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DYNAMICS

YEAR: 111 SEMESTER: V
L ear ning outcomes:
Students will acquir e knowledge of

The motion of bodies under the influence of forces.
Rectilinear motion of particles, Projectiles, Impact and Moment of Inertia of Particles.

Unit -1

Basic units — velocity — accel eration- coplanar motion — rectilinear motion under constant
forces — accel eration and retardation — thrust on a plane — motion along a vertical line under
gravity — line of quickest descent - motion along an inclined plane — motion of connected
particles.

Unit -2

Work, Energy and power —work — conservative field of force — power — Rectilinear motion
under varying Force simple harmonic motion (S.H.M.) — S.H.M. along ahorizontal line-
S.H.M. aong avertical line— motion under gravity in aresisting medium.

Unit -3

Forces on a projectile- projectile projected on an inclined plane- Envel oping parabola or
bounding parabola— impact — impulse force - impact of sphere - impact of two smooth
spheres — impact of a smooth sphere on a plane — oblique impact of two smooth spheres

Unit—4

Circular motion — Conica pendulum —motion of acyclist on acircular path — circular motion
on avertical plane —relative rest in arevolving cone — simple pendulum — central orbits -
general orbits - central orbits- conic as centered orbit.

Unit -5
Moment of inertia. Two dimensional motion of arigid body —equations of motion for two
dimensional motion — theory of dimensions- definition of dimensions.



UNIT I
KINEMATICS

The branch of mechanics which deals with the motibrobject is called dynamics. It is
divided into two branches:

()  Kinematics (i)  Kinetics
Kinematics:
The branch of dynamics which deals with geometrymaftion of a body without any
reference of the force acting on the body is calieématics.

KINETICS:

The branch of dynamics which deals with geometrgnofion of a body with reference to the
force causing motion is called kinetics.

POINTS TO BE REMEMBER

0] The position of a particle can be specified by atmer whose initial point is at the
origin of some fixed coordinate system and the teahpoint is at the particle. This
vector is calledoosition vector. If the particle is moving, the vectérchanges with
time. i.e. it is a function of time.

(i) The curve traced by a moving particle is called tifagectory or the path of the
particle.

(i)  The path of the particle can be specified by thetareequation

F=7 (1) 0)
The path of the particle can also be specifiedhbga scalar equations
Xx=x@®, y=y®), z=z(t) ___ (i)
These equations are obtained by equating the coemp®of vectors on two sides of

the equation (i). Equation gives the coordinatethefpoints of the path for different
value s of t. We call these parametric equations of the path.
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CARTESIAN COMPONENTS OF VELOCITY & ACCELERATION
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Let AB be a part of the trajectory of the partiake shown in figure. Let the particle at time t
be at the point P whose position vectof.ig\fter a small timedt, let the particle reach the

point Q whose position vector is+ or. The@ = o is the displacement of the particle from
the point P in the small time interv@tl The quotient

8t

3t
gives the average rate of change of displacemetiteoparticle in the intervait. If we start
decreasing the time interval, the displacemerd will go on deceasing and the point Q gets
nearer and nearer to P. Thus

. or

st 0 ot
can be considered as the instantaneous rate ofjeldmisplacement. This is defined as the
instantaneous velocity or the simply veloditgf the particle at point P.
Thus,

L . or dr

V= 613210& T

Proceeding in similar way we can see that the acabna (the instantaneous rate of change

of velocity) at time t is given by
L .. OV dv_d[df\ d*F
Talost dt dt\dt) do

In Cartesian coordinates, we can write
t=xi+yl

Then

- d a a dX': dy'\
=— +vi)=—1+ —
VT (i +vi) at o dt
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dt?
Thus

V= X- component of velocity =

v,=y- component of velocity =
’x
a, = x- component of acceleration = yl

P
a, = y- component of acceleration = 7
QUESTION 1

A patrticle is moving in such a way that it posit@inany time t is specified by
t = (€+ )i+ (cost + sin’t)j + (' + logt)k

Find the velocity and acceleration.

SOLUTION
If v anda are velocity and acceleration of particle respetyi Then

df d R R ~
V= ((t3+ t2)1 + (cost + sinzt)j +(e'+ logt)k)

dt  dt
= (3t?+ 2t)1 + (— sint + 2sintcost)] + (et + ?) k
R R I\
= (3t2+ 20)1 + (sin2t — sint)] + (et + ?> k
dv d . R I\
a=— =—[(3t>+2t)1 + (sin2t — si '+(t+_>
and a % - d@ <(3t 2t)1 + (sin2t — sint)) e . k>
R R N\
= (6t +2)1+ (2cos2t — cost)j + (et - t—2> k
QUESTION 2

A patrticle P start from O at t = 0. Find tits vatgand acceleration of particle at any time t

if its position at that time is given by
¢ = at’i + 4atj

SOLUTION
If v anda are velocity and acceleration of particle respetyi Then
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*—d?—d(t2°+4t°)—2t°+4°
V=g = gelatiTdat)) = 2ati+ daj
d a_dv_d(ztc+4':)_2':
dan a—dt _dt atl a)) = zal

QUESTION 3

At any time t, the position of a particle moving @ plane can be specified by
(acoswt, asinwt) where a and w are constants. Ewedcomponent of its velocity and
acceleration along the coordinates axis.

SOLUTION
Let  F=acoswti+ asinwt ]
Differentiate w.r.t “t”, we get

V= — awsinwt i + awcoswt |

Differentiate again w.r.t “t”, we get

a= —aw’coswti — aw’sinwt]

Thus the component of velocity and acceleration are

Vy = —awsinwt , y=awcoswt
a =—aw’coswt , @ =—aw’sinwt
QUESTION 4

The position of particle moving along an ellipsaigen by ¥ = acosti + bsintj If a > b,
find the position of the particle where velocityshrmaximum and minimum magnitude.

SOLUTION
As  T=acosti+ bsint]
Differentiate w.r.t “t”, we get

V= —asinti+ bcost]

= v =+/(—asint)? + (bcost)?

= \/azsinzt +b’cos?t

ZJaZSin2t+b2(1 — sinzt)

) .2
= \/azsmthrbz — bsin't

= Jsinzt(az — bz) +b?
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v is maximum whesin’t is maximum. i.esin’t = 1= sint =+1 = t =90, 270
Fort=90

t=aco0s90 1+ bsin90 j = by
Fort=270

f=acos2701+ bsin270j = — bj
So the position of the particle when velocity hasximum magnitude is bj.
v is minimum whenin’t is minimum. i.esin’t = 0= sint=0 = t=0, 180
Fort=0

f=acos01+bsin0j=a
Fort =180

f=acos1801+bsinl80 ] =— ai

So the position of the particle when velocity hdasimum magnitude is: ai.

RADIAL & TRANSVERSE COMPONENTS OF VELOCITY & ACCELERATION

»
»

w>

>
-
-

O

In polar coordinates, the position of a particlspecified by a radius vector r and the polar
angleB which are related to x and y through the relations

X =rco$

y = rsirg

provided the two coordinates frames have the samgen@nd the x—axis and the initial line

coincide. The direction of radius vector is knovaradial direction and that perpendicular
to it in the direction of increasirgjis calledtransverse direction.
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Let t ands§ be units vectors in the radial and transversectioe respectively as shown in

figure. Then

t = co®i + sirj

§ = cos(98 + 0)i + sin(9¢ + 8)) = — sinb1 + coPj

Differentiating (i) w.r.t “t”

di d s
T @ (00561 + smE)J)
= (—sin@ 1 <@> + cos0] (@>>
dt dt
o - . >
=3 (—sme 1+ cosej)
do "
=3 S By (ii)
Differentiating (i) w.r.t “t”
d d = . >
T a@ (—sm@1 + cosOJ)

_ o <d6) e (d@)

= | —cosO 1 m singj 0
do . -

= % (sin@ 1+ cos@j)

do

=gt By (i)
We know that
LT Y.
r= - = r=rr
T
N dr
ow V—dt
d dr . dt dr, dO

= — (1t = —.1T+ = —.r+r—
=g ity Tttt

Thus,

r
v, = Radial component of velocity = E

vg = Transverse component of velocity = r ”

Where dot denotes the differentiation with respedime “t”.
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Let a be the acceleration Then

L&
ST

_ d (dr N do )
=ala et
d (dr A) d( de )

= — . r—S
di\dt’/ dt\ dt
d(dr) . drdf dr(d@ﬂ) d(de) . dS( d6>

=— + ——+—(—§)+—(—]) r§ + —
dt \dt dtdt dt\dt”/ dt\dt dt \ dt

dr +drdf+dr<de)A+dze A+d§(d6>
a2 ' drde di\dt)® a2 O de\de/’

_dr dr(de )+dr<d6)A+d29 A+( do )(de) By (iiD)& (i
T alat) Tala) e U\ By (&)
d2r ) (de> . <d8>h+d26 )

a at) T ac\a)® e P
. 2dr<d9) +c129 X
dt2 ! dt\ae/ a2 |°
Thus,

= Radial t teration = 1 (dg)z—" (8)°
a, = nKadial componen ofacce eration = dt2 r dr =r r

- T t lerati —2‘”("9) + 20+ rd
ag = lLransverse componen ofacce eration = dr \drt rdtz = zr r

QUESTION 5

A particle P moves in a plane in such away thamt time t, its distance from point O is
r = at + bt and the line connecting O and P makes an ahglet’? with a fixed line OA.
Find the radial and transverse components of uglarid acceleration of particle att =1

SOLUTION
Given that

r=at+bf and 6= cf”?
Differentiate w.r.t “t”, we get

L at2bt and D=3
a ° M 2¢
Differentiate again w.r.t “t”, we get

&’ o and 0 3 tl/
at 5= an at 5= 4 C
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Att=1

r=a+b andB=c

3
—— =+ _ = N —_— =
at+2b, m 2c , 2b and 4c

dr
Radial component of velocity = v, = T a+2b

0
Transverse component of velocity = vg =r gl c(a+b)

. , d’r  dey’
Radial component of acceleration =a, = — —r (—)
dt dt
2

=2b —(at+b) @c)
=2b —;ez(ava)

(8b —9c?(a+ b))

e

T t of acceleration = —2dr(de)+ &0
ransverse Componen O acceleration ag dt dt T dtz

=2(a+2b) (%c) +(a+b) (%c)

c(5a+9b)

A1 W

QUESTION 6

Find the radial and transverse components of uglocia particle moving along the curve
ax? + by’ =1

at any time t if the polar angle6s= cf

SOLUTION

Given that
0 =ct

Differentiate w.r.t “t”, we get
—=2ct

Also given that
ax? +by” = 1

First we change this into polar form by putting xce® and y = rsif
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arcoso + bsinfg = 1
=  A@aco$6 + bsirfe) = 1

= rVacos 0 + bsin“0 = 1

= r= (acos’0 + bsin’0) " z

Differentiate w.r.t “t”, we get

ar__L 2e+b'2e)‘%( 2c0s0sin0 2 + bsind ede)
g 5 (acos sin a2cosBsin sinfcosd —-
1 3 do
= — (acos’0 + bsin’0) "2 (a — b)sin20 —
2 dt
1 2 . 2 - é .
=3 (acos™® + bsin“0) 2 (a — b)sin26.2ct

ct(a — b)sin20

3
(acos’0 + bsin’0) 2

. ) dr ct(a — b)sin20
Radial component of velocity =— =

3
(acos’0 + bsin’0) 2

2ct

d
Transverse component of velocity =r— = T
(acos’0 + bsin’0) 2

QUESTION 7

Find the radial and transverse components of aatala of a particle moving along the
circle x* + y* = a? with constant velocity c.

SOLUTION

Given that
do
a: C
Differentiate w.r.t “t”, we get
d’0
prei 0
Also given that

2 +y? = a?

First we change this into polar form by putting xced and y = rsi@
r’cos® + rsife = &

=  F(cosO + sirfe) = &

= f=4
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= r=a

dr_0 dzr_o
- x T daE

_ , d’r doy?
Radial component of acceleration = a, = — - (—)
dt dt

=0 —ac

= —ac?

2

dr /do d’0
(@) T

Transverse component of acceleration =ag=2—| — r
p O “de\dt dt?

=0

TANGENTIAL & NORMAL COMPONENTS OF VELOCITY & ACCELERATION

Tangent

Let AB be a part of the trajectory of the partiakeshown in figure. Let the particle at time t
be at the point P whose position vectar. idfter a small timedt, let the particle reach the

point Q whose position vectoris 8. ThenPQ =& and arcPQ 3s

., df df ds dr .
Now v=—=—. —= (1)

-

Here I is a unit tangent at point P.
Let t be a unit vector along the tangent at P andhit vector along normal at the point P.
Then

dr

e

ds
Using this in (i), we get

10/ 247



v, = Tangential component of velocity = v

= Normal component of velocity = 0

Hence the velocity is along the tangent to the.path

‘Y Normal

Tangent

98+ y
o > X
Leta be the acceleration. Then
L dv
ST
d .
T (v
B dv - dt
at - dt
_dv dt dyds
dt d\u ds dt
_dv . dt K . ds B
“ @ Vg &Y TR
dy . 1
Whereaz K 1s called curvature and K = E
S L dV dt v
0 a= dt Vd\y 5
dv . V2 di
=-——t+’—-——
dt p dy

Sincet andi are unit vectors along tangent and normal at Refbe
t = cosi + sinyj
fi= cos(9(9 + )i + sin(90 + g)j = — singi + cospj
dt
Now d\l’ dy (COSWI + smwj)

= (—sm\u 1+ COS\|I])
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n
g L dv - V2
0 a= p
Thus,
dv
Tangential component of acceleration = a, = x
_ v
Normal component of acceleration = a,, = ;
Where
@]
d
p=
_Y
ax2
QUESTION &

A particle is moving along the parabolax 4ay with constant speed. Determine tangential
and normal components of its acceleration wheesithes the point whose abscissébia.

SOLUTION
Given that

x? = day
Differentiate w.r.t “x”, we get

dy dy x

2x = 48.& = & = Z
Differentiate again w.r.t “x”, we get

dzy 1

dx?  2a
Given that x =/5a therefore

dy +5a /5

dx 2a 2
We know that

3
3 2172
1+ (W )" 1+ A
<&> 2 5172 a
T T[] sl Tenl] -
e 2a

Since the particle is moving with constant speedetfore

dv

dt
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dV_
dt

2 V2 4V2

Tangential component of acceleration = a, = 0

A%
N 1 t of leration = a, = — -
ormal component of acceleration = a, 0 213 77a

QUESTION 9

Find the tangential and normal component of acagtar of a point describing ellipse

X2 y2 _
al Tt

1
With uniform speed v when the particle is at (0, b)
SOLUTION

Given that
X2 2

=  x*b’+y?a? =%’

Differentiate w.r.t “x”, we get

d
2b%x + 282y == 0

dx
L W _bx
dx aly
Differentiate again w.r.t “x”, we get
dy b [y- xg—i
dx2 a2 y2

At (0, b)
dy b0
dx a’b
dy b /1 0b b
and —S=-=5|-t—=|=—-=
dx? a2\b  a2p’ a2
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We know that

@]

ey
dx?
NIEOS IS
" b b
-
Since the particle is moving with uniform speed¢fere
dv 0
dt
. . dv
Thus, Tangential component of acceleration = a, = i 0
V2 V2 V2
Normal component of acceleration = a,, = P ba—z\

QUESTION 10

A particle is moving with uniform speed along the\e

2 2 a*
X‘y=a|x+ —
' ( ¢9

10v2
Show that acceleration has maximum value oa
SOLUTION
Given that
2 2 a’
X‘y=a|x+ —=
g ( ¢9
+ G
= =a+ —x
NG
Differentiate w.r.t “x”, we get
3
dx NG
Differentiate again w.r.t “x”, we get
2 3
dx? /5

We know that
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& [5x0 + 4a°] 2

d2
dx?
1+ (_2ix—3) 1 436 2
B V5 3 + 5x6] V5x* [5x0 + 4a°
- 6’ _, 6 6ad | 5x°
V5 V5x#
We know that
L dVf N V2
a= m 5 n
Since the particle is moving with constant speedetfore
dv
dt
2
= a=—f
p
- V2 A V2 A~
= IaI=FInI=F =1

|a] will maximum wherp is minimum.

Differentiate (i) w.r.t “x”, we get

dp 302 [%(5x6+4a6)1/230x5 — [5x° + 4a] /2 (150a%x%)

™ (30a7%)?
5x¢ + 4a%) 2
B ((30)2—a6)10 [30a%x[45x°] — [5x° + 4a] (150a°x")]
X
5x¢ + 4a%) 2
= O T 2 s — 5(5x + 4]
X
5x¢ + 4a%) 2
B (3076) [45%% — 25x° — 20a°]
X
5x¢ + 4a%) 2
= (3076)[20)(6 - 2036]
X
20(5x° +4a9) 2
BT
20(5x° +4a%) /2
-= );OaS 6 ) (? —a)(x* +x*a’ +a*)
X

d
Putting d—z= 0, we get

X=+£a
Since
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dp dp
—<=<{}) becforex—a and —>0 afterx—a
. dx

Therefore p 13 mimimum when x = a

Thus
7 o =R

[:\nﬁ -t .-.!.:1""] i3 [F}a“’} 2 278 i
S = = ==

Pinin 30a%a’ 30a® 30 10
: e vl 1 (=

Maximum value of acceleration = S T g

Wi 1N m a o

RECTILINEAR MOTION

INTRODUCTION

The motion of a particle along a straight lineadled rectilinear motion. Let the particle start
from O along a line. We take line along x-axis. béter time ‘t’ particle be at a point P at a
distance X’ from O.

- X-axis
o) P P~
Letf be the position vector of the point P w.r.t ori@nThen
$=0OP = x1
L df dx, L dv dx,
Now v= a: El and a= E: Fl
Let |v|]=v and|3]=a
d’x
Then v= — and a= —
dt
Al 3 dv 3 dv dx
T T & @
3 dv
dX .V
B dv
= a=V. dx

MOTION WITH CONSTANT ACCELERATION

Let the particle start from O with velocity u antg t = O with constant acceleration.. Let after

time ‘t’ particle be at a point P at a distancefhdm O. Then

_ dt=d
=5 T adt=dv
On integrating we get
v=at+A 0]

Where A is constant of acceleration.
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Att=0,v=u
Using this in (i), we get
A=v
Using value of Ain (i), we get

v=u+at (i)

Which is ' equation of motion.
As we know that
dx

T at
dx

= i u -+ at By (ii)

= dx = (u + at)dt

On integrating we get

1,
X= ut+ Eat +B (111)

Att=0,x=0

Using this in (ii), we get B=0

Using value of B in (ii), we get

1, )
Xx= ut+ Eat (iv)
Which is 2 equation of motion.
dv
As a=v.— = a.dx=v.dv
dx
On integrating, we get
+C = v
ax =3 (v)

Att=0,x=0,v=u

Using these values in(v), we get

| S,

C =

Using value of C in (v), we get

2
v 2
ax + — =7 = 2ax +tu® =v
u

[\S]

2

IR

2

= 2ax =v? — u?

Which is 3 equation of motion.
If a particle is moving with constant retardatiben a =— a

17/ 247



DISTANCE TRAVELLED IN N SECOND

Let x, and % be the distances traveled in n and n — 1 secoestsectively. Then by"2
eqguation of motion we have
1

X1 =un-+ —an
! 2

2

1
and x,=u(n-1)+ Ea(n— 1)2
Distance traveled in i second= x; — %

—un+ an? 1 : 1)*
=un 2an un-1) 2a(n—)

1
= 4+ —
un 5 an

1

= Ean2 +u — Ezm2 +7a(n - 1)

1
=ut 5a(2n— 1)

2 L
—un-+u —Ea(n —2n+1)

QUESTION 1

A particle moving in a straight line starts fronstrend is accelerated uniformly to attain a
velocity 60 miles per hours in 4 seconds. Finds aheeleration of motion and distance
travelled by the particle in the last three seconds

SOLUTION
Given that
Initial velocity =u =0
Time =t =4sec
Final velocity = v = 60 miles/h

=w = 88 ft/sec
3600
We know that
V=u-+at
v—u 88—-0
=3 a= ——=——= 22 ft/sec?

x; = Distance covered irssecond

1
=ut+ —at?
2

1
=0+ 5(22)(1)2= 111t
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X, = Distance covered in 4 seconds
1

=ut+ —at?
2

1
=0+ (22)(4)*= 176ft

Distance covered in last 3 seconds,=%q
=176 — 11 = 165ft.

QUESTION 2

Find the distance travelled and velocity attaingdalparticle moving on a straight line at
any timre t. If it starts from rest at t = 0 andbjgct to an acceleratiotf + sint + €

SOLUTION

Given that
a=t+sint+¢é
2X
— =t +sint+ ¢'
dt

On integrating, we get

dx et A
—= s — costte
dt 3
Where A is constant of integration

dx
When t=0 then —=
dt

= A=0
Hence velocity is:

dx ¢ (el
—-— = —— COS [§
dt 3
On integrating again, we get
t4
X=—— sint+e'+B
12

Where B is constant of integration

When t=0 then x=0

= B=-1

Hence the distance travelled is given by
4

X B sint + e 1
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QUESTION 3

Discuss the motion of a particle moving in a stnaigne if it starts from restat t =0 and
its acceleration is equal t¢i) t" (i)  acost + bsint (iii) — n*

SOLUTION
(i)
Given that
a=t
dzx_ o
7
On integrating, we get
dx !
dt n+1

Where A is constant of integration

dx
When t=0then —=0
dt

= A=0

Hence velocity is:
dx B tn+1
dt n+1

On integrating again, we get
tl’l+ 2
=——_+B
X arDm+2)
Where B is constant of integration
When t=0 then x=0
= B=0
Hence the distance travelled is given by
tn+ 2
X T ee—
(n+1DMm+2)
(ii)
Given that

a = acost + bsint

2
X
— = acost + bsint
dt

On integrating, we get
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dx ]
—=asint — bcost+ A
dt

Where A is constant of integration

dx
When t=0then —=0
dt

= A=D
Hence velocity is

dx

—=asint — bcost+b
dt

On integrating again, we get
x= —acost — bsint+bt + B
Where B is constant of integration
When t=0 then x=0
= B=a
Hence the distance travelled is given by
x= —acost — bsint+bt +a

=a(l — cost) + b(t — sint)

(iii)
Given that
a=—n%
dV_ 5 L dv
jm— de— n-x . a—vdx
= vdv = — n?xdx

On integrating, we get

V2 XZ

M IN
2 "3

Where A is constant of integration.

= v2=2A — n’x?

= V=B — n’x2

= v=+v B — n’x2

Which is the velocity of the particle.

dx dx

— =V B-= n%x2 -y =—

dt X VT
dx

= — =t

B — n’x2

=
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On integrating again, we get

L ‘1(nx> t+B
—Sin — =
n VB

Where B is constant of integration.

" \TB
= sin™! (3—%) =nt+nB
= sin! (3—%) —nt+C
= X= ? sin(nt + C)
QUESTION 4

A particle moves in a straight line with an accatiem k. If its initial velocity is u, then find
the velocity and the time spend when the partiele thavelled a distance x.

SOLUTION
Given that
a = kv
dV_k 3 o dv
f— de— Vv o a—VdX

= Vv dv = kdx
On integrating, we get
—v l=kx + A —)
Where A is constant of integration.
Initially v=u,x=0andt=0
= A=—u?!

Using value of A in (i), we get

—Vv "=kx—u

1 1 1 — kxu
= —-=—-—kx=

vV u u

_ u

= v 1 — kux
Which is the velocity of the particle.

dx u . _dx
T4 1-kau ST
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= (1 — kxu)dx = udt
On integrating again, we get
X2
X — ku; =ut+B

Where B is constant of integration.

Initially, v=u,x=0andt=0
= B=0
Using value of B in (ii), we get

x2

X—ku7=ut

X
= ut = 5(2—kux)

X
= t= — (2 —kux)
2u

Which is required time spend when the particletheagelled a distance x.

QUESTION 5

()

A particle moving in a straight line starts witlvelocity u and has acceleratio®y where v is
the velocity of the particle at time t. Find thelogty and the time as functions of the

distance travelled by the particle

SOLUTION
Given that
a=V
dv_ . _dv
= \% d_X =V va=v d_X
= vV dv=dx

On integrating, we get

—v l=x+A

Where A is constant of integration.

Initially v=u,x=0andt=0
= A=—u"?
Using value of A in (i), we get

1 1

—V "=X—U

1 1 1 — xu

vV u u
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u

jm— V=
1 — ux

Which is the velocity of the particle.

dx u dx
—_—= b V=—
dt I — xu dt

= (1 — xu)dx = udt

=

On integrating again, we get
2

X—u%=ut+B (ii)
Where B is constant of integration.
Initially, v=u,x=0andt=0
= B=0
Using value of B in (ii), we get

X2

X—u—=ut

2
X
= ut= - (2 —ux)
2
X
= t=— (2 —ux)
2u

QUESTION 6

A patrticle starts with a velocity u and moves istiaight line.If it suffers a retardation equal
to the square of the velocity. Find the distanagdled by the particle in a time t.

SOLUTION
Given that
Retardation =%
= =—
dV_ 5 dv
j— A" dx ==V a=Vv dx
dv
= —= —dx
Vv

On integrating, we get

Inv =—x+A R ()|
Where A is constant of integration.
Initially v=u,x=0andt=0

= A= Inu
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Using value of A in (i), we get

Inv=—x+Inu

= X = Inu— Inv
u
= x=ln(—)
Vv
u
= et = -
\%
u
= v= —
eX

Which is the velocity of the particle.
dx u dx

Td e BT

= e*dx = udt

On integrating again, we get

eX

=ut+B (i1)
Where B is constant of integration.

Initially, v=u,x=0andt=0

= B=1
Using value of B in (ii), we get
ef=ut+1 = x =In(1 + ut)
QUESTION 7

Discuss the motion of a particle moving in a stiaiine with an acceleration®xhere x is
the distance of the particle from a fixed point ©the line, if it starts at t = 0 from a point

X = c with a velocitfz/ vz

SOLUTION
Given that

a=x

dv o dv
= V&—X . a—V&
= vdv =x3dx

On integrating, we get

v:ox4

?:Z‘i‘A (1)
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Where A is constant of integration.

Initially, t=0,x =cand v fz/\/?

= A=0
Using value of A'in (i), we get
V2 _X4
2 4
4
X
22
= V=3
X2
= v=—
2
Which is the velocity of the particle.
dx x? . _dx
TN BT
dx dt
:> — T —
X2 2
= —2d &
X “dX = —
V2
On integrating again, we get
t
—x'=—+B i
7 ()

Where B is constant of integration.
Initially, x=candt=0

= B=—c!

Using value of B in (ii), we get

t 1

—-X = E—C_
= c‘l—x‘l—% =  t=V2(c"'—x) = t=\/§<é—i)
QUESTION &

Discuss the motion of a particle moving in a staaiie if it starts from the rest at a distance
a from the point O and moves with an acceleratopmaktop times its distance from O.

SOLUTION

Let x be the distance of particle from O then
a =px
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dV_ o dv
= de—ux . a—vdX

= vdv =pxdx

On integrating, we get

v? pxz .
773 A —

Where A is constant of integration.
Initially, v=0,x=aandt=0

2
pa
A: — —
- 2
Using value of A in (i), we get
v pa
2 2 2

= Vo= uxX” — pa

= v=4/nx2—a?)

Which is the velocity of the particle.

d d
— X [u(x2 — a2) vy

dt dt
dx
= ——— = /udt
Nl
On integrating again, we get
1 (X .
— ) = +
cosh (a) \/ﬁt B (11)

Where B is constant of integration.
Initially, x =aandt=0
= B=cosh™'1=0

Using value of B in (ii), we get
17X .
cosh (5) = \/Et
= X=a cosh(\/ﬁt)
QUESTION 9

The acceleration of a particle falling freely untleg gravitational pull is equal K;/Xz, where

X is the distance of particle from the centre & darth. Find the velocity of the particle if it is
let fall from an altitude R, on striking the suréacf the earth if the radius of earth is r and the
air offers no resistance to motion.
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SOLUTION
Given that
k
TR

Here we measuring distance x from centre O of g#rtheThe distance and acceleration is in

opposite direction. So we takese sign. Therefore

dV_ k o dv
Vix x2 a8 Vix
k
= vdv = ——de
X

On integrating, we get

?:;‘i‘A (1)

Where A is constant of integration.
When x=R thenv=0

A k

- "R

Using value of A in (i), we get
v2 k k
2 x R

QUESTION 10

A particle starts from rest with a constant ace@len a. When its velocity acquires a certain
value v, it moves uniformly and then its velocitgrss decreasing with a constant retardation
2a till it comes to rest. Find the distance traagtlby the particle, if the time taken from rest
torestist.

SOLUTION
Let 1, b and § be the times for acceleration, uniform motion aethrdation motion
respectively. Then

t=f+t+1 (i)
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A
A
%
@) 1 D 2t
Now
acceleration = slope of OA
\'%
= a= —
t
\"
= tl = -
a
Similarly

retardation = slope of BC

= 2a=X
t3
v
= t3—£
From (i), we have
L=t—t1—13
B vV Vv
" a 2a
3 3v
_t_g

Distance = Area under the velocity-time curve

= Area of trapezium OABC

—

(OC + AB)(AD)
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QUESTION 11

A particle moving along a straight line starts froest and is accelerated uniformly until it

attains a velocity v. The motion is then retarded the particle comes to rest after traversing
a total distance x. If acceleration is f, find trezardation and the total time taken by the
particle from rest to rest.

SOLUTION

Let t; and ¢ be the times for acceleration and retardationeesgely. Then

t=4+t6 —(I)
W A
\/
>t
O |1 C 1 B

Now

acceleration = slope of OA

Vv

:> = —
t

¢ Vv

:> e —
I f

Let g be the retardation. Then

retardation = slope of BC

_V
= g—g
t_V
= 2 2

Distance = Area under the velocity-time curve
= x = Area oDABC

1
=3 (OB)(AC)
1
=3 (t+t)v (1)

1t
2V
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Thus

) 2x
Total time = —
\%

From (ii), we have

1
X=3 (t+ v

2x_1 1
= V__ ? é =
3 fv?
= BT
QUESTION 12

Two particles travel along a straight line. Botharstat the same time and are accelerated
uniformly at different rates. The motion is suclatthvhen a particle attains the maximum
velocity v, its motion is retarded uniformly. Twanicles come to rest simultaneously at a

distance x from the starting point. If the acceieraof the first is a and that of seconai—zis
Find the distance between the point where the t@vbigbes attain their maximum velocities.

SOLUTION
VvV
A A B
\' \'
tl E >t
@) E C g
X |
< X >

Let both particle attain maximum velocity atihd  respectively. Then
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For 1% Particle

Acceleration = slope of OA
v \'%
= a=— = tl = -
tl a

For 2" Particle

Acceleration = slope of OB
1 v 2v
= 73~ 5 = t= ’
Let x, and % be distances covered by théand 29 particles to attain velocity v. Then

X1 = Area ofAOAD

= E(OD)(AD)
1 1 vy V2
-an=3v()=%
Similarly
X2 = Area of AOBE
1
= E(OE)(BE)
1 o - 1 (2V>_V2
B ZV 2 ZV al a
Required Distance =x x
V2 V2 V2
"2 2a 2a
QUESTION 13

Two particles start simultaneously from point O amaolve in a straight line one with velocity
of 45 mile/h and an acceleration 2ft/’Seand other with a velocity of 90mile/h and a
retardation of 8ft/sec Find the time after which the velocities of peles are same and the
distance of O from the point where they meet again.

SOLUTION

For 1° Particle
Given that
u =45 mile/h
45 %1760 x 30
60 x 60
a = 2ft/set

= 66ft/sec
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We know that

v=u+at
=66 + 2t
For 2™ Particle
Given that
u =90 mile/h
= 20 > 1760 > 30: 132ft/sec
60 x 60
a =—8ft/seé
We know that
v=u+at
=132— 8t

From (i) and (ii), we get
66 + 2t =132 8t
= 10t = 66

= t = 6.6sec

)

()

So after 6.6sec velocities of particles will sainet both particle meet after a distance x.

Then

For 1% Particle

t+1 t2
X=U —a
2

1
= 66t + 3 )t?

= 66t +t2
I (1))
For 2" Particle

t+1 t2
X=U —a
2

= 132t+%( — )t
= 132t — 4t?
From (iii) and (iv), we get
66t + t2 = 132t — 4t
= 5t =66t

= t=13.2
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Putting value of t in (iii), we get
X = 10.4544ft

VERTICAL MOTION UNDER GRAVITY

For a falling body, the acceleration is constanis kcalled acceleration due to gravity and is
denoted by “g”.

In FPS system value of g is 32ft/éec
In CGS system value of g is 981cm/sec
In MKS system value of g is 9.81m/$ec

If the body is projected vertically upward then g—=g. For a falling body equations of
motion are
v=u+gt
_ I o
X=ut+ Egt

2gx =V — f

Note:
If ax® + bx + ¢ = 0 be a quadratic equation ang be the roots of this equation. Then

b
atP= —3 and aff =

[N el

QUESTION 14

A particle is projected vertically upward at t sith a velocity u, passes a point at a height
hatt=1tandt =3 Show that

t+t 2u d tt
1THL=— an 1L=—
g g

SOLUTION

The distance travelled by the particle in timegiien by

1
=ut—=gt’
X=ut—>g

Putx=h

h=ut 1t2
u 2g

=  2h=2ut— gt’
= g —2ut+2h=0

The time { and t when the particle is at a height h from the poinprojection, are roots of
the quadratic equation
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gt? —2ut+2h=0
We know that

coefficient of t coefficient of t°
Sum of the roots = — - 5, Product of the roots =
coefficient of t

coefficient of t2

ti+t 2u d tt
= 1Th=— an 1h=—
g g

QUESTION 15

A particle is projected vertically upward with alogty /2gh and another is let fall from a
height h at the same time. Find the height of thietpvhere they meet each other.

SOLUTION
Let both particles meet at point P at height x.nhe
For 1% Particle Y
1
X =ut — =gt (1) h—x
2 -
Put u =/2gh h P
= /2ght : t2
X = g Eg X
For 2" Particle v

X=u 2g
Put u=0 and x=h-x
1

h—x=—gt?
X 2g

_h ltz .
X = —2g ()

From (i) and (ii), we get

1 1
h—zgt2 = ./2ght—§gt2

h
= h=,/2ght = t=—

+/2gh

Using value of tin (i), we get

— _h 1<h>2h1<h2>hh3h
<= L R W A L DR L
= e 25\ 2an 28\ 2an 4 4
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QUESTION 16

A particle is projected vertically upwards. Aftetime t, another particle is sent up from the
same point with the same velocity and meets tis¢ ditr height h during the downward flight
of the first. Find the velocity of the projection.

SOLUTION

Let u be the velocity of projection and v be théoggy at height h. Then
V2 —f =— 2gh

= V=u-2gh

=  v=4/u?—2gh (i)

Since time taken by*1particle from height h to the maximum point andl#o height h is t
therefore time taken from the height h to the h&igioint is t/2. Velocity at the highest point
is zero and at the height h the velocity is v.

We know that

v=u-gt
Since the velocity at the highest point is zero ahdhe height h the t/2
velocity is v. therefore l
Put v=0,u=vandt=1t2
t
O0=v-— £
2
gt h 4 A
= V=3 (i)
From (i) and (ii), we get

t [ [
S Ju? —2gh I T

2
= - w—2gh = g = 4u®-8gh
2t2 + 8gh
= 4ul=g+8sh = 2u= /g2t2+8gh — y=Y8T 7% 5 g
QUESTION 17

A gunner detects a plane at t = 0 approaching hitin & velocity v, the horizontal and the
vertical distances of the plane being h and k resgdy. His gun can fire a shell vertically
upwards with an initial velocity u. Find the timehen he should fire the gun and the
condition on u so that he may be able to hit tleelif it continuous its flight in the same
horizontal line.

SOLUTION

36 /247



Let G be a gun and A be the position of plane=adt Let gun hits the plane at point B and
AB = h. Let time taken by plane from A to B isThen

- Distance_h
b Velocity_v
B A— A
h N
k k
i :
G C

Let t. be time taken by shell to reach at point B.

We know that

1
=ut —=gt?
Xx=ut —-g

Putting x = k and t =f we get
1
it o2
k ut2 2gt2
= 2k = 2ut— gt,°

= 0,2 —2ub +2k=0
. 2ux,/4u? — 8gk u+.u?—2gk
? 2g g
Let T be the time after which gun should be fir€den
T= L—-0
h ux.u?-—2gk
== 2
For a shell to reach at B, the maximum velociti & zero.
Since
V2 — f = 2ax

Putting v =0, a =g and x = k, we get
—u¥=-2gk = u’=2gk
Which gives the least value of u. HenéeslRgk

QUESTION 18

Two particles are projected simultaneously in tedigally upward direction with velocities

J2gh and./2gk (k > h). After time t, when the two particles as#l in flight, another
particle is projected upwards with velocity u. fire condition so that the third particle may
meet the first two during their upward flight.
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SOLUTION

For ™ particle
V2 — f = 2ax
For maximum height put v =0, a=g and u 5/2gh
2gh = 2gx
= a=h
Thus maximum height attained b¥ particle is h. Similarly maximum height attaineg 25¢
particle is k.

Let t; be time take by the™particle to attain the maximum height h then
v=u+at

Putv=0,u=/2gh,a=—gandt=1%
0=\/2gh-gyy
+/2gh

= ty=
g
2h
jm— tlz —_—
g

Similarly time t taken by the ® particle to attain the maximum height k is

|
e

Since k > h therefore t t;

Thus the T particle reach the maximum height earlier th&h 2

If the 39 particle is projected after time t then t mustiéms thanitin order to meet thes1
two particles during their upward flight. i.e. t<

2h
or t< |—
g
Now time left with 3 particle is
2h
¢
g

and during this time it has to meet both the piadida.e. It may have to cover a distance k.

Since

1
=ut —=gt?
Xx=ut —-g

. 2h
When x =k, time = E — t Then

2
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1
JZE__ +_§(J§H__ 0
g

Thus the third particle meet the toW garticles if

K (e )

g

u>
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UNIT Il
WORK ENERGY

Work Energy and Conservative
Force

Work and energy are the same thing. Energy cant be created or destroyed, it can only be
changed from one type into another type. When a force is applied on an object and it moves
a distance we say that work has been done and energy has been transformed (changed from
one type to another type).

1 Work

Consider a regular trihedral system with O as origin. Let a particle of mass m is moving
under a force F along a curve C. Let at time ¢ it be at point P, with position vector 7.
After a very small time interval At it moved an 1nﬁn1te81mal displacement dr and is at point
Q as shown in Fig. 1. Then the work done by a force Fin takmg the particle from pomt
P to point @ along the curve C in an infinitesimal displacement dr is the dot product of F
and dr. Hence

AW = F.dr ( 1.1)

Also the total work done in moving from A to B is

B

W = /ﬁ-d?« ( 1.2)

A
If 6 is an angle between F' and dr, then (8.1.1) can be written as
dW = Fdrcos#
is the general expression for work done by a force. The expression may be rearranged as

dW = Fcosfdr ( 1.3)
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Figure 1: Work done

gives a new definition of work done. The work done by a force is defined as the product of
component of force in the direction of motion and the distance moved.

1.1 Work done by a Constant Force

If F is constant and AB = 7 — iy = 7

B
W = F. / dr
TA
= F-(Fa—7B)
= F7
NetWork = Net Force - displacement

If 6 is an angle between F and 7 then the work done is
W = Frcosf
or
W = Fcos0Or

Its unit in ST is Joule (J) or N.m. Note the work is done only if an object moves in the
direction of F'.

Example 1.1. A crate is pulled for a distance of 6 m along a floor with a horizontal

force of 5 N. Find the work done by the force.
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Solution The given data is:
F = 5N
d = 6m

Here the force and the displacement are in the same direction, so the angle between them
is # = 0. Hence the work done is just the product of force and distance. i.e

W = Fd
= 5(6)=30N-m

2 Energy

Energy is defined as the capacity to do work. It is non-material property capable of causing
changes in matter. In dynamics, we deal with mechanical energy which is of two types,
namely kinetic and potential energy.

2.1 Kinetic Energy

Energy of an object due to its motion is called kinetic energy. It is the amount of work done
by a force in bringing a moving particle to rest from its existing position. It is denoted by
T.

Consider a regular trihedral system with O as origin. Let a particle of mass m is moving
with velocity ¢, under the a force F along a curve C. Let at time ¢ it be at point P, with
position vector 7. Then the work done by a force Fin taking the particle from point P to
@ (rest) along the curve C is:

Q
T=W = /ﬁ-?
P

If the applied force F= md, then

Q
T = / ma - dr ( 2.1)
p
The acceleration is
2 S
i = - ( 22)
and the velocity of the particle is
. dr
YT
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Figure 2: Work done

or
dr = udt ( 23)
Using (- 2.2) and ( 2.3), ( 2.1) becomes

Q
T = /mv-ﬁdt
P

muv (.24)

( 2.4) is an expression for kinetic energy. In ST, it is measured in Joules (J).

2.2 Kinetic Energy in terms of Work

Kinetic energy is the amount of work done by a force in bringing a moving particle to rest

from its existing position. If m is the mass of the particle, then by Newton’s second law of

motion, the applied force is F' = ma. Using ( 2.2) and ( 2.3), ( 1.1) can be written as
dv

aw = — - udt
M v
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= d<;mv2> ( 2.5)

Now the total work done from A to B is

B
WAB = / Fdr
B 1
= d mv2>
[
1 B
= —mw?
(2),

1 1,

2
= —mvp — M
o B 9TA

The quantity T = %va is the kinetic energy. Hence the work done is

Wap = Tp—Tx
— AT ( 2.6)

We can postulate some results as under:

(a) If T4 > Tg then Wap <0
The work is done by the particle against the force and its kinetic energy has decreased.

(b) If Ty < T then Wyup >0
The work is done by the force on the particle and its kinetic energy has increased.

In any case the work done depends upon the difference in kinetic energies of the particle in
the two positions. The work done against the dissipative force like the fractional force is
always negative.

2.3 Potential Energy

Potential energy is energy of position. The amount of potential energy possessed by an
object is proportional to how far it was displaced from its original position. If the dis-
placement occurs vertically, raising an object off of the ground, is known as gravitational
potential energy. It is denoted by U. If m is the mass of the object raised a height A from
the ground as shown in Fig. 3, then gravitational potential energy of the object is

gravitational potential energy = weight x height
U = mgh

The concept of potential energy can be used when dealing with conservative force that will
be discussed later.
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]

Figure 3: Potential energy

8.2.4 Potential Energy is converted to Kinetic Energy and vice-versa

Consider Fig. 1. Let #; be the velocity of the particle at P and ¥y be at P. Considering
xy plane as the zero level and hight above it is the distance, that is (d = h height ). Its
equation of motion can be written as

UJ% —v? = 2gh

1 1
§mvj2c — imvf = mgh
AT = AU

Note only changes in potential energy can be measured. Total amount of energy at any
instant cannot be determined.

At ground level all energy is kinetic energy and at maximum height A all energy is potential
energy.

3 Power

Rate of doing work by a force F' is called power or activity.

aw
dt
dr

7 U (3.1)

dP =
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Also the power is defined as the rate at which energy is transferred by a force F'. Consider

()
dv

a _ d
dt

1 d o S
5 d7( ’U)—ma"l)
F.g

P

dt

It is measured in Watts (W)— 1 Joule of energy transferred in 1 second
We usually measure it in kW (kilowatts)

3.1 Efficiency

Ratio of output work to input work of a machine

7%
Efficiency = M;utpit x 100
inpu

4 Work done by a Variable Force

Consider a body moves under the influence of a force F (t). Suppose that the body moves
a displacement dr(t) between time ¢; and t3. Then the work done by the force is

W= / F - dF
C
As F and r are functions of ¢, hence the work done is
2]
W= / F - drdt
31

That is, work is the path integral of the force along the trajectory. Work may be either
positive or negative, where in the latter case we will say that it is the body that has
performed work.

5 Conservative Force

If the force field acting on a physical body is such that the work done along a closed path
is zero, the force is called conservative. In other words we can say that a vector field is
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Figure 4: Work done

called conservative if integrals along paths only depend on the end points and not on the
trajectory.

Consider a particle is moving along a curve C' under the action of a variable force F'. Let
the particle moves from A to B and then from B to A, forming a closed path. If the total
work done is zero, the acting force is conservative. i.e.

W = | Fdr=0 ( 5.1)
/

If the force F' is uniquely defined at every point of a region of space, the set of all such
forces is a called a force field. If at every point of the space, the force F is conservative,
then the force field is said to be conservative.

It is not always true that the work done by an external force is stored as some form of
potential energy. This is only true if the force is conservative.

Examples: the force of gravity and the spring force are conservative forces.

For a non-conservative (or dissipative) force, the work done in going from A to B depends
on the path taken.

Examples: friction and air resistance.

6 Examples of conservative and Non Conservative Force

Field

In this section we will give some examples of conservative and non conservative systems.

6.1 The Earth’s Gravitational Field is Conservative

The zero level of the potential energy is arbitrary; it can be assigned to any position. If the
xy plane is chosen the zero level of potential energy , the potential energy at any point A
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is the work done by the force when the body moves from the point A to the point B with
zero potential energy. So,

UA) = Wap

Consider a particle of mass m is initially at A, the gravitational force is F' = mg. The work
done by this force along the path AB is

Wap = mg(h—0)=mgh

Near Earths surface, the work done by gravity on an object of mass m depends only on

f
F
i oy
£ I""|"'; A ‘
R
b=z
Lh -
- ¥
b
R

Figure 5: Work done

the change in the objects height h that depends on the end points of the path.
Vector Approach
Consider a particle of mass m is initially at A, the gravitational force always acts downward,
having only z component, so can be written as
F = mgk=(0, 0, mg)
and dr can be written as

di = dzi+dyj + dzk = (dz, dy, dz)

The work done by this force along the path AB is
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Figure 6: Work done

B
—/ﬁﬁ

A

A
/ (0, 0, mg).{d, dy, dz)
B

A
mg/dz
B
A
mg.z!B
mg. (z4 — zB)

mg. (ze — 21)

Here the work done depends upon the initial and final positions of the particle, and is
independent of the path. Hence the force is a conservative force and the earth’s gradational
field is conservative.

where k is some constant and § unit arc length. Also we can take dr = ds. The work done
by this force along the path AB is
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Figure .7: Work done

B B
W = / ké.dr:k/ 5.ds
A A

B
= k:/ 1ds cos @
A

= kcos Hs‘f

= kcosO(sp—s4)

Here the work done depends upon the arc length of the path. Hence the force is not
conservative force.

6.2 Potential Energy and Conservative Force

The potential energy of a particle in a field of force F' is defined as the total work done
in moving a particle from its existing position to its standard position (zero level of the
potential energy) along the curve.

Let O be the origin of an inertia frame of reference fixed in space. Let Py be the position
(standard) of a particle on a curve C' and P(t) be an arbitrary existing position of a particle
at any time t. Let

OoPy = 7%
oP = 7

Analytically we can write, the expression for the potential energy is

ro _, _,
U(p) = / F.dr
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Figure 8: Work done

Theorem 6.1. A vector field is conservative if and only if it is the gradient of a scalar

field.
F = —VU ( 6.1)

where U(r) is called the potential field, or the potential energy; the negative sign is a con-

vention whereby the force is directed in the direction of decreasing potential.
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Proof Consider Fig. , we can write

Figure 9: Work done

o= (z,y,7)
o= (0, Y0, 20)
dr = (dz,dy,dz)
F = (F,,F,F,)
U = U(z,y,2)

Let Py be the zero level of potential energy, then U at P is

(%0,Y0,20)
Upy = / (Fr, Fy, F,) (dx, dy, dz)
(

z,y,z)

(2,y,2)
= — / (Fpdx + Fydy + F.dz)
(

ﬁo,yO,ZO)
P - —
= —/ F.dr
Py
differentiating we have
(z,y,2)
dUpy = —d / (Fpdx + Fydy + F.dz)
(z0,y0,20)

= —(Fpdx + Fydy + F.dz)
dU(z,y,z) = (—Fpdr — F,dy — F.dz)
ou ou ou

—dr+ —dy+ —dz = —Fydx— F,dy— F.d
o a:+8y y+azz x ydy 2)
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ou oU ou
<&E+Fx>dx+<ay+Fy>dy+<az+Fz>dz_0 (.6.3)

Since x, y, and z are linearly independent, so dx, dy, and dz are also linearly independent.
This implies that the coefficient of dz, dy, and dz must be equal to zero. i.e.

ou

%—FEE =0
gy <o
U g
or we have

ou
F, = —%
F, = ~y

ou
F, = ™

Hence F' can be written as

F = <Fm7Fy7Fz>:< ou 6(]_8U>

9z’ dy 0z
o 0 0
- _<8:1:’8y78z>U(x’y’Z)
= VU

where

is an operator.
Conversely suppose that

Sl
Il

-VU
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The work done is
Py
w = / F.dr

P
Py
= —/VU.dr
P

Py

oU oU oU
- _/<8:c’8y’(9z><dx’dy’dz>
P

Py
— /((9de+8Udy+8Udz)
P

Ox oy 0z
Py
Po
= —/dU:—U‘ ( 6.4)
P
P
-U(Py)+U(P)
= AU

Hence the work done along a trajectory r connecting the points P and Py, is independent
of path, so the vector field of force F' is conservative.
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Theorem 6.2. A necessary and sufficient condition for a vector field to be conservative

18
curlF = O ( 6.5)
Proof Let F is conservative, Then there exist a function U(z,y, z) of class C? (second
order partial derivatives of U exist and are continuous) and F' can be expressed as

F = —VU
Apply curl on both sides
curlF = —curl VU
= —VxVU
This cross product can be written as
ik
oo o) o) o)
curlFF = 5 By e
ou  9U U
ox oy 0z
B 82U782U 2 82U782U i 82U782U i
— \oyoz ~ 920y 9200 020z )7 " \9zdy ~ Oyox
Since U is of class C?, then 88;—8(]2 = gjgy and all other pairs are so. Hence we have
curlF = {0,0,0)
= 0
Conversely suppose that
curlFE = O
Let
F = (PQ.R)
be a force to do the work. Then
curlFE = O
ik
o) o) o) _
or Fy Oz - (07 07 0>
P R
OR 0Q oP OR oQ 8P A - -
—_— - e — — — = 0i+0 0k
(6y 82) <8z 833') <8x PO
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Since the two vectors are equal, this mean that their corresponding elements are equal. i.e

(z-5) -
Jdy 0z
() -
0z Ox
() -
dr Oy
or we can write
OR _ oQ
oy 0z
oP _ OR
9z O
oQ - oP
or Oy

which is possible only if there exist a function U of class C? such that

Hence F is conservative.
Example 6.1. The force
F = (z,y,2)

is conservative. Also find the corresponding potential function.

Solution For a conservative force we need to show only

curlF = O
Next
17k
curl - = 8% 8% %
r Yy =z

(0 O\, (00 02N, (0w,
— \dy 0z 9z oz)’ or Oy
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Since x, y, z are linearly independent, that means

0 _ ,_ oy
oy 0z
ox 0z
0 = "T o
9y _ ,_0=
Oz dy

Then

curlF = (0,0,0)
= 0
Hence the given force F' is conservative and there exist a function U of class C? such that

F = —VU
@y = (00,0
Y a ox’ Oy’ 0z

The two vectors are equal, so there corresponding entries are equal.

oU oU
ou ou
- _ZF _ = 6.7
y 3 or 9y~ Y ( 6.7)
oU oU
z = _g or — E =2z ( 68)
Partially integrate ( 6.6) with respect to =
U = [ado+ f5.2)
2
Partially differentiate ( 6.9) with respect to y
ou of
= - L 6.10
oy o ( )
Using ( 6.10) in ( 6.7)
of
= = 6.11
By y ( )
Partially integrate ( 6.11) with respect to y
22
f= 5 +9) (6.12)

2
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Then ( 6.9) becomes

2 2
x Y
U = =4+
5 B 9(z)

Partially differentiate ( 6.13) with respect to z

U _ dg
0z  dz
From ( 6.8) and ( 6.13), we can write
da_
dz
Integrating ( 6.14)
_Z,
g = F+c
Using ( 6.15) in (- 6.13) we have
22 2 22
U = 4+ 1 00
U 5 + 9 + 5 +

Ignoring C', the corresponding potential function is

U = —%(az2+y2+z2)

( 6.13)

( 6.14)

( 6.15)

( 6.16)

From this potential function, the corresponding conservative force can be calculated as Let

the force is

ﬁ = <P7 Qv R)
F = —VU
ou oU oU
<P7Q7R> - <_67X’_87Y’_g>
From ( 6.16), we have
oxr
_U _
oy Y
o _
0z
Hence the corresponding conservative force is
F = (2,2
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Example 6.2. A particle moves under the action of a force

F = (322 + 6y, 32° — 3y%,0)

from A(1,1,0) to B(2,3,0). Then determine

(a) Is the force conservative?

(b) If yes, find the corresponding potential energy function.

(¢) The work done from A to B

Solution For a conservative force we need to show only

curlF = O
Next
i j k
curlF = 8% 6% %
322 4+ 6xy 322 —3y> 0

) - (0(3932 +6zy) 8(0));

_ (o) 9 (32% — 3y?)
N dy 0z 0z Oz
0 (32% —3y*) 9 (32® +6ay) \ .
— k
ox oy

Since x, y, z are linearly independent, then

curlF = (0)i+4 (0)7 + (6z — 6z) k

Hence the given force F' is conservative.
(b) Since the given force is conservative, then there exist a function U of class C? such

that
F = —VU
ou oU oU
2 2 o 2 _ v ov duU
(32° + 6xy, 3z~ — 3y~,0) ( 9z Dy’ 8z>
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The two vectors are equal, so there corresponding entries are equal.

322 + 6y
322 — 3y?
0

The given force is a two dimensional force, so we can

( 6.17) with respect to =

ou ou

— o —_— = 2

= o or o 3z° + 6y
B oU ou 9
= 3y or 3y 3z° — 3y
_ U _U_,

N 0z 0z

-U = / (322 + 62y) dz + f(y)

= 23+ 3%+ f(y)

Partially differentiate ( 6.20) with respect to y

Using ( 6.21) in ( 6.18)

Partially integrate ( 6.22) with respect to y

Then ( 6.20) becomes

ou o df
_8y = 3z +dy
df 2
2 = _3
dy y
f = —vy+cC

U = 2*+32%y—y*+C

Ignoring C, the corresponding potential function is

U = —2%—32%y+¢°

(c) Work done from A to B can be calculated by using (8.6.4)

Using ( 6.25) the work done is

W =

B
W= —U’
A
(2’370)
3 2 3
sy |
r°+ 37y —vy 1.10)

[(8+36—27) — (1+3—1)] = [17 — 3]
14 J
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Example 6.3. Examples of potential energy functions.
1. For a mass under the influence of earth gravity

U(r) = U(z) =mgz

2. For a mass suspended on a spring,

U(z) = ikZQ

3. For a planet under the influence of a stars gravity,
GMm

Ulr) = - 2

7 Law of Conservation of Energy

StatementWithin a closed, isolated system, energy can change form, but the total amount

of energy is constant

Tinitial + Uimtial = Tfinal + Uf’inal

( 7.1)

The sum of kinetic energy and potential energy represents the total mechanical energy.
Proof Consider a particle of mass m is moving under the influence of a conservative force
field F'. If the particle performs a trajectory r(t) connecting the points r(¢1) and r(t2) then

from (8.6.4), we can write

—U(T’tg) + U(T’tl) = /Fdf’

Using ( 2.2) and ( 2.3), ( 7.2) becomes

“Urty) +Urty) = | &0 wdt

1 dv?
= [

= — Kdt
dt

t1

= T(v(tz)) = T(v(t1))

AU = AT
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It can also be written as
T(w(t)) +U(rt1) = T(v(te)) + Ul(rta) (.7.4)

7.4 is known as the law of conservation of energy.
Defining the total mechanical energy, or simply the energy,

E(r,v) = U(r)+T(v), (7.5)

we conclude that it assumes the same value at time t; and tg, i.e., it is conserved (it is a
function of the trajectory whose value remains constant in time).

Theorem 7.1. In a conservative vector field, the total energy (mechanical) is constant

throughout the motion.

Proof It is another to proof the law of conservation of energy.
It can be proved by showing

d
aE(r, v) = 0
Taking time derivative of (8.7.5)
d d
aE(r, v) = pr [U(T‘) + T(U)]
= L we) + )] ( 76)

Now by chain rule, the first term on right hand side can be written as
d oUdx 0Udy 0Udz
Z(U(r(t st Wit A i
g [0 r(®)] ordt T oydt 0z dt

= VU7

Since F is conservative, then by (8.6.1), we can write

%[U(r(t))] = —F.¢ (7.7)

Again by chain rule, the second term on right hand side can be written as

d

7 [T(’U(t))] = — [fmUQ]
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Using ( 7.7) and ( 7.8), ( 7.6) becomes

d — —

ﬁE(r,v) = —F-U4+F -7=0 (7.9)
( 7.4) and ( 7.9) represent the principle of conservation of energy.

Second Method We will show that the sum of kinetic and potential energies is constant.
By Newton’s second law of motion its equation of motion is

F = m# ( 7.10)
. . . d
Multiply ( 7.10) with 7 = %,
dr
P = F— 7.11
mri o ( )
Integrating ( 7.11) with respect to t
1 d
§m7'“2 = /Fd:dt + constant
or we can write
1 .2
™M = F.dr = constant ( 7.12)

Since the force is conservative, so we have

where U(r) is the potential energy and can be written as

U = —/F-dr
1

and the term §m7"2 is the kinetic energy of the system. Using these results, ( .7.12) becomes
T+U = constant ( 7.13)

Hence the total energy of the system is conserved. The conservation of total mechanical
energy when forces are conservative is useful as shows in the following examples.

Example 7.1. A body is dropped (at rest) from a height of h meters. If the motion is

free fall, show that the energy of the system is conserved.
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- v =0 =1, =4
NE |

Figure 10: Downward motion

Solution We will show that the sum of kinetic and potential energies is constant. The

particle is executing one dimensional motion and its motion is along z —axis. Let any time
t the particle is at P as shown in the Fig

10. At P the kinetic energy is
1 .2

—mz

T

Taking ground (xy plane) as zero level for potential energy, then potential energy is

U

mgz

By Newton’s second law of motion its equation of motion is

F = -W
—mg ( 7.14)
Multiply ( 7.14) with 2,

( 7.15)
( 7.15) can be written as

( 7.16)
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The term %mz’2 is the kinetic energy and mgz is the potential energy of the system. Using
these results, ( 7.16) becomes

d

—(T+U) =0

L +U)
dE
== 1
pr 0 ( 7.17)

Integrating ( 7.17), we have
E = constant ( 7.18)

Hence the total energy of the system is conserved.

Example 7.2. A body is dropped (at rest) from a height of h meters. If the motion is

free fall, use energy approach to find speed with which it will hit the ground.
Solution As the body starts from rest, so the initial data is
to =
Vg =

Z():h

One way to solve it is via the equations of motion:
The other way of solving this exercise is with energies. Taking xy plane as zero level for
potential energy. At P the potential energy is

U(z) = mgz
the conservation of energy implies that

va
o)+ ™0 = ) +

mu?(ty)
2

i.e.,

mu?(ty)

mgh+0 = 0+ 5

v(tr) = /2hg.

which gives the exact same answer.
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Simple Harmonic Mation

Simple Harmonic Motion (S.H.M) is an interesting special type of motion in nature,
having forward and backward oscillation (or) to and fro oscillation about a fixed point. The fixed
point is known as the mean position or equilibrium position. When the oscillation is very small
we prove the motion is simple harmonic. In this section we study about the resultant of two
S.H.M’S of the same period in the same straight line and in two perpendicular lines. Also we
find the periodic time of oscillation of a simple pendulum.

Examples

Small oscillation of a cradle, simple pendulum, seconds pendulum, simple equivalent
pendulum, transverse vibrations of a plucked violin string etc.
Hooke’s law

Tension of an elastic string or spring is directly proportional to its extended length and
indirectly proportional to its natural length.

1 Simple Harmonic Motion in a straight line
Definition

When a particle moves in a straight line so that its acceleration is always directed

towards a fixed point in the line and proportional to the distance from that point, its

motion is called Simple Harmonic Motion.

X

A P - 0O« P A
Let O be a fixed point on the straight line A' OA on which a particle is having simple

harmonic motion. Take O as the origin and OA as the X axis. Let P be the position of the particle

at time t such that OP = x. The magnitude of the acceleration at P is z&x where u is a positive

constant. The acceleration at P in the positive direction of the X axis 1s — u x towards O.

d?x

dr?

Hence the equation of motion of P is

==X ... (1)
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Equation (1) is the fundamental differential equation representing a S.H.M.

If v is the velocity of the particle at time t (1) can be written as

Vﬂ: — UX1le. vdv=—uxdx ... 2)
dx
2 2
Integrating (2), we have v? = —'LDCT +C oo 3)
Initially let the particle starts from rest at the point A where OA = a
Hence when x=a, v=0= @
dt
AHZ 2
Putting these in (3), 0 = —T +corc= ,u;z

V= - xt+ ouat= p (az—xz)

v=t Ju (@ =) )

Equation (4) gives the velocity v corresponding to any displacement x.

. dx . .
Now as t increases, X decreases. So - is negative.
t

Hence we take the negative sign in (4),

dx 2 2
— =y = — a —X esesssse 5
=V \/,u‘ ) )]
_ dx 5 = 1[,1,1 dt

az—x

. X
Integrating, cos ' ==, u t+A
a

Initially when t = 0, X = a, cos _11 =0+4=> A=0

" cos’lfz\/;tor X=ac0S A/t t .ooeenn. (6)
a
To get the time from A to A', putx = —a in (6)

T
We have cos \Juut=—1=cos 7,t= —

Ju
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. The time from A to A" and back = 27 :
Ju
Equation (6) can be written as

X =acos /i t=acos (\/; t+27z)=acos(\/;t+4 ) etc

acos {7 (H%]  acos @[z+%] cte

Differentiating (6),
% = —a\/; .sin Lt

=—a ,usin(\/; t+2 )= —a\/; sin(\/; t+4 ) etc.

e sin i 4+ )=~ sin Ju e ‘%)
H U

oo 2 .
The values of % are the same 1f t is increased by 2 oor by any multiple of 2—” Hence

Ju Ju

. 2 S . . . . o
after a time —= the particle is again at the same point moving with the same velocity in the

Ju

o : ., 2
same direction. Hence the particle has the period —.

Ju

T= 2—72- ; frequency = 2—72-
Ju Ju

The distance through which the particle moves away from the centre of motion on either

~|—

side of it is called the amplitude of the oscillation.

Amplitude = OA = 04’ =a.

2

Tﬂ , 1s independent of the amplitude. It depends only on the
U

constant x# which is the acceleration at unit distance from the centre.

The periodic time =

Deductions : 1) Maximum acceleration = g.a = u . (amplitude)

2) Since v = wlluiaz -x° i, the greatest value of vis at x =0 and its

Maximum velocity = a \/; = \/; . (amplitude) at the centre
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General solution of the S.H.M. equation

2
The S.H.M. equation is d )ZC: —U X
dt
d2
ie. ’§+ ux =0 (1)
dt

(1) 1s a differential equation of the second order with constant coefficients. Its general

solution is of the form

X = A cos ,ut+Bsin\/; t 2)

where A and B are arbitrary constants.

Other forms of the solution equivalent to (2) are
x=Ccos(\/Zt+ g)....(3)andx=Dsin(\/;t+a) ......... 4)
+¢ If the solution of the S.H.M. equation is X = a cos (\/; t + &), the quantity ¢ is called

the epoch.

Definition

If two simple harmonic motions of the same period can be represented by

X, =a, cos ( \/; t+e, )andx2 =azcos(\/; t+&y)

)
T

* If ¢ =&, the motions are in the same phase.

» The difference in phase =

» If ¢ =&, = 7, they are in opposite phase.
2 Geometrical Representation of S.H.M
If a particle describes a circle with constant angular velocity, the foot of the perpendicular

from the particle on a diameter moves with S.H.M.
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Let AA" be the diameter of the circle with centre O and P be the position of the particle
at time tsecs. Let N be the foot of the perpendicular drawn from P on the diameter AA4'. P
moves along the circumference of the circle with uniform speed and describes equal arcs in equal

times. Let @ — be the angular velocity. .. ZAOP = ot

IfON=x,0p=a,then,x=acos (@wt) .................. (1)
dx :
—=- £) e 2
" aa)sm(a)) (2)
2
d—; = —aa)2 cos(a)t) = —a)zx .................. (3)
dt

(3) shows that the motion of N is simple harmonic. When P moves along the circumference of

the circle starting from A, N oscillates from A to 4" and A'to 4.

Periodic time of P = Periodic time of N = 2z
1)
(along the circle) (along the diameter)
Problem 1

A particle is moving with S.H.M. and while making an oscillation from one extreme
position to the other, its distances from the centre of oscillation at 3 consecutive seconds are

. e 2r
X1 X, X3 Prove that the period of oscillation 1s
T COS_I(XI +X3j

2x2

Solution:

If a 1s the amplitude, u the constant of the S.H.M. and x is the displacement at time t, we

know that x =acos /i t..... (1)
Let X1,X2,X3, be the displacements at three consecutive seconds #, #; +1, #; +2.

Then xj=acos \/u t, e (2)

Xy = acos \/;(tl +1) =acos (\/;tl +\/;) ....... 3)
X3= acos \/;(tl +2)=acos (\/;tl +2\/;) ....... 4
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S X +x3 =a(cos (\/,LTtl +2\/;) + cos (\//Ttl)]
NN e N TR X e
2 2

=a.2 cos

=2 acos (\/Z f +\/;).cos\/; =2x,.cos \/;

:_M :COS /,[ , \/; :COS_I m
2xy 2xp
2
Period = \/Z = 27
Ho ol it X
2X2
Problem 2

If the displacement of a moving point at any time be given by an equation of the form

Xx=acos @ t+bsin @ t, show that the motion is a simple harmonic motion.

If a =3, b=4, @w= 2 determine the period, amplitude, maximum velocity and maximum

acceleration of the motion.

Solution:
Givenx=acos wt+b sma@t  .................. (1)

Differentiating (1) with respect to t,

d )
d—x= —awsin wt+bwCOSWt ... (2)
t
2
dx )
—2=—a)zcos wt—b @ ?sin o t
dt
= —a)z(acosa)t+bsina)t)=—a)2x....(3)

.. The motion is simple harmonic.
The constant # of the S,HM. = .

) 2
.. Period = il 2—” = 2—” =7 secs.

N

Amplitude is the greatest value of x.

711247



. ) dx
When x 1s maximum,— = 0.
t

—awsin et +bwcosax =01.e.asin @ =bcos wtortan @ t= 2:%
a
When tan ot= i,sin ot= i and cos wt= 2
3 5 5
Greatest value of x = a x%+bx§: 3aJ5r4b :3'3;4'4 =5

Hence amplitude = 5.

Max. acceleration = 4. Amplitude =4 x 5 =20
Max. velocity = \/; . Amplitude =2 x 5 =10

Problem 3
Show that the energy of a system executing S.H.M. is proportional to the square of the
amplitude and of the frequency.

Solution:

The acceleration at a distance x from O =y x.
Force = mass xacceleration =m z&x

If the particle is given displacement dx from P,

work done against the force =m p x.dx

Total work done in displacing the particle to a distance x

X x2
= Im ,wcdx:m H— (1)
0 2

Work done = potential energy at P.

If v is the velocity at P. we know that v = ,u(a2 —x’ ),

2

.. Kinetic energy at P= — mv~= m,u(a2 - xz) ........... 2)

1
2

N | —
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The total energy at P = Potential energy + Kinetic energy

2 2
- me M2 2) me )
2 2 2
Total energy at P o a’

If n 1s the frequency, we know that

[ SR/
Period (2ﬂj 2z

Ju

\/;:272'n or ,u:47r2n2

1
Total energy = Em 4x’n’a® =27°ma’n® a n’

Problem 4
A mass of 1 gm. Vibrates through a millimeter on each side of the midpoint of its path
256 times per sec; if the motion be simple harmonic, find the maximum velocity,

Solution:

Maximum velocity v = \/; .a
. 1
Given, frequency :? =256=—.

" \/; =2 x256 x .

Given, amplitude = @ = 1 millimeter =1 x 10~ c.m.

.. Maximum velocity, V=2 x 256 x 7 x 1. 25? T em/ sec
Problem $

In a S.H.M. if f be the acceleration and v the velocity at any time and T is the periodic
time. Prove that f>T* +4x°v’ is constant.

Solution:

Velocity at any time, v = \/,uiaz —x? )
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2z d*x

Periodic time T=—, — =t
Ju' di
2
For, S.H.M, d—zx - —ux
dt
L =—pux

2
4
.'.f2T2 + 47y :,uzxz.i+47z ,uz(a2 —x2)
Y7
= 4712,wc2 +4712,ua2 —4722,wc2

= 477 ,uaz (constant)

Problem 6

A body moving with simple harmonic motion has an amplitude ‘a’ and period T. Show

that the velocity v at a distance x from the mean position is given by v*7° = 47” (a2 - xz)

Solution:

We know, V2 = ,u(a2 —x2)

2 2
T= % :>ﬂ:4”2
T
Y7,
2
2:47T2 (az_xz)
T

Problem 7
If the amplitude of a S.H.M. is ‘a’ and the greatest speed is u, find the period of an

oscillation and the acceleration at a given distance from the centre of oscillatin.

Solution:
Given, amplitude =a
Max. velocity =u.

ie)\/; a=u = ,u:z

a
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2 2r.a

Period of oscillation T = — = secs.
Ju
. 2 X u 2 .
Acceleration —— =4 X = — units.
dt a
Problem 8

A particle, moving in S.H.M. has amplitude 8 cm. If its maximum acceleration is 2cm/sec?,
find (1) its period (i1) maximum velocity and (ii1) its velocity when it is 3 cm. from the extreme
position
Solution:

Maximum acceleration = 2 cm/ sec” = p.a.= ux8.

1
47

Period T = 2—7[ =27 X L:47z secs.

R

Max. velocity = /z. a= %X 8 =4cm/sec.

When the particle is 3 cm from the extreme position, x =5 cm.
39

. velocity = v’ =,u(a2 —x2) = —(64-25)= v

1
4
SV = 12\/39 cm / sec.

Problem 9
A particle moves in a straight line. If v be its velocity when at a distance x from a fixed

point in the line and v’ =a— 8 x*where «, are constants, show that the motion is simple

harmonic and determinc its period and amplitude.

Solution:

Given, vi=o — oo 0
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Differentiating, 2v. av =-2 ﬂx@ V= ax
dt dt dt
dv

. E——ﬂx

ie) =—fx

.. The motion is a S.H.M. \/; = \/E

2 2
Period T= — = —.
Ju B

Amplitude is the maximum value of x.

. . dx
X - 1S maximum, when m =0
t

Svi=a— fi :O,:x:\/g

B
.. Amplitude = \/E
B

Problem 10

If the distance x of a point moving on a straight line measured from a fixed origin on it
and velocity v are connected by the relation 4v> = 25— x°,show that the motion is simple
harmonic. Find the period and amplitude of the motion.

Solution:

Given, 4v>=25 — X, O
. _ d.
Differentiating, 8v. — = ox &

dt dt
Cdv 1
S ==X
dt 4
d’x 1
—=——x.
> 4

Hence the motion is a S.H.M. Here u = %
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.. Period = 2—” = 27r\/z =45 secs.

Ju

Amplitude = maximum value of x.

. . X
X 1S maximum when d_ =0
4

Ie) 25 — x? =0.= x = +5. Maximum value of x= 5.

amplitude = 5

3 Composition of two simple Harmonic Motions of the same period and in

the same straight line

Since the period same, the two separate simple harmonic motions are represented by the

2

. : : X
same differential equation d—z =—U X
4

Let x, and x, be the displacements for the separate motions.

X, =a, cos(\/; t+ 81) , a; - amplitude

X, =a, cos (\/; t+52), ap — amplitude

Let x be their resultant displacement, then x =x+x,

ile)x=a 1005(\/;t +& )+ a cos(\/;t + 82)

= ay|cos \/;t.cos £ —sIn4/ ut.sin 51J+ a lcos\/;t.cos & —sin \/;t. sin ng

= cos \/;t(al cosgl+ap cosgz) —sin\/;t(al sing| +ay sinez)

=C0S \Jut. Acosg —sm  ut.Asme (1)
where A cos & =a jcosg; +apcosey (2)
Asin & =a, sin g +aysnegy e, 3)

Squaring (2) and (3) and adding,

A%= a12 + a% +2a1ap cos(gl - 52) ........... “4)
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Dividing (3) by (2), tan ¢ =

aysing| +apsin &

a1 Cosg| +ay cosey

Now (1) becomes x = A . (COS \/;t Cos & —sin \/;t sin 8)

=A .cos (\/;t+8)

The resultant displacement given by (6) also represents a simple harmonic motion of the same

period as the individual motions.

4 Composition of two simple Harmonic motions of the same period in two

perpendicular directions

If a particle possesses two simple harmonic motions of the same period, in two

perpendicular directions, we can prove that its path is an ellipse. Take, two _Lr lines as x and y

axes. The displacements of the particle can be taken as x =a, cos

y:azcos(\/; 4 +8j

Eliminate ‘t’ between (1) and (2)

(2):>y=azcos\/; t. cos g.—azsin\/; t.sm &

2
x . b
=a, |cos &——sm &. 1-—
a aj
y x . x?
~— =CO0SE.— —SM &. 1——2
a a) a
Yy  XCOSE x?
lLe. —— =—-Sine. 1——2
ar a; aj
Squaring,
y2 x%cos? & 2xycose . o x? 2
= >~ =sin“ &——sin" ¢
aj aj a1az aj
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2 2

.X 2 )
1e. ———xycosg+y—2:sm25 .......... 3)
a aa, a,
This is of the form ax* + 2hxy +by* = 1 ....... 4)
cos & 1
wherea=—2,h= — ,b=—
a @ ap a,
(4) represents a conic with centre at the origin.
2 . 2
1 cos”™ & smn”¢
Also, ab - - = 5 =+ve

2 2 2
ap da; ap day 4y
Hence (3) represents an ellipse.

If & =0, equation (3)= r Y 0 (straight line).
a a
Ife =7,(3) =~ +-2 =0 (straight line).
a a
2 2
Ife=",(3) =5 +25 =1 (ellipse).
2 a a

If ¢= %and a,=a,, the path 1s the circle Xery2 = a12

Problem 11
Show that the resultant of two simple harmonic motions in the same direction and of

equal periodic time, the amplitude of one being twice that of the other and its phase a quarter of a

period in advance, is a simple harmonic motion of amplitude /5 times that of the first and

-1

whose phase is in advance of the first by of a period.

Solution:

Let the two displacements be

X1=a cos(\/; I+ glj ............ (1) [ they have equal periodic time,
M 1s same]
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Ey — &
Where a5 = 2a; and 22 7l o phase difference (given) = %x 27

Ju Ju

&y — & = Z or &y = z + &
c-e2 1 D 2 7 1
We know that the resultant displacement is x = A cos (\/; r+ SJ ...d

2 +a22 +2aya, cos(el —& )

where A® =a,
=a 12 +4al2 + 4al2 cos(— 9OO)= 5a12
*. amplitude of the resultant motion=A =a, J5

a Sil'lgl +a2 Sil'l82

Alsotan ¢ =
al COSgl +a2 Cosgz

[ Asing =a;sing +a,singy, Acoss=a; cosg| +a, cos&, |

_apsing) +2a sin(900 + 6‘1)

a, cosgy +2a; cos(900 + 81)

. sing smg +2cosg;
Le. = :
cCosg  cosg —2sin &

sin £cosg; —2singsing) =sin g CoSE +2¢0sE | COSE

. sin (6 —&)=2cos(e — &) i.e. tan (8—81): 2 e—¢g =tan "' 2

R RN TR T W

-1

€& _ tan 2 tan ! 2 {27[}

tan

of a period
27 P

Problem 12

Two simple harmonic motions in the same straight line of equal periods and differing in
phase by % are impressed simultaneously on a particle. If the amplitudes are 4 and 6, find the

amplitude and phase of the resulting motion
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Solution:

Let the two S.H.M. in the same straight line of equal periods and differing in phase by % be,

given, Acos e=4=a; Asin ¢ =6=a

.. Amplitude of the resultant motion A = \/ (Acos 5)2 + (ASing)2
=VJ16+36 =52

A=2413

i
& =tan —
2

which is the phase of the resulting motion.

S Motion of a particle suspended by a spiral spring

A particle is suspended from a fixed point by a spiral spring of natural length a and
modulus 2. If it is displaced slightly in the vertical direction, discuss the subsequent motions
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Let AB = a, natural length of the spring which is fixed at A. Let m be the mass of the particle
connected at B, which pulls the spring and comes to rest at C such that the increased length BC =
[. At C, the mass ‘m’ is in equilibrium. Hence the downward force mg and the upward force T

must be equal at C. ie) T =mg

But, by Hooke’s law, T = ﬂ
a
Al
SO =M (1)
a

Let the particle be slightly displaced vertically downwards through a distance and then released.
It will begin to move upwards. Let P be the subsequent position of the particle so that CP= x
The forces acting at P are the weight and the upward tension.

Hence the equation of motion is

2
d x :
m ——— = Resultant downward force = mg — Tension at P.

dt?

=mg— % (AP-AB)

=mg —i (BP) =mg —& (I +x)
a a

Jx Al
= —-—— [vmg=—1] by (D)
a a
2
e ¢ ;=—ix e (2)
dt am

Equation (2) represents a S.H.M.

Period = 2—7[ :27[1’%
A A

am

Problem 13
Two bodies, of masses M and M, are attached to the lower end of an elastic string

whose upper end is fixed and hang at rest; M falls off. Show that the distance of M from the
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upper end of the string at timet is atb+ ¢ cos \/% t, where a is the unstretched length of the

string, and b and ¢ are the distances by which it would be stretched when supporting M and M,

respectively.
Solution
o -
Let OA = a be the natural length of the elastic string, which
is fixed at O. When the string supports M,
a
Mg = upward Tension.
A } By Hooke’s law,
b
. Ab
B upward Tension at B= —
X a
Ab
P Mg="2 (1)
a
c
C When the string supports M',

: Ac
M! g =upward Tension at C = —
a

(1)+(2):>M+M’:£(b+c)
a

ie) AtC, M+ M’ is in equilibrium.
When M' falls off, M will move towards B.
Let P be the position of M at time t seconds such that BP = x

Forces acting at P are,

(1) Weight Mg 11) Upward tension
2
.. At P, equation of motion of M is M = resultant downward force.
dt
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= Mg —Z(OP-04)

a
- Mg—-2(4p)
a
=Mg—i(b+x)
a
a a
A
=== by (1)
a
d*x A
S = X
dr>  aM

.". The motion of M at P is simple harmonic

Amplitude = BC =¢

.. Displacement = x = c.cos‘fi t
aM
= c.cos\/%. t by (1)

.. Distance of M from O at time t = OP = OA + AB + BP

=a+b+x

=a+b+c. cos \/g t
b
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Problem 14
A Particle of mass m 1is tied to one end of an elastic string which is suspended from the

other end. The extension caused in its length is b. If the particle is pulled down and let go, show

that 1t executes simple harmonic motion and that the period is 2 7 _|—
g

Solution:

Let AB be the natural length of the elastic string. When
m is tied at the other end, extended length is b. and the mass 1s
in equilibrium at C.

SJAtC o mg= T—ib (1)
a

When the mass is pulled down and released let P be the
subsequent position such that CP =x

At P, equation of motion is

C
d’x
m. ——— = resultant downward force X
dt? TP

——=-"x )

(2) shows that the motion is simple harmonic

.'.PeriodTZ% T: \/; 27[\/7 by (1)
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6 Simple Harmonic Motion On a Curve

If P is the position of a particle on a curve at time t and if
the tangential acceleration at P varies as the arcual distance of P

measured from a fixed point A on the curve and is directed towards

P
A, then the motion of P is said to be simple harmonic.
S
X
2S
The differential equation for the S.H.M. on a curve will be of the form —— = U, S is the arc
dt
distance AP.

7 Simple pendulum

A simple pendulum consists of a small heavy particle or bob suspended from a fixed
point by means of a light inextensible string and oscillating in a vertical plane.

Period of oscillation of a simple pendulum

o

Let OA =/be the length of the pendulum where O is the point of suspension. Let ‘m’ be the

A
mass of the bob and P be the position of the bob in time t secs and arc AP =s, AOP =6
The two forces acting are 1) mg (»L) i1) Tension T along PO.

mg is resolved into two components 1) mgcos & along OP.

i) mg sin @ along PL.
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UNIT I
PROJECTILES

3.1 Projectiles.

Definitions:
i. A particle projected into the air in any direction with any velocity is called a projectile.
ii. The angle of projection is the angle made by the initial velocity with the horizontal
plane through the point of projection.
iii.  The velocity of projection is the velocity with which the particle is projected.
iv.  The trajectory is the path described by the projectile.
v.  The range on a plane through the point of projection is the distance between the point of
projection and the point where the trajectory meets that plane.
vi.  The time of flight is the interval of time that elapses from the instant of projection till the

instant when the particle again meets the horizontal plane through the point of projection.

Two fundamental principles
1. The horizontal velocity remains constant throughout the motion.

ii.  The vertical component of the velocity will be subjected to retardation g.

3.2 Equation of the path of the projectile

Y

Let a particle be projected from O, with initial velocity u and & be the angle of projection. Take
OX and OY as x and y axes respectively. Let P (x,y) be the position of the particle in time t secs.
Now u can be divided into two components as u cos & in the horizontal direction and usin & in

the vertical direction.
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Now, horizontal velocity © cos & is constant throughout the motion.
X :(u Cos a) {
Vertical velocity is subjected to retardation ‘g’

: I »
Ly :(u sin a) t —Egt ................... ()

Eliminate ‘t’ using (1) and (2)

2
2)= y=usina al —lg( al )

ucosax 2 ucoso

2
gX
S— e 3)

y=xtanoa —————
2u”cos”

_ xtan a.2u? cos® —gx2

2u2 cos2 o

2

2u? cos ay= x2u® sin occosa—gx2

gx2 —2u® sin @ cos ar.x =—2u’ cos® a.y

. 2u? sin acos . —2u® cos’ a

4 4
2 2u? sin acos +u4 sinacos’a utsin®acos’a 2u’cos’a
X = .

4 g2 - g2 4

2
. u? sin ¢ cos o 2u?cos? o u?sin? o
ie) | x— =— Y| 4)

g

9

2 - 2 2
Shifting the origin to U Smacosa U S &
g 2g

2u2cosza

X2=_Z2 2 2y (5)
g
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(5) is the equation of a parabola of the form X 2= _ 4qy ,

2

2
L 2ucos“a 2
whose latus-rectum iIs ——— = — (u cosa )2
8 8
2 ) )
= —\horizontal velocity
8
[ u?sina.cosa u’sin’a
Vertex 1s R
g 2g

3.3 Characteristics of the motion of the projectile
1. Greatest height attained by a projectile.
2. Time taken to reach the greatest height.
3. Time of flight.
4. The range on the horizontal plane through the point of projection.
Derive formula for the characteristics
3.3.1 Greatest height h
When the particle reaches the highest point at A, its direction is horizontal.

. At A, vertical velocity = 0

Let AB=h.
Consider the vertical motion and using the formula “ v2 =u? +2aS”
2. -2
. u-sm- o
O:(usma)z—Zg.h h:2—
g

*

¢ Highest point of the path is the vertex of the parabola.
3.3.2 Time taken to reach the greatest height T
Let T be the time taken to travel from O to reach the greatest height at A.
At A final vertical velocity is zero
At O initial vertical velocity is ©sin &

Using the formula “v = u + ar”

O=usma—-gT .. T:“Sina
g
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3.3.3 Time of flight t
Let t be the time taken to travel from O to C along its path. At C, vertical distance

traveled is zero. Consider the vertical motion and by the formula § :ut+5at2

O=usna .t—lgt2
2
. ) 1
ie) t (usma—ggtj =0

St=0 or usina—%gt:O

L |
=0 o z:mzz(“m}:ﬂ
g g

t =0 gives the time of projection.

2usin o
g

.. Time of flight ¢=

*

¢ Time of flight = 2 x time taken to reach the greatest height.

3.3.4 The range on the horizontal plane through the point of projection R
Range R = OC = horizontal distance traveled during the time of flight.

= horizontal velocity x time of flight

2usin 2ulsinacosa  ulsin 2o
=ucosax = -
4 g 8
2ucosa)usiner) 20UV

¢ Horizontal range R = =

g g

Where U — initial horizontal velocity, V — initial vertical velocity.
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Problem 1

A body is projected with a velocity of 98 metres per sec. in a direction making an angle tan' 3
with the horizon; show that it rises to a vertical height of 441 metres and that its time of flight is

about 19 sec. Find also horizontal range through the point of projection (g=9.8 metres / sec?)

Solution:

Givenu=98; o =tan 13ietan a =3

. sin a tan o tan « 3
ssnoa = cosa = = =
cos sec  \1+tan? g V1O
sma 1

cosa = =
tano \/ﬁ

u?sin®a 98x98x9
2g 10x2x9.8

=441 metres

Greatest height =

Time of flight = 243 & _ 2x98x3 _ o 15
g J10 x9.8

= 6x3.162 =18.972 =19 secs. nearly

2u? sin ¢ cos o
8

_2x98x98 3 1 .
9.8 J10 10

Horizontal range =

Problem 2
If the greatest height attained by the particle is a quarter of its range on the horizontal plane
through the point of projection, find the angle of projection
Solution
Let u be the initial velocity and a the angle of projection
u? sin’ o

Greatest height =
2g
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2u? sin a cos o

Horizontal range =

8
) u?sin?a 1 2u’sinacosa
Given — =—X
2g 4 g
) u?sin?a  u’sinacosa
e =
2g 2g
iesing =cos ¢ = tan a=1 .. a =45°

Problem 3
A particle is projected so as to graze the tops of two parallel walls, the first of height ‘a’
at a distance b from the point of projection and the second of height b at a distant ‘a’ from the
point of projection. If the path of particle lies in a plane perpendicular to both the walls, find the
range on the horizontal plane and show that the angle of projection exceeds tan™'3.
Solution:

Let u be the initial velocity, a be the angle of projection.

2
Equation to the pathis y = xtan o — Lz
2u® cos”
x2
i.eyzxt—g 2(1+t2) where f=tanao....... (1)
2u
The tops of the two walls are (b, a) and (a, b) lie on (1)
2
s a:bt—g—bz(1+t2) ......... )
2u
612
b=ar—5% (1+42) .. 3)
2u
2
From (2), a— bt:—gbz (l+l2) .......... 4)
2u
612
From 3), b— at = — £ 2(1+12) .......... (5)
u
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2
Dividing (4) by (5), Z —bt b

ieb’—ab’t=a’—a’bt = t(a’b—ab)=a’-b’
i a’-b> _(a—b)(az+ab+b2)_az+ab+b2
O 42h—ab? ab(a —b) ab
2 2 2 2 2
tang = +ab+b :(a 2ab+b )+3ab:(a b) £3...46)
ab ab ab
(6) = tana >3 or o >tan"' 3
g(1+t2) a—-bt bt—a
F 4, = =
om(@). = T Ty T
bla® +ab+b?)
_ ab a_az+ab+b2—a2
b ab®
b(a+b) a+b
= = e 7
ab’ ab ™
2 2
Horizontal range = usinla _  2u t2 sinZa:Zta—n?
g g(1+t) 1+tan“ o
ab
= 1 fi 7
p rom (7)
_ (a2+ab+b2)_ ab  _ a*+ab+b’
ab a+b a+b
Problem 4

A particle is thrown over a triangle from one end of a horizontal base and grazing the
vertex falls on the other end of the base. If A, B are the base angles, and o the angle of
projection, show that  tana =tan A +tan B

Solution:
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Let u be the velocity of projection and ¢ the angle of projection and let t secs be the time
taken from A to C. Draw CD L AB and let CD =h.

Consider the vertical motion, h = vertical distance described in time t
) 1 »
=usma-t——gt
2
AD = horizontal distance described in time t=u cos « -t

: 2
usmao-t—— gt
2

CD h
From ACAD,tan 4 = = =
AD AD ucosao-t
{
= tan()z—L ...... (1)
2u cos o

: 2u’ sin @ cosar
AB = horizontal range = ————

g

2u? sin a cos a

~DB=AB-AD= —ucosa-t
8
CD h
From ACDB, tan B = =
DB 2u? sin a cos o
—ucoso-t

4

. 2
usmaltl——gt
2

2u? sin o cos a
g

— U COS CZ.ZJ

, 1
flusmoa——gt
ausina— ) ot

u cos ar(2u sin o — gt)

giRusma—-gt) gt

2u cos a(2u sm o — gt)  Qucosa

(1)+(2) = tanA +tanB =tan«
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Problem $
Show that the greatest height which a particle with initial velocity v can reach on a vertical wall

2 2
. . .. . a .
at a distance ‘a’ from the point of projection is — _ &4 Prove also that the greatest height

2g 22

above the point of projection attained by the particle in its fight is V8 / 2 g(v4 + gzaz)

Solution:
x2
Equation to the pathis y=xtana — g—2 ........ (1)
2v-cos” a
2
Putx=ain (1), y:atana—%
2v©cos® a
2
y =at —%(1+t2) wheret=tan &«  ........ (2)
2v
y 2
y is a function of t. .". y is maximum when — = 0 and is negative.
dt dr?
Differentiating (2) with respect to t,
d 2 2
Qg8 =g d
dt 22 V2
d2 2
ary_ 8 _ negative
2 2
dt v
2 2
. . t v
So y is maximum when a — ga2 =Qort=— ... 3)
% 8ga
2
Put 1= in (2)
ga
2 2 4
Max value of y=a-v——ga2 1+ ‘2} 5
ga 2v g°a
B V2 ga v? B V2 ga2
g 2% 28 2g 27
Greatest height during the flight
3 v sin? o B v? 1 B V2
2g 2g cosec’a 2g(1 +cot? a)
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Problem 6

a. A projectile is thrown with a velocity of 20 m/sec. at an elevation 30°. Find the greatest

height attained and the horizontal range.
b. A particle is projected with a velocity of 9.6 metres at an angle of 30°. Find

1. The time of flight
11. the greatest height of the particle.

Solution:
Given u = 20m/sec; o = 30°

u’sin® a _ 20%(sin 30° f

Greatest height = =5.1m
2g 2x9.8
2 2 0
Horizontal range = u”sin 2a = 207 -sin 60 =35.35m
g 9.8
Problem 7

(a) A particle is projected under gravity in a vertical plane with a velocity u at an angle
o to the horizontal. If the range on the horizontal be R and the greatest height attained by h,
show that ﬁ = h+R—2 and tana = ﬁ
2g R
(b) A particle is projected so that on its upward path, it passes through a point x feet
horizontally and y feet vertically from the point of projection. Show that, if R be the horizontal

range, the angle of projection is tan ! Y. _r |
x R-x
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Solution:

2 . 2
2u” sinacosa
R? _uzsinza g

a) h+ = +
16h 2g | 6(uzsinzaJ

2g

3 uzsinzaJruzcosza u’

2g 2g 2g

gX

2

b) Equation of the path is, y =xtanay —————5—
2u” cos”

gx2

2

Soxtana =Vt — 5
2u”cos” o

.'.tanazz+% ............ (1)
X 2u“cos” o

We have R = 2u2 sin & - Cos & = g= 2u2 sinRacosa
8

xtan o
R

2.
X 2u” -sin ¢ cos &

.'.(1):tana:Z+ 5 5 X =Z+

X 2u“cos“a R X

C.tan a(l — ﬁj =7
R X

R—
ie ‘[anoc(—szZ or tan o :X. R
R X

X R—x
.'.aztan_l(z-i)
x R—x

If the time of flight of a shot is T seconds over a range of x metres, show that the

Problem 8

o 1| gT : . : . o
elevation is tan l[g—j and determine the maximum height and the velocity of projection.
X
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Solution:
Given, horizontal range R = x metres

Time of flight 7= 24 (1)

g

where « -is the angle of projection

2 .
_ 2u”smacosa

g
~() = gT=2usina. = U= 8T
2sma
252 -
.'.x=2 g°T 2smozcosoz :lgTz-cota
4sm-a-g 2
2 2
1| gT
.'.tanoe:i = a = tan l[g—J
2x 2x

uZSinza_ g’T? sn’a _gT2
= — -

Maximum height =
2g 4sin“a 28 8

Problem 9
A particle is projected from a point P with a velocity of 32m per second at an

angle of 30° with the horizontal. If PQ be its horizontal range and if the angles of elevation from

|
P and Q at any instant of its flight be o and S respectively, show that tan & +tan f = —

V3

Solution:

Y ¢4 u=32

30°

v
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Given, initial velocity u = 32 m/sec, 30" is the angle of projection.

‘t’ — be the time taken from P to C.

LetCD=h= usinoz.t—%gt2

h=(32.sm 300) t—%gt2 = vertical distance described in t secs

1 >
= 16t——got
5 g
PD = horizontal distance described in t secs = ucosa.t
= (32005300) t = 32-§t =16\/§t.
From APCD, tanaziz hoo
PD 163t
h h
From A QCD, tan 8 = = ,  PQ = range
DQ PQ-PD
1e tan = 3 5 h i
2(32)“sin 30" -cos30 163
8
h
E __ )

51243 -1643gr

h |1 g
S(D)+R2)=>tana+tan f = ~+
B+ / 16\/§L 32—gt}

(16t—lgt2
2 {32—gt+gt}

16v3 1(32 - gt)

(e ) 3 1

3203 132-g) B

1
tana +tan f = —

NE]
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Problem 10
A particle is projected and after time t reaches a point P. If t is the lime it takes to move

from P to the horizontal plane through the point of projection, prove that the height of P above
1 .
the plane is > gtt

Solution:

[

v

Let u be the velocity of projection, & be the angle of projection, P be the position of the particle

after t secs. Let ¢ be the time taken to travel from P to A

. Wehave +1 =time of flight = M J.usina = gt;—t)
4

. : o . 1
Now, y = vertical distance described in t secs = (u sin a) 1— > gt2

_ g!t+t !t—lgtz gt

2 2 2

.". Height of P above the plane = =
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3.4 Range on an inclined Plane:

Let P be the point of projection on a plane of inclination [, u be the velocity of projection at an

angle a with the horizontal. The particle strikes the inclined plane at Q. Then PQ = r is the
range on the inclined plane. Take PX and PY as x and y axes.

Draw ON | PX.

From APON, PN =rcosf3, ON =rsin [

2

Q(r cosf,rsin ,8) lies on the path. y=xtana — %
2u”cos“ a
2
) 7 CcOoS
S.rsm ﬂ:rcosﬂ.tana—w
2u”cos“ o
2 .
C 7 COS sma .
Dividing by r we get % =cos f. —sin
2u”cos” o cos o

_ 2u” cos® o[ sin acos B—cosasin 8
cosa

- gcos® B

2u’cosa .
r=—————sin a—ﬂ)

gcos® 3
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3.5 Maximum range on the inclined plane, given u the velocity of projection and [ the

inclination of the plane:
Range r on the inclined plane is

. 2u’ cosasin(a—pf) 2

g0052 p gcos2 p

[sin2a—B)—sin B] .....(1)

Now uand f are given, g constant.
So r is maximum when [sin(2a — 8)—sin ] is maximum.

i.e. when sin 2 ¢ — ) is maximum.

i.e.when. 2a—f =%

for maximum range.

From (1), maximum range on the inclined plane

2 2

. u
(l_smﬂ):g(l+sinﬂ)

3.5.1 Time of flight T (up an inclined plane):

B gcos’ B

From the figure in 6.11, the time taken to travel from P to Q is the time of flight.
Consider the motion perpendicular to the inclined plane. At the end of time T, the distance
travelled perpendicular to the inclined plane S = 0, component of g perpendicular to the inclined

plane is g cos £, initial velocity perpendicular to the inclined plane is u sin(a -p ) .

0=usin(a—ﬂ)T—%gcos,B.T2 using ”S=ut+%at2"

. T_2usin(a—,[5’)
o gcos 3
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3.5.2 Greatest distance S of the projectile from the inclined plane and show that it is

attained in half the total time of flight:

Consider the motion perpendicular to the inclined plane. The initial velocity

perpendicular to the plane is u sin (- #) and this is subjected to an acceleration gcos £ in the

same direction but acting downwards. Let S be the greatest distance travelled by the particle
perpendicular to the inclined plane. At the greatest distance the velocity becomes parallel to the

inclined plane and hence the velocity perpendicular to the plane is zero.
Using the formula "y? =u? +2as"

0=u sin(oc—,B)]2 —2gcos .8

B uz.sinz(a—ﬂ)
- 2.gcos f

S

3.5.3 Time taken to reach the greatest distance t :
When the particle is at the greatest distance from the inclined plane, its velocity becomes
parallel to the inclined plane and the velocity perpendicular to the inclined plane is zero. So, if't

1s the time taken to reach the greatest distance, using the formula

“v=u+t+at”
20=[usin(a—B)|-gcosp-t
L. Chr)
gcospf
. . usin(c — ) . .
Note : Time of flight T = —ﬂ =2.t =2 X time taken to reach the greatest distance.
gcos

Problem 11

Show that, for a given velocity of projection the maximum range down an inclined plane of

e : o . l+sna
inclination & bears to the maximum range up the inclined plane the ratio sng
—sm
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Solution

Let u be the given velocity of projection and @ the inclination of the direction of projection with
the plane. u has two components ucosé along the upward inclined plane and usiné
perpendicular to the inclined plane. g has two components, g sin & along the downward
inclined plane and gcos @ perpendicular to the inclined plane and downwards.

Consider the motion perpendicular to the inclined plane. Let T be the time of flight.

Distance travelled perpendicular to the inclined plane in time T = 0
: 1
.‘.O:usmH-T—%gcosoz-T2 ('.‘S:utJrEatzj

2usin &

gcosa

re. T =

Range up the plane = R,

R,= distance travelled along the plane in time T

= ucost9-T—%gsinot-T2

Qusin® 1 | 4u? sin? @
ucos- ————gsma-——5—
gecosa 2 gzcosza

2u2 sin @ cos@ 2u2 sin asin2 o

gcosx gcosza
2u? sin @ ) .
= —————(cosacos@ —sin asin )
gcos”
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2u2 sm @ u2

Z—Zcos(49+a): 5 -2cos(@+ a)sm b
gcos“ « gcos”
uZ
= —_ [sin(20+a)-sina]
gcos“
R; is maximum, when sin(26+«) =1
.. Maximum range up the plane
2 2
= (-sine)=———— ... (1)
gcos“ a g(l+smna)

When the particle is projected down the plane from B at the same angle € to the plane,
2usm 6
gcosa

inclined plane is u cosf downwards and the component of acceleration g sin « is also
downwards.

the time of flight T has the same value . The component of the initial velocity along the

Range down the plane = R,

R, = distance travelled along the plane in time T

=ucos¢9-T+%gsina-T2

2 .
Zw(cosacosﬁ+sinasin6’)
gcos” o
2 : 2
=M—MCOS(Q—a):u—Z[Sin(29—a)+sina]
gcos” « gcos” «

R, is maximum, when sin (260 - a)=1.

Maximum range down the plane

2 2
= (l4sina)= " @)
gcos” a g(l-sm )
. Max-range down the plane _ u? gl+sina) l+sina
Max-range up the plane  g(l—-snma) u? l-sina
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Problem 12
A particle is projected at an angle o with a velocity u and it strikes up an inclined plane
of inclination /3 at right angles to the plane. Prove that (i) cot f = 2tan( - £) (ii) cot f = tan
o —2tan 3. If the plane is struck horizontally, show that tan & = 2 tan £.
Solution:
The initial velocity and acceleration are split into components along the plane and

perpendicular to the plane.

2usin(ax — f)

The time of flight is 7" =
gcospf

. (1)

Since the particle strikes the inclined plane normally, its velocity parallel to the inclined
plane at the end of time T is = 0.

ie.0=ucos(a-f)—gsin g-T

T:M e (2)
gsinf

2usin(a =) _ucos@=f) ¢ (1) and (2)

gcospf gsin f

ie.cot f =2tan(ax—- L) ... (1)

2(tan o — tan f3)
1+ tan o tan B

Le. cotff = , Simplifying we get

cot f +tan ¢ =2tan ¢—2tan [

cot f = tan ¢—2tan S N (1))

If the plane is struck horizontally, the vertical velocity of the projectile at the end of time
T =0. Initial vertical velocity = u sin &, and acceleration in this direction = g (downwards).

Vertical velocity in time T=u sin o — gT
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usin o

Sousina—gT=0 or T= e (3)
g
2usm(a — ) _usma from (1) and (3)
gcospf g

Simplifying we get
2sin(a— f)=sin acosff
2(sina cos f—cosasin f)=sinacos .
sina cos f=2cosasin f or tanq = 2tan [

Problem 13

The greatest range with a given velocity of projection on a horizontal plane is
3000 metres. Find the greatest ranges up and down a plane inclined at 30° to the horizon.

Solution:

30

v

Let u be the velocity of projection, @ be the inclination of direction of projection with the

2
plane. Given Y 3000 m = u® =3000 x g
g

At the end of time t, distance travelled perpendicular to the inclined plane is zero.

S.0=usm (9-T—%gcos300 .T?
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O:usinH-T—lg-ﬁ-T2
27 2

_ 4usin @

=
g/3

Range up the inclined plane, S= ucos@-T —%g -sin30° .72

4y sm @ 1g.xl6u2sinzo9
g3 4 3g°

_ 4u?sin Ocos @ 4u’sin’ 0

g3 3g

2 .
S= 4”3&9 \/gcosé?—sine]
g

Max. range is got when sin(26 + 300) =1

ie. 20+30°=90°-.0=30°

Max. range up the inclined plane

2 - 0
= S = M[ﬁ c0s30° —sin 30°
3g
1
4u® x
- 2| 331122 3000 S =2000m
3g 2 2| 3
2
.. Range down the inclined plane = [sin(20 - a)+ sin a]
gcos”“ o
Max. range down the inclined plane
2 2
=%[1+sin300]=4i[1+%]
g -cos” 30 38
2
= 217 _ 53000 = 6000m
g
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Problem 14
An inclined plane is inclined at an angle of 30° to the horizon. Show that, for a given

velocity of projection, the maximum range up the plane is 1/3 of the maximum range down the
plane.

Solution:

uZ

2
Max. range up the plane = [1 —sin 3()0] _ 2u

g- cos?30° 3g
uZ
Max. range down the plane = — 50 [1 +sin 300]
g-cos” 30

4’ 3o’
32 2 g

2u*
Max. range up the plane = —x —

g

xmax-range down the plane

W | —

Problem 15

If the greatest range down an inclined plane is three times its greatest range up the plane

then show that the plane is inclined at 30° to the horizon..
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Solution

Greatest range down the inclined plane R;

uZ

R =————[l+sin ]
gcos” a

Greatest range down the inclined plane R,

uZ

Ry=—"" [i-sina]
gcos“
Given, Ry = 3R,

2 2

ie. u—[1+sin al=3- - 5 [1-sin o]
gcos” gcos“ o

sna=t =30

2

Problem 16

A particle is projected in a vertical plane at an angle « to the horizontal from the foot of a plane
whose inclination to the horizon is 45°. Show that the particle will strike the plane at right angles

if tan o =3.
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Solution:
usin &

A

usin(ax -450)

cos(ar -4%°)

gsi
g gcos450

o

45
(6] ucosax

When the particle strikes the plane at right angles, velocity parallel to the plane is zero.
~.O=ucos(@—45")—g-sin45°-T

B ucos(a—450) B ucos(a—450)

A gsm450 = g.i ....... (1)
V2
: 140
Also, time of flight, T = 2% sinf ‘;5 ) )
g-cos45
ucos(a —450)_ 2u~sin(a—450)
(1) & (2) = T = T
V2 V2

:cos(a—450):2-sin(a—450) :>2-tan(a—450):1

_ 0
9 tan o tan450 1
1+tana -tan45

32{%—1}:1
l+tana

Le. 2(tana—1)=1+tancx

Stana =3
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Problem 17
A particle 1s projected with speed u so as to strike at right angles a plane through the point of

2
projection inclined at 30° to the horizon. Show that the range on this inclined plane is 7L
4
Solution:
u
A
A3
(0]

Since u is the velocity of projection, [ = 30° is the inclination of the inclined plane, we have

proved, Range on the inclined plane = OA
_ 2u?sin B
gil +3sin? S '
~ 2u? -sin 30°
g(1+3sin2 300)

7 1
2u ><E 4,2

3 g
I+-
g[ 4j

3. 6 Impulsive Forces

3.6.1 Impulse:

The term impulse of force is defined as follows:
(1) The impulse of a constant force F during a time interval T is defined as the

product FT.
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Let f be the constant acceleration produced on a particle of mass m on which F acts and
u, v be respectively the velocity at the beginning and end of the period T.
Then v-u = {T and F = mf.
Hence the impulse I = FT = mfT = m(v-u)
=change of momentum produced.
(2) The impulse of a variable force F during a time interval T is defined to be the time

integral of the force for that interval.
1.e. Impulse I = fOT Fdt. This is got as follows. During a short interval of time At, the

force F can be taken to be constant and hence elementary impulse in this interval = F. At. Hence

the impulse during the whole time T for which the force F acts is the sum of such impulses and

T

: : T
Lt
= F.At = F dt.
At-0 _fo
t—0
: : : dv
Since F is variable, F=m . -

. T d .. o
So impulse = fo m i dt = mv — mu, where u and v are the velocities at the beginning

and end of the interval and hence this is also equal to the change of momentum produced.
Thus whether a force is a variable or constant,

its impulse = change of momentum produced.

3.6.2 Impulsive Force:

The change of momentum produced by a variable force P acting on a body of mass m
from time t =t; tot=1t; 1s fttlz P dt. Suppose P is very large but the time interval t; - t; during

which it acts is very small. It is quite possible that the above definite integral tends to a finite
limit. Such a force is called an impulsive force.

Thus an impulsive force is one of large magnitude which acts for a very short period of
time and yet produces a finite change of momentum.

Theoretically an impulsive force should be infinitely great and the time during which it
acts must be very small. This, of course, is never realized in practice, but approximate examples

are (1) the force produced by a hammer-blow (2) the impact of a bullet on a target. In such cases
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the measurement of the magnitude of the actual force is impracticable but the change in
momentum produced may be easily measured. Thus an impulsive force is measured by its
impulse i.e. the change of momentum it produces.

Since an impulsive force acts only for a short time on a particle, during this time the
distance travelled by a particle having a finite velocity is negligible. Also suppose a body is
acted upon by impulsive forces is very short, during this time, the effect of the ordinary finite

forces can be neglected.

3.7. Collision of Elastic Bodies
A solid body has a definite shape. When a force is applied at any point of it tending to

change its shape, in general, all solids which we meet with in nature yields slightly and get more
or less deformed near the point. Immediately, internal forces come into play tending to restore
the body to its original form and as soon as the disturbing force is removed, the body regains its
original shape. The internal force which acts, when a body tends to recover its original shape
after a deformation or compression is called the force of restitution. Also, the properly which
causes a solid body to recover its shape is called elasticity. If a body does not tend to recover its
shape, it will cause no force of restitution and such a body is said to be inelastic. When a body
completely regains its shape after a collision, it is said to be perfectly elastic. If it does not come
to its original shape, it is said to be perfectly inelastic.
Definitions:

Two bodies are said to impinge directly when the direction of motion of each before
impact is along the common normal at the point where they touch.

Two bodies are said to impinge obliquely, if the direction of motion of either body or
both is not along the common normal at the point where they touch.

The common normal at the point of contact is called the line of impact. Thus, in the

cause of two spheres, the line of impact is the line joining their centres.
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3.8. Fundamental Laws of Impact:
1. Newton’s Experimental Law (NEL):

When two bodies impinge directly, their relative velocity after impact bears a
constant ratio to their relative velocity before impact and is in the opposite direction. If
two bodies impinge obliquely, their relative velocity resolved along their common normal
after impact bears a constant ratio to their relative velocity before impact, resolved in the

same direction, and is of opposite sign.
The constant ratio depends on the material of which the bodies are made and is
independent of their masses. It is generally denoted by e, and is called the coefficient (or

modulus) of elasticity (or restitution or resilience).

This law can be put symbolically as follows: If u;, u, are the components of the velocities
of two impinging bodies along their common normal before impact and v, v, their component
velocities along the same line after impact, all components being measured in the same direction

and e 1s the coefficient of restitution, then
V2 = V1
— = —e.
U — U
The quantity e, which is a positive number, is never greater than unity. It lies between 0
and 1. Its value differs widely for different bodies; for two glass balls, one of lead and the other
of iron, its value is about 0.13. Thus, when one or both the bodies are altered, e becomes
different but so long as both the bodies remain the same, ¢ is constant. Bodies for which e = 0
are said to be inelastic. For perfectly elastic bodies, e=1. Probably, there are no bodies in nature

coming strictly under wither of these headings. Newton’s law is purely empirical and is true

only approximately, like many experimental laws.

2. Motion of two smooth bodies perpendicular to the line of Impact:

When two smooth bodies impinge, the only force between them at the time of impact is
the mutual reaction which acts along the common normal. There is no force acting along the
common tangent and hence there is no change of velocity in that direction. Hence the velocity of

either body resolved in a direction perpendicular to the line of impact is not altered by impact.
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3. Principle of Conservation of Momentum (PCM) :
We can apply the law of conservation of momentum in the case of two impinging bodies.
The algebraic sum of the momenta of the impinging bodies after impact is equal to the algebraic

sum of their moments before impact, all momenta being measured along the common normal.

3.9. Impact of a smooth sphere on a fixed smooth plane:

A smooth sphere, or particle whose mass is m and whose coefficient of restitution is e,

impinges obliquely on a smooth fixed plane; to find its velocity and direction of motion after

impact.

N

A cucosa

u
\")
0
a
C »
usina

A P B

Let AB be the plane and P the point at which the sphere strikes it. The common
normal at P is the vertical line at P passing through the centre of the sphere. Let it be PC.
This is the line of impact. Let the velocity of the sphere before impact be u at an angle a
with CP and v its velocity after impact at an angle 8 with CN as shown in the figure.

Since the plane and the sphere are smooth, the only force acting during impact is
the impulsive reaction and this is along the common normal. There is no force parallel to
the plane during impact. Hence the velocity of the sphere, resolved in a direction parallel
to the plane 1s unaltered by the impact.

Hence v sin 8 = u sina .. (D)
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By Newton’s experimental law, the relative velocity of the sphere along the common

normal after impact is (-e) time its relative velocity along the common normal before
impact. Hence

vecosO-0 = -e(-ucosa-0)

1.e. vcos 8 =eucos a ...(2)
Squaring (1) and (2), and adding, we have

v? = v’ (sin® @ + &’ cos’ a )

ie.v = uvsina + e?cos?a .. (3)
Dividing (2) by (1), we have cot 8 =e cot a .4

Hence the (3) and (4) give the velocity and direction of motion after impact.

Corollary 1: If e = 1, we find that from (3) v = u and from (4) 6 = a. Hence if a

perfectly elastic sphere impinges on a fixed smooth plane, its velocity is not altered by

impact and the angle of reflection is equal to the angle of incidence.

Cor. 2: If e = 0, then from (2), v cos 8 = 0 and from (3), v=u sin . Hence cos 6
=01i.e. 8 =90°. Hence the inelastic sphere slides along the plane with velocity u sin
Cor. 3: If the impact is direct we have ¢ = 0. Then 8 = 0 and from (3) v=cu.

Hence if an elastic sphere strikes a plane normally with velocity u, it will rebound in the
same direction with velocity eu.

Cor. 4: The impulse of the pressure on the plane is equal and opposite to the

impulse of the pressure on the sphere. The impulse I on the sphere is measured by the

change in momentum of the sphere along the common normal.

I = mvcos 0 - (-mucos a)

= m(vcos 8+ucos a)

m (cu cos o + u cos o)

= mucosa(l+e)
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Cor. 5: Loss of kinetic energy due to the impact

t 2 1 2 1 2 1 2 .2 2 2
= Jmu- omvi= Smut- omu (sina +e“cos”a)

1 :
= Emuz(l—smza +e¢? cos? )

2

1
= Emuz(cosza - ¢” cos *a)

1
=3 (1 - ¢*) mu’ cos®

If the sphere is perfectly elastic, e = 1 and the loss of kinetic energy is zero.

Problem 18
A particle falls from a height h upon a fixed horizontal plane: if e be the

coefficient of restitution, show that the whole distance described before the particle has

1+e?

e +e 2h
1—e2

. o1
). Show also that the whole time taken is e

finished rebounding is h (

Solution:

Let u the velocity of the particle on first hitting the plane. Then u” = 2gh. After
the first impact, the particle rebounds with a velocity eu and ascends a certain height,
retraces its path and makes a second impact with the plane with velocity eu. After the
second impact, it rebounds with a velocity c*u and the process is repeated a number of
times. The velocities after the third, fourth etc. impacts are e*u ¢*u etc.

(velocity ) 2
28

e?u?

2g

The height ascended after the first impact with velocity eu is

The height ascended after the second impact with velocity e 2u is e*u*/2g and so
on.

=~ Total distance travelled before the particle stops rebounding

2.2 4.2 6,, 2
=h+2(G—+—+"2+ ... ... .. )
2g 2g 2g
2.e%u 2 4
=h+ (I+e“+e*+......... to 00 )
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e 2.2gh 1

=h+ .
g 1—e?

2e 2
1—e2)

=h(l+
(1+e?)
(1-e?)

Considering the motion before the first impact, we have the initial velocity = 0,

acceleration = g, final velocity = u and so if t 1s the time taken, u =0 + gt.

= u _ velocity
g g

Time interval between the first and second impacts is
= 2 x time taken for gravity to reduce the velocitiy to 0.
= 2. velocity / g
=2eu/g.
Similarly time interval between the second and third impacts
=2 ¢’ u/g and so on.

So total time taken

2 3
=SBt 20, 0)
g g g g
—U 2 et to o0)
g g
u 2eu 1 u 2e
:—+ _—= - -
g g .1—e g[1+1_e]
u 1+e
=4+ (=
g (=)
:,/Zgh(1+e) (1+e) 2h
g 1—e 1-e g

119/ 247



3.10 Direct impact of two smooth spheres:
A smooth sphere of mass m; impinges directly with velocity u; on another smooth sphere
of mass my, moving in the same direction with velocity u,. If the coefficient of restitution is e, to

find their velocities after the impact:

Solution:

AB is the line of impact, i.e. the common normal. Due to the impact there is no tangential
force and hence, for either sphere the velocity along the tangent is not altered by impact. But
before impact, the spheres had been moving only along the line AB (as this is a case of direct
impact). Hence for either sphere tangential velocity after impact = its tangent velocity before
impact = 0. So, after impact, the spheres will move only in the direction AB. Let their velocities
be vi and v,.

By Newton’s experimental law, the relative velocity of m, with respect to m; after impact
1s (-e) times the corresponding relative velocity before impact.

“vp—vi=-e(u—-uy) . (1)

By the principle of conservation of momentum, the total momentum along the common
normal after impact is equal to the total momentum in the same direction before impact.

Ssmpvitmyvo=mpu+tmuy  ....... (2)
(2) — (1) x m; gives
Vi (rn1 + n’lz) =m;u +mpu; +emp (le — Ll])

=mp uy (1 +e)+ (m;—emy) uy

mp Uz (1 +e)+(m1—em2)u1 (3)

oo V]. =
mi+mp
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(1) xm; +(2) gives

vy (m + mp) =-em; (uy—u;) + mpu; + mouy
=mju; (I +e)+ (my—em;) u,

mqu; (1+e)+(my-emq)uy (4)
mi+mp

o VZ =

Equations (3) and (4) give the velocities of the spheres after impact.

Note: If one sphere say m; is moving originally in a direction opposite to that of m;, the
sign of u, will be negative. Also it is most important that the directions of v; and v, must be
specified clearly. Usually we take the positive direction as from left to right and then assume
that both v; and v, are in this direction. If either of them is actually in the opposite direction, the
value obtained for it will turn to be negative.

In writing equation (1) corresponding to Newton’s law, the velocities must be subtracted
in the same order on both sides. In all problems it is better to draw a diagram showing clearly
the positive direction and the directions of the velocities of the bodies.

Corollary 1. If the two spheres are perfectly elastic and of equal mass, then e = 1 and m;

=my. Then, from equations (3) and (4), we have

mquz2.2+0 mipu;.2+0

= Uy and v,= ———— =u,.

V =
1 2m1

2m1
i.e. If two equal perfectly elastic spheres impinge directly, they interchange their
velocities.
Cor: 2. The impulse of the blow on the sphere A of mass m; = change of momentum of

A= m; (V] — 111).

mp uz (1+e)+mq—emj)ul

mi+my

mpuz (1+e)+mqu;—emzui—mqu;—mzug ]

mi+mp

miymz Uz (14+e)=my U (14e)l

mq+mjp
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mi mp (1+e) (uz—ug)

mi+mp

The impulsive blow on m, will be equal and opposite to the impulsive blow on m;.

Loss of kinetic energy due to direct impact of two smooth spheres:

Two spheres of given masses with given velocities impinge directly, to show that there is

a loss of kinetic energy and to find the amount:

Let m; m; be the masses of the spheres, u; and u,, v; and v; be their velocities before and
after impact and e the coefficient of restitution.

By Newton’s law, v, — v; = -e (uz— uy) .. (D)

By the principle of conservation of momentum,

m;v; + mpvy, = myu; + mouy ....(2)

Total kinetic energy before impact

:%mﬂll 2+%m2u22
and total kinetic energy after impact

1 2,1 2
=5 mvi + 7 M2va

Change in K.E. = initial K.E. — final K.E.

1 2

2

2,1 2 1 2 1
=-mu +Em2u2 - MV - o mov;

1
m; (u;-vy) (w+vy)+ S My (u2-v2) (u2+va)

N[—= N

1
m; (u;-vy) (u+vy) + 2 m (vi—up) (up+ vy)

[ my(uz-vz2) = my (vi-up) from (2) ]

B %ml (ur-v1) [wr—uz - (V2= V1) ]

[UnN

= -m;(u-vy) [uy—uz+e (uz—uy)] using (1)

N

1
ZEml(ul-Vl)(ul—uz)(l—e) .....(3)
Now, from (2), m; (u; — vi) = m; (v2+ uy)
P Vi vpT U2 and each = up — Vitvo—up
my mq mi+mp

(ul — up )+(V2—V1 )
mi+my

1.e. each =
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IO TP RN

mi+my

(ul— uyz) (1+e)
mq+mj

mz(ul—uZ) (1+e)

S T V1= e~ and substituting this in (3),
) —up) (1+ - 1-
Change in K.E. = 1 mimp(ug—uz)(1+e)(ug—uz) (1-e)
2 mq+mp
_1 mimy (up —up)? (1— e?) (4)
2 mi+mj .

As e < 1, the expression (4) is always positive and so the initial K.E. of the system is
greater than the final K.E. So there is actually a loss of total K.E. by a collision. Only in the
case, when e=1, i.e. only when the bodies are perfectly elastic, the expression (4) becomes zero
and hence the total K.E. is unchanged by impact.

Problem 19

A ball of mass 8 gm. moving with a velocity of 10 cm. per sec. impinges directly on

another of mass 24 gm., moving at 2cm per sec. in the same direction. If e = ., find the

velocities after impact. Also calculate the loss in kinetic energy.

Solution:

Let v; and v, cm. per sec. be the velocities of the masses 8gm and 24 gm respectively

after impact.
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By Newton’s Law, v,-v| = - % (2-10)=4 ...... (1)
By the principle of momentum,
24v, +8v;=24x2+8x 10=128
1e.3va+v; =16
Solving (1) and (2), vi = 1 cm. / sec., v, = 5 cm./ sec.

The K.E. before impact = % .8.10% + % .24.2°
= 448 dunes

The K.E. after impact = % .8.17 +% . 24.5% =304 dines

= Loss in K.E. = 144 dynes

Problem 20
If the 24 gm.mass in the previous question be moving in a direction opposite to that of the

8 gm. mass, find the velocities after impact.

Solution:

Let v, and v, cm/sec. be the velocities of the 8gms and 24 gms mass respectively
after impact.

By Newton’s law,

Vyovi=-3(-2-10)=6 ... (1)
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By conservation of momentum,
24v,+8vi=24x(-2)+8x10=321e.3v, +tvi;=4 ... (2)
Solving (1) and (2), v; = - % cm/sec v, = % cm / sec.

The negative sign of v; shows that the direction of motion of the 8 gm. Mass is
reversed, as we had taken the direction left to right as positive and assumed vl to be in
this direction. Since v2 is positive, the 24gm. ball moves from left to right after impact,

so that its direction of motion is also reversed.

Problem 21
A ball overtakes another ball of m times its mass, which is moving with % th of its

velocity in the same direction. If the impact reduces the first ball to rest, prove that the

m+n
m (n-1)

coefficient of elasticity is

n

Deduce that m > —

Taking AB as positive direction (as shown in the previous diagram), let the mass

of the first ball be k and u its velocity along AB before impact. Then, for the second ball,

the mass is mk and En is the velocity before impact. After impact, the first ball is reduced

to rest and let v be the velocity of the second ball.

By Newton’s law of impact, we have

=eu(n—1) (1)

V—O=-e.(§-u)i.e.v -

By principle of conservation of momentum along AB,

Kx0+mk.vzku+mk.§u

. m u(m-+n
1.e.mv=u+—u=¥
u

-2

n
Substituting value of v from (1) in (2), 12 have

meu (n—1) _ u(m+n) _ (m+n)

n n m (n—1)

Now e is positive and less than 1.
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~mn-1)>m+nie. mn—-2m>n

~mnh-2)> norrn>nnT2
3.11 Oblique impact of two smooth spheres:

A smooth sphere of mass m; impinges obliquely with velocity u; on another
smooth sphere of mass m, moving with velocity u,. If the directions of motion before

impact make angles o; and o, respectively with line joining the centres of the spheres and

if the coefficient of restitution be e, to find the velocities and directions of motion after

impact.

\41 Va2

Let the velocities of the spheres after impact be v; and v, in directions inclined at
angles 0; and 0, respectively to the line of centres. Since the spheres are smooth, there 1s
no force perpendicular to the line of centres and therefore, for each sphere the velocities
in the tangential direction are not affected by impact.

~ vl sin 01 =ul sin al ... (1)and

v, sin 0, = u, sin o, .. (2

By Newton’s law concerning velocities along the common normal AB,

Vv, cos 0, — vy cos 0, = -e (u, cos a, —u; cos 0) ..(3)
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By the principle of conservation of momentum along AB,
m, Vv, cos 6, + m; v; cos 6; = m, u, cos a, + m; u; cos o, ....(4)
(4) — (3) x m2 gives
vy cos 0;. (m; + mp) = m, u, cos a, + my u; cos o,
+ em; (U, cos a, - U; COS 0.)

) _upcos ai(mi— emy)+ mpyupcos ay (1+e)
1.e. vy cos B = n ... (5
mj +mp

(4) + (3) x my gives

Uy cos az(my_ emq)+ mquqcos ay (1+e)
V,cos 0, = ... (6)
miq+my

From (1) and (5), by squaring and adding, we obtain v,> and by division, we have
tan ;. Similarly from (2) and (6) we get v,” and tan 0,. Hence the motion after impact is
completely determined.

Corollary 1. If the two spheres are perfectly elastic and of equal mass, then e = 1
and m;=m,.

Then from equations (5) and (6) we have

04+mq uy cos ay.2
Vicos 0, = = U, CoS oy
2 mq

0+mq uq cos oy .2
And V, cos 6, = > = Uy COS 04
mq

Hence if two equal perfectly elastic spheres impinge, they interchange their
velocities in the direction of the line of centres.

Corollary 2. Usually, in most problems on oblique impact, one of the spheres is at
rest. Suppose my is at rest i.e. u, = 0.

From equation (2), v, sin 6, = 0 i.e. 8, = 0. Hence m2 moves along AB after
impact. This is seen independently, since the only force on m, impact is along the line of

centres.

1271247



Corollary 3:
The impulse of the blow on the sphere A of mass m;
= change of momentum of A along the common normal

=my (v; cosB; — u; cosay )

. uq cos a1 (mq—emy)+ mpuycos ap (1+e)
=my [ — Uq COS 04
mi+mp
[ m; u; COS 0y — €mjy Uu; CoS 0oy + mj; U, COS O + em; u; CoOS a; —m; u; COS a; — ImMp Uy COS Q4
= m
! m; + m,

mq [my uycos ay (1+e)— myuqcos ap (1+e)]

miq+my

mq m2(1+e)
= ——— (U, COS &, — UuU4COS
mam, (U2 2 1 1)

The impulsive blow on m; will be equal and opposite to the impulsive blow on m;.

Loss of kinetic energy due to oblique impact of two smooth spheres:

Two spheres of masses m; and m, moving with velocities u; and u, at angles a,
and o, with their line of centres, come into collision. To find an expression for the loss of
kinetic energy:

The velocities perpendicular to the line of centres are not altered by impact.
Hence the loss of kinetic energy in the case of oblique impact is therefore the same as in
the case of direct impact if we replace in the expression (4) on page 236, the quantities u,
and u,; by u; cos o, and u, cos o, respectively.

mj mpy

. 1
Therefore the lossis = =———= (1 —e?) (u; cos o — u, coS oy )2
2mq+my

We shall now derive this independently.

Let v, and v, be the velocities of the spheres after impact, in directions inclined at
angles 01 and 02 respectively to the line of centres. As explained in § 8.7 the tangential
velocity of each sphere is not altered by impact.
~vysinB=u;sinoy ... (1)and v, sin 6, =u, sina, ... (2)

By Newton’s of rule
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v,c08 0, —vicos 0 =-e(uycosa,—u;cosay)...(3)

By conservation of momenta,

m,Vv, cos 6, + m; v; cos 6; = m, u, cos a, + m; u; cos o,

1.e. m; (u; cos oy - vy cos 0;) =m, (v, cos 0, —u, cos ap) ... (4)

Change in K.E.
1 1 1 1
ZEml u% +Em2 u% -Em1V1 2 -Emzvz

2

1 2 .2 1 2 .
=-m u%(cos o + sin a1)+5m2u2 2(cos (12+s1n2a2)

1 . 1 )
- my Vi (cos 20, + sin 291) -5 my V% (cos2 0, + sin 2 0,)
1 1 1
=5 m u? cos 2 0y +Em2 u% cos’® 0 -5 m, vi cos® 0,

B} % m, V5 cos 20, using (1) and (2)

1 1
= S m (u? cos a, - v¥ cos” 0, ) + S m, (u3 cos® a, - v cos® 0, )

1
=5 m (uy cos a; + vy cosB; ) (u; cos a- vy cos 0 )

1
5 my (up cos 0, + v, cosb, ) (uy cos a,- v, cos ;)

1
=5 m (u; cos a; + vy cosO; ) (u; cos ay- vy cos 0; )

1 )
-3 (up cos ap + v, cosBy ). my (u; cos a;- vy cos 0; ) using (4)

1
=5 m (u; cos oy - vy cosBy ) (u; cos a;+ vy cos By - uycos a, - v, cos 0,)

1
=5 m (uy cos oy - vy cosB; ) [u; cos a; + u, cos ay

+e (uycos ap -u; cos ay) ] Using (3)

1
=5 m (uycos oy -vycoshy ) (uycosa-uycosay)(l—e) .....(5)
Now from (4),
uj cos ag— vicos 69 vz cos B2 — upcos ap
mp myq
uj cos a1 — Vvq cos 61+ vy cos B2 — up cos ap
and ecach =

miq+my
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(uq cos aq— up cos az)+ ( vy cos 62— vq cos 01)

miq+my
uq COS a1 — Uup cos ax—e (up cos oy — Uq COS 1) .
= using (3)
miq+my
_ (ug cos ag— up cos ap )(1+e)
miq+my
my (1+e
S Uy COS 0 — Vyq COS GlzL) (u; cos a; — uy cos ay)
mi+my
Substituting in (5),
. 1 mq my(1+e)
Change m K.E. == (u; cos a; — uy cos oy )
2 mq+my
X (upcos a; — upcos ap) (1+ e)
1 mq mpy ) )
=——— (1 -e u; COS 0y — Uy COS «
2 My tmy ( ) (4 1 2 2)

If the spheres are perfectly elastic, e = 1 and the loss of kinetic energy is zero.
Problem 22

A ball of mass 8 gms. moving with velocity 4 cms. Per sec. impinges on a ball os
mass 4 gms. Moving with velocity 2 cm. per sec. lIf their velocities before impact be

inclined at angle 30° and 60° to the joining their centres at the moment of impact, find

1
their velocities after impact when e = >

Solution:

In the diagram in the oblique impact of two smooth spheres, let m; = 8§ u; =4
a; =30°, my=4, u=2, 0,=60"

Let the velocities of the spheres after impact be v; and v, in directions inclined at
angles 0, and 0, respectively to the line of centres.

The tangential velocity of each sphere is not affected by impact

» vy sin 0, =4 sin 30° =2 (1)

and v, sin 0, = 2 sin 60° =+/3 ..(2)
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By Newton’s Law,

Vo cos 0, — vy cos 0; =-e (2 cos 60° — 4 cos 30°)

2(2¥3-1) ...(3)
By conservation of momenta along AB,

4v, cos 0, + 8v, cos 0, =4 x 2 cos 60° + 8 x 4 cos 30°=4+ 16 /3

i.e. v, cos 0, +2v; cos 0, =1 +4/3 ..(4)
3
~3vicos ;=1 +4\/§-%(2\/§- 1)= +26\/§
. 1
i.e.vicosf = +22\/§ ...(5)
From(4),vzcosez=l+4\/§— 1-24/3 = 2V3 ...(6)
From (1) and (5), v#=2%+( 1+22\/§ )2
4t 1+ 4\/§+12: 29 + 443
4 4
29— 43
Ul = > c¢m. per Sec.
o 4
Dividing (1) by (5), tan 01 = NG

From (2) and (6)
v,2=3+12=15and - v, = V15 cm / sec

1
Dividing (2) by (6), tan 0, = >
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Problem 23
A smooth sphere of mass m impinges obliquely on a smooth sphere of mass M
which is at rest. Show that if m = eM, the directions of motion after impact are at right

angles. (e is the coefficient of restitution)

Solution:

Vi

Considering the sphere M, its tangential velocity before impact is zero and hence after
impact also, its tangential velocity is zero.

(*+ During impact, there 1s no force acting along the common tangent).

Hence, after impact, M will move along AB. Let its velocity be v,. Let the velocity of m
be v at an angle 0 to AB, after impact.

By Newton’s rule v, — vy cos 0 =-¢e (0 —ucosa)

1.e. V,— V| cos 6 = eu cos a (1)

By conservation of momenta along AB,

M.v,+mv;cos®=M.0+m.ucosa ..(2)

Multiplying (1) by M and subtracting from (2),
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mv; cos 6 + M v, cos 6 =mu cos oo — M eu cos o

ucos a (m—eM) ucos a.0
m+M m+M

=0

1.e. vicos O = (*m=eM)
~cosB=0or6=90°
1.e. The direction of motion of m is perpendicular to AB.
Problem 24

Two equal elastic balls moving in opposite parallel direction with equal speeds
impinge on one another. If the inclination of their direction of motion to the line of
centres be tan” (\e ) where e is the coefficient of restitution, show that their direction of
motion will be turned through a right angle.

Solution:

L

Let m be the mass of either sphere: AB is the line of impact. Before impact, the
directions of motion are LA and BM making the same acute angle a with AB as shown in

the figure. Let u be their velocity.
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After impact, let the sphere A proceed in the direction AK with velocity v, at an
angle 0; to AB and the sphere B proceed in the direction BN with velocity v, at an angle
0, to AB.

The tangential velocity of either sphere is not affected by impact.

~Vvysinf; =usina ... (I)and
Vv, sin 0, = u sin a ...(2)
By Newton’s Law, (resolving all velocities along AB),
v,cos 0, —vicosB;=-e(-ucosa—ucosa)
1.e. Vv, cos 0, + vy cos O, =2 eu cos a ...(3
By conservation of momenta along AB,

m (v, cos 0, ) +m. vy cos ; =m (-u cos o ) + mu cos o

1.e. v, cos 0, +vycos 0, =0 ...(4)
(4)—(3) gives vy cos B; =-2 eu cos a

L vycos0;=-eucosa ...(5)
From (4), v, cos 6, =-v; cos 0; =eu cos a ...(6)
Dividing (1) by (5),

1 1 :
tan 0, = - gtan(x=-g\/5 (~a=tan"!+e given)

Dividing (2) by (6), tan 6, = % tan o = cot o= tan (90° - o)

92 =90°—q.

Hence their directions of motion are turned through a right angle.
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UNIT IV
CIRCULAR MOTION

Conical pendulum

Problems concerning the conical pendulum assume no air resistance and that the string
has no mass and cannot be stretched.

Solution of problems involves resolving forces on the mass vertically and horizontally. In

this way the speed of the mass, the tension in the string and the period of revolution can
be ascertained.

135/ 247


Antony
Textbox

Antony
Textbox
UNIT IV

CIRCULAR MOTION

Antony
Textbox


rezolving forces vertically on the mass

me=Tsns
Bomio (
s &

resolving forces horizontally on the mags

Frosd= il
#
2
my 5
T (i1
rcosé

eliminating 7 by combining (G and (i

mg mve
sind  roosd
gr=v2tan6'
y= |5
tan &
but tanf=—
»
= p= e s
= [hJ
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; ; circumference
the penod of revolution = ————

speed

= 2ar

»

substituting for v using v= r\{%

k

inr B 2rr
£ F g
l?" e
i

the period of revolution = 2;;\/5
g

the peniod of revolution =

CYE

Example
A 20g mass moves as a conical pendulum with string length 8x and speed v.
if the radius of the circular motion is 5x find:

i) the string tension(assume g =10 ms2, ans. to 2 d.p.)
ii)vinterms of x, g

D)

I=8x r=%5x ows'@=7 &=5173
m=20g=002ks g=10ms™

resolving wertically

Tsnd=mg
Flaste
s &
=M= 02563
0.7a04

Ans the stnng tension T 15 026N (2dp)
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i)
resolving honzontally

Froosd= ﬂ
W

substituting for 7, from T = r.?sg ahove

s &

cosd  mvt
ME— e
50 & r
Er -

tan &
Y= 7
tan &

substituting forr=5x, &=51.3

i 1P . "
v_\{ \{tan(ﬂ.z“)"’@_z\'@

tan(51.37)

Ans velocity vin terms of g, x 15 2.fgx

Mass performing vertical circular motion under gravity

T
mg ¢
T 07T mg
mg

Consider a mass m performing circular motion under gravity, the circle with radius r .
The centripetal force on the mass varies at different positions on the circle.
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top mg+ T =—1
F

2

middle Fat
r

my

bottorn  T-mg=——o
r

string a an angle & to the vertical
s

mgcosf+F=—\0
F

For many problems concerning vertical circular motion, energy considerations(KE & PE) of
particles at different positions are used to form a solution.

Example #1

A 50g mass suspended at the end of a light inextensible string performs vertical motion of
radius 2m.

if the mass has a speed of 5 ms™ when the string makes an angle of 30° with the vertical,
what is the tension?
(assume g =10 ms™?, answer to 1 d.p.)

m=50g=005ks v=5ms’ &=30" r=2m
o 10ms™
the centripetal force 15 the sum ofthe tension in

the string and the component ofthe weight along

the string

e r:rsgcuzusvzf'+’f’=ﬂ
r

= T=m——mgc055
4

= (D.EIf';ﬂ_ (005310 cos 30°

=0.625-0433=0192

Ans tension in stringis 02N
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Example #2

A 5kg mass performs circular motion at the end of a light inextensible string of length 3m.
If the speed of the mass is 2 ms™ when the string is horizontal, what is its speed at the
bottom of the circle?

(assume g =10 ms™)

Yy = 2ms™  r=3m g=10ms™

vy speed a bottom of circle
PE 15 measured relative to the bottom of the arde

KE + PE string horizontal = KE + PE at bottom

1 i 4
§mv,2;|+mgr— smvg+0

i+ 287 =%
Yy = ﬁfGEﬁ lgr
= J@F + 2x 10)x (3)

— A4+ 60 =464 =3

Ans speed at bottom of circle is 8 ms™
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Simple Harmonic Motion On a Curve

If P is the position of a particle on a curve at time t and if
the tangential acceleration at P varies as the arcual distance of P

measured from a fixed point A on the curve and is directed towards

P
A, then the motion of P is said to be simple harmonic.
S
X
2S
The differential equation for the S.H.M. on a curve will be of the form —— = U, S is the arc
dt
distance AP.

Simple pendulum

A simple pendulum consists of a small heavy particle or bob suspended from a fixed
point by means of a light inextensible string and oscillating in a vertical plane.

Period of oscillation of a simple pendulum

o

Let OA =/be the length of the pendulum where O is the point of suspension. Let ‘m’ be the

A
mass of the bob and P be the position of the bob in time t secs and arc AP =s, AOP =6
The two forces acting are 1) mg (»L) i1) Tension T along PO.

mg is resolved into two components 1) mgcos & along OP.

i) mg sin @ along PL.
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mg cos@ and T balances each other.

2

The equation of motion at P is m—zs =—mg.snf ............... (1)
dt

[Negative sign shows that mgsin & is towards A.]

When € is small, sin 8 = 6

d’s
LSSm0 i, @)
dt
2
Buts= /6, 925,.'.ﬂ=—§.s ........................... 3)
[ dr? [

(3) shows that the motion of the bob at P is simple harmonic when 6 is small.

Hence u = %

27

PeriodTZ—:2—7[=27Z'\/z
Ju \/E g
[

Simple equivalent pendulum
A simple pendulum which oscillates in the same time as the given pendulum is called the

Simple Equivalent Pendulum.

Consider two motions represented by the equations.

d*x
— =X ...... (1)
dr?
d2
C5__ &5 ..
d* 1
We know that (1) and (2) are S.H. motions and (2) is the equation of motion of a simple
pendulum.

g

ie. | = g
U

They represent equivalent motions, if x =

The length of the simple equivalent pendulum is g .
Y7,
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The Seconds Pendulum

A seconds pendulum is one whose period of oscillation is 2 seconds.

2

Hence if / is its length, we have 2 =2 ﬂ\/z sol= £
g /4

The length of the seconds pendulum is %
/2

Note : Since the time of oscillation of a seconds pendulum is 2 secs, it makes 43200 oscillation

per day. If it gains n seconds a day, it makes 43200 +g oscillations in 86,400 secs.

Hence its period = ﬂ ......................... (1)

43200 +
2

If it loses n seconds a day, it makes 43200 —g oscillation in 864000 secs.

So its period = 86400 2)

43200-"
2

Problem 1
Find the length of a simple pendulum which oscillates 56 times in 55 seconds

Solution:

Given, T = 2 secs.
56

ButT=2r \/z [- length of the pendulum
g

2 L:E
g 56

,\F_ 55  55x7 5
" \g 56x2r 56x2x22 32
L (5Y) 25
o)

25

1024

Sl = x9.8 =0.239m.

143/ 247


Antony
Textbox

Antony
Textbox


Problem 2

Show that an incorrect seconds pendulum of a clock which loses x seconds a day must be
X . . .
shortened by E percent of its length in order to keep correct time.

Solution:

Let /,I' be the correct and incorrect lengths of the seconds pendulum of a clock

~T=2r i=w=2 secs €))
g 43200 —
When it loses x seconds a day,
1
- \ﬁ _ 86400 .
8 43200 -~
2
2) \F 43200 I
—_ 7 :> _ = =
MV 300 - -
2 86400
/! 1 x )7 x
b 1= =1+ imatel
Lo x Y ( 86400) Se400 PProxImately)
( 86400 j
1
ie) L S P
! 43200
L R
43200

ie) I' =1+ -2 Percent of /
432

.". Length should be shortened by é percent of its length in order to keep correct time.
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Problem 3
A pendulum whose length is / makes m oscillations in 24 hours. When its length is slightly

2
altered, it makes m+n oscillations in 24 hours. Show that the diminution of the length is il
m
nearly.
Solution:

Given , when the length of the pendulum is /, it makes ‘m’ oscillations in 24 hrs.

.-.T:Mﬁ:% 1)
g m

When its length is altered, let /—/' be its length and it makes m+n oscillations per day.

1
.. Periodic time T=2 7 il = 24 (2)
g m+n
m+n [
1-1'
1+
=1+ —
m
. I n
ie) 1+ — = 1+ — (nearly)
21 m
s = 2nl nearly
m
Problem 4

A seconds pendulum which gains 10 seconds per day at one place loses 10 seconds per

day at another. Compare the acceleration due to gravity at the two places.
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Solution:

Let g &2 be the acceleration due to gravity at the two places where the pendulum gains 10

secs per day and loses 10 secs per day respectively.

When it gains, Periodic time =27 L = 24x60x60 (1)
g, 43200+5

When it loses, Periodic time =2 7 s = 24x60x60 (2)
g, 43200-5

where / is the length of the pendulum
M) _ |82 _ 43195 g _ (43205)

() g 43205 g, (43195)

Problem 5

If /, i1s the length of an imperfectly adjusted seconds pendulum which gains n seconds in one

hour and /, the length of one which loses n seconds in one hour at the same place, show that the

4 1 1,

L +1y+2\4L1,

true length of the seconds pendulum is

Solution:

Let / be the true length of the seconds pendulum. For the same place g is constant,

T=27r\/z = 2 secs (1)
g

Let /, be the length of the pendulum, when it gains n seconds in one hour.

.. Period =2 ﬁ\/z = 3600 (2)
& 1800+
2
Let /, - be the length of the pendulum, when it loses n seconds in one hour.
.". Period 27[\/Z = ﬂ (3)
£ 1800 - "
2
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n
1800 + —
O L 2y, 4)
(2) I, 1800 3600

n
W [ wo-o o,

_:> —_ —
3) L, 1800 3600
@) +5) = i+ﬁ=2
ll 12
[ 2/

Squaring, — + — + =4
L Iy i,

S )

12 +Il 2
B =4
[ hi \Wz]

I +1, + 241l
Le)l(l 2 12J=4

hiy

41,

- ll +12 +21’lll2

o
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MOTION UNDER THE ACTION OF CENTRAL FORCES

In this unit we study components of velocities and accelerations in two mutually
perpendicular directions. We deal with the motion under the action of a force always directed

towards a fixed point and derive formulae for various velocities and accelerations together with

polar form and pedal form of central orbits.

1 Velocity and acceleration in polar co- ordinates

Radial and Transverse velocities

Q

(r+or,0+060)

Consider a particle moves in a plane curve. Let P (r,8) be its position in time t and
Q(r+&”,9+59) be its position in time t+0 t. Take O — as the pole and OX- as initial line.

Velocity along the radius vector OP in the direction of r increasing is called the radial velocity

and the velocity in the direction L r to OP in the direction of @ increasing is called the

transverse velocity.

Lim displacement along OP in time ot

Radial velocityatP = ot — 0 5
s

PN Lim  ON-OP

~ Lim g ~
a0 o a—0 ot
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_ Lim (r + 5r)cos o0 —r
o—0 ot

2

(r+5r 1+@+ ....... —r
B Lim 2!
or—0 ot

Lim (r+a&t)1)—r
o —0 ot

, neglecting higher powers of 56

Lim & dr

TS0 & di

Radial velocity = 7

Lim QN _ Lim (r+6)sin 50
oo—->0 o a—>0 ot

(r+5r){5¢9(50)3+ ......... }
3

ot

Transverse velocity at P =

Lim

=ot—0

_ Lim (r+5)50
a—>0 o

Lim Lim
= é‘t—)Or 59: (r.&—mﬁj
ot o

, neglecting higher powers of 66

Transverse velocity =r 6

Radial and Transverse Accelerations

Let u, v be the radial and transverse velocities at (r,0) and (u+du) and (v+&v)be the

radial and transverse velocities at Q (r + &7, 6 + 56)
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Lim

Change of velocity along OP in time ot

Radial acceleration =

o —>0 ot

_ Lim [(u+§u)cos5(9—(v+5v)cos(90°—56’)

&0 S5t

_ Lim [t + 1] - (v + 6v)56) - u]
o —>0 ot

_ Lim ou—vol
o —>0 ot

Lim  Su Lim 56
= _—V [
o —>0 & o —>0 o

du do dr do
=——v—, whereu= —,v=r—

dt dt dt dt
- dfdr)_do do

dr\ dt dt dt

2 2

=ﬂ—r(ﬁj =i—rf?

dr? dt

. Radial acceleraton =i —ré*
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Lim [Change in velocity perpendicular to OP mtime Ot

Transverse acceleration =
a—0 ot

_ Lim [(u+au)sin 56+ (v+6v)sin (90° - 56)]—v
& —0 o

_ Lim [( + S )sin 56+ (v + &v) cos 50]—v
o —0 ot

when 00 is small, sin 58= 56

Lim [(u+au)560)+(v+5v)1)-v]

= and cosdl0~1
o—>0 ot

Lim | ud0+ & dog dv dr do
= —— |=u—+— Whereu= —,v=r—
o—0 ot dt dt dt dt
e do d( o
dt dt  dt\ dt

dr d0  d*6 do dr
=— —+r—+——
dt dt g2 dt dt

d*0 _dr de
4248 427
dr? dt dt

- L[ d0) 14 ()
rdt dt rdt

=T

. Transverse acceleration = l% (I"Zé)
r

Magnitude
1 | Radial Component of velocity :
r
2 | Transverse Component of velocity .
ré
3 | Radial component of acceleration 2
r—ré
4 | Transverse component of acceleration | | 4 .
2
——|r°0
rdt
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Corollary
(1) Suppose the particle P is describing a circle of radius ‘a’. Then r = a throughout the

motion
Hence r =0 and the radial acceleration = r—r 2
=0-a6?=-ab?

Transverse acceleration = —- — (r2 0)=— a’0=a0
r dt a

(2) The magnitude of the resultant velocity of P

2 2 2
=\r +(r0)?* =\r +r* )

and the magnitude of the resultant acceleration

=\/(}—r(92)2 +[%-%(r2 )k

Problem 1

The velocities of a particle along and perpendicular to a radius vector from a fixed origin

are Ar?and ,u(92 where ftand A are constants. Show that the equation to the path of the

A . .
particle is 5+C ziz where C is a constant. Show also that the accelerations along and
2r

2 4 3
2
perpendicular to the radius vector are 2223 - ﬂ and /,{/11”92 + 'U—QJ

r r
Solution:
Radial velocity = % = Ar? (D)
Transverse velocity = r % = ub 2 e (2)

Dividing (2) by (1), we have
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2
4 “9 el -ty
dr  jp? 0> 3
Integrating, — 4 - H
0 2r2
e Mt . 3)
xn’ 0
(3) is the equation of the path,
2
Differentiating (1) ﬂ =A-2r ar _ 2% using (1)
d[ dt
Radial acceleration = r—r 6% = d_r — (—)
[

2 24
=223 (PO L0203 O ine )
r r

. 2
Transverse acceleration = L i( 6’)21-1(}’2 ﬂ)
rodt rodt r
1 d M2 dé o dr
=— — 6%) = 0—+6
T (u ré”) = ( o )

2 3
ﬁ(zr 00" 02 12y 249 L 07
r r

Problem 2

The velocities of a particle along and perpendicular to the radius from a fixed origin are

A rand y 0 ; find the path and show that the acceleration along and perpendicular to the radius

22
vector are A*r — MO and u 6’(/1 + ﬁj
r r
Solution:
. : . . dr
Given, radial velocity = r = j =Ar (1)
t
Transverse velocity =r 0= 1o (2)
Radial acceleration = i—ro?
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2
-2 r'—r(”Tej [by (1) & (2)]

Transverse acceleration = l — (r2 49) = l i (1’2 ,u_@j
r

do
@_a_mo_uo
QO dr Ar Ar
dt
1.€. rdo ZE.Q ﬁ:ﬁﬁ
dr A r 0 /1}/'

-1
Integrating, logd = %{r—l} + C; C — constant

= _L+C
Ar

U
1 0=c——
1.€. °8 ¢ Ar

which is the equation of the path
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Problem 3
The velocities of a particle along and perpendicular to the radius vector from a fixed

origin area and b. Find the path and the acceleration along and perpendicular to the radius

vector.
Solution:
) . . dr
Radial velocity = 7 = —=a (1)
dt -

Transverse velocity = ro = r? =b (2)

t

2 2
Radial acceleration = # = r@> = ﬂ - r(ﬁj
dt? dt
Now, F =i(f):@ =0
dt dt
2 2
.. Radial acceleration = —r(é) = —b—
r r
Transverse acceleration = li (rzé) = li(lﬂzéj
r dt r dt r
1 d
L%y =2 _ab

r dt rodt

To find the path
do
r

@:—dt :é i.e.rﬁ:éz—z—dﬁ
(1) @ a dr a r b

dt

. a .
Integrating, log r = Z 6 + ¢, where C — is constant

a6
o.r=Ae? | isthe equation of the path.
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Problem 4

A point moves so that its radial and transverse velocities are always 2 Aa 6 and A r.

Show that its accelerations in these two directions are A’ (2a-r) and that its path is the curve

r=a 6*+C.

Solution:
. . .. dar
Given, radial velocity 7 = z =21aé (1)
t
) . do .
Transverse velocity r 6 = rz =Ar 2) =>0=1

Radial acceleration (R.A)= #—r0 2 =24 % — r[ﬂ,z ]

=2 da-A—-rX

R-A=A(2a-r)

. 1d :
Transverse acceleration (T.A) = —; (r2¢9)
rdt

V(o ) A,
rdt r
Zi.Zr.Ziaﬁ
r
T.A=4 2*a6
rﬁ
@: dr _ Ar S i.e.rﬁ:L
) dr  21a0 2a0 dr 2a0
dt
. 2a MO =dr
2

Integrating, 2a % +C =r,C - constant

. 2
r=C+af is the equation of the path.
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Problem 5
If a point moves so that its radial velocity is k times its transverse velocity then show that
its path 1s an equiangular spiral.
Solution:

Given, radial velocity = k x transverse velocity

ie. r=kro
1.€. ﬂ = k.r.ﬁ
dt dt
ﬂ =k.do
r

Integrating, logr=k 6 +log A, A — constant

ie. log[ij — k0 L=
A A

which is an equiangular spiral.

Problem 6
If the radial and transverse velocities of a particle are always proportional to each other,

ko , where A and k are constants.

show that the equation of the path is of the formr=A. e
Solution:

Given radial velocity « transverse velocity

ie 7 a r@= i =kr6,k - constant

zﬂ:k.de

r
Integrating, logr=K o+ log A
logr—logA =k o

ie) log (%) =k6
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_ kO
=>—=e = r=A.e
A

Problem 7
A point moves in a circular path of radius ‘a’ so that its angular velocity about a fixed

point in the circumference of the circle is constant, equal to @.Show that the resultant

acceleration of the point at every point of the path is of constant magnitude 4 a w?.

Solution:

Let O — be the fixed point (pole), OC — initial line. Polar
equation of the circle is r =2 a cos 6. Let P (1,68 ) be the

position at time‘t’” Angular velocity about O is@=w

(constant)

Radial velocity =7 =—(2asin 8)0 = —2awsin 6

i =—(2awcos 9)9 = “2aw® cos

= —0? (2acos @)
=—w’r
Radial acceleration at P = i-r6?
= —'r—ro’

—20%r = 2" (2acos8)

= —4aw’ cosO
S
Transverse acceleration at P = lﬂ;—‘g) = l.w.2r 7
r t r
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=2 o(-2awsin0) = —4aw’ sin

.. Resultant acceleration = \/(— 4aw’ cos 0)2 + (— 4aw’ sin 0)2

=4a @’

Problem 8
A point moves with uniform speed v along a cardioid r =a (1+ cos € ). Show that

SCC%

(1) 1ts angular velocity @ about the pole is v (11) the radial component of the acceleration

. 3w . .. 3o
1s constant equal to m (111) the magnitude of the resultant acceleration is -
a

Solution:

Given, pathisr=a (1 + 0059) .................. (1)

Uniform speed v = resultant velocity = /7> + (ré)z

(1) = 7 =a(-sin )9
V= —a[sin 0.0 +6cos 49.49]
= —(acost9)¢92 —afsin 6.

SVo= \/azéz si1129+[a(1+cost9)0]2

= \/a292 sin 2 9+a292(1+2cos9+c0s2 0)

= \/a292 + a29'2(1 +2cos6)

= \/2a292 +2cos0.a’6?
=a60vJ2 l+cos6
=V2a6 2cos? 6/

2
- ) 0
v=2 aH.cosA
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Radial acceleration = ¥ — r92

—(acos 6’)92 —(asin 6)9 —a(l+cos 49)92
(1+20050)6? —6(asin 0) /{—sec‘y tan‘y}
(l+200$¢9 ——smé’ tang/[— sec‘y:‘

2

= —a(l+2cos€{2‘}a.sec%} —;Zsinﬁtan%{zvasec.%}
2

=_q v J(sec2 ‘7[1+2c059 —tan‘y smé?}
4a’

_ 1 VZ 20 i . 29
i (sec A (1+2cosH)+sm 5

_ V) g L
= ; (sec A (1+2cos«9)+5(1—cos¢9)}

__ {gj(secz %B (1+ cos@)}
i % (sec2 %l(l +cos (9)]

3(v2) ,0 -0 3( 2
= ——| —|sec” —.co8” — = ——| —
4\ a 2

R.A = constant

1 d .
Transverse acceleration = — —(r249)
r dt
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1 L haco’940]

L danfseos? 04 sin 04)0]
-3 oy {_secey} in
S
:_M%wx[cos%.sm%]

_ 2‘7 s -sin9,

2a 2cos

— _L. 7
TA = o tané

.. Resultant acceleration = * \/ (R.A)2 + (T .A)2
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2 Differential Equation of central orbits

A particle moves in a plane with an acceleration which is always directed to a fixed
point O in the plane. Obtain the differential equation of its path.

Take O as the pole and a fixed line through O as the initial line. Let P (1,8 ) be the polar

coordinates of the particle at time t and m be its mass. Also let P be the magnitude of the central
acceleration along PO.

The equations of motion of the particle are
m (,-,-_,,6';2) =-mP

i.e. f—r@z =-P

....... (1)
and %%(VZQ) =0
ie % %(rzé) =0 .. )

Equation (2) shows that the transverse component of the acceleration is zero throughout
the motion.

From (2), 7?6 = constant=h

To get the polar equation of the path, we have to eliminate t between (1) and (3).
1
putu= —
B

From (3), é’zizzh u?
r

. dr d(lj 1 du 1 du 1 du do
Alsor=—=—| - |=——"— = _
dt dt\u

J2di yrdt 42do dr
__ldu o2 ,du P(r,0)
u? do do
P
.. d( duj d (duj do
P AL RN JL R
dt do do\do ) dt

0]

X
:_hd_zu.hu2:_h2u2d_2“ /
do* do*
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Substitute r and 4 in (1), we get

2 2
— h?u? M—lhzu4 =—Pie h2U2£M+uJP

do u do?
d?u P
e)yut —= e.(4)
Ao’  h*u?

(4) 1s the differential equation of a central orbit, in polar coordinates.

Perpendicular from the pole on the tangent - Formulae in polar coordinates

Let ¢ be the angle made by the tangent at P with the radius vector OP.

We know that tan(ﬁzrﬁ ......... (1)
dr
From O draw OL perpendicular to the tangent at P and let OL= p.
Then sin ¢ = %=£
OP r
Sop=rsime L (2)
Now eliminate ¢ between (1) and (2).
P 1 1 1
From (2), —2 = ﬁ = —2COS 602{0
p°- rosmTe r
r = Lz (1 +cot? go)
r
© >/ i Ll d (drf (by (1))
= —_— —_— —_— , y
r2 2\ do
2
NENERYEA o
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3 Pedal equation (or) (p, r) equation of the central orbit

2
We have L=u2 +(duj

— (D)
p2 do
Differentiating both sides of (1) with respect to &,
2 2
—%-@zzu@u@-d—g’:z@ u+d—L2l ........ @)
p> do dg  do Jg do do
2
But the differential equationis u+ d—bzl = %
do” hu
Hence (2) becomes —L-d—p: ul @
p3 do p?y? do
P P 5 (1
ie. ——dp= du=—r d(—j
p3 h2 2 h2 r
Pr?
= X—Ldr——idr
hr ot h?
2
h—3 : % =P 3)
P

1s the (p, r) equation or the pedal equation to the central orbit.
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Problem 9

Find the law of force towards the pole under which the curve

r"=a". cosn @ can be described.

Solution:

Givent"=a" cosné

Putr= l,the equationisu”a” cosn @ =1 ... (1)
u

Taking logarithms,

nlogu+nloga+logcosn @ =0 ... 2)

Differentiating (2) with respect to 6

nlﬂ_nsmn@_o

udb cosnb

Differentiating (3) with respect to &,

2
d“u du
— =un sec? nf +tannf.—
do
— nu sec’né@ +utan’né using (3)
d*u
u+ 70 =u+nusec’ n @ +utan2 neé

=nusec’ n 6 +u (1+tan2nl9)
= nu sec 2n6 +usec? nH:(n+1)use02 né
= (n+1)u.u2na2n using (1)
~ (n+ 122!
P = hzuz(u +d—2L21J = h*u? (n+1)a®" >
do

= (n+1)a®" h? "
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1

= (n+1)a*" .h?. i3

1

72n+3

~“Pa

Important notes
(i) When n=1, the equation is r=a cos €. The curveisa circleandP o 1 /7°.

(ii) When n = 2, the equation is r> = a® cos 2 6. This is the Lemniscate of Bernowli and P

al
7

oD

1 1
1 R )
(111) When n = 5 the equationisr2=a2 cos

Le. r=acosz€:g(l+cos9)
2 2

1

This 1s a cardioid and P =
r

-1 -1

(iv) When n = —%, the equationis 2 =a 2 .COSE

2
Sor= a = 2a i.e —a=1+0050
2 0 1+cos® r

CcOS

1
This is a parabola and P & —~
r

(v) When n = - 2, the equation is 2 =a"2.cos26

ie.r2cos20 = a? (rectangular hyperbola)
Problem 10
A particle moves in an ellipse under a force which is always directed towards its focus.

Find the law of force, the velocity at any point of the path and its periodic time.
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Solution:

The polar equation to the ellipse, with pole at focus is

Ly l+ecos® (1)
r
where e is the eccentricity and / is the semi latus-rectum.
1 1l+e cosd
From (1),u= —=
r [
e sin@ 2 e cosf
Hence — = — anddu——
[ do? [
d2u I+e cos@ e cosf |
ut = — S
d6* ! l /
2
1
We know that :u+M:_
h*u? do* 1
2.2 2
Hence P = hu :ﬁ, where /J:h_
[ 72

i.e. The force varies inversely as the square of the distance from the pole.

2
Now, Lz = u2 + (ﬂj
7 do

l+e cosd 2 e smnd 2 1+2e cos6+e>
- + =
[ / 12

Also h = pv where v is the linear velocity

2_&_ h2(1+26 cos6’+ez)

.Vvo= =
p2 12
= ﬂ{nez +2(—— from (1)
/2 ro ]
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2 (1-¢?
ﬂl:__ ¢ } ........ @)
r [

Now a and b are the semi major and minor - axes of the ellipse.

" lz%z a la—e2 :a(l—ez)

Put I =all—¢? ) in 2)

Areal velocity = >

Area of the ellipse = 7mb

7 ab 27 ab

Periodic Time T =

Problem 11

Find the law of force towards the pole under which the curves can be described.

i)r2 —a2cos20

[Hint : Put n =2 in problem 9, (i.e.,r" = a".cos nH)]
y y
1) r’“=a’“ cos A
[Hint : Putn= y in problem 9,(i.e.,r” = a" cosn@,]
. 2 b} . .9 )

iii.) r"cosn@ =a"
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Solution:

a"u" =cosnd [r:l} (1)
u
Take log both sides, and differentiate n log a + n logu =log cosn 6
1 .
n. du = (— sin nQ)n
u df cosné
du
— =—utann@ 2
p I C))
d*u

—— = —{u.sec2 no.n+ (tannﬁ)ﬁ}
do

= —lzmsec2 n6—u.tan> n@J

=utan’ n €- un.sec’> né

2
P
Wehave,u+d—bzl= 75
do h“u
) 5 5 P
1.e., ututan“nld —un.sec nf= o)
hu
2 p
u sec Iflé’(l—n):hzu2
2
e P=h2(1—n).u3. 3 ! 5 :h (12 n) 21 3
atu" a”  u"
h*(1=n) 243
= 3 7
a n

ivy r"= Acosn6+ B.sin n6
Solution:

This equation can be taken as

= A COS(nQ + 0(), ﬂ,, « are constants.
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sl= Z.u”.cos(né’ + a),'.' r=—
u
Take log both sides and differentiate,
0=1log A+ nlogu+logcos (n0+a)
1 du 1

H——+——F——— |-sin(n@ =0
nu dé cos(nf+a) [=sin(20+ )] n

.'.%zu.tan(né#a) (1)

du

2
du :u.sec2(n(9+a).n+tan(n6’+a).%

..—dgz

= nu. secz(ne—l— a)+ u.tanz(ne—l- 0!)

- nu. sec’ (n0+a)+ u.lsec2 (n0+a)- IJ
2
u+j7bzl =(n+1)usecz(n0+a)=#
L P= hz.(n + 1).u3.5602 (n6+a)
=h%(n+ 1).u3(/1u")2

2m+3 _ /Lzhz(n + 1)

_ 1242
=h A" (n+1)u T

« r2n+3

v) a=r sin n0

Solution:

Take log and differentiate au = sin né
. 1
log (au) =logsinn & vr=—

1.e.loga+logu=log(sinnf)
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ddu_ 1
u dO  sinné

.cosnb.n

du
— =nu.cotn@

2
du = n{u(— cosec’n H)vt +cotnf. @:l
46> do

=n l— nu.cos ec*n 6+ nu.cot> nHJ

=n2.ulcot2 n@—cosecanJ ——n’u.
2
.'.u+d—§l:u—n2u:u(l—n2)
do
2
But,u+M: P :u(l—nz)
de’>  h*u?

S P= h2u3(1—n2)

= hz(l—nz)u3 :ﬂl—_n2)

3

r
P «a !
F3
vi) r=asinnf
Solution:
) 1
1 =au.sinné. Cr=—
u

Take log and differentiate,
0=loga+logu+logsinn &

1 du
-+
u doé smné

(cosn@)n=0
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1 du

ie —.—+ncotn@=0
u
@=—nu.cotn6’
do
d*u du
L= —n[u.(— cosec’n (9.n)+ cot né’.—]
dé do
_ 2 2
= —nl—nu.cosec n@—nucot n¢9J
znzulcoseczn¢9+cot2 nHJ
d*u
.'.u+—2:u+n2ucoseczn9+n2ucot2n9
do
42
=u+n2u.—2+n2u(coseczm9—l)
r
2 2 5 a2 nZ
Sut+——+ —
7 r r
1 n?a®  n? 2n?a’ (n2 1)
r r3 r r3 r
2
P
Butu+——= 7 2
do h“u
2n2a? (nz—l)_ P
= r h2u?
Pop? 2n*a® _(nz—l)
P 2
2 2 2
2n-a (n —1)
Pao —
{ ” ”
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viip L=
r
Solution:
) a
leen—zemg
r
sau=e"? (1) [ r= l}
u
Differentiating, a. @ ="
do
Ldu _n o
de a
) d’u n no
So——=— n
do* a
2
n
= ="
a
2 2 né 2
n e n
U+ Sy "0 = L
a a a
en&
E (1+n2):u(1+n2) by (1)
a
d’u P
But,u+—2: 5> :u(1+n2)
do h“u

S P= h2u3(1+n2): hz(l+nz)u3

_ h2!1+n2’

V3
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t
viii) r = a. edcote

Solution:

. Hcota
Givenr=a.e

ecota
l=au.e

e [u =—

Differentiating w.r.to 6,

du
0= al ue? cot g +e?0tx ==
do
du u.e? M ot o
So—=— =—ucotax
dé eHcota
d*u

du 2
=—cota .— =ucot“a

46>

2
Lo du 2 2\ 2
SUu+r——=ut+ucot“a=u\l +cot“ a|=u.cosec o

dzu P 2
Butu+—2: ) =u.cosec o
do h“u
- P=h*u’ cosec’a
3 h?.cosec’a
7”3
1
S Pa—

ix)y r=acoshn 0

Solution:

1 =au. coshn & (1) [ r :l}
u
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) d
Differentiating w.r.to 6, a{u.n. sinh n6 + cosh nﬁd—Z} =0

.'.ﬂ:—nu tanh né ()
do
2
.'.M:—n[unsechznﬁﬂanh n&ﬂ}
do? do
=—n[nu.sech2n«9—nutanh2nt9j
2ulsech2n6?—tanh2 n@J
2
d”u -n u[sech n6+sech’nf— 1] [ -sech’6+tanh? @ = 1]
a0°
=—n ul2sech2n6? lJ
=—n ulZazu —1J
'u+d—2u— 2n?a*ud +n*u+u 2792 13
462 =-2n"a’u +(n +1) u.
2
But, u+M= 2P
de* h
P = 2n%a*u’ +(n +1)
h2u?
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x) rcoshn 8 =a
Solution:

Given rcoshnf =a
1
sau=coshnf ............ (1) [ —= u}
r

Differentiating w.r.to 6,

a. @ = n.smh n@
do

2
a.Z—Z —n’.coshné
o

2 2
M:n—costh
de’> a
2
But,u+d—1;= 2])2
do h“u

2
n P
S.Uu+—.coshn@ = 5
a h“u

[from (1)]

1.€. u+n2u: 75
h“u

.'.P:h2u3<1+n2):ﬂ’ﬂ)

r3

S Pa—

Problem 12

) ) ) . )
Find the central acceleration under which the conic — =1 + ¢ cos @, can be described.
r
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Solution:

Given equation is, /u =1+ ecos@ v—=u

l+ecos@ 1 e
U=————=

=—+—.cos@
/ [ 1
€ no
do /
2
.d—Z——ECOSH
do
2
" P :M+M:1+Ecosé’—fcosez1
h2u? do? ! !
Cp ke W _u |k
S ; IR 3 7
1

4 Apses and apsidal distances
Definition
If there 1s a point A on a central orbit at which the velocity of the particle is perpendicular

to the radius OA, then the point A is called an apse and the length OA is the apsidal distance.

Note : At an apse, the particle is moving at right angles to the radius vector.

2
We know that L =u’ + (%j where u = l

p? r

1 d
Atanapse, p=r=—. .. Atanapse, aw_yp
u do

Given the law of force to the pole, find the orbit

Given the central acceleration P, we find the path. We use the equation.
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5 (D)

To solve equation (1), we multiply both sides by 2% , we have

2
du+2du d“u 5 P du

2u. du _, P du
a0  Tdo g02 " " n2u2 do

o od ,vw d [dujz 2P  du
e L (P 49 (duy _ 2P du
do do\ do n2u2 do

Integrating with respect to 6 ,

2
u? + (%) = J.hg% du+constant ... (2)

Problem 13

A particle moves with an acceleration ,ul3au4 — 2(a2 —bz)usJ and is projected from an

apse at a distance (a + b) with a velocity . Prove that the equation to its orbit is

a+b

r=a-+bcosl
Solution:
Given P:,ul3au4 —2(612 _bz)’SJ

The differential equation to the path 1s

u+%=h2];2=hﬁ2[3au2—2(a2—b2)43] (D)

— d : o
Multiplying (1) by Zd_Z and integrating with respect to 6 we get

u’ +(%)2 :z—’l;.f[&luz —Z(az —b2)43]du+C
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4
_ 2_;1[%3 _afa? _b2)”7}+c ................. )

Now h = pv = constant = p,v, where p, and v, are the initial values of p and v respectively.

[z

Given v, =

and p, = a + b as the particle is projected from an apse

Hence h:(a+b)£:\/; Le. hzzlu
a+b

du'\’ u’
So (2) becomes u? +(%j = 2[au3 —(a2 —b2)7]+c e (3)

Initially at the apse au =0 and u =
do a+b

Hence substituting these in (3), we have

1 2{ a (az—bz)}rc

(a+by | (@+b)® 2(a+b)*
_ Z2a _(a—b)+C: 1 C
(a+b)’ (a+b)’ (a+b)?
=C=0

2
3) = [ﬂj =2au’ —(a2 —bz) ut —u?
do

%:\/hm?’ —(a2 —bz)u4 —u? =u\/2au—(a2 —bz)u2 -1 ...(4)
du

i.e =do
u\/2au—(a2 b )u? -1
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_iz -7 dV — de
rm 2a_la?-b7)
r r2
B dr _ 4o
\/Zar—(a2 bz) 2
ie —dr =do
b2 —(r-a)?
: _1(r—a .
Integrating, cos ( b j =0+a ... (5) where « is constant.

If 6 is measured from the apse line, r=a+band 8 =0.

cos ! (%) =0+«

iecos 'l=a ~a=0

—a

Hence (5) becomes cos ™! (r

)=0

1.e

=cos@

r=a+bcosl
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Problem 14

A particle moves with a central acceleration equal to ¢ =+ (distance) and is projected

from an apse at a distance ‘a’ with a velocity equal to n times that which would be acquired in

falling from infinity. Show that the other apsidal distance is

Solution:

“Velocity from infinity” means the velocity that acquired by the particle in falling with

the given acceleration from infinity to the particular point given.

If x is the distance at time t from the centre in this motion, the equation is x = _ﬁs
x

Multiply by 2x and integrate

2

X =2u|—dx+A=——F+4
jx5 2x*
. .2
Where x = o0, x=0. Hence A=0and x =L4
2x
2
o v — | M
Whenx=a, x = , and x = S
2x 2a
Hence v, = initial velocity of projection =n L4 :% H
V2a* o V2

For the central orbit, P = ﬁS =u u’
r

The differential equation of the path is
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dzl/l P o3

— = =—u
do*  h*u®

Multiplying (1) by 2% and integrate with respect to &,

2 duy 2pc s _ M 4
u +(%) —h—zju du+C—wu +C L (2)

" n
Initial values are p,=a, v, = — g
a

2 2
Henceh= p, Ozﬁ\/Z or hzzg i.e.Lzza—2
al\?2 2a 2h n

du)z B a’u®

2
U+ (=
u ) =3

+C R )

Initially at an apse, d_g =0and u = 1

a
1 1 1
So from (3), —& = +C .- C=__- _
a’> n’a? a2 242
du aut 1 1
...u2+(_)2: R ) e ()
do n a n-a

To get the apsidal distance put % =0 in (4)

atut 1 | )
Hence st 555U =0
n a an

ie atut+n’-1-2a’n’v’=0
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ora’u*—n*a’u’+ (@’ - 1)=0

ie. (a®u’— 1) [a® v — (n2 -1)]=0

ie.a’u’=1lora’u’=n’-1

ie au=lorau=+n’-1

u = — gives the point of projection
a

2
: : . n-—1
*. apsidal distance is u# =
a

1Le. r=

n’ -1

Problem 15

A particle 1s moving with central acceleration ,u(r5 —c4r) being projected from an apse

at a distance C with velocity C 3 ?,u , Show that its path is the curve x*+y*=c*

Solution:

Differential equation of the path 1s

2
p d“u
=U+—— (1)
hr? do*
4
Given, P = ,u(rs —c* ): ,u[uls - J
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Multiply by 2% and integrate,

Initially, r = c, ie. uzl, v=c 2_/1, @=0
c 3 do

Co(26) 0. 1] lg, cf
.. C (? —h O+c—2 —2/,1 —gc +7 +Cl

h2=§‘UC8 , C1—0
2 4
2 8 du 2 1 Cc
=3 {(dej ! } ’{ 6u° 2u2}
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et ii[\/l ~(actu® -3f }

do 43

cAudctdu = —\/1—(4c4u4 ~3f a6

4c*udu
ie) — =d6
i \/1—(4c4u4—3 )2
16¢*u> du
So- =|4d6.
I \/1—(4c4u4 —3)2 I
cos_1(4c4u4 —3)= 40+c, ... (3)

Tnitially, u = é 6=0 =c, =0
cos ! (4c4u4 —3):49
Sdctut —3=cos 40
~Act =3+ cos40) = r* 3+ 2c0s? 20-1)
= rH(2+2c0s? 20) = r*[2+2(2c0os? 6 -1)*]
= 1*4[2+2(4cos4 0 —4cos? 0+1)]
= [4+4(2cos4 0—2cos’ H)J

= 41/4[1+2cos4 0—2cos> 0]
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= 41/4[cos4 ¢9+(cos4 0—2cos? 0+1)]

4, 4

= 4r7[cos 6’+(1—C052 ‘9)2]
4c* = 4r4[cos4(9+sin49]

= 4[(rc059)4 +(rsin 6’)4] = 4[x4 +y4]

1 1 where x =rcos@,y =rsm @
ST =X"T4y

Problem 16

In a central orbit the force i1s u u’ (3 +2a%u? ); if the particle be projected at a distance

‘a’ with a velocity |5 7 » 1n a direction making an angle tan - (%) with the radius, show
a

that the equation to the pathisr=atanf

Solution:

The differential eqn. of the path is

d?u p 7, u3(3+2a2u2)
—+tu= =
d6* h*u? h*u’
2
hz(%+uj = ,u(3u + 2a2u3)

Multiply by 2 Z—Z and integrating,

du
v2 =a? (%j +u? :,u[3u2+a2u4]+C (1)

Also,p=rsin ¢

- Initially, P =asin ¢
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.'.p0:asin¢oza\/— (2)

Also, initially, v = /5—’3 given.
a
] e
()= — | +u 3u? +atut |+ =
D= u ( d&j %

2 4
1e. (@j :2u2+a2u4+L— 2a%u” +au’ 41

dé az a2

2
) [@jz_a4u4+2a2u2+l_ a’u® +1
\do a* a

___ﬂ:i a’u? +1
do a

pe. |- %_jde

. cot™(au)= 6 +c,.

_ 1
Initially, u ,0 = . ¢, =0
a 4
cot '(au)=0. . au = cotd
a 1
'.;:tanﬁ r=atan
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Problem 17

A particle is projected from an apse at a distance ‘a’ with a velocity from infinity, the

acceleration being £ 1’ show that the equation to its path is > = g* cos26

Solution:

Eqn. of motion is, force =- ma

)
A a2 dr\ dt dx dt
We know v:@ = i:_vﬂ
dl x7 dx
v a
.'.I2vdv: I—2m_7dx
0 x=oc
-6 14 -6
2 X H
vi==22u—10=2 =
2
u P
Now, u+——=
do*  h*u?
7
- h? u+d2u AR u
a a0? | a2

d
Multiply by 2 d_g; and integrating,

2
- h? 2uﬂ+2ﬂ.M =2u usﬁ
do  do jp*

2 6
h{uz +(%) }:2”‘2‘ +C.
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2 u
e h_:,u +C
p> 3
Initially, v:V,u:l Also at an apse ﬂ:o
a do
72 =h{%}=ﬁ.%+c )
a 3 a
ie. L=t 4 C=0=C
3a 3a
(2) = Also, 2
pl_Ha _ H
34% 34°

do
1 du 1 dr
Also, u , =———
rdo 2 do
i(ﬂjz_i_i_a“—# dr _ at—r
r4 do 7 rz r6 ’d@ B r
—rdr
=do
at —r?

Put z =12 S.dz=2rdr
. —dz — 240,
at -2
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=2jd9=29

o

. ~ z
i.e. cos™ (a—2j=2(9+cl

Initially, r=a, i.e. z=r’= a2;0 =0 = c, =0

2
a

scos ! (ij =20 => Z cos 260
2 a

2
. T
ie.) —5 =cos 20
a

r2:a2 cos 260

5 Inverse Square Law

Newton’s Law of Attraction

The mutual attraction between two particles of masses m; and m; placed at a distance ‘r’

mims

apart i1s a force of magnitude Yy = where 7 1s a constant, known as the constant of

gravitation.

Problem 18

A particle moves in a path so that its acceleration is always directed to a fixed point and

U

Show that its path is a conic section and distinguish between the three
(dis tan ce)

is equal to 5

cases that arise .
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Solution:

Given P = ﬁz
r
: k% dp 7
The (p, r) equation to the path is = P= T e (1)
p dr 7
ie. h? d—l; = lud—;
p r

2

Integrat -_#
grate, 5 + constant
2

2o @)
p2 r

We know (p, r) equation of a parabola is p’=ar

b: 2
(p, 1) equation of an ellipse is  —- = 4
p r
b: 2
(p, ) equation of a hyperbola is —-= 40
p r

Comparing these equations with equation (2)
We get (2) is aparabolaif C=0
(2) 1s an ellipse if C is negative
(2) 1s a hyperbola if C is positive
Hence (2) always represents a conic section

Since h = pv where v is the velocity in the orbit at any point P distant r from the pole,
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equation (2) becomes

V2 =2—’U+C
r

Vo2 e @)
r

. . » : . 2
Now, C is zero, negative or positive according as v* is equal to, less than or greater than M
r

2
Hence the path is a parabola, an ellipse or a hyperbola according as v = <or> hlul)

r

skskok
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UNIT V
Moment of I nertia

5.0 Introduction

In this unit, a new concept known as Moment of inertia is introduced.
Two important theorems on moment of inertia are explained. The moments of
inertia of many standard bodies are derived. Some problems are also worked
out. Later, the motion of arigid body rotating about a fixed horizontal axisis
discussed in detail. The kinetic energy, angular momentum and the moment of
the effective forces about the axis of rotation are derived. Many examples are
given. Compound pendulum and its period of oscillation are explained. The
lengths of the simple equivalent pendulum are calculated for many rigid bodies.
The motion of acircular disc rolling down an inclined planeis also discussed.

5.1 OBJECTIVES
After studying this unit, you will know about
*  The moment of inertia
*  The parallel axestheorem.
*  The perpendicular axes theorem.
*  The moments of inertia of many standard bodies.
*  Themotion of arigid body rotating about afixed horizontal axes.
*  The compound pendulum.
*  The period of oscillation of acompound pendulum.
*  Thelength of asimple equivaent pendulum.
*  Themotion of acircular disc rolling down arough inclined plane.
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5.2 D€finition

The moment, of inertia of a particle of mass m, about aline | is n?
where r isthe perpendicular distance of the particle from the line.

The moment of inertia of a rigid body about a line | is Zmr2 or
I r’dmWhere dm is the elementary mass of the rigid body.

5.3 Theorem of Parallel axes:
If 1 be the moment of inertia of a rigid body of mass M about a line |
and if 1 bethe moment of inertia about a parallel line through its centre of

gravity G, then | =1, +Md? where d is the distance between the parallel

axes.
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5.4 Theorem of Perpendicular axes
If

perpendicular lines ox and oy in the plane of alaminaand if |, be the moment

I, and I, be the moments of inertia of a rigid body about two
of inertiaabout aline which is perpendicular to both ox and oy, then

l,=1,+1,
Note:

The parald axes theorem is applicable to both two dimensional and
three dimensional bodies.

The perpendicular axes theorem is applicable to only two dimensional
bodies.

Moment of I nertia of some standard bodies.
1. To find the moment of inertia of arod.

Let BOA be auniformrod of length 2« .
Let o be the midpoint of the rod.
Letoy L" BOA.
We will find the M.I about OY
We will take o asorigin and OA as x axis.
Let PQ be an elementary mass of the rod.
It will be a particle of thickness 8x at a distance x from o.
Elementary mass of PQ is oim=4x.0

Where p isthe density of the rod.
M.| of the elementary mass about oy = (5xp).X*
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(5],
: [%— <)

- E >
Let M be the mass of the rod
~M=2ap
.M
..p—%
M2
(1):> y 2aa23
IY:M'?

Note: If AY is aline11® to oy, then by the parallel axes theorem,
M.l about AY is
I= |4 +Md?

2

=ML ima?
3

2
| —Mﬂ

\.

2. Tofind the M.l of arectangular lamina
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Let ABCD be arectangular lamina of sides 2a and 2b.

Let o be the centre of the lamina.

Let ox and oy betwo L' lines paralldl to the sides as shown in the figure.
We will find the M.I about ox

Let PQ be an elementary mass of the lamina It will be a thin rod of
length wb and thickness dx at adistance x from o.
Elementary mass of PQ is om= 2b.ox.0
Where p isthe density of the lamina.
2
M.1 of the elementary mass about ox = (2boxp). %

3
L

“.M.I of the lamina about ox :|X=J'a_7 -

pdx
a _be
|, = 2_[x=02§pdx

b (e
, =4§pszodx
3

b
|, = p.4€ a — (1)
Let M be the mass of the lamina.
.M =2a2bp
Then, M
Sp=—
4ab
3
H= 1=
4ab 3
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I, =M.

X

m|C{)

b3
.M.l about ox is I =M.—

-~

2
111YM.I about oy is |y=|v|%

If ozisan axis L' to both ox and oy,

=1 +1,

RV YE
3 3
Y (2% +b°)

2

-

5.5.3Tofind the M.l of atriangular lamina.

Let ABC beatriangular lamina of base aand height h.

Wewill the M.l about the base BC

Let PQ be an elementary mass of the lamina.lt will be athin rod of length PQ

and thickness ¢ x at adistance x from BC.

Elementary mass of PQis d m=PQ.J x. p

Where p isthe density.

M.I of the elementary mass about BC = (PQ. 5 X. p ) X?

h
Therefore, M. of the triangular lamina about BC = _[ PQ.p.x%dx

198 /247



AABCIII" AAPQ.
BC__b
"PQ h-x

Let M be the mass of the triangular lamina.
1
~M==ah.
> p

Y
Lp=—

4. To find the M.I of acircular ring
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Let O bethe centre and a be the radius of acircular ring.
Let OX and QY be two perpendicular lines in the plane of the ring.
Let OZ be perpendicular to both ox and oy.
We will find the M.I about oz
Let PQ be an elementary mass of the ring.
Elementary mass of PQ=06 m.

M.! of the circular ring about OZ =Y dma’
|, =a’(Xdm)
|, =a’M
Where M isthe mass of thering.
sl =Ma —(1)
|, bethe M.I of the circular ring about ox and oy. Since the ring is

.,

symmetrical about ox and oy, we get
I
X y

By the perpendicul ar axes theorem,
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=1, +1,

Ma? =1, +1,
L2 =Ma
2
e =m2
2

a2

.M.l of thecircular ring about aradius = M'E'

M.l of the circular ring about a line through the centre perpendicular to the
plane of thering = M.a?

5.5.5Tofind theM.I of acircular lamina

Let O be the centre and ‘a’ be the radius of the circular lamina.

Let ox and oy be two perpendicular linesin the plane of the lamina.

We will find the M.I about ox
Let PQ be an elementary mass of the circular lamina.

It will be athin rod of length 2y and thickness 6% at a distance x from
O.

Elementary mass of PQ is dm= 2y.5x.p
Where p isthe density

2
M.I of the elementary mass about ox = (2y.8x.p).yT
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M.| of the circular lamina about ox = J a__ %.y"'p.dx.

2

Iy =3P :=_ay2dx
Onacircle,
X2+y2:a2
X =acoso
y=asno
dx =-asin6do
X =-a, —8=acaoso
—-1=c0s6..0=mn
X=a, a=acosd ..0=0

~()=1,=2p[" (asin0)’(-asin6)do

O=r
_2 A g -4
|x—§Pa '[ezosn 0do
|, =Zpa‘2["sin*0.d0
3 0=0
4 ,31nmn
I =p=a.—.=.=
3 422
na’
|, =p.— —(2
=P (2
Let M be the mass of the lamina.
Then, M =na’p
M
P
(2)= 1 _M ma
7
2
L =m2
4

) ) i a
..M.l of acircular laminaabout aradius = M.—.

Let oz bealine L' to both ox and oy
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Then M.l about oz is

=1, +1,
2 2
L=MmZimd
4%
2
L=mZ
2

6. To find the M.I of an elliptical lamina

Let o be the centre of the eliptical lamina.
Let 2a, 2b be the lengths of the major and minor axes.

Let ox and oy be two perpendicular lines in the plane of the lamina as shown in
the figure.

Wewill find the M.| about ox.

Let PQ be an elementary mass of the lamina. It will be athin rod of length 2y
and thickness 0, at adistance x from O.

Elementary mass of PQ is dm= 2ydX.p.
Where p isthe density.

2
M.I of the elementary mass about ox = (2y3xp) y?

3

M.1 of the elliptical |amina about ox = J.:‘:_aZTy pdx
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Ontheé€llipse,

X—a gives

X =agives

Y=

2 2
%+§ =1
X =acoso
y=bsino
dx =—-asin6do

—a=acosO

—-1=cos6
O0=mn
a=acod
1=cosO
6=0

Let M be the mass of the elliptical lamina,

M = ndbp

M

~nab
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2
1™, M.I about oy is I =M.a7.
Let oz be aline perpendicular to both ox and oy. Then, M.l about oz is

[, =1,+1,

2 2
Lo v E
4

4
| = a+b’
’ 4

5.5.7 Tofind theM.I of asolid sphere
Let O be the centre and ‘a’ be the radius of a solid sphere.

Let ox and oy be two perpendicular lines through o.
We will find the M. about ox.

Let PQ be an elementary mass of the solid sphere.
It will be acircular laminaof radiusy and thickness 0% at adistance x from o.

Elementary mass of PQ is dm=ny*.8x.p.

Where p isthe density

2
M.I of the elementary mass about ox = (ny28xp) y?

205/ 247



4

M.I of the solid sphere about ox = jny? pdx

X =acoso
y=asino
dx =—asin6do
X=-a gives —a=acoso
—1=cos0
0=m
X =agives a=acoso
1=cos6
6=0
()=

_TP O oV (ad
l, _7J.e:n(asn9) .(—asin6dd)

l,="2a°[" sin®6do
2 6=0

X

| :“—p.a5.2j%sjn5@de
2 0

4 2
| =mpa®.—.=.1
X p 5’3

_8 s
l =1 Pma —(2)

Let M be the mass of the solid sphere . Then,
M = gnasp
_3M
P ana®

3M 8

(2):> I>< = 47533 .E.Tca

IX=M.g.a2
5

. M.| of asolid sphere about aradius = M.é.a2
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To find the M.I of ahollow sphere
Let o be the centre and ‘a’ be the radius of a hollow sphere.

S
Let ox and oy be two perpendicular lines through o.
We will find the M.I about ox
Let PQ be an elementary mass of the hollow sphere.
It will be a circular ring of radius y and thickness o< at a distance x
from o.
Elementary mass of PQ is = 2mydsp
Where p isthe density.
M.I of the elementary mass about ox = (2nydsp).y?

M.| of the hollow sphere about ox = Ji_a 2my’pds
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X =—agives —a=acash
—1=cos6
O0=m

X =agives a=acosH
1=cos6
0=0

A=, = 2npj:=n(a§n9)3 ado
I, =2npa’ [ sin’0do
|, = 2npat.2[ *sin’ 0
I, = 27tp.a4.2.§.1

=%na4p 5(2)

IX

Let M be the mass of the hollow sphere Then, .
M = 4na’p
M
4na®
8 , M

(2):> lx =§Tlfa .4Tta2

Sp

~.M.1 of the hollow sphere about aradius = M.% a

Tofind the M.I of asolid cone
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Let O bethe vertex
Ox bethe axis
o be the semi-vertica angle
r be the radius
and h bethe height of the solid cone
We will find the M.I about ox

Let PQ be an elementary mass of the cone. It will be circular disc of
radius y and thickness ox at adistance x from o.

Elementary mass of PQis dm=ny>.5x.p

Where p isthe density

2
M.I of the elementary mass about ox =(Tcy28Xp).y?
. ooyt
M.1 of the solid cone about ox =J'x=0n?pdx
_mph 4 _Y,_
I, = > L:Oydx [tanoc—xy—xtenoc}
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2 5

5

I L
2

T
| =p.—.h°tan*a
X p]O

Let M be the mass of the cone

M =%nr2h.p
_3Mm
nr’h
()=
Ixz%.%hstm“a
T
IX=M.10r2 h*tan*
IX=M.1O?r2(htana)4
I, =M. 32r4
10r

Next, we will find the M.| about oy

Elementary mass of PQ is dm= my*8x.p

[tan(xzﬁ htancxzr}

y2

M.I of the elementary mass about oy = 7:y26x.p.7 +y?dxp.X>

4

..M.l of the cone about oy Iy=J‘h {nyj

x=0
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x*dx

h (Tttar\4ocp+4ntan2ap)

ly:J‘x=0 4

=L e ap(taara)[ €]
= e ap(tan”a+4). <

0

l, =%.tan2 a.%@ﬂmz oc).gs
l,=M Z(frz (h2 tanzoc).(4+tan2 oc).hz
I, =M. 2(;3r2 r*h?(4+tan’ o)

3

|y=|v|.2—oh2(4+tan2a)

5.5.10 Self assessment problems|
1. If aand b be external and internal radii of a hollow sphere, prove that its

o . o(@-p)
moment of inertia about adiameter is M.——<.
5(a3—b3)
2. Find the moment of inertia of asolid cube about an edge

Until now , we have seen the motion of a particle, under the action of
different kinds of forces.

Next we will discuss the motion of arigid body
5.6 Motion of arigid body

A rigid body rotates a fixed horizontal axis passing through the body.
Tofind

I) the kinetic energy of the rigid body

ii) the angular momentum and

iii) the moment of the effective forces about the axis of rotation
Let arigid body of mass M rotate about afixed horizontal axis oz.
Let OA be the fixed vertical line through O

Let G be the centre of gravity of the rigid body.
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Let m be an elementary mass of therigid body at P where OP =r.

In a rigid body, the distance between any two fixed points remains
constant throughout the motion.

Thereforefor al the positions of the rigid body, GOP=q is constant.
When the rigid body rotates about the axis oz at any timet, let AOG=0

OZA is a fixed plane in space and OZG is a fixed plane in the rigid
body.

.. AOG=0 isthe angle between these two fixed planes..
Astherigid body rotates about oz, at any timet,

the angular velocity of P= %(Gﬂx)

o
o
ct

dd da
=—+
at
) . do
.. Theangular velocity of P =—+0=

[Since a isconstant, d—0L=O]
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2
The angular acceleration of P = %(6+a)

_d0 da
dt>  dt?
d?0

w0

_do
dt?

. All the particles of the rigid body rotate with the same angular velocity %
2

and same angular acceleration ra

i) To find the Kinetic energy

When the rigid body rotates about the axis oz,P will move aong a circle with
centreo and radiusr.

~ It will haveavelocity r :%, along the tangent at p.
o 1 dé,,
.. Kinetic energy of the elementary mass at p}= Em(r E)

[If aparticle of mass m moves with avelocity v, then its K.E= Em\/2

2
~.Kinetic energy of the rigid body} = Z% mr? (?)

=30 (Xme)

:lﬁmk‘
2
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. K.E of therigid body = % MK %t

Where MK ?is the moment of inertia of the rigid body about the axis of rotation
oz.

Here K is called the radius of gyration.
i) To find the angular momentum.

When the rigid body rotates about the axis oz, the elementary mass at p
moves along acircle with centre o and radiusr.

.. It has avelocity r% along the tangent at P.

. Momentum of the elementary mass at P = mr%

[If aparticle of mass m moves with aveocity v, then its momentum is mv].
Taking moments about o,

the moment of momentum of the elementary mass about oz} ="Forcex
distance”

_ de
=r.mr —
at
.. Moment of momentum of the rigid body about oz=3nr? %
- z nr 292
=6 X mr)
= M

. Angular momentum of the rigid body = MK %¢
iii) To find the moment of the effective forces about the axis of rotation.

When the rigid body rotates about the fixed horizontal axis oz, p moves
along acircle with centre o and radiusr.
do

. g% (@
.. It has atangential acceleration r ra and normal accelerationr ( ——

We will find the moment about oz.

Since the normal acceleration ré@? passes through o, its moment about 0z=0.

214 | 247



~.Moment of the effectice forces acting on the elementary mass about oz

%)

~.Moment of the effective forces acting on the rigid body about oz
, d°0
=y m?=—=
dt
d’o
=?(Zmr2)
= 6MK’
= MK?H,
. Moment of the effective forces about oz = Mk?.

i) Kinetic Energy=% Mk?2

i) Angular momentum= MK?
iii) Moment of the effective forces about 0z = MKt

5.7  Conservation of Angular Momentum.

If arigid body rotates about a fixed horizontal axis, and is the sum
of the moments of the external forces about its axis of rotation is zero, then its
angular momentum about its axis of rotation is constant.
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Pr oof:

Let a rigid body of mass M rotate about a fixed horizontal axis oz
passing through the body.

Then, the moment of the effective forces acting on the rigid body about
its axis of rotation is MK 2.

Here MK?is the moment of inertia of the rigid body about oz.
.. The equation of motion of the rigid body is
MK2é = L........... M

Where L isthe sum of the moments of the external forces about oz.
(1):%(MK2(};- =L.....(2)

Here MK?¢ isthe angular momentum of the rigid body about oz.

i.e, When arigid body rotates about a fixed horizontal axis, its rate of

change of angular moments of the external forces about the axis of rotation oz.
If L=0,then

@) :%(MKZ(}; —o

.. MK?& = Constant.
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.. When arigid body rotates about a fixed horizontal axis oz, if the sum of the
moments of the external forces acting on it about its axis of rotation is zero,
then its angular momentum about its axis of rotation remains constant.

Thisis known as the principle of Conservation of angular momentum.
57.1 Problems
1. A uniform rod of length 2ais free to turn about its one end, which is
fixed. When it is hanging vertically, it is projected with an angular
velocity w. In the horizontal position, if it comes to rest, prove that

we J?Zg
2a

Let OA= 2a, the length of therod
G- centre of gravity.
M- mass of therod.
Let the rod rotate about a fixed horizontal axis oz.
When the rod is hanging vertically, in the position OA, it is projected with
an angular velocity w.
At any timet, let OA’ be the position of therod. Let G be the position of
the centre of gravity at that instant.

Let GM 1" OA.
Let GM =hand AOG =46.
Now,

Loss in kinetic energy= Work done.
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Initial K.E-Fina K.E=Forcex distance moved.

%MKZQZ—%MKZA" -~ AMg<h...(1)

Where MK? isthe moment of inertia of the rod about oz.

2
LMk =M.

3

()=
. . OM
:_2L|\/|K2(a)2—t'f") Mgh [In AOME, 080
OM = acosd]
2

%.M.%(a)z—[ﬁ) Mgl
232 2 ~
?(w -6 )= g(G—0OM)
28.2 2 i
= (@ =)= gla-acos)_(1

When the rod reaches the horizontal position, its angular velocity becomes
zero.
i.e,then #=90,60=0
@)=
2
3
2
z?awz =ga (cos90" =0)

o° _30
2a

= /E
2a

2. A uniform rod of length 2ais at rest hanging from one end. An angular
velocity w about a horizontal axis through the fixed and is communicated to it.

(w® —0)=g(a—acos90)

If it just makes complete revolutions, provethat = 3@
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;_I

'I‘J'lI -.-'4

]

G

Let OA= 23, length of therod.
G- centre of gravity.
M- mass of the rod.
Let the rod rotate about a fixed horizontal axis oz.

When the rod hangs vertically in the position OA, it is projected with an
angular velocity o.

At any timet, let OA’ be the position of therod. Let G' be the position of the
centre of gravity at that instant.

Let GM L' OA

Let GM=hand A'OG=4.

Now, lossin K.E= work done.

Initial K.E-Final K.E=Forcex distance moved

219/ 247



Where MK ? isthe moment of inertia of the rod about oz.

S MKZ =M. 2
2

-~

D=

1
EM—w2 %M —n Mg h

T (w2 — )= gl
2
2%(\/\/2 —@ )= g(G—0OM)
2
2%(\/\/2 — &) = gla—acosh)
2
2% (WP — 6" ) = ga(1—cosé)
W6 = 2E(1_coso 2
- (1-cos6)__(2)
If the rod has to make a complete revolution, when the rod reaches the upward
vertical position , @ = i)
iein the position OB, @=r,6 = (.
(2=
w*—0= ﬁ[l— cosr]
2a
o' =21~ (-3

=39 5
2a

3. A uniform rod of length 2a can turn freely about one end. If it is released
from the horizontal position, prove that its angular velocity when it is first

vertical is \/E
2a
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Let OA =2a, bethe length of the rod

G- centre of gravity

M —Mass of therod

Let the rod rotate about a fixed horizontal axis oz.

When the rod is in the horizontal position OA, it is held at rest and then
released.

At any timet, let OA" be the position of the rod.
Let G' bethe position of the centre of gravity at that instant.

Let OB be the downward vertical position of the rod.
Le GMLOB.

Lee BOA=0.
Llet OM=h.

Now,
Lossin K.E = Work done
Initial K.E - Fina K.E = Force x distance moved

O—%MKZH’ Mg(-h)
%MKZEI' = Mgh —(1)

where MK? is the moment of inertia of the rod about oz.
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4a2
S

-~

- MK?=M.

M B = Mg.acoso

~()= 4‘%

NI

8 = :'—E-;:USQ
2a
When the rod becomes vertical,
0=0,let b=

2_30

C.° =—=.cos(r
2a

4. A uniform circular disc of radius ‘a’ and mass m can revolve about a fixed
horizontal axis perpendicular to its plane at a distance ‘b’ from the centre. Find
its Kinetic energy.

Let C be the centre and a be the radius of the circular disc.
Let the disc rotate about a fixed horizontal axis oz.

Let oc=h.
When the rod rotates about the fixed horizontal axis oz,
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Kinetic energy of the disc :% MK —(1)

Where MK ? isthe moment of inertia of the disc about oz.
Let CZ' bean axispardlé to oz.

2

We know that M.l of thedisc about CZ' = M.%.

By parallel axistheorem,
M.| of the disc about OZ= M. about CZ' + M.b?

2
MK2=M.%+M.b2

2 2
, . (a8+20%)
MK —M—2
9=
(a2+2b2) _
Kinectic energy of thedisc = M———="

5.7.2 Self assessment problems||

1. A uniform rod of length 2a can turn freely about one end. When it is
in the upward vertical position, it is released. When it comes to the horizontal

position, find its angular velocity.

2. A square lamina of side 2a can rotate about a fixed horizontal axis
passing through one vertex perpendicular to the plane of the lamina. Find the

kinectic energy of the lamina.
5.8 COMPOUND PENDUL UM

A rigid body oscillating freely under gravity about a fixed horizontal

axisis called acompound pendulum.
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B.W Tofind the period of oscillation of a compound pendulum

Let arigid body of mass M oscillate about a fixed horizontal axis oz.
Let G bethe centre of gravity.
Let OA bethe fixed vertical line through o.
Let OQ=h and GM L OA.
When the rigid body oscillates about oz, at any timet, let AOG=0.
The only external force acting on the rigid body is its weight Mg { atG.
Taking moments about o0z,
Where MK? isthe moment of inerti of the rigid body about oz.
MK %t = — Kg.GM —(1)
Where MK? isthe moment of inertia of the rigid body about oz.
In  AOGM,
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. GM
IN0=——
oG

h
..GM =hsin®
~()= MK?ti = ~Mghsin® —(2)
For small values of 0 inradiands,

sin0=0 nearly

(2= MKt = —Mghd
i %6
d® gh
@ e 70
This equation is of the form

2

d—)z(z—nzx

dt

.. Thisisasimple harmonic motion.

ItsperiodT=2—:

2

’gh
K2
2
periodT = 2r ’K—
gh

5.8.2 Simpleequivalent Pendulum

T=

A simple pendulum whose period of oscillation is equal to that of a
compound pendulum is called a simple equival ent pendulum.

For asimple pendulum of length I,
Period T=2n\/l; —(1)

2
For acompound pendulumT = 2r /% —(2)
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comparing(1),(2)

K
we get | =—
g h

2
.. Length of the ssmple equivalent pendulum | = KT

5.9 Centre of suspension and centre of oscillation
Let arigid body oscillate about a fixed horizontal axis oz.

Let G bethe centre of gravity.
Let OG=h
Let MK? be the moment of inertiaof the rigid body about oz.
Let O beapoint on OG, such that
ie, OO0 = K—2
h

Then, o is the centre of suspension and
O isthe centre of oscillation.
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5.9.1 To show that the centre of suspension and centre of oscillation are
interchangeable.

Let arigid body oscillate about afixed horizontal axis oz..

Let o be the centre of Suspension,
G be the centre of gravity
And O bethe centre of oscillation.
Let OG=h
K2
~h
Where Mk?isthe M.| of the rigid body about oz.
Let MK? br yhr M. of the rigid body about a parallel axis GZ'
Then, by the parallel axes theorem,
"l =1, +Md*"
MK? = MK? +Mh?
L KZ2=K?+h? —(2)

oo —(1)

2 2
~()= oo =X ;h
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OO0’ =—+h
h
2
00’ = KT+ 0oG
2
00 - _K
h
2
0G-1
oG
- 0GOG=K? —(3)

Next, when O becomes the centre of suspension, let Q" be the centre
of oscillation.

Then from (2), we get
0GO'G=K? —>(2)
(3)&(4)=

0OG.O0G _K_2
0GO'G K?
oG _,
o'G
L 0G=0"G
..0O and Q' coincide.
i.e, When..Q' becomes the centre of suspension,
O becomes the centre of oscillation.

The centre of oscillation and the centre of suspension are
interchangeabl e.
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59.2 To find the minimum period of oscillation of a compound
pendulum.

Let arigid body oscillate about a fixed horizontal axis oz.

2
Period of oscillation T=2x LS
\} gh

T=2n\/g _>(1)

Where MK? isthe M.I of the rigid body about oz.

Let OG=h.
Let O" bethe centre of oscillation.

Let MK? bethe M. of therigid body about a paralled axis GZ'.
Then, by paralled axes theorem,
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| =1 +Md?
MK? = MK? +Mh?
K? =K2+h? -(2)

(2= | =

Differentiating w.r.t.h
d K?

o w
Again differentiating w.r.t. h
d_zl_ 2K?
dh* R
For maximum or minimum value of |

:3>0
K

.1 isminimum when h=k

2 2
Minimum value of | = KZ+h
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K?+K?
K
=2K.
.. Minimum period of oscillation
T,— 2, <
gh

T= a2,
g

ﬂz&rgﬁ
\Jg

593 PROBLEMS

1. A weightless red ABC of length 2ais capable to rotate about a horizontal
axisthrough A. A particle of mass m is attached at B and another of mass mis
attached at C. Find the length of the simple equivaent pendulum.

ABC=23, length of the rod.
Let the rod oscillate about the fixed horizontal axis AZ.

B

# >

A particle of mass m is attached at B and another particle of mass m is
attached at C.
Let G be the common centre of gravity.
Let AB=h.
Taking moments about A,
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2mg.AG =mg.AB+mg.AC
2mg.h = mg.a+ mg.2a

2h=3a
h-= (1)

Considering the moment of inertiaabout AZ,

2mK? =ma’+m( 2a)2

2K? =a’ + 4a°
2
k2 =X —(2)
2
.. The length of the simple equivaent pendulum is
K2
| =—
h

B

2. A heavy uniform rod of length 2| and mass M has a mass m attached to its
oneend. The whole system oscillates about a fixed horizontal axis through the
(M+3m)l
3(M+2m)g

other end. Show that the period of oscillation is 4n vd aWif.
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Let AC=2, bethelength of the rod.
The weight of therod Mg | acts at the mid point B.

Also aweight mg actsat C.

Let AG=h.

Taking moments about A,
(M+m)g.0Z=Mgl+mg.2l
(M+m).gh=(M+2m)gl

h:(M+2m)l S
(M+m)g
Let the rod oscillate about the fixed horizontal axis AZ.
Considering the moments about AZ,

2 4|2 2
(M+m).K?= M.?+m.(2I)

2
(M+m)K2 =2 (M-+3m)
,  A*(M+3m)

- K _W —(2)

2
Period of oscillationT = 2n K_h
\jg

B 41?(M+3m)(M +m)
= 27T\/:%(lvl +m).g(M+2m)]

(M+3m)l
3(M+2m)g

T=4n
3. A sguare lamine of side 2a oscillates about a horizontal axis through one of

its corners which is perpendicular to the plane of the lamina. Find the length of
the simple equivaent pendulum.
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Let ABCD be asguare lamina of side 2a.
Let it oscillate about fixed horizontal axis AZ.
Let G be the centre of gravity.

Let AG=h.
Then,E =c0s45
AD

h_1

2a A2
z2a

h=—
J2

h=+2a —(1)

Let the Moment of inertia of the lamina about AZ. be MK?2.
By the theorem of parallel axes,

I =1s+Md?
5 2a° 2
MK? =M.=—+M.(y/2a)
3
_2a’+6a°
3
8a2
E)
The length of the simple equivalent pendulum is

KZ

K? —>(2)
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h
8 1
3 J2a
|42

3

4. A solid homogeneous right circular cone of height h and semivertical angle
o oscillates about a horizontal axis through its vertex. Show that the length of

the simple equivalent pendulum is 2(4+ tan® oc) :

Let o bethe vertex
H be the height
R bethe radius
And a bethe semivertical angle of the cone.
Let G bethe centre of gravity of the cone.
oG =:—: h —(1)
The cone oscillates about the fixed horizontal axis oy.
We will find the M.I of the cone about oy.
Let PQ be an elementary mass of the cone.
It will beacircular disc of radius y and thickness ox at a distance x from o.
Elementary mass of PQ is Sm= zy*ox.p
Where p isthe density.
By the theorem of parallel axes,
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| =1g+Md?
2
M.I of the elementary mass about oy} =1, :J'h_o(y—+x2]dm

2

hly
l, = L:o(f + xzj Ty’pdx

Iy:.[ho{x tzzn Oc+x2}.7c.(xtanoc)2.p.dx. [tanoc=¥

h
on ) » [ X°
Iy—p.z(4+tan x).tan a'(f)

0

I =p.E(4+tanzx).tanzoc.h—5 —(2)
y 4 5
Next, let M be the mass of the cone.
1,
S M==nrh,
3™ P
M=§n.h tan“ o.hyp tanoc=T h=rtana
3M
= (3
P nh®tan® o (3
(2)=
3M T
| =——— —htan®a4+tan®
T i tan? o 20 o @)
ie, MK? = M.3h2(4+tan?a)
20
. 2 3 2 2
- K _Z_Oh (4+tan cx) —(4)

2

- Length of the SEP. =KT
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2
=K

h
I 3h? (4+tan2 a) 4
20 3h
|=2(4+t8n20c).

594 Sdf Assessment Problems|||

1. An dliptic laminais such that when it swings about one latus rectum
as a horizontal axis, the other latus rectum passes through the centre of

oscillation. Show that e=%.

2. A rod of mass m has a mass m attached to its one end. If the rod can
oscillate about an axis passing through the other end, find the period of
oscillation.

5.10 Moation of auniform circular disc rolling down an inclined plane.
A uniform circular disc of radius arolls down arough inclined plane.

If it starts from rest, find its acceleration and the distance traveled in t
seconds.

a—radius

o—centre

M —mass of the circular disc

a—angle of inclination of the inclined plane

A —Initial point of contact of the disc with the inclined plane
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X- distance moved in timet seconds

@ - angle of rotation

R —normal reaction

F—frictional force
B-point of contact after t seconds
A’ —position of the point A after t seconds
x=A'B=2ab.

The forces are acting as shown in the figure.

Resolving the forces along and perpendicular to the inclined plane, we get

S—
Mi = Mgsno—F —(1)
O=R-Mgcosa —(2)

The moment of the effective forces about the axis of rotationis
MK 2 = Fa

—(3)
Where MK?isthe M.l of the circular disc about the axis of rotation.
2
~MKZ=M.E
2
(3=
2
M 6= Fa
2
M3 —(4)
2
Next,
X=2a0b
x= ;’lE'
£ = ghl
g=3
a
(4)=
MEE_g
2a
X
F=M 5 —>(6)
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M = Mg-;inoc—M%

SE+==psna

N =2

—¥=gsna
20

X="Fdna —(7)

"S= Ut + St
2

x:O.t+E.§sinoc.t2
2 3

9
3

~

x==t?dna.
20
—51NoL.

=
<

.. Acceleration X =

Distance moved in t seconds X ==t*sina.

w @

Answers
Self — assessment problems |
1
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Let o be the centre and a,b be the outer and inner radii of the hollow
sphere.
We will find the M.I about aradius ox

Let us consider an elementary mass of the hollow sphere.

It will be a hollow sphere of centre o, radius r and thickness or .

Asr varies from b to awe will get the hollow sphere

Elementary mass dm = 4nrsr.p.

M.| of the elementary mass about ox =(4nr28r.p) % r?
M.l of the whole body about ox= _[;g rpdr

_8 4
—:—Snp T dr

IX

N
x=3™\ 5

b

5_b5
IX=:—§np(a z )

Let M be the mass of the hollow sphere . Then

M= (ﬂ na’ —ﬂnb3j P
3 3

ad®)

M= (e -)p

-

) O

0=

8 (&-D°)  au

(==T

37 5 4n(a-b%)

|X=M.3(a5_b5)
5(a3—b3)

2. Let 2a be the side of the cube. Let ox and oy be two perpendicular axes
through the centre o.
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First we will find the M.I about ox.
Let PQ be an elementary mass of the cube. It will be asquare lamina of side 2a.
Elementary mass of PQ is dm=2a.2a0xp .

Where p isthe density

2
M.| of the elementary mass about ox = (4a2p8x).zTa
a 8,
M.1 of the cube about ox. |, :L_ S pax
8 a
I, ==a’p(x
X 3 p( )—a
8 4
l,=p.za 22 —(1)

Let M be the mass of the cube.
Then, M =2a.2a.2ap

_M
P g
(1)=
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li=—=.=a
8 3
2
=M
3
2 2a’)
.. M. of the cube about the edge AB = M.—a2+M.(—j
3 V2
2
v 8
3

Self assessment problemsl||
1

OA =23, length of the rod

G—Centre of gravity
M —mass of therod
Let the rod rotate about a fixed horizontal axis oz.

Initiallly the rod is held at rest in the upward vertica position and then
released. At any timet, let OA" be the position of the rod.

Let therod rotate an angle 6 int secs.
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Let G' bethe position of the C.G at timet secs.
LeeGM L OA
Let GM=h
Let AOA=6
Now ,
Lossin kinetic energy = Work done
Initial kinetic energy — Final kinetic energy = Work done
O—%MKZO2 =-Mgh —>(1)

Where Mk?isthe M. of the rod about oz

2
.-.MK2=M.4%

(Y=

2
Im2
2

0" = Mg (a—acos6)
B = £ 1-cos0
25\ )
When the rod reaches the downward vertical position,
O=m, Bh=1w

LWl = §[1— cosr]
2a

2 _ 391 (_
w _23[1 ( 1)]
.39,

2a

39

SW= L —
a
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Let ABCD be a square lamina of side 2a. Let the lamina rotate about a
fixed horizontal axis AZ.

When the lamina rotates about the axis AZ, at any time t, let 0 be the
angle of rotation.

Kinetic energy of the lamina = % MK 25 >(2)

Where MK? isthe M.| of the lamina about AZ.
By the parallel axes theorem,

I =l +Md?
2y g 28 2
MK _M.?+(\/§a)
2
MK2 = M. 88
3
.'.(1):>
2
K.E of the lamina =EM.ﬁli'
2 3
2
:M_ﬂlj'
3
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Self assessment problems 111
1

Let the equation of the ellipse be
X2 y2
?'FF =1.

Let the lamina oscillate about the latus rectum sz as a fixed horizontal axis.
Let G be the ceentre of gravity. Then
SG=h=ae —(1)
Let Mk? be the M.1 of the lamina about sz.
By parallel axistheorem,
I =1s+Md?

2

MkZ:M.aZ+M(ae)2

k2=a2(:11+e2) —(2)

Given that the other focus
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s =—
h
az(%+e2)
2ee=
ae
2a%? =&’ (1+e2j
4
2w-lig
4
e-1
4
1
e==
2
2.

AC=23, length of therod
B be the midpoint of the rod.

The weight of therod mg | acts at B.
Another weight 2mg | is attached to C

Let Gbe the common centre of gravity.
AG=h
Taking moments about A,
3mg.h=mg.a+2mg.2a
3h=at+4a

5a

h== —(1)
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Let the rod oscillate about the fixed horizontal axis AZ.
Considering M.1 about AZ,

2
3mk? = m.% +2m(2a)°

2
3mk2=m.28a
g
2
k2 =25 5 (2)
g
k2
Period of oscillationT = 2r, |—
gh
2
Toon |23
gg oSa

T=4n ra
0159

5.12 Booksfor reference
1. Mechanics - By P. Duraipandian
Emarald Publishers, 135, Anna Saai,
Chennai — 600 002.
2. Dynamics— By S. Narayanan
S. Chand & co
Chennai.
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