c) Test failsif L = 1.
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Standard limits formulas.

sin X
1 lim—=1
x—0 X
l n
2. ||m(l+n)”—eor ||m(l+ j —e
n—0 n—0
1
3. ||m(1+ j =€
1
4 [imn"=1
x"—-a"
5. ||m =naL
6. [im ~—=log (alb).
Xx—0
7. ||mn =1.
n—0
8. lImx"=0if x<1,
= ifx > 1.

TYPE | COMPARISON TEST

P1. Examine the convergence of the series.

R < e 1 <
() ZZL (||)Z 2 @iy P.T Zn(n+1)

=N +n+6 n

(|V)Z \/n(T ()Z - (D|v) (V|)Z o (dlv)

nl
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Solution:
i)Let ) a,
® ; ;n2+n+6
H n n 1
erean=————= =
n“+n+6 n2(1+l+62] n(1+1+62)
n n n n
1
Takebn:_
n
a, 1 n
b (. 1 6)1
n n(1++2j
n n
i =] e
ims, LIRS
+-+—
n n

1
. By Comparison Test, » b, :Zﬁ diverges.

:>Za nz_:;nz Tnie dlverges.

P2. Test for convergence of the series
1 1 1

(1) + + + a0
123 234 345
3 5 . 2n-1
..... Hintay,=——M—
0 123 234 345 HIMta= )
1 1 ) 1
(i) —(—t+—=+t——==+. o [Hint an=

234 456 678 n2n+ 2+ 2)]
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1 1
(|v)— —+— 4.0 [Hint:an=
14 25 36 n(n+3)
XZ 3
— t—+—+..... 0 >0
(V)12 23 34 x>0
1
Vi —+—+—+ ..... +——+....[Ans.Div
) 7 BT AP
w12+ 2 03 it an=—" {onomitting firs
92 T g3 g4 'an_(n_l_l)ml g
1
term] Take bn:H Ans:-div
Solution:
1 1

(2). Given series. + + +.....0
123 234 345

nz_:(, n(n +1)(n +2)

[Hint:- Useth=a + (n —1)d [ a =First Teem , d = Common
Difference]

1,2,3,...=1+(n-D1=1+n—-1=n

2,3,4,...th=2+(n-1)1=2+n-1=n+1

3,45 .. t,=83+(nh-1D)1=3+n-1=n+2]

1
Lot Da, Zn(n+1)(n+2)

n=1 n=0
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1 1
Herean= =
n(n+1)(n+2) ng(“ 1}(1 . 2)
n n
1
Take bn: 3
n
a 1 n®

e w
b, n3(1+ 1)[1+ 2} 1
n n
1

a, - 1
~lim==lim = ———— =lexids.
'![I‘ b, no [1+ 1}(“ 2] (1+0)1+0)

n n

1
<. By Comparison Test, Y b, = ZF converges

Hence the series ) a, :i

a .
S+ D)(n+2) O OIS

P3. Discus whether the series cges or div?

@) i(\/n—ﬂ = Jﬁ) (ii) i(\/ n>+1- n) (Ans:-div)

(iii) g(m_nz) (iv)g(\/n4+1—\/n4—l)

(v) i(—l)”{“ ”j (vi) 1—-%+%--1+.....

o 1+n




Real Analysis 4.47

(vii) Show that the series Z(—l)"(\/n2 +1- n) is conditionally

n=0
convergence.

Solution:

i)Let Ya, =5 (Vn+i-+n)

n=1

here
) s Jn+1+4n)  (n+1-n)
AR ol LR v WOV o W PO )
1
1

Take bn =

5e

a, 1 Jn 1

1

Al S —Iim—l S exists
”,Hybn'mﬁ> 1 ) @+1) 2 '
1+—+1
n

1
" By Comparison Test, Y b, :ZT diverges.
n

S5k
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" Wherep =%<1.

Hence the series ) a, :i(\/n +1- x/ﬁ) also diverges.
n=1

Solution:
(vii).Let Z( H"a, Z( 1)"(\/n2+1—n) be an aternating
series.

herean:(\/nz—ﬂ—n):(\/n— ) E\/\/::ii:g ((\7;:—::;))

1

_‘\/n2+1+n’

1 1
an= and a1 =
vn?+1+n (w/(n+1)2+1+(n+1))
Clearly an+1> an for al n.
. . 1
Also [ima.= [im———=0
lr!m Ilm\/n2+l+n

. By Leibnitz test, the aternating series i(—l)”an is

n=1

convergent.
Let us consider

w—”a—w| =Y | ) U
Ml Y R e 2
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1
Takevn= —
n

a

n—oo

-'-I|mbn:I|m

= the series > U, =),

P4. Test for convergence of the series Zn ",

(‘/1+nlz+

1
. By Comparison Test, Db, :ZE diverges.

(-2 (\/m —~ n) is diverges.

Hence the given series converges conditionally.

1
Take bn =—
n
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I|mb —I|m =1 exists.

N—oo n n—oo
n I’]

1
. By Comparison Test, Db, :Zﬁ diverges.

1

=Y a, :in&? diverges.
P5. Test for convergent (|)Z\/_ (lj (i) Z—tan( j
(iii) i—'oi(n)

Solution:

e Sa= Lo2)
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1
" By Comparison Test, >.b, =)~ converges.
n2

Wherep = 3 <1
Hence the series Za Z—Sln( j also converges.

TYPE-Il RATIO TEST

[IF FACTORIAL IS GIVEN USE RATIO TEST]

P1. Using Ratio test discuss the convergence of the series.

0 n 0 n 0 |
(i)ZXF (x > 0) (ii) Z% (x > 0) [A14] (iii) an

OPRRUDNE

(Vi) (3-€)(3-€¥)(3-e¥(3-€.......(3-e'n)

(2)?  (z2) o (£3)° .

Discuss the cges of the series 1+ X+
/2 /4 /6

Solution:

(i) Let Za -y X

na N
n n+1

X
Herean= —,an+1=
n' ot (n+1)
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an+1 Xn+1 n n
:—X—n:)(_—l
a, (n+1) x n[1+j
n
Coa, .. 1
slim7 = =xlime—s =x1=x
N—oo n N—oo (l'i'j
n
.. By Ratio Test,

n

o X
If X < 1, Hence the series ZF converges.

n=1

0 n

If x> 1, Hence the series ZF diverges.
n=1

If x =1, Thetest fails.

0 n

- X
(iyLet Y a,= D> —, ifx>0,
n=1 n=1 n!
y Xn Xn+1
efean= — ,ant1 =
N TE1]
a,, x"™ n nl 1
= X —=X. =X.
a, (+Y! X" (n+DHn! (n+1
A, g 1
~Slim—=xlIm——x=x0=0.=A<1.
N—oo a. N—oo 1
n n(1+]
n
.. By Ratio Test,

n

Hence the series ZF converges.
n=1 'k
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4.53

(i) Let D a,= > —,
n=1 n:1n
Herean—ll B = (n+12)!
~.n? +1_(n+1)n+1
a,, _ (n+1) ><n_“_ (n+2).n! ><n_”_
a, (+D™ n (+)(+D" n
~ n" 1
n”(1+lj (1+1j
n n
a'n+1

~lim

N—oo an nN—oo :
(o)
n

00

T (n+1)"

. 11 |
=lim =5 TA<L (since2<e<3)

n!

-.By Ratio Test, Hence the series » @, =Y — converges.
n=1 n

o) o n4 r.|4 (n+1)4

iviLet > a, = > — | Herean=— , an1 =
) Z; " ;n! S T )
A A , n l+1
A, _(n+)" ' (n+1) ><i!_(n+1) B n

“(+)! n* (n+Dan nt o nt
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3
1+ J
I|m ==lim =

nN—o n nN—o

1
n

N\

8||—\

=0=A <1 [Check-—---]

. - o) r,|4
. By Ratio Test, Hence the series Y_ a, :ZF converges.
n=1 J

0

(v) Let ian = Z i.x”,

+1
/ n /n+
Herean = X , An+1 =
n+ n+ 2
a,, [N+l /n+1_x _ (n+]) «
a, n+2 \/ﬁ.\/n+2.

=i X =— =X =A
lim=, =lim ( 2)
1+—
n
.. By Ratio Test,

Ifx <1, ) a,converges
Ifx>1, Y a,diverges.
If x =0, thetest fails.
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(vi) Given series (3—€)(3—-eY?)(3-e¥(3 —e....... (3 —e'M

Herean = (3—€)(3—-e¥®)(3-e¥3(3-ev%)....... (3—e'M

a1 = (3-€)3-e¥»@B - B -e....... 3 - e.@3-
e1/(n+1))

1
B o ana
a

n

1

I|m 2 -limB-e")=(3-1)=3=A>1

N—o0 n N—oo
. By Ratio Test,

the series (3 — e)(3 — e Y9)(3 — e¥¥(3 — e¥....... 3 - e
diverges.

o () . .
(vii) Hint. an= —L(Zn) X", [on omitting the first term.]
a,; (£(n+D)x™ (£(2n) _ (n+D)?(£2n)
a,  Z(2n+2) (£n)’x"  (2n+2)(2n+1)(L2n)
1 1
X n+l X +ﬁ

2(2n+l) (2+1)
n

-

.-.I|m =2 im
n—oo n 2 nN—o0 (24‘1)

.. By Ratio Test, Hence
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(i) the series Z(Ln)z X" convergesif ~<1i.e,x <4
< /(2n) SRV

(||)thes;er|asz(én)2 X" divergesif — >1|e X>4
</ (2n) 9=

(iii) the test failsif x = 4.

P2. For anyx >0. P.T, the series

2 X3
— et —t+—+... o0
(')12 23734"
X 20X
(i) —=++—=+—+...... +00.
12 23 34
2 n
) H+—+—+...... Y o (X >0)
2
(iv) I+ —+—+...... + 00
Solution:
(i). Given series. X X—2+ X3 oo—w X
12" 23" 34 " ““~n(n+l)

[Hint:- Useth=a + (n — 1)d [a = First Term, d = Common
Difference]

1,23 ..=1+(n-11=1+n-1=n

2,3,4,...th=2+(nN-1)1=2+n-1=n+1]

n

= Z X
Let 22, =2, n(n+1)

n=1 n=1
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n+1

X" X
T —
nn+1) T D+ 2)

Here an=

1
Take bn: )
n

a,., X" n(n+1) n
= X =X. X
(n+)(n+2) X" (n+2)

" a

n

Ca., . .1
||ma—=x.||m =X. ||m—2=x..1=x.
e S e n(1+ ) e (1+)
n n

~.By Ratio Test,
n

2 X
~n(n+l

If x < 1, then the series convergence.

n

- X
n=1 n(n + 1)

If x > 1, then the series divergence.

If x =1, then the test fails.

P3. Provethat the Exponential series

) 0 (_ l) n+1
Q) >, T cges absolutely.
n=1 d

x x> x°
(i) 1+E+E +§+ ...... + 00 .converges absolutely for all values

of X.

(iii) 1+1+1+1+ ...... + 00 cges.
273" 4 J



458 Series of Real Numbers

x> xt x° _
(iv) For x > 0, P.T. the series 1_E+Z E+ ...... +o0 IS cges
absolutely.
_ x> x° X ,
(v) For x >0, P.T theseriesx —— +———+...... +00. IS Cges
3 5 7
absolutely.
(vi) For what value of x does 1 + 2x + 3x%+...... cges?
Solution:
_ ( 1)n+1 _(_1)n+1
(i) Let Za Z T Herean="—1
| ( 1)n+1 N |
i) =il gy
lim S =lim = 0< 1
i (D)) T (n+1)

= i |a,| Converges.=> i a, cgesabsolutely.
n=1 n=1

(__1)n+1

. By Ratio Tes, the series Y converges absol utely.
n=1
(vi) Given series 1+ 2x + 3x%+...... cges?

Let Y a,= Z(n+1)x”, Herean=(n+1)x"

) m|(n+1)+1)x“+l

“m n%‘ (n+1)x"

N—o0

n
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] ol

=[X1im =[xlim
e n(1+ 1} = (1+ 1)
n n

-[x|

~.By Ratio Test, the series )_(n+1)x" converges if <1. & div
n=1
if |x|>1.
P4. (a)Doestheratio test gives any information about the series

BRCIEICRO

(b) Does the series converges?

Solution:

0 0 1 2 3 4
Let Zaﬁ(éj +G] +(Ej +(}j +(1j Fo,

1 2 4 2 4 2

1 n 1 n+1
Case(i) When nis odd:- here a,= (Z] and ap+1= (E)
(1jn+l
lim = =lim[ 2
r!m an B n—oo (1jn
4
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2
e — | = i 2n,1:
" oG lim%=lim27=e>t
2) \2
.. . ] _ 1 n ~ 1 n+1
Case(ii) When niseven: herean = (E] and ans1 = [Zj
(1Jn+1
-lim[**
16T
2
B GIGE
4) 4| o 2)\2) 4

1=lim

im [Pt
~limi=

n—o

n

=lim

o> (1}” o> (1}”
2)° 2)°
. 11
_|n|mgz_o<1 ... (412
From (i) & (ii)

We see that by Ratio Test, does not give any information
i.e, Ratio Test fails.

(b) Let ga”: @jo+&jl+(%jz+(%J3+[%j4+ ..... |
And Let gbn:(%j +[%) +(%) +(%J +(%j + ey

Clearly an < by, Vnel
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i an << i bn
n=1 n=1

But ) b, converges. [ItisGPwithd = 1/2 < 1]

n=1

Hence Z a, converges absolutely.
n=1

P5. P.T the Binomial series

n(n-1 n(n-1)(n-2
(I)1+nx+TX+% 2 %x3+ ....... cge absol

for x| <1.

(i) Examine the test for cges for the series.

X+1x_3+5x_3+ﬁx_5+ cge absolutely for [x| <1
23 235 2467 7 g y T
2 23 234

(iii)3 35 357 )

11 131 1351
e e S
(v)1+ 23 245 2467

(v) Examine the cges of 3X EX—+ 369 X 2
J 45 478 471011 T '

Solution:
(i) Given series
nx n(n-21 W2 4 nn-1)(n-2) ,

14 nNX+—+ X2+ for |x|<1.
1 2 3
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= n(n-)(n-2).....n—(r -1) y

Here 123..r
_n(n-H(n-2)....(n—r)
anda = s (r-1)
a. -r+1 n+1
fim 2 =lim " =lim )

=[] m(—— j X|<1 (Given)

r—o
= Z la,| Converges= i a, cges absolutely.
n=1 n=1

= n(n=1)... (n—r+1)

..By Ratio Test, the series

r=i

converges absolutely for |x| <1,

P6. Examine the convergence or divergence of
1 1 1
[ + oo
0 Z4 2n 1+x 142 1436

i) 2yt

1+2 1+2% 1+3 2" +1

d 3 3 3
Let p a,= : Herean= ami=————

nz_;‘ ;4+2n 4427 T gy 0m

2”[4+1j (4+1j
a,, 3 4+2" 2" 2"

= n+l * - )
a, 4+2 3 Zn(4+2j (4+2J
2" 2"
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e
2" ) _(0+1) 1

. a .
~lim—=llm——5 =32 == =A<
hoe B, now (4+2j 0+2) 2
2n
.. By Ratio Test, Hence the series Z 45 o converges.
n=1 4+

TYPE Ill. CAUCHY ROOT TEST
[IF POWER IS N USE ROOT TEST]

P1. Using Root test for the convergence of the following series.
n

. o X .
(|)S.TZchesfor alxinR.
n=1

(ii) Solvethat if [x|<Lthen > n"*x" cges absolutely?
n=1

1 2n

1+ —

0 n o0 | 0 l ['s} ( j
(iii)z% (iv)zln V) D, (vi) Z—:‘

n=1 N n=1 (|Og n)n €

1
" (1+ 1)
n

n

= X
(viii) X>0.
2o

(nx)"
Zn

1 1
cg%ifx<€anddivifx>—e.

(ix) Show that the series )| S
n=1
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X) Test for esoftheseriesw "n?, p>1.
) cg p p

n=1

Solution:
1
. - 2 X" X" 1 X n X
(i) Let Zaﬁ;F, Hereaq—— |a|n—(n—] =
I|m|a|“-I|m ‘ 0=A<1
n—o n—ow

n

.. By Cauchy Root Test, the series Z F converges.
n=1

0

(ijLet D a, => n*x" Herea, =n'""*x"

n=1 n=1
1 10000
~limlar=lim[r*x" n-I|m < X=1. | =A<1.
n—oo n—ooo
.. By Cauchy Root Test, the series in“moxn converges.
n=1
[e] 0 Xn Xn
(ii)Let > @a,=) =, Herea=—,
n=1 -1 N n
o i B
n
~limla=lim — =lim =1 T= =A<t
n—o n—o0 n—ow nn

n

By Cauchy Root Test, the series Z Y converges.

n=1
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n 1234 n
(|v)G|venser|&s;—, Herean_n—_n.n.n.n...n
1
1 /1234 nyn X
o= 2232 D=2
nnnn n n
1
1234 n
a |n= —— = .—....— | =A
~lim Jr ”m(n e J (sa)
Then
1
1234 n\n
log (L) =1 —— e —
og (L) = og(ln@(n s nj )
lim=|lo 1+I0 g+Io §+ +lo E}
'n'[D E R 9,
1
: r
_||m— Z;Iog(ﬁﬂ—“m {Zf( ﬂ If(X)dX
nN—o = n—o 0

[by summation integration formula

1
= j log xdx =[x(log x - 1)],_=-1—0= --1.
0

CDIH

LogA=-1=A=¢e!

By Cauchy Root Test, the series Z— converges.

W) zz[i}

n=1 n=1 IOg n
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1
~limlaln=lim
n—ooo N—o0

. 1
= =—=0=A<1.
Irl,m logn ) o

(=)

(01
.. By Cauchy Root Test, the series Z —
=\ logn

( 1J2n
1+ =
(vi) Given series Z—?

€ e"

|an|%: o | = :—[1+i2+2:|
e e e n n

N
~limfalr=lim3

N—oo nN—oo

[1+i2+g}:1[1+ 0+0]= laa
n> nj e e

2n
< n
.. By Cauchy Root Test, the series Z ——,——converges.
n=1

0

=1 1
(viijLet Y.a,= D>~ Herea=——

- " (1+ 1} (1+ 1)
n n
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Sk

1
|an|ﬁ: 1 1
[++2)
- n -

) . 1 1
limia=lim s =3=a <

n—o n—w (1_'_1)
n

4 1
.. By Cauchy Root Test, the series Z —— .2 converges.
n=1 1
1+ -
n

n n

L v X X
(viii) Given series Z? herea,=——
n=1 €

e’
1
1 [ x"\n X
A= 5=
e\/ﬁ

. E X X
||m|an|n=||m—i=I=x=A
n—o n—o e‘/ﬁ
.. By Cauchy Root Test,
['e] n
_ X
If x <1, the series Z 7 converges.
n=1 €
0 n
, X .
If x> 1, the series Z - diverges.
n=1 €

If x =0, the Test fails.



4.68 Series of Real Numbers

X) Test for esoftheseriesw "n?, p>1.
) cg p p

n=1

Let Zan =Y p"n® herean= p".r°
n=1 n=1
p

1 1 o
= limlail»=lim[p"n"|"=p. [imn"| =p.1=p.
n—oo n—oo n—oo
.. By Cauchy Root Test,

the series ) p"n® convergesif p <1. & divif p>1.

n=1

When p=1, i n which isdiverges.

n=1

TYPE-V CAUCHY CONDENSATION TEST

=1
P1. For what value of p, the series ZF converges & diverges.
n=1
Solution:
=1 1 1
Given series Z— herean=— ,a20= ——
np np (Zn)p

n=1

Clearly an isan non-incerasing seq of +ve terms.
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ie,if (2)7° <1

i.e,iflog(2)}P<log(1)i.e,if (1-p)log(2) <O.
i.e,if (1-p) <0[log2 = 0]
ie,ifl<pi.e,ifp>1.

1\
The series diverges if (E) >1
ie,if (2P>1

i.e,if log(2)**>log(1) i.e, if (1-p).log(2) > O.
i.e,if (1-p) > Oie,if1l>pie,p <L

Z_;Tazn <o (cges) if p > 1.

And iznazn = 0.

n=1

.". By Cauchy condensation test,

=1
Hence the series Z—p cgesifp>1. Divifp < 1
n

n=1

v 1
P2. Show that the series ZF cges.

n=1
Solution:
o0 o0 1
Let Y a,= >
=1 n:ln
1 1 1 1
Hereal—l—z,az—?,as—s—z ...... an—F
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Clearlyai > a2 > az> ....isa { and +ve numbers.

.. By Cauchy condensation test,

00

on = on -
We have nz_; a, nz_;‘ <2n)2 > F5 )<00 (cges)

n=1

[--x=12,0<x<]]

o0 ) 0 1
.. Y. 2"a, <o, Hencetheseries ), — converges.
n=1 n

o l .
P3. Show that Z (niogn) diverges.
Solution:

< 2 1

Let ) a,= here
nz_;‘ nz_;‘(n.log n)
1 1 1
& a, = =

“nlogn & %7 T 27log2"  n2"log2
. By Cauchy condensation test, We have

> 1
2"a, =) 2" — =00 (diverges
Z = n2".log2 IogZZ » ges)

ZZ”a2n =0 (diverges)

Hence the series i (%gn) diverges.

n=1

P4. Solve that Z

_
= (n.logn)’

converges.
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Solution:
2 S 1
Let ;an = ;m here
1 B 1 _ 1
= (nlogn)”* % " (2"log2" f ) (2"F(n.log2)?
.. By Cauchy condensation test,
We have

1
(2" (nlog 2)*

328, =32
n=1 n=1
2
! P <oo (converges)
=\ ——= ——<®
log2 ) 452" n°. J

Z; 2"a,, <o (converges)

= 1
Hence the series Z

2 (nlogn) converges.

A16.For what value of x does the series (1 — x) + (X — x?) + (X*—
x3) +...cges?



CLASSI?

1. Defineclass |?

The class |? is the class of al sequences s ={s,},,such that
Y a, <o (i.e, dges)
n=1

Note. The elements of |2 are sequences.

Ex1.The sequence0, O, 0....is clearly an elements of | 2,

S
Ex2.the seq {in} isan element of |*since ZF cges.
n n=1

n=1
2. Define normin class |°.
If s={s,},, isan dlement of |°we define |g|, called the norm of

Sas,
1

{257

Theorem: 1
State and Prove Schewarz Inequality.
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If ={s,} , andt={t,},, arein 12 then D st, is cges absolutely

n=1
1 1
°° 2 0 2
n=1 n=1

Let us assume that at least one s, say sn#0, otherwise the
theoremistrivial.

and

z Sntn
n=1

Proof:

For fixedn > N and any X € R, we have Z(XS( +tk)2 >0.
k=1

n n n
= X5 +2x> st +> 4 =0
k=1 k=1 k=1
Thisis of the form, Ax?+Bx+C>0.
n n n
Where A=Y s >0,B=> st,,C=>t,°
k=1 k=1 k=1

From the Calculus, the minimum value of Ax?+ Bx + C (A >0)
occur

B
whenx =—- —
2A

) B
Setting X = — , we get,
0 oA g
2 2 2
A —E +B —E +C20:>B——B—+C20
2A 2A 4A 2A

X4A, = B2-2B2+4AC > 0
= _-B?> - 4AC=B?< 4AC
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= (kzskth S(;Sﬁjz(;tkzjz . (5.0)

Replacing sq tc by [st,| in (5.2)

(55

n=1

isntn

n=1

we obtain,

Thus, the seq of partial sumsof Y |s.t,| is bounded.
k=1

Hence Z|Sktk| <o = Zsktk cges. Letting n to infinity in (2),

k=1 k=1

We obtain (1).

Theorem: 2
State and Prove Minkowski Inequality.
If s={s,} , andt=1t,} , aein 1*thens+t={s +t,} , isin|?

o (Steotr ] (557 o507

n=1 n=1

Proof:
Givens={s,} , andt=1t,} , arein |?

By def, anz and Ztnz converges.
n=1 n=1

= Y s,t, converges (by Schewarz inequality)
=1
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00

s+t ) =

n=1

i s.”+ Zi st + itnz
n=1 n=1 n=1
1

XIRTRD )R NS 8

n=1 n=1 n=1 n=1
By Schewarz inq
1 17?
(s, +1, ) < (zssz +(Ztn2j2
n=1 n=1 n=1

S@Sﬁtnyfg(gsnzf@nzf

n=1

[BYy taking square root on both sides]

5.1. LIMITS OF A FUNCTION ON REAL LINE.

What is difference between limit of a seq and limit of function?

Limit of Limit of afunctionin | Limit of afunctionin
Sequencein R Metric space
Red lineR
If Given €>0, | If Given €>0, 3 6 >0 | If Given €>0, 3 6 >0
3N el, Solve that Solve that
Solve that | |f(x)-L|<e, p,(f(x),L)<e,
S0 =L <€, vV 0<|x-a<3. v p(xa)<s.
Y n>N. . lim
lim _ f(x)=L.
o |Mfx) =L a0
lim _ _
n—>oos~'_L.
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S s} f(x)
e e
N o
N X
A o0
1. Define limit of a function on areal line

We say that f(x) approachesto L in R asx approaches a.

If Given >0, 3 §>0 Solvethat | f (x) - L| <€,V 0<|x—a|<5.
[OR]

lim f(x)=L

X—>a

Define right hand limit of a function
Wesay that f(x) > toL inRasx — afromright,
If Given €>0, 3 6>0st |f(X)-L|<e, Va<x<a+d,
[OR]
RHL= "M 1) =L
Is called right hand limit of f (x) at a.

Define left hand limit of a function
We say that f (x) > L in R asx — afrom |eft,
If Given >0, 3 6 >0 Solvethat | f (X) - L|<e,¥ a-5 < x<a.
[OR]
_ lim _
LHL = f(x) =L.

Is called left hand limit of f(x) at a.
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Clim s lim _lim
In Generdl: oa f(x) =L if o f(x) = f(x).

4. Define Increasing function on J
If f isareal valued functionin aninterval J cR.
We say that
fisincreasingon J,if f(x) < f(y),x <y, VXx,y € J
f isstrictly increasingon J, if f(X) <f(y),x <y Vx,ye J
f isdecreasingon J, f f(x) > f(y), VX <y.inJ
f isstrictly decreasing on J, if f(x) >f(y), Vx<yinJ.
In our book —
Non-increasing means decreasing.
Non-decreasing means increasing.
Algebra of Limits
Theorem: 3
lim _ lim -
If a f(x) =L & a agx)=M
Then (&) "M [1(x) + g(x)] = L+M.
i
() "M [0 - g(x)] =L - M.

© "™ [0 - g0 = L.M.
[P.T limit of the product is the product of limits] A13.

. f(). L
(d) ||m—:MwhereM¢O

x>a 9(X)
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Proof:
Given |im f (¥ =L. & |im9(x) =M.

X—a X—a

By def, Given €>0,

3 5,>0 Solvethat | f (x) - L|<e,V O<|x-a|< &, ... (5.2)
& Given €>0, 3 6,>0 Solve that

|9(X) - M| <e,V 0<|x—a| <5, ... (5.3)
Choose 6 =min(d,,9,)

For O<|x—a|]<§ .

Wehave [[ T (x) + g()] —[L + M][=[[f () - L] +[g(x) - M]]
<|[f () - L|+|9(x) - M| <e + e=2e=¢€

= [f()+9g(X¥]-[L+M]/<e, v O<|x-g <5

= limlf o+ g0ol=Lom

X—a

= limlf ) +g]=lim f () +]im 9(X) .Hence the proof.

Similarly (b)
(c) Choose 6 =min(o,,9,)
For 0<|x—a[<& .

We have

[f(x)-900] -[LM]|=[f(x)g(x) — g(x)L + g(X)L ~ LM|
Add & Sub g(x)L.

<[g()[ F (x) ~ L1+ L[g(x) - M]|
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<|g(q[ f (x) - L| +|L]|g(x) - M| ... (5.4)
Since |im 9(X) =M

For, e=1, 3 ,> 0 Solve that

|9(x) - M| <e=1,v 0<|x—a| <5, ... (5.5)
Also [g(x)|=]g(x) =M + M| <[g(x) - M|+|M|<1+[M| by (4)s
|9(x)| <1+ M| ... (5.6)
Choose ¢ =min(d,,0,,d;)

From (3),

[f(x).909]-[LM]|

<|g(q[ f () — L| +|L|g(x) - M| <[1+|M]|e +L| € by (4) & (5).
= [f(X).9(0)]-[LM]| <ke=€ wherek = 1+|M|+|L|
= lim f(¥).9(X)=L.M.

X—a

= lim f .9 =|im f (¥ .]jm 9(x) Hence the proof.

X—a X—a X—a

o . f. L
(d) Division Rule. TOP.T ||mM——=— Where M #0

oa g(¥) M

. 1 1
We first prove that: ——=—whereM #0
M09 =

i.e., To Provethat

Given €>0, 3 6 >0st

g(x) M

<e,V 0<|x-a|<¥d.
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Since |im 9(X) =M

For, €>0, 36,>0st |g(X)-M|<e,V 0<|x-a|<7 ... (5.7)
= IM[=[M = g(x) +9(X)| <|g(x) - M|+ M|
:>|M|<e+|g(x)| by(1)
= |g(x)|>|M|-€ , vV O0<|x—a|]<§.
1 1

= < , VO<|x-a|<és ... (5.8
l9(x)|
Givene >0, 3 0>0st
1 ()-M| _|9(9)- l\/ll< =
‘g(x) M|~ aeoM | = JaM] “ (M—om] =&
= ‘i—i <€',v 0<|x—al<s.
g(x) M
= | m— iWhereM;«r&O
La () M
= (X).
'199 g(x) '!l’!‘ lLa g()
f(x). _
=— . Hence Proved.
3'15!3 g M
Theorem: 4

(a)Let f be non-decreasing function on the bounded open interval
(a, b), Then |im f (X) exists.

x—b~
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(b)If f is bounded below on (a, b), Then ||m f(X) exists.

x—a*

Proof:
(a) Given f isbounded & f isincreasing on (a, b).
LetM =l.ubf(x),xe(a,b)
By def of I.u.b,
Given €> 0, M- € isnot an upper bound of f(x) in (a, b).
dy e(a,b),stf(y) >M-¢
Lety =b - 0 where 6 >0.
= M-e<f(b-0), Vbd<x<b
= M-e<f(b-0)<f(x), Vb-0 <x<b
[+ f isanincreasing fun]
= M-e <f(x), Vb-9 <x<b ... (5.9)
snceM =l.ubf(x)= f(X)<M+ e Vb-6 <x<b ...(5.10)
From (1) & (2)
= M-e<fX)<M+e€ Vb-0 <x<b
= —e<f(x)-M<e,Vb-J <x<b
=[f(x)-M|<e,Vb-§ <x<b

= |im f(X) =M. Hence (a) is proved.

x—b~
For (b). if f isbounded below on (a, b)
Andf isincreasing on (a, b)
similarlly we can provethat |jm f(X) =m=g.l.bf(x),

X—a+

Leem=g.l.bf(x),xin(a,b)
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By def, g.l.b, Given €> 0, M + € isnot an upper bound of f(x)
in(a, b).

dye(a,b)stf(y) <M+ e

Lety =b -0 where 6 >0.

=>fl@+o)<M+e, V a<x<a+d

= f(a)<f(x)<f(@+d)<M+ ¢,

VY a<x<a+d [~ f isanincreasing fun]
= f(X)<M+ e V a<x<a+od ...(6.11)
snceM =l.ubf(x) = f(X)>M - €,

VY a<x<ato ... (612

From (1) & (2)

>M-e<f(xX)<M+e, V a<x<a+o

= —e<f(x)-M<e,V a<x<a+o

=[f(x)-M|<e,V a<x<a+s

= |im f(X) =m. Hence (b) is proved.
Theorem: 5

Let f be a non-increasing (dec) function on the bounded open
interva (a, b)

If f is bounded above on (a, b), then |jm f (X) exists.

Xx—b~

If f is bounded below on (a, b), then ||m f(X) exists.

x—a*

Proof:
Takef(x) =—g(x)
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Then g(x) will be non-decreasing .

.". By Previous theorem , applied to the function g.

We provethentof.

Corollary:

If f isamonotonic function on the open interval (a, b)

If ce(a, b),thenP.T [im f(X) and |jm f (X) both exists.

x—c* X—C~

Proof:
Case(i) f isincreasing, choose ¢ >0.
st(c-d,c+0)<(a,b)
Sincef isincreasing, f isbounded aboveon (c - ¢ ,c) by f(c)
By theorem, |im f(X) exists ... (5.13)

Sincef isincreasing, f isbounded below on (c, c +¢6) by f(c)
By theorem, |im f(X) exists ... (5.14)

Case(ii) f isdecreasing,
Sincef decreasing, f is bounded below on (c —¢ ,c) by f(c)
~.Bythe, |im f (X) exists ... (5.15)

Sincef isdecreasing, f isbounded aboveon (c,c + J)
. Bythe |m f(X) exists.

x—>c*
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PROBLEMS BASED ON LIMIT OF A FUNCTIONS

P1. Evaluate: |jm (X® + 2X) =15 using definition of limit.

x—>3

Solution:
Letf(x)=x2+2x,L=15,a=3.
Given €>0, Tofind ¢ >0.
Solvethat [(X*+2x)-15<e , V¥ 0<[x-3<& ... (5.16)
Take 5<1, 0<[x-3<1l= -1<x-3<1= 2<x<4=
xe(2,4)
= x+5e(7,9) = [x+5<9
= | +2x) - 18]=|(x+ B)(x - 3)| =[x+ §|x - 3 <04 if 5 <L.
Choose 6 =min (1, €/9)
‘(x2+2x)—15‘<95<e , V0<|x-3<5.

Hence |jm (X + 2X) =15 is verified.

x—>3

P2. Evaluate: |jmvX+3=2, using definition of limit.

X—1

Solution:
Letf(x)= VX+3 ,L=2,a=1.
Given €>0, Tofind 6 >0.
st ‘m—2‘<e , V0<|x-1<6.
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| ‘\/x+3—2H\/x+3+2‘
l.e., ‘m_|_2‘

34
ie, M@,v 0<[x-1<5.

‘M+2‘

i.e —|X_:q
© 3+

Take 5<1, O<|x-1<1=-1<x-1<1=0<x<2

= xe(0,2) = VX+3+2>/3+2
1 1

T Ixi3+2 JBe2
X1 s

Ix+3+2 J3+2
‘(xz+2x)—15‘:|(x+5)(x—3)|:|x+5||x—3|<95 if §<1.
Take §=€.(\/3+2).
Choose 6 =min (1, e.(\/§+2))
‘\/FB—Z‘@ , V 0<|x-1< 5 istrue,

limvx+3=2.

x—1

<e,v 0<|x-1<5§.

<€,v 0<|x-1<5§.
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5.2. METRIC SPACE

1.

Define metric space. Give an example?
[A13,14,15 N16
Let M be anon-empty set.
A function p : MxM-->[0, o] iscalled a metric space for m,
If the following conditions are satisfied.
M1l p(X,y)=0ifx=y, VX, yeM.
M2. p(X,y)>0 VX, y €M.
M3. p(X,¥)= p (Y, X) [Symmetric axiom]
M4. p(X,y) < p(X,2) + p(z,y) [Triangular inequality]
Then the ordered pair < M, p > iscalled ametric space.

Give an Example of Metric space. A15,13.

1. Thefunction p:R x R— [0, ] isdefined by

p X y)=|x=Yy],¥x, yeR.
Then <R, p > is caled absolute value metric space on the real

line.

Proof:

To prove: <R, p>isametric space.

Fordl x,y €R,
M1 p(x,x) = [x—x|=0, ¥xeR.

M2. p(x,y) = [x=Y|>0, Vx,y eR.

M3. p (X, y) = [x=Y|=|y=X=p (v, X) [Symmetric is trug]
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M4. p(x,y) = |x=Y|<|[x-Z+|z-Y| < p(x,2) + p(z,Y)
[Triangular inequality]
Hence< R, p > iscalled a metric space.
Example2. Define discrete metric space Rq.
We defineafunctiond:R x R— [0, ] by
1 if xzy

0 if x=y , VX, ¥y eR.

d(x,y) = {

Then <R, d > =Ryis called the discrete metric space.

Proof:
To Prove: <R, d > isametric space.
Foral x,y €R,
M1. d(x, x) = 0 (given) istrue.
M2. d(x, y) = 1>0 (given) istrue,
M3whenx =y, d(x,y) =0=d(y, X)
when x #y, d(x, y)= 1=d(y, X) [Symmetric istrue]
M4. Case(i) whenx =y = z.
Thend(x,y)=0,d(x,z)=0,d(z,y) =0
Clearly d(x, y) < d(x, z) +d(z,y) istrue.
Case(ii) whenx =y # z.
d(x,y)=0,d(x,z)=1,d(z,y) = 1,
Clearly d(x, y) < d(x, z) +d(z,y) istrue.
Case(iii) when x #y#z.
dix,y)=1,d(x,z)=1,d(z,y) =1,
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Clearly d(x, y) < d(x, z) +d(z,y) istrue.

Hence <R, d > = Rq is ametric space.
Example3. Show that R" is a Metric space.

[A14,15 N14

R" = n-dimensional Euclidian Space

Let R"=The set of al n-tuples of real numbers.

For nel, if X = (X1, X2,....%n) and y = (y1,Y,....yn) are two ordered
n-tuples of real numbers.

n

We define p(X, y) = {Z(Xk - Y )2}

k=1

2

[For n =2, p(x,y)isdistanceformulain Cartesian plane]
(i) Clearly p(x,y)=0ifx=y
(i) p(x,y) >0. since distance is always positive.
By def p(X,y) = p(y,X) [Symmetric istrue]
Triangular inequality.
Letz=(z, z2, .... Zn)
To Prove: p(X,y) < p(X,2)+ p(z,y)
Let xk— z« = akand yk — z« = bxfor k = 1,2,3...n.
1 1

Then p(x,2) = {Zn:(xk % )2}2 :{Zn:akzr

k=1 k=1

e -[$00-2r [0

k=1
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P2 30 - |
:{ 3 (a, +bk)2}2 < [Zn:akz}z +[Zn:bk2}2

[Minkowski inequality]

1 1
n 2 n 2
= { (Xk_zk)2:| +|:Z(yk_zk)2}
k=1 k=1

= p(xy) < p(x2)+p(zy)

= p satisfies all conditions for metric space.

Hence R"=n-tuples of Euclidean Space is a Metric space.

5.3. LIMITS IN METRIC SPACE

1. Define limit of a seq in Metric space
Let <M, p>, be a metric space. and Let {s\} be a seq of points
M.
We say that s, approaches L as n approaches infinity
If Given €>0, IN €l, st p (sh,L)< e,V n >N.
[OR]
lims.=L.

n—oo

2. Define convergence seq on a metric space
Let <M, p>, be a metric space and Let {sn} be a seq of points
M.

We say that { s} n=1iS said to be convergent to L,
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If the seq { s} n=1 has alimit L.
[OR]
lim s.=L. existsfinitely.

n—o

3. Define Cauchy seq in a Metric space
Let <M, p>, be a metric space. and Let {s\} be a seq of points
M.

We say that { s} is said to be Cauchy seq,
If Given €>0, IN el,st p (Sm, )< €,V mn >N.

4. Define limit of function in a metric space.
Let <My, p,>, <Mz, p,> betwo metric spaces.

Iff: M1—> Mo.
We say that f(x) approaches L (L in M2) as x approaches a (ain
M1),
If given €>0, 36>0st p,(f(x),L)< e,V O0<p(Xa)<o.
[OR]
lim f (X =L.

X—a

[Cges seq = Cauchy seq in metric space]

Theorem: 6
Let <M, p> be a metric space. If {s\} is a convergent seq of
pointsin M, then Prove that { s,} is cauchy seq.
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Proof:
Let {sn} be aconvergence seq of pointsinM i.e, |jm f(X) =L

exists.
By def, By def,

Given €>0, 3 5,>0 st p(sn,L)<§,Vn > N .. (5.17)

Henceif m,n >N
Wehave p(s,,S,)< o(s,. L)+ p(L,s,) [by Triangular Laming]

P(8ns8,) < Sy, L)+ oS, L) [By symmetric]

= p(sm,sn)£§+§:ev mn >.N

= {s} isacauchy seq of pointsin M.

Theorem: 7
If <M, p> beametric space and let abe apointin M.

Let f and g be real —valued function whose domains are subsets of
M

If lim f(®=Land |ima(x) =N

X—a X—a

Then Prove that: (i) ||m[f (X) + g(X)]:L+N

X—a

i) limlf (- g(x)]=L--N

X—a

(i) [im[f (9-9(9]=L.N

iv) |i T _L where N #0
Mo N '
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Proof:
Given |im f (¥ =L. & |im9(x) =M.

By def,

Given €>0, 3 5,>0st|f(x) - L|<e,¥ 0< p(x,a)< 5, ... (5.18)

& Given €>0, 3,>0 st [g(x) - M|<e,V 0< p(x,a)< 3, ...
(5.19)

(@ Choose 6 =min(d,,0,)

For 0< p(x,a)<? .

Wehave [f(X)+g(x)]-[L+M]=[[f(X) - L]+[g(x) - M]]

<|[f(x) - L|+|9(x) - M| <e + e=2e=¢€

= [f(x)+9g(X)]-[L+M]<e, v 0<p(xa)<s

= [iml[f () +g(x)]=L+M.

X—a

= limlf ) +a9M]=lim f 9 +|im 9(X) .Hence the proof.

Similarly (b)
(c) Choose 6 =min(6,,9d,)
For 0< p(x,a)< 4 .
We have
[f09.9(x)]-[LM][=|f (x)g(x) — gL + g(x)L - LM|
Add & Sub g(x)L.
<9I F (x) = L1+ L[g(x) - M]|
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<|g(q[ f (x) - L| +|L]|g(x) - M| ... (5.20)
Since |im 9(X) =M

X—a

For, e=1, 3 §;>0st |g(X) - M|<e=1,

v 0< p(x,a)< &, ... (5.21)
Also [g(X)|=]|g(x) =M + M| <|g(x) - M| +|M|<1+|M]| by (4)
l9(X)|<1+|M| ... (5.22)
Choose 6 =min(9,,9,,0;)
From (3),
[f(x).909]-[LM]|

<|g(||f (¥) = L] +|L|g(x) - M| <[1+ M| e +|L| € by (4) & (5).
= [f(¥).9(x)]-[LM]| <k e=€ wherek=1+|M|+]|L|
= lim f(¥).9(X)=L.M.

X—a

= lim f .9 =]im f (¥ .]jm 9(x) Hence the proof.

X—a X—a X—a

. L.
(d) DivisonRule. ToP.T ||mﬁ——where M0

xa 9(X) M

. 1 1
Wefirst prove that: | | mﬁ = whereM #0

i.,e, TOP.T Given €¢>0, 36>0

‘m—ﬁ <e ‘v’O<p(Xa) 0.
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Since |imax) =M

X—a

For, €>0, 3 §;>0st |g(X) - M|<e,
v0<p(x,a)<5...(5.23)

- M[=|M = g(x) +9(x)| <|g(x) - M|+ M|
= [M|<e+|g(x)| by(2)

= |9(x)|>|M|-€ , V0<p(x,a)<5.
1 1 S

=l “M-c ’ ¥ 0<p(xa)< .. (5.24)
Given €' >0, 36>0
g0-M[_lg0-M <«
g(X) M‘ ‘g(X)M “loM] “M—gm] = &

<€,V 0< p(x,a)<3.

(X) M
= |m— iWhereM;«r&O
La () M
= ().
gy limfelims =
ILI:D gEX; _I\I;I . Hence Proved.

5.4. CONTINUOUS FUNCTION ON A METRIC SPACE.

1. Define continuous function at a point on areal line

A real valued function f is continuous at a € R.
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If Given €>0, 3 5>0st |f(x) - f(a)|<e,V 0< p(x,a)< &
[OR]
lim f()=f()

X—a

2. Define continuous function on a metric space
Let <M1, p,>and <Mz, p,> betwo metric spaces.
Letf: M1—> M2
We say that the function f is continuous at a € M.
If Given €>0, 3 6>0st p,(f(x), f(a))<e,v 0< p,(x,a)<5
[OR]
lim f (X) =f(a). in Metric space M.

X—a

Define Open ball in aredl line

Bla, r] = {xeR/|x—a/<r} = the set of al x st open ball of
radiusr about a.

Define open ball in ametric space.

Let <M, p>beametric space. IfacM andr >0,

Then BJa, r] is defined to be the set of al points in M whose
distanceto aislessthanr.

i.e, Bla, r] ={xeM/ p(x,a)<r} iscaled aopen ball of radius
r about a.

Theorem: 8

If the real valued functions f and g are continuous a a R, then
() (f +9), (f —g), (fg) and (f/g) g O areaso continuous at acR.
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Proof:
Sincef and g are continuous at a € R.
By def, |[im f(¥X) =f(a) and |jma(¥ = g(a).

X—a X—a

lim(f + 9)®]=lim[f 0+ ax®]=lim f ) +|imox) =

X—>a x—a x—a x—>a

f(a)+g(@ =(f +9)@)
= |liml(f +9)9] = +9)@)

X—>a

. (f +g)iscontinuous at a eR.

Similarly (i)
limI(f-9)01=lim[f ®-90]=lim f®) .]lim o) =

f(a).9(a) = (f.g)(@)
=1iml(f.9)x]= (¢.9)(a)

X—a

. (f.g) iscontinuousat a eR.

lim f(®
RERTION (5 I RTINS £ ¢ B S (G VI §
) '1[!‘(gj(x) M50 im0 9@ (gJ(a)

i

. (flg) g=0iscontinuousat acR.

Theorem: 9

If f is continuous at a €R. Then Prove that cf is continuous at
ackR.
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Proof:

Sincef iscontinuous at a €R.
By def, |im f(¥X=f(a)

X—a

lim[(cf))]=limlcf 9 ]=c.lim f () = c. f(a) = (ch)(a)

X—=>a X—a X—a

= |iml(cf)9]= () (a)

X—a

.. cfiscontinuous a a €R.

Theorem: 10

If f is continuous at a R. Then Prove that |f| is continuous at
aeR.

Sincef iscontinuous at a € R.

By def, If Given €>0, 3 6 >0

st [f(x)-f(a)<e,v 0<p(xa)<s

For 0< p(x,a)< & ,Wehave

[ 109 = f[(a)| = | f ]| f @) <|f (x) - f(a)] <<

= | f|x)-|f|(®)]<e, v 0< p(x,a)< 5

= |f| iscontinuous at a eR.

Theorem: 11
If f and g arereal valued functions.

If f is continuous at a and g is continuous at f(a), Then Prove
that (gof) iscontinuous at a €R.
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Proof:
Letf(a) =b.andy =f(x).
Since g iscontinuous at b.
By def, Given €>0, 3 >0

st [g(y)-g(@)|<e,v 0<|y-b[<& .. (5.25)

Again, f iscontinuous a a.
By def, Given 1>0, 3 6 >0 such that

= [f()-f(@)<n,v0<|x—d<s

= [f(X)-b<n,vO0<|x-a<s

= |o(y)-g(b)|<e,v 0<|x-a/ <5

= |g(f(x)-9(f(a)|<e,v 0<|x-al<s by (1)
= |(gof )(x) — (gof )(a)| <,V O<|x—a|< &

= (gof) is continuous at ain R.

Theorem: 12

If f is continuous a a in R if Given €>0, 36>0
stf(B[f(a),]) o B[a, J]
[OR]
Thereal valued function f is continuous at a € R if and only if the
inverse image under f of any open ball B[f (a), €] contains an open
ball

B[a, o] about a.
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Proof:
Letf beacontinuousat a € R
Given €>0, 3 5>0 st |[f(x) - f(a)|<e,v 0< p(x,a)< 5

xeB[a, 8] = f(X)B[f(a), €] = xef XB[f (), €]
f 1(B[f(a),e]) o Bla, J]

Hence the proof.
Theorem: 13
Provethat f iscontsata eRif [|mx.,=a= |im f(x,)=f(a)
[OR]

The real-valued function f iscontsat a € R if Whenever {xn} isa
seq of real no/-s cgesto a, then the seq {f (xn)} cgestof(a)

Proof:

Let usassumethat f iscontsat a e R and {x,} be aseq cgesto a.
Sincef iscontsat a.

By def, Given >0, 3 6 >0, stf }(B[f(a),€]) o B[a, ]

i.e, f(B[a, 0]) < B[f(a),e] ... (5.26)

also since {x,} cgesto a.

By def, Given 6 >0, AN el,st |[x,—g <5 , V n>N,

= xn€B[a, 0], V n>N,

= f(xn) €f(B[a, 6] < B[f(a),e] by (1), ¥V n>N,

= f(xn) € B[f(@),€],V n > N,

= [f(x,)- f(a)|<e,¥ n>N,
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= {f(xn)} convergestof(a)
= |limf(x,)="1(a)

n—oo

Conversely.
We assumethat if |jm x.,=a and

n—oo

lim f(x)="() ... (5.27)

n—oo

Then To Provethat: f iscontinuous at a € R.
For Let us assume that the contrary.
We assume that for some >0,

The inverse image under f of B = B[f(a), €] contains no open
ball B[a, o] a a.

In particular,

. 1
f ~1(B) does not contains B[a, ﬁ] foranyn=1,23, ...
Then for such n

Thereisapoint x,e B[a,%], such that f(xn) ¢ B[f(a), €].
1
= |x, —a|<ﬁ but | f (x,) - f(a)|>e

= |imx,=abut [jm f(x,) #f(a)

n—oo n—oo

Thisisacontradiction to (2),

Hencef iscontinuousat a € R.

Hence the proof.

Easy proof of Theorem.4 using theorems5.
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Theorem: 14

If f and g arereal valued functions.

If f is continuous at a and g is continuous at f(a), then Prove that
(gof) iscontinuous at a €R.
Proof:

Let {x.} beaseq of real numbers
suchthat [|mx.=a= |im f(x,)=f(a)

[by f iscontinuous at a]
= Limg(f(x,) = g(f(a))

[By giscontsat f(a)]
= Lim(gof J(x,) =(gof)(a)

= gof iscontinuous at ain M.

PROBLEMS ABED ON CONTINUOUS OF A FUNCTIONS

Hint. f iscontsat a (i) I;LT f (X) exists (ii) f(a) exists
(iii) I;Lr?f(x):f(a)
If at least oneis not true, then f isnot conts at a.

P1. Check the continuity of the function?

M) Fx) = X xeR, x#0.
X

Thefunction is not defined at x = 0. Hencef isnot contsat x = 0.
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(i) gx)=1{ x
1 if x=0

. 9nXx .
Clearly I;Ir(pTzl =g(0). Hencegiscontsat x = 0.

(i) y(x) =1ifx=0,x € R, x isrational
=0ifx # 0.x € R, xisirrationa

Here Lirp;((x) does not exists.

Hence y(Xx) isnot contsat x = 0.
SNX it x20

Al3. Iff(x) =+ x is conts, then find k?
k if x=0

f(X)=x2+2x,x € R.

Clearly f iscontsat x = 3.



