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Students will acquire knowledge of 
 

The motion of bodies under the influence of forces. 
Rectilinear motion of particles, Projectiles, Impact and Moment of Inertia of Particles. 
 

Unit -I 

Basic units – velocity – acceleration- coplanar motion – rectilinear motion under constant 
forces – acceleration and retardation – thrust on a plane – motion along a vertical line under 
gravity – line of quickest descent - motion along an inclined plane – motion of connected 
particles. 
 

Unit – 2 

Work, Energy and power – work – conservative field of force – power – Rectilinear motion 
under varying Force simple harmonic motion (S.H.M.) – S.H.M. along a horizontal line- 
S.H.M. along a vertical line – motion under gravity in a resisting medium. 
 

Unit – 3 

Forces on a projectile- projectile projected on an inclined plane- Enveloping parabola or 
bounding parabola – impact – impulse force - impact of sphere - impact of two smooth 
spheres – impact of a smooth sphere on a plane – oblique impact of two smooth spheres 

 

Unit – 4 

Circular motion – Conical pendulum – motion of a cyclist on a circular path – circular motion 
on a vertical plane – relative rest in a revolving cone – simple pendulum – central orbits -
general orbits - central orbits- conic as centered orbit. 
 

Unit – 5 

Moment of inertia. Two dimensional motion of a rigid body –equations of motion for two 
dimensional motion – theory of dimensions- definition of dimensions. 
 



 

 

 

 

 

 

 

  

The branch of mechanics which deals with the motion of object is called dynamics. It is 
divided into two branches: 

(i) Kinematics      (ii)       Kinetics 
Kinematics: 

The branch of dynamics which deals with geometry of motion of a body without any 
reference of the force acting on the body is called kinematics. 

Kinetics: 

The branch of dynamics which deals with geometry of motion of a body with reference to the 
force causing motion is called kinetics. 

Points to be Remember 

(i) The position of a particle can be specified by a vector r� whose initial point is at the 

origin of some fixed coordinate system and the terminal point is at the particle. This 

vector is called position vector. If the particle is moving, the vector r� changes with 

time. i.e. it is a function of time. 

(ii)  The curve traced by a moving particle is called the trajectory  or the path of the 

particle.  

(iii)  The path of the particle can be specified by the vector equation 

r� � r� (t)                                           ________ (i)  

The path of the particle can also be specified by three scalar equations 

x = x(t),     y = y(t),      z = z(t)   __________ (ii) 

These equations are obtained by equating the components of vectors on two sides of 
the equation (i). Equation gives the coordinates of the points of the path for different 
value s of t. We call these as parametric equations of the path. 

CHAPTER 

4 KINEMATICS 
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  Cartesian Components of Velocity & Acceleration 
 

y     
              
      
           B   dr
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= V���                 Q 
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 r� + δr�  

   P 
 

     
      
  r�   
   A  

           x            O    

Let AB be a part of the trajectory of the particle as shown in figure. Let the particle at time t 

be at the point P whose position vector is r�. After a small time δt, let the particle reach the 

point Q whose position vector is r� + δr�. The PQ������ = δr� is the displacement of the particle from 

the point P in the small time interval δt. The quotient   
δr�
δt 

gives the average rate of change of displacement of the particle in the interval δt. If we start 

decreasing the time interval δt, the displacement δr� will go on deceasing and the point Q gets 
nearer and nearer to P. Thus 

lim
δ	 
� δr�

δt 
can be considered as the instantaneous rate of change of displacement. This is defined as the 
instantaneous velocity or the simply velocity v�� of the particle at point P. 
Thus, 

v�� � lim
δ	 
� δr�

δt � dr�dt 
 

Proceeding in similar way we can see that the acceleration a� (the instantaneous rate of change 
of velocity) at time t is given by 

a�= lim
δt →0

δv��
δt

=
dv��
dt

=
d

dt

dr�

dt
� =

d2r�
dt2

 

In Cartesian coordinates, we can write 

 r� = xi� + yi� 
Then 

v�� = d

dt
�xi� + yi��=

dx

dt
i� + 

dy

dt
j�   
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a� = d2

dt2
�xi� + yi��=

d2x

dt2
i� + 

d2y

dt2
j� 

Thus 

vx=    x- component of velocity    =dx
dt

 

vy=    y- component of velocity    =dy
dt

 

ax � x- component of acceleration � d
2
x

dt2
 

ay � y- component of acceleration � d2y
dt2

 

�  Question 1 

A particle is moving in such a way that it position at any time t is specified by  

r� = �t3+ t2�i� + �cost + sin2t�j� + �et + logt�k� 
Find the velocity and acceleration. 

Solution 

If v�� and a� are velocity and acceleration of particle respectively. Then 

v�� � dr�dt � ddt ��t3+ t2�i� + �cost + sin2t�j� + �et + logt�k�� 

   = �3t2+ 2t�i� + �� sint + 2sintcost�j� + �et + 
1

t
� k� 

   = �3t2+ 2t�i� + �sin2t �  sint�j� + �et + 
1

t
� k� 

and     a� � dv��dt  � ddt 
�3t2+ 2t�i� + �sin2t �  sint�j� + �et + 
1

t
� k�� 

               � �6t + 2�i� + �2cos2t �  cost�j� + �et � 1

t2
� k� 

  Question 2 

A particle P start from O at t = 0. Find tits velocity and acceleration of particle at any time t 
if its position at that time is given by 

r� = at2i� + 4atj� 
Solution 

If v�� and a� are velocity and acceleration of particle respectively. Then 
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v�� � dr�dt � ddt �at2i� + 4atj�� = 2ati� + 4aj� 
and     a� � dv��dt  � ddt �2ati� + 4aj�� � 2ai� 

  Question 3 

At any time t, the position of a particle moving in a plane can be specified by               
(acoswt, asinwt) where a and w are constants. Find the component of its velocity and 
acceleration along the coordinates axis. 

Solution 
Let        r� = acoswt i� + asinwt j� 
Differentiate w.r.t “t”, we get 

v�� = � awsinwt i� + awcoswt j� 
Differentiate again w.r.t “t”, we get 

a� = � aw2coswt i� �  aw2sinwt j� 
Thus the component of velocity and acceleration are 

vx = � awsinwt     ,    vy = awcoswt 

ax = � aw2coswt   ,    ay = �aw2sinwt   

  Question 4 

The position of particle moving along an ellipse is given by  r� = acost i�    + bsint j�    If a > b, 
find the position of the particle where velocity has maximum and minimum magnitude. 

Solution 
As        r� = acost i� + bsint j� 
Differentiate w.r.t “t”, we get 

v�� = � asint i� + bcost j� 
⇒         v = ���asint�2 + �bcost�2 

   = �a2sin2t + b2cos2t 
   = �a2sin2t + b2�1 �  sin2t� 

   = �a2sin2t + b2 �  b2sin
2t 

   = �sin2t�a2 �  b2� + b2 
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v is maximum when sin2t is maximum. i.e. sin2t = 1 ⇒  sint = �1  ⇒  t = 90, 270 

For t = 90 

r� = acos90 i� + bsin90 j� = bj� 
 For t = 270 

r� = acos270 i� + bsin270 j� = � bj� 
So the position of the particle when velocity has maximum magnitude is ± bj�.  
v is minimum when sin2t is minimum. i.e. sin2t = 0 ⇒  sint = 0  ⇒  t = 0, 180 

For t = 0 

r� = acos0 i� + bsin0 j� = ai� 
For t = 180 

r� = acos180 i� + bsin180 j� = � ai� 
So the position of the particle when velocity has minimum magnitude is ± ai�.  

  Radial & Transverse Components of Velocity & Acceleration 
 

 

 

 

 

 

 

 

 

 

In polar coordinates, the position of a particle is specified by a radius vector r and the polar 
angle θ which are related to x and y through the relations 

x = rcosθ 
y = rsinθ 
 

provided the two coordinates frames have the same origin and the x–axis and the initial line 
coincide. The direction of radius vector is known as radial direction  and that perpendicular 

to it in the direction of increasing θ is called transverse direction.  

                   

 

y     
     

 
    
    
         ŝ   
   

            
 

    
      P  
     
          r̂    
    900 + θ 
     

           x 
           O    
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Let r̂ and ŝ be units vectors in the radial and transverse direction respectively as shown in 
figure. Then 

r̂ = cosθi� + sinθj�                                                                               ______________ (i)        

ŝ = cos(900 + θ)i� + sin(900 + θ)j� = � sinθi� + cosθj�                        ______________ (ii) 

Differentiating (i)  w.r.t  “t”  dr̂dt � d

dt
�cosθi� + sinθj�� 

     � !�sinθ i� �dθ

dt
�  + cosθj� �dθ

dt
�" 

     � dθ

dt
��sinθ i� + cosθj�� 

     � dθ

dt
ŝ                       By (ii)                                                                 ______________ (iii) 

Differentiating (ii)  w.r.t  “t”  dŝdt � d

dt
��sinθi� + cosθj�� 

     � !�cosθ i� �dθ

dt
�  � sinθj� �dθ

dt
�" 

     � � dθ

dt
�sinθ i� + cosθj�� 

     � � dθ

dt
r̂                             By (i)                                                         ______________ (iv) 

We know that 

r̂ = 
r�
r

        ⇒       r� = r r̂ 
Now    v�� = dr�

dt
 

                � d

dt
�rr̂� � dr

dt
. r̂ + r

dr̂

dt
 � dr

dt
. r̂ + r

dθ

dt
ŝ 

Thus, 

vr = Radial component of velocity = 
dr

dt
 =  r$   

vθθθθ = Transverse component of velocity = r
dθθθθ

dt
 =  rθθθθ$  

Where dot denotes the differentiation with respect to time “t”. 
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Let a� be the acceleration Then  

a� = dv��
dt

 

                � d

dt
�dr

dt
. r̂ + r

dθ

dt
ŝ� 

                � d

dt
�dr

dt
. r̂� +

d

dt
�r

dθ

dt
ŝ� 

                = d

dt
�dr

dt
�  r̂ + 

dr

dt

dr̂

dt
+

dr

dt
�dθ

dt
ŝ� +

d

dt
�dθ

dt
�  rŝ +

dŝ

dt
�r

dθ

dt
� 

                = d2r
dt2

 r̂ + 
dr

dt

dr̂

dt
+

dr

dt
�dθ

dt
� ŝ + d2

θ

dt2
 rŝ +

dŝ

dt
�dθ

dt
� r 

               = d2r

dt2
 r̂ + 

dr

dt
�dθ

dt
ŝ�  +

dr

dt
�dθ

dt
� ŝ +

d2
θ

dt2
 r ŝ + �� dθ

dt
r̂� �dθ

dt
� r       By �iii�& (iv) 

               = d2r

dt2
 r̂ �  r �dθ

dt
�2

r̂ + 2 dr

dt
�dθ

dt
� ŝ +

d2
θ

dt2
 r ŝ 

               = &d2r

dt2
  �  r �dθ

dt
�2' r̂ + &2

dr

dt
�dθ

dt
�  +

d2
θ

dt2
 r' ŝ 

Thus, 

ar = Radial component of acceleration = 
d
2
r

dt2
� r �dθθθθ

dt
�2  =     r( � r�θθθθ$ �2  

aθθθθ = Transverse component of acceleration = 2
dr

dt
�dθθθθ
dt

�  + r d2θθθθ
dt2
 =  2r$θθθθ$     + rθθθθ(  

  Question 5 

A particle P moves in a plane in such away that at any time t, its distance from point O is       
r = at + bt2 and the line connecting O and P makes an angle θ = ct3/2 with a fixed line OA. 
Find the radial and transverse components of velocity and acceleration of particle at t = 1 

Solution 

Given that 
r = at + bt2   and   θ = ct3/2 

Differentiate w.r.t “t”, we get 

dr

dt
= a + 2bt   and   

dθ

dt
= 

3

2
ct

1
2)  

Differentiate again w.r.t “t”, we get 

d2r

dt2
= 2b   and   

d2
θ

dt2
= 

3

4
ct*1

2)  
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At t = 1 

r = a + b   and   θ = c 

dr

dt
= a + 2b  ,   

dθ

dt
= 

3

2
c  , d2r

dt2
= 2b   and   

d2
θ

dt2
= 

3

4
c 

Radial component of velocity = vr = 
dr

dt
= a + 2b  

Transverse component of velocity = vθ = r dθ

dt
= 

3

2
c�a + b�  

Radial component of acceleration = ar = 
d2r

dt2
 � r �dθ

dt
�2

 

                                                                      = 2b � �a + b� �3

2
c�2

 

                                                                      = 2b � 9

4
c2�a + b� 

                                                                      = 
1

4
�8b � 9c2�a + b�� 

Transverse component of acceleration = aθ = 2
dr

dt
�dθ

dt
�  + r

d2
θ

dt2
  

                                                                      = 2�a + 2b� �3

2
c�  + �a + b� �3

4
c� 

                                                                      = 
3

4
c�5a + 9b� 

�  Question 6 

Find the radial and transverse components of velocity of a particle moving  along the curve 

ax2 + by
2
 = 1 

at any time t if the polar angle is θ = ct2 

Solution 

Given that 

θ = ct2 

Differentiate w.r.t “t”, we get 

dθ

dt
= 2ct 

Also given that 

ax2 + by2 = 1 

First we change this into polar form by putting x = rcosθ and y = rsinθ 
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ar2cos2θ + br2sin2θ = 1 

⇒       r2(acos2θ + bsin2θ) = 1 

⇒        r√acos2
θ + bsin2

θ = 1 

⇒        r = �acos2
θ + bsin2

θ�* -.  

Differentiate w.r.t “t”, we get 

dr

dt
= � 1

2
�acos2

θ + bsin2
θ�* 

3
2 ��a2cosθsinθ

dθ

dt
 + b2sinθcosθ

dθ

dt
� 

    = 1
2

�acos2
θ + bsin2

θ�* 
3
2 �a �  b�sin2θ

dθ

dt
 

    = 1
2

�acos2
θ + bsin2

θ�* 
3
2 �a �  b�sin2θ.2ct 

    = ct�a �  b�sin2θ

�acos2
θ + bsin2

θ� 
3
2

 

Radial component of velocity = dr

dt
 = ct�a �  b�sin2θ

�acos2
θ + bsin2

θ� 
3
2

 

Transverse component of velocity = r dθ

dt
 = 2ct

�acos2
θ + bsin2

θ� 
1
2

 

�  Question 7 

Find the radial and transverse components of acceleration of a particle moving  along the 
circle  x2 + y2 = a2 with constant velocity c. 

Solution 

Given that 
dθ

dt
= c 

Differentiate w.r.t “t”, we get 

d2
θ

dt2
= 0 

Also given that 

x2 + y2 = a2 

First we change this into polar form by putting x = rcosθ and y = rsinθ 

r2cos2θ + r2sin2θ = a2 

⇒       r2(cos2θ + sin2θ) = a2 

⇒       r2 = a2 
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⇒       r = a 

⇒      dr

dt
= 0   ⇒   

d2r

dt2
= 0 

Radial component of acceleration = ar = 
d2r

dt2
 � r �dθ

dt
�2

                                                                       = 0 � ac2                                                                       = � ac2 

Transverse component of acceleration = aθ = 2
dr

dt
�dθ

dt
�  + r

d2
θ

dt2
  

                                                                               = 0 

  Tangential & Normal Components of Velocity & Acceleration 
 

y     
              
      
           B   

Tangent 
                Q 
    
       δs  
   

           δr�  
    
 r� + δr�  

   P 
 

     
      
  r�   
   A  

           x            O    
Let AB be a part of the trajectory of the particle as shown in figure. Let the particle at time t 

be at the point P whose position vector is r�. After a small time δt, let the particle reach the 

point Q whose position vector is r� + δr�. Then PQ������ = δr�  and arcPQ = δs 

Now   v�� = 
dr�
dt

=
dr�
ds

.
ds

dt
= v.

dr�
ds

                                                                               _____________(i) 

Here 
dr�
ds

 is a unit tangent at point P.  
Let t ̂ be a unit vector along the tangent at P and n/ unit vector along normal at the point P. 

Then 

dr�
ds

� t ̂ 
Using this in (i), we get 
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v�� = v t ̂ + 0.n/ 

Thus, 
vt = Tangential component of velocity = v  

vn = Normal component of velocity = 0 

Hence the velocity is along the tangent to the path.  

y  
Normal 

    
       
         
         
       Tangent  
            n/     
         
      t ̂   
         
    

               900 
   

       
         
   

    ψ 
  

            900 + ψ 
 

     
     x 

          O       
 Let a� be the acceleration. Then 

a� = 
dv��
dt

 

   = 
d

dt
�v t ̂� 

   = 
dv

dt
 t ̂ + v

dt ̂
dt

 

   = 
dv

dt
 t ̂ + v

dt ̂
dψ

dψ

ds

ds

dt
 

   = 
dv

dt
 t ̂ + v

dt ̂
dψ

(Kv)           0    ds

dt
� v 

Where
dψ

ds
= K is called curvature and  K = 

1

ρ
 

So         a� = 
dv

dt
 t ̂ + v

dt ̂
dψ

.
v

ρ
 

                  = 
dv

dt
 t ̂ + 

v2

ρ

dt ̂
dψ

 

Since t ̂ and n/ are unit vectors along tangent and normal at P Therefore 

t ̂ = cosψi� + sinψj�                                                               

n/ = cos(900 + ψ)i� + sin(900 + ψ)j� = � sinψi� + cosψj�  
Now      dt ̂dψ � d

dψ
�cosψi� + sinψj�� 

      � ��sinψ i� + cosψ j�� 
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      �  n/ 

So           a� = 
dv

dt
 t ̂ + 

v2

ρ
n/ 

Thus, 

Tangential component of acceleration = at = 
dv

dt
  

Normal component of acceleration =    an =  v2ρρρρ  

Where 

ρ = 

&1 + �dy
dx�2'3

2)

4d2y
dx24  

  Question 8 

A particle is moving along the parabola x2 = 4ay with constant speed. Determine tangential 
and normal components of its acceleration when it reaches the point whose abscissa is √5a. 

Solution 

Given that 

x2 = 4ay 

Differentiate w.r.t “x”, we get 

2x = 4a
dy

dx
       ⇒        dy

dx
 = x

2a
 

Differentiate again w.r.t “x”, we get 

d2y

dx2 � 1

2a
 

Given that  x = √5a  therefore 

dy

dx
 = 

√5a

2a
= 

√5

2
 

We know that 

ρ = 

&1 + �dy
dx�2'3

2)

4d2y
dx24 = 

51 + 
√5
2 �263

2)

1
2a

= 2a 71 + 
5

4
83

2)
= 2a 79

4
83

2)
= 2a 73

2
83 � 27a

4
 

Since the particle is moving with constant speed therefore 

dv

dt
 = 0 
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Tangential component of acceleration = at =  
dv

dt
� 0  

Normal component of acceleration = an = 
v2

ρ
= 

v2

27a
4

� 4v2

27a
 

�  Question 9 

Find the tangential and normal component of acceleration of a point describing ellipse 

x2

a2
9 y2
b
2
= 1 

With uniform speed v when the particle is at (0, b). 

Solution 

Given that 

x2

a2 9 y2

b2 = 1 

⇒        x2b2+ y2a2 = a2b2 

Differentiate w.r.t “x”, we get 

2b2x + 2a2y
dy

dx
= 0 

⇒        dy

dx
= � b2x

a2y
 

Differentiate again w.r.t “x”, we get 

d2y

dx2 � � b2

a2 :y � x
dy
dx

y; < 

       � � b2

a2

=
>?y � x 
� b2x

a2y
�

y;
@
AB 

       � � b2

a2 
1

y
 + 

x2b2

a2y3� 

At (0, b) 

dy

dx
 = � b20

a2b
= 0 

and     d2y

dx2 � � b2

a2 
1

b
 + 

0.b2

a2b3� � � b

a2 
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We know that 

ρ = 

&1 + �dy
dx�2'3

2)

4d2y
dx24  

                = 
D1 + �0�2E3

2)
F� b

a2F = 
a2

b
 

Since the particle is moving with uniform speed therefore 
dv

dt
 = 0 

Thus, Tangential component of acceleration = at =  
dv

dt
� 0  

           Normal component of acceleration = an = 
v2

ρ
= 

v2

a2

b

� bv2

a2 \ 

 

  Question 10 
A particle is moving with uniform speed along the curve 

x2y    =    a
x2+ a2√5� 

Show that acceleration has maximum value
10v2

9a
 

Solution 

Given that 

x2y = a 
x2+ 
a2

√5
�             

⇒        y = a + 
a3

√5
x*2 

Differentiate w.r.t “x”, we get 
dy

dx
� � 2a3

√5
x*3 

Differentiate again w.r.t “x”, we get 

d2y

dx2 � 6a3

√5
x*4 

We know that 
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ρ = 

&1 + �dy
dx�2'3

2)

4d2y
dx24  

                 = 

&1 + �� 2a3√5
x*3�2'3

2)

6a3√5
x*4

= 
71 + 

4a6

5x683
2)

6a3√5x4

= 
√5x4

6a3 &5x6 + 4a6

5x6 '3
2)

= 
D5x6 + 4a6E3

2)
30a3x5  ____(i) 

We know that 

a� = 
dv

dt
t ̂  9  v2

ρ
n/ 

Since the particle is moving with constant speed therefore 
dv

dt
 = 0 

⇒        a� = 
v2

ρ
n/ 

⇒       |a�| = 
v2

ρ
|n/| �  v2

ρ
              0 |n/| = 1 

|a�| will maximum when ρ is minimum. 

Differentiate (i) w.r.t “x”, we get 

dρ

dx
� 30a3x5 H3

2 �5x6 + 4a6�1
2) 30x5I � D5x6 + 4a6E3

2) �150a3x4��30a3x5�;  

      � �5x6 + 4a6�1
2)�30�;a6x10

D30a3x5D45x5E � D5x6 + 4a6E�150a3x4�E 
      � �5x6 + 4a6�1

2)
30a3x6

D45x6 � 5�5x6 + 4a6�E 
      � �5x6 + 4a6�1

2)
30a3x6

D45x6 � 25x6 �  20a6E 
      � �5x6 + 4a6�1

2)
30a3x6

D20x6 �  20a6E 
      � 20�5x6 + 4a6�1

2)
30a3x6

Dx6 � a6E 
      � 20�5x6 + 4a6�1

2)
30a3x6

�x2 � a2��x4 + x2a2 + a4� 

Putting 
dρ

dx
= 0, we get 

x = ± a 
Since 
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  INTRODUCTION 

The motion of a particle along a straight line is called rectilinear motion. Let the particle start 
from O along a line. We take line along x-axis. Let after time ‘t’ particle be at a point P at a 
distance ‘x’ from O.  
 
 
 
Let r� be the position vector of the point P w.r.t origin O. Then 

r� = OP���� = x i� 
Now    v�� = dr�

dt
= 
dx

dt
i�    and    a� = dv��

dt
= 
d
2
x

dt2
i�   

Let      |v��| = v   and   |a�| = a 

Then   v =  dx
dt

     and    a = d2x
dt2

 

Also    a = dv
dt

 = dv
dx

. dx
dt

 

               =  dv
dx

.v 

⇒        a = v. dv
dx

 

  MOTION WITH CONSTANT ACCELERATION 

Let the particle start from O with velocity u at time t = 0 with constant acceleration.. Let after 

time ‘t’ particle be at a point P at a distance ‘x’ from O. Then 

a = dv
dt

      ⇒     adt = dv 

On integrating we get 
v = at + A                                                                                            _____________(i) 

Where A is constant of acceleration. 

                                                  
   O               r�                     P        

x-axis                                 

5 

RECTILINEAR MOTION
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At t = 0, v = u 

Using this in (i), we get 

A = v 

Using value of A in (i), we get 

v = u + at                                                                                           _____________(ii)  

Which is 1st equation of motion. 

As we know that 

v =  
dx

dt
 

⇒        
dx

dt
�  u + at          By (ii) 

⇒         dx = (u + at)dt 

On integrating we get  

x =  ut + 
1
2
at2 + B                                                                        _______________(iii) 

At t = 0, x = 0 

Using this in (ii), we get B = 0 

Using value of B in (ii), we get 

x =  ut + 
�
2
at2                                                                                 ________________(iv) 

Which is 2nd equation of motion. 

As        a = v. dv
dx

      ⇒         a . dx = v. dv 

On integrating, we get 

ax + C  = 
v2

2
                                                                                         _______________(v) 

At t = 0, x = 0, v = u 

Using these values in(v), we get  

C  = 
u2

2
 

Using value of C in (v), we get 

ax + 
u2

2
  = 

v2

2
    ⇒         2ax + u2  = v2       

⇒         2ax  = v2 � u2 
Which is 3rd equation of motion. 

If a particle is moving with constant retardation then a = � a 
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�  Distance travelled in Nth Second  

Let x1 and x2 be the distances traveled in n and n – 1 seconds respectively. Then by 2nd 
equation of motion we have 

x1 = un + 
1

2
an2     

and       x2 = u(n – 1) + 1
2
a(n – 1)

2 

Distance traveled in nth second = x1 – x2 

    = un + 1
2
an2 � u(n – 1) �  

1

2
a(n – 1)

2 

    = un + 1
2
an2 � un + u � 1

2
a(n2 – 2n + 1) 

    = 1
2
an2 + u �  

1

2
an2 +

1

2
a(2n � 1) 

    =  u + 1
2
a(2n � 1) 

  Question 1 

A particle moving in a straight line starts from rest and is accelerated uniformly to attain a 
velocity 60 miles per hours in 4 seconds. Finds the acceleration of motion and distance 
travelled by the particle in the last three seconds. 

Solution 
Given that 

 Initial velocity = u = 0 

 Time = t = 4sec 

Final velocity = v = 60 miles/h 

                   =
60 × 1760 × 3

3600
� 88 ft/sec 

We know that 

 v = u + at 

⇒        a = 
v � u

t
= 
88 � 0

4
= 22 ft/sec2 

Now 

 x1 = Distance covered in 1st second 

                = ut + 1
2
at2 

                = 0 + 
1

2
(22)(1)

2� 11ft 
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 x2 = Distance covered in 4 seconds 

                = ut + 1
2
at2 

                = 0 + 
1

2
(22)(4)

2� 176ft 

Distance covered in last 3 seconds = x2 – x1 

                                                        = 176 – 11 = 165ft. 

�  Question 2 

Find the distance travelled and velocity attained by a particle moving on a straight line at 
any timre t. If it starts from rest at t = 0 and subject to an acceleration  t2 + sint + et 

Solution 

Given that 
 a = t2 + sint + et 

⇒       
d
2
x

dt2
= t2+ sint + et  

On integrating, we get 

dx

dt
= 
t3

3
�  cost + et + A       

Where A is constant of integration 

When t = 0 then dx
dt

= 0 

⇒   A = 0 

Hence velocity is: 

dx

dt
 = 

t3

3
�  cost + et 

On integrating again, we get 

x = t4
12

�  sint + et + B       
Where B is constant of integration 

When t = 0 then x = 0 

⇒        B = �1  

Hence the distance travelled is given by 

x = 
t4

12
�  sint + et � 1 
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  Question 3 

Discuss the motion of a particle moving in a straight line if it starts from rest at   t = 0 and 
its acceleration is equal to   (i)     t n       (ii)      acost + bsint        (iii)   � n2x 

Solution 

(i)  

Given that 
a = tn 

⇒       
d
2
x

dt2
= tn 

On integrating, we get 

dx

dt
= 

tn + 1

n + 1
 + A                                       

Where A is constant of integration 

When t = 0 then dx
dt

= 0 

⇒   A = 0 

Hence velocity is: 

dx

dt
 = 

tn + 1

n + 1
 

On integrating again, we get 

x = tn + 2�n + 1��n + 2�  + B    
Where B is constant of integration 

When t = 0 then x = 0 

⇒       B =  0 

Hence the distance travelled is given by 

x = tn + 2�n + 1��n + 2� 

(ii)   

Given that 
a = acost + bsint 

⇒       
d
2
x

dt2
=  acost + bsint 

On integrating, we get 
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dx

dt
= asint �  bcost + A                                       

Where A is constant of integration 

When t = 0 then dx
dt

= 0 

⇒   A = b 

Hence velocity is 

dx

dt
= asint �  bcost + b   

On integrating again, we get x = � acost �  bsint + bt  + B    
Where B is constant of integration 

When t = 0 then x = 0 

⇒       B =  a 

Hence the distance travelled is given by x = � acost �  bsint + bt  + a    = a(1 � cost) + b(t �  sint) 

(iii)   

Given that 
a = � n2x 

⇒        v
dv

dx
=  � n2x              �  a = v dv

dx
 

⇒        v dv = � n2xdx 

On integrating, we get 

v2

2
= � n2 x2

2
+ A           

Where A is constant of integration. 

⇒        v2= 2A �  n2x2 
⇒        v2= B �  n2x2 
⇒        v = � B �  n2x2 
Which is the velocity of the particle. 

⇒        
dx

dt
 = � B �  n2x2                      � v = dx

dt
   

⇒        
dx� B �  n2x2  = dt 
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On integrating again, we get 
1

n
sin�1 � nx√B�= t + B 

Where B is constant of integration. 

1

n
sin�1 � nx√B�= t + B 

⇒        sin�1 � nx√B�= nt + nB 

⇒        sin�1 � nx√B�= nt + C 

⇒        x = √B
n

sin�nt + C� 

�  Question 4 

A particle moves in a straight line with an acceleration kv3. If its initial velocity is u, then find 
the velocity and the time spend when the particle has travelled a distance x. 

Solution 

Given that 

 a = kv3 

⇒        v
dv

dx
= kv3               �  a = v dv

dx
 

⇒        v – 2dv = kdx 

On integrating, we get �v – 1 = kx + A                                                                                                  ______(i) 

Where A is constant of integration. 

Initially v = u, x = 0 and t = 0 

⇒        A = � u – 1 

Using value of A in (i), we get � v – 1 = kx � u – 1 

⇒        
1

v
= 1
u

� kx =  1 �  kxu
u

 

⇒        v =  u
1 �  kux 

Which is the velocity of the particle. 

⇒        
dx

dt
 =  u

1 �  kxu                      � v = dx
dt
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⇒        �1 �  kxu�dx =  udt 
On integrating again, we get 

x � ku
x2

2
� ut + B                                                                                         _________(ii) 

Where B is constant of integration. 

Initially,  v = u, x = 0 and t = 0 

⇒        B = 0 

Using value of B in (ii), we get 

x � ku
x2

2
� ut 

⇒         ut � x
2

�2 � kux� 

⇒         t � x
2u

�2 � kux� 

Which is required time spend when the particle has travelled a distance x. 

�  Question 5 

A particle moving in a straight line starts with a velocity u and has acceleration v3, where v is 
the velocity of the particle at time t. Find the velocity and the time as functions of the 
distance travelled by the particle 

Solution 

Given that 

 a = v3 

⇒        v
dv

dx
= v3               �  a = v dv

dx
 

⇒        v – 2dv = dx 

On integrating, we get �v – 1 = x + A                                                                                                    ______(i) 

Where A is constant of integration. 

Initially v = u, x = 0 and t = 0 

⇒        A = � u – 1 

Using value of A in (i), we get � v – 1 = x � u – 1 

⇒        
1

v
= 1
u

� x =  1 �  xu
u
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⇒        v =  u
1 �  ux 

Which is the velocity of the particle. 

⇒        
dx

dt
 =  u

1 �  xu                      � v = dx
dt

   
⇒        �1 �  xu�dx =  udt 
On integrating again, we get 

x � u
x2

2
� ut + B                                                                                           _________(ii) 

Where B is constant of integration. 

Initially,  v = u, x = 0 and t = 0 

⇒        B = 0 

Using value of B in (ii), we get 

x � u
x2

2
� ut 

⇒         ut � x
2

�2 � ux� 

⇒         t � x
2u

�2 � ux� 

  Question 6 

A particle starts with a velocity u and moves in a straight line. If it suffers a retardation equal 
to the square of the velocity. Find the distance travelled by the particle in a time t. 

Solution 

Given that 
 Retardation = v2  

⇒        a = � v2 

⇒        v
dv

dx
= �v2               �  a = v dv

dx
 

⇒        
dv

v
= � dx 

On integrating, we get 

lnv  = � x + A                                                                                                   ______(i) 

Where A is constant of integration. 

Initially v = u, x = 0 and t = 0 

⇒        A =  lnu 
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Using value of A in (i), we get 

lnv = � x + lnu 

⇒        x =  lnu � lnv 

⇒        x = ln �u
v

� 

⇒        ex =  
u

v
 

⇒        v =  
u

ex
 

Which is the velocity of the particle. 

⇒        
dx

dt
 =  u

ex
                     � v = dx

dt
   

⇒        exdx =  udt 
On integrating again, we get 

ex� ut + B                                                                                                              ______(ii) 
Where B is constant of integration. 

Initially,  v = u, x = 0 and t = 0 

⇒        B = 1 

Using value of B in (ii), we get 

ex � ut + 1         ⇒         x � ln(1 + ut)  

�  Question 7 

Discuss the motion of a particle moving in a straight line with an acceleration x3 where x is 
the distance of the particle from a fixed point O on the line, if it starts at t = 0 from a point     

x = c with a velocity c
2 √2�  

Solution 

Given that 
 a = x3 

⇒        v
dv

dx
= x3               �  a = v dv

dx
 

⇒        v dv = x3dx 

On integrating, we get 

v2

2
=
x4

4
+ A                                                                                                                _________(i) 
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Where A is constant of integration. 

Initially, t = 0, x = c and v = c
2 √2�  

⇒        A = 0 

Using value of A in (i), we get 

v2

2
=
x4

4
 

⇒        v2=
x4

2
 

⇒        v =
x2√2 

Which is the velocity of the particle. 

⇒        
dx

dt
 = x2√2                      � v = dx

dt
   

⇒        
dx

x2
 = dt√2 

⇒        x�2dx = dt√2 

On integrating again, we get 

�x�1 � t√2 + B                                                                                             _________(ii) 
Where B is constant of integration. 

Initially,  x = c and t = 0 

⇒        B = �c�1 

Using value of B in (ii), we get 

�x�1 � t√2 � c�1 

⇒         c�1 � x�1 � t√2           ⇒         t � √2�c�1 � x�1�              ⇒         t = √2 �1
c

� 1

x
� 

  Question 8 

Discuss the motion of a particle moving in a straight line if it starts from the rest at a distance 
a from the point O and moves with an acceleration equal to µ times its distance from O. 

Solution 

Let x be the distance of particle from O then 
a = µx 

26 / 247



 

 

 

 

⇒        v
dv

dx
= µx             �  a = v dv

dx
 

⇒        vdv = µxdx 

On integrating, we get 

v2

2
=
µx2

2
 + A                                                                                                                      _____(i) 

Where A is constant of integration. 

Initially, v = 0, x = a and t = 0 

⇒         A = � µa2

2
 

Using value of A in (i), we get 

v2

2
=
µx2

2
� µa2

2
 

⇒        v2= µx2 � µa2 

⇒        v = �µ�x2 � a2� 
Which is the velocity of the particle. 

⇒        
dx

dt
 = �µ�x2 � a2�                      � v = dx

dt
   

⇒        
dx√x2 � a2

 = �µdt 
On integrating again, we get 

cosh
�1 �x

a
� � �µt + B                                                                               _________(ii) 

Where B is constant of integration. 

Initially, x = a and t = 0 

⇒         B = cosh�1
1 = 0 

Using value of B in (ii), we get 

cosh
�1 �x

a
� � �µt 

⇒         x = a cosh��µt� 

  Question 9 

The acceleration of a particle falling freely under the gravitational pull is equal to k
x2

 , where 

x is the distance of particle from the centre of the earth. Find the velocity of the particle if it is 
let fall from an altitude R, on striking the surface of the earth if the radius of earth is r and the 
air offers no resistance to motion. 

27 / 247



 

 

 

 

Solution 

Given that 

a = � k

x2
 

Here we measuring distance x from centre O of the earth. The distance and acceleration is in 

opposite direction. So we take –ive sign. Therefore 

v
dv

dx
= � k

x2
             �  a = v dv

dx
 

⇒        vdv = � k

x2
dx  

On integrating, we get 

v2

2
= k
x

 + A                                                                                                         _________(i)      
Where A is constant of integration. 

When  x = R  then v = 0 

⇒         A = � k

R
 

Using value of A in (i), we get 

v2

2
= k
x

� k

R
          

⇒        v2= 2k �1
x

� 1

R
� 

⇒        v = #2k �1
x

� 1

R
� 

  Question 10 

A particle starts from rest with a constant acceleration a. When its velocity acquires a certain 
value v, it moves uniformly and then its velocity starts decreasing with a constant retardation 
2a till it comes to rest. Find the distance travelled by the particle, if the time taken from rest 
to rest is t. 

Solution 
Let t1, t2 and t3 be the times for acceleration, uniform motion and retardation motion 

respectively. Then 

t = t1 + t2 + t3                                                                                                   _______(i) 
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          v        
          
               A         B   
          
          
    

v 
 

      v 
   

        
        
                         

t 
        O           t1                D                 t2                   E             t2           C 
Now  

acceleration = slope of OA 

⇒        a = v
t1

 

⇒        t1 = v
a
 

Similarly   

retardation = slope of BC 

⇒        2a = v
t3

 

⇒        t3 = v
2a

 

From (i), we have 

t2 = t � t1 � t3 

    = t � v

a
� v

2a
 

    = t � 3v

2a
 

Distance = Area under the velocity-time curve 

               = Area of trapezium OABC 

   = 1
2

�OC + AB��AD� 

   = 
1

2
�t1+ t2+ t3+ t2�v 

   = 
1

2
�t + t2�v 

   = 
1

2
�t + t � 3v

2a
� v 

   = 
1

2
v �2t � 3v

2a
� 
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�  Question 11 

A particle moving along a straight line starts from rest and is accelerated uniformly until it 
attains a velocity v. The motion is then retarded and the particle comes to rest after traversing 
a total distance x. If acceleration is f, find the retardation and the total time taken by the 
particle from rest to rest. 

Solution 

Let t1 and t2 be the times for acceleration and retardation respectively. Then 

t = t1 + t2                                                                                                          _______(i)  

           v  
        A 

     
        
         
         
         
         
         v      
         
         
         t 

 
          O         t1         C      t2       B   

Now 

acceleration = slope of OA 

⇒        f = v
t1

 

⇒        t1 = v
f
 

Let g be the retardation. Then   

retardation = slope of BC 

⇒        g = v
t2

 

⇒        t2 = v
g
 

Distance = Area under the velocity-time curve 

⇒        x = Area of ∆ABC 

   = 1
2

�OB��AC� 

   = 
1

2
�t1+ t2�v                                                                                                               ______(ii) 

   = 
1

2
tv 
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⇒        t = 2x
v

 

Thus 

Total time = 2x
v

 

From (ii), we have 

x = 
1

2
�t1+ t2�v 

   = 1
2

�v
f

 + v
g

� v 

   = 
v2

2
�1
f

 + 1
g

� 

⇒       
2x

v2
= 
1

f
 + 1
g

    ⇒     
1

g
= 
2x

v2
� 1

f
     ⇒       

1

g
= 
2xf � v2

fv2
 

⇒       g = fv2

2xf � v2
 

  Question 12 

Two particles travel along a straight line. Both start at the same time and are accelerated 
uniformly at different rates. The motion is such that when a particle attains the maximum 
velocity v, its motion is retarded uniformly. Two particles come to rest simultaneously at a 

distance x from the starting point. If the acceleration of the first is a and that of second is 
1

2
a. 

Find the distance between the point where the two particles attain their maximum velocities. 

Solution 
        v         
       A          B     
          
          
          
          
          
      v        v      
          
          
            t1       t2    

          t      O       D          E    C 
                      x1   
                x2       

Let both particle attain maximum velocity at t1 and t2 respectively. Then 
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For 1st Particle 

Acceleration = slope of OA 

⇒        a = v
t1

   ⇒   t1 = va 

For 2nd Particle 

Acceleration = slope of OB 

⇒        
1

2
a = v

t2
   ⇒   t2 = 2va  

Let x1 and x2 be distances covered by the 1st and 2nd particles to attain velocity v. Then 

x1 = Area of ∆OAD 

     = 1
2

�OD��AD� 

     = 1
2
vt1 = 1

2
v �va�= v2

2a
 

Similarly 

x2 = Area of ∆OBE 

     = 1
2

�OE��BE� 

     = 1
2
vt2 �  

1

2
v �2va �= v2

a
 

Required Distance = x2 – x1 

                     = v2
a

� v2

2a
� v2

2a
 

  Question 13 

Two particles start simultaneously from point O and move in a straight line one with velocity 
of 45 mile/h and an acceleration 2ft/sec2 and other with a velocity of 90mile/h and a 
retardation of 8ft/sec2. Find the time after which the velocities of particles are same and the 
distance of O from the point where they meet again. 

Solution 

For 1st Particle 

Given that  

u = 45 mile/h 

   = 
45 × 1760 × 30

60 × 60 = 66ft/sec 
a = 2ft/sec2 
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We know that 

v = u + at 

   = 66 + 2t                                                                                                           _____(i) 

For 2nd Particle 

Given that  

u = 90 mile/h 

   = 
90 × 1760 × 30

60 × 60 = 132ft/sec 
a = �8ft/sec2 

We know that 

v = u + at 

   = 132 � 8t                                                                                                       _____(ii) 

From (i) and (ii), we get 

66 + 2t = 132 � 8t 

⇒        10t = 66 

⇒        t = 6.6sec 

So after 6.6sec velocities of particles will same. Let both particle meet after a distance x. 

Then 

For 1st Particle 

x = ut +1
2
at2 

   = 66t + 1
2
(2)t2 

   = 66t +t2                                                                                                        

______(iii) 

For 2nd Particle 

x = ut +1
2
at2 

   = 132t + 1
2
( � 8)t2 

   = 132t � 4t2                                                                                                  ______(iv) 

From (iii) and (iv), we get 

66t + t2 = 132t � 4t2 

⇒        5t2 = 66t 

⇒         t = 13.2 
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Putting value of t in (iii), we get 

x = 10.4544ft 

  Vertical motion under gravity 

For a falling body, the acceleration is constant. It is called acceleration due to gravity and is 
denoted by “g”. 

In FPS system value of g is 32ft/sec2  

In CGS system value of g is 981cm/sec2  

In MKS system value of g is 9.81m/sec2  

If the body is projected vertically upward then g = � g. For a falling body equations of 
motion are 

v = u + gt 

x = ut + 1
2
gt2 

2gx = v2 – u2 

Note: 
If ax2 + bx + c = 0 be a quadratic equation and α, β be the roots of this equation. Then 

α + β = � b

a
  and  αβ = 

c

a
 

�  Question 14 

A particle is projected vertically upward at t = 0 with a velocity u, passes a point at a height 
h at t = t1 and t = t2. Show that  

                                 t1+    t2    = 2u
g
  and   t1t2    = 2h

g
 

Solution 

The distance travelled by the particle in time t is given by 

x = ut � 1

2
gt2 

Put x = h 

h = ut � 1

2
gt2 

⇒        2h = 2ut � gt2 

⇒        gt2 � 2ut + 2h � 0 

The time t1 and t2 when the particle is at a height h from the point of projection, are roots of 
the quadratic equation 
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gt2 � 2ut + 2h � 0 

We know that 

Sum of the roots = � coefficient of t

coefficient of t2
  ,    Product of the roots = coefficient of t0

coefficient of t2
 

⇒         t1+ t2 = 2u
g

    and   t1t2 = 2h
g

 

 

  Question 15 

A particle is projected vertically upward with a velocity �2gh and another is let fall from a 
height h at the same time. Find the height of the point where they meet each other. 

Solution 

Let both particles meet at point P at height x. Then 

For 1st Particle 

x = ut � 1

2
gt2                                             ______(i) 

Put u = �2gh 

x = �2gh t � 1

2
gt2 

For 2nd Particle 

x = ut + 1
2
gt2 

Put  u = 0  and  x = h – x  

h � x = 1
2
gt2 

x �  h � 1

2
gt2                                          ______(ii) 

From (i) and (ii), we get 

h � 1

2
gt2 � �2gh t � 1

2
gt2 

⇒         h � �2gh t       ⇒          t � h�2gh
  

Using value of t in (i), we get 

x = �2gh h�2gh
� 1

2
g& h�2gh

'2

= h � 1

2
g& h

2

2gh
'    = h � h

4
=
3h

4
 

     
     
   

h – x     

   
 P 

 
  h   
     
   x  
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  Question 16 

A particle is projected vertically upwards. After a time t, another particle is sent up from the 
same point with the same velocity and meets the first at height h during the downward flight 
of the first. Find the velocity of the projection. 

Solution 

Let u be the velocity of projection and v be the velocity at height h. Then 
 v2 – u2 = � 2gh 

⇒       v2 = u2 � 2gh  

⇒        v = �u2 � 2gh                                                                  _______(i) 

Since time taken by 1st particle from height h to the maximum point and back to height h is t 
therefore time taken from the height h to the heights point is t/2. Velocity at the highest point 
is zero and at the height h the velocity is v.   
We know that 

 v = u – gt  

Since the velocity at the highest point is zero and at the height h the 

velocity is v. therefore  

Put    v = 0, u = v and t = t/2 

0 = v � gt

2
 

⇒        v = gt
2

                                                                                     _______(ii)  
From (i) and (ii), we get 

gt

2
�  �u2 � 2gh 

⇒        g2t2
4

�  u2 � 2gh       ⇒        g2t2 �  4u2 � 8gh    
⇒        4u2 � g2t2 + 8gh       ⇒        2u � (g2t2 + 8gh      ⇒        u � �g2t2 + 8gh

2
 

�  Question 17 

A gunner detects a plane at t = 0 approaching him with a velocity v, the horizontal and the 
vertical distances of the plane being h and k respectively. His gun can fire a shell vertically 
upwards with an initial velocity u. Find the time when he should fire the gun and the 
condition on u so that he may be able to hit the plane if it continuous its flight in the same 
horizontal line. 

Solution 

     
     
     
  t

2   
   
     
     
     
     

h 
   
   

     
     
     
 I II 
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Let G be a gun and A be the position of plane at t = 0. Let gun hits the plane at point B and 
AB = h. Let time taken by plane from A to B is t1. Then 

t1 �  Distance
Velocity

=
h

v
 

                          B          A 
 h  

       
       
 

             k 
 

                   k 
 

   
       
   

h 
   

 
      G 

  
    C 

 
     

Let t2. be time taken by shell to reach at point B. 
We know that 

x = ut � 1

2
gt2 

Putting x = k and t = t2, we get 

k = ut2 � 1

2
gt2

2 

⇒        2k = 2ut2 � gt2
2 

⇒        gt2
2 �2ut2 + 2k = 0 

⇒         t2 = 2u ± �4u2 � 8gk

2g
= 
u ± �u2 � 2gk

g
 

Let T be the time after which gun should be fired. Then 

 T = t1 – t2 

   � h

v
� u ± �u2 � 2gk

g
 

For a shell to reach at B, the maximum velocity at B is zero.  
Since 
 v2 – u2 = 2ax 
Putting v = 0, a = �g and x = k, we get � u2 = � 2gk   ⇒    u2 = 2gk 
Which gives the least value of u. Hence u2 > 2gk  

  Question 18 

Two particles are projected simultaneously in the vertically upward direction with velocities �2gh and �2gk  (k > h). After time t, when the two particles are still in flight, another 
particle is projected upwards with velocity u. Fin the condition so that the third particle may 
meet the first two during their upward flight. 
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Solution 

For 1st particle 
v2 – u2 = 2ax 

For maximum height put v = 0, a = �g and u = �2gh 

2gh = 2gx 

⇒        a = h 
Thus maximum height attained by 1st particle is h. Similarly maximum height attained by 2nd 
particle is k.  
Let t1 be time take by the 1st particle to attain the maximum height h then 

v = u + at 

Put v = 0, u = �2gh, a = �g and t = t1 

0 =�2gh – gt1 

⇒        t1=
�2gh

g
 

⇒        t1=#2h

g
 

Similarly time t2 taken by the 2nd particle to attain the maximum height k is 

t2=#2k

g
 

Since k > h therefore t2 > t1 
Thus the 1st particle reach the maximum height earlier then 2nd.  
If the 3rd particle is projected after time t then t must be less than t1 in order to meet the 1st 
two particles during their upward flight. i.e. t < t1 

or         t < #2h

g
 

Now time left with 3rd particle is 

#2h

g
�  t 

and during this time it has to meet both the particles. i.e. It may have to cover a distance k. 
Since 

x = ut � 1

2
gt2 

When x = k, time = #2h

g
�  t  Then 

k = u)#2h

g
�  t*  � 1

2
g)#2h

g
�  t*

2
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⇒         k + 1
2
g)#2h

g
�  t*

2

= u)#2h

g
�  t* 

⇒         u � k

(2h
g

�  t

 + 1
2
g)#2h

g
�  t* 

⇒         u � k

(2h
g

�  t

 + 1
2

��2hg �  t� 

Thus the third particle meet the tow 1st particles if 

u + k

(2h
g

�  t

 + 1
2

��2hg �  t� 
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5.0  Introduction  

 In this unit, a new concept known as Moment of inertia is introduced.  
Two important theorems on moment of inertia are explained.  The moments of 
inertia of many standard bodies are derived.  Some problems are also worked 
out.  Later, the motion of a rigid body rotating about a fixed horizontal axis is 
discussed in detail.  The kinetic energy, angular momentum and the moment of 
the effective forces about the axis of rotation are derived.  Many examples are 
given.  Compound pendulum and its period of oscillation are explained.  The 
lengths of the simple equivalent pendulum are calculated for many rigid bodies.  
The motion of a circular disc rolling down an inclined plane is also discussed. 

5.1 OBJECTIVES 

   After studying this unit, you will know about 

 The moment of inertia 

 The parallel axes theorem. 

 The perpendicular axes theorem. 

 The moments of inertia of many standard bodies. 

 The motion of a rigid body rotating about a fixed horizontal axes. 

 The compound pendulum. 

 The period of oscillation of a compound pendulum. 

 The length of a simple equivalent pendulum. 

 The motion of a circular disc rolling down a rough inclined plane. 

 

 

 

 

 

 

 

 

 

 

 

 

 

UNIT V

Moment of Inertia

193 / 247



.  

            The moment of inertia of a rigid body about a line l is 2mr or  

2r dmWhere dm is the elementary mass of the rigid body. 

5.3 Theorem of Parallel axes: 

  If I be the moment of inertia of a rigid body of mass M about a line l 
and if GI  be the moment of inertia about a parallel line through its centre of 

gravity G, then 2
GI I Md  where d is the distance between the parallel 

axes. 

 
 

 

 

 
5.2 Definition

  The  moment,  of  inertia  of  a  particle  of  mass  m,  about  a  line  l is mr2 

where r is the perpendicular distance of the particle from the line.
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5.4 Theorem of Perpendicular axes 

 If xI  and yI  be the moments of inertia of a rigid body about two 

perpendicular lines ox and oy in the plane of a lamina and if zI  be the moment 

of inertia about a line which is perpendicular to both ox and oy, then  

 z x yI I I  

Note:  

 The parallel axes theorem is applicable to both two dimensional and 
three dimensional bodies. 

 The perpendicular axes theorem is applicable to only two dimensional 
bodies. 

Moment of Inertia of some standard bodies. 

1. To find the moment of inertia of a rod. 

 
 Let BOA be a uniform rod of length 2 . 

 Let o be the midpoint of the rod. 

 Let oy r  BOA. 

We will find the M.I about OY 

 We will take o as origin and OA as x axis. 

Let PQ be an elementary mass of the rod. 

It will be a particle of thickness 8x at a distance x from o. 

Elementary mass of PQ is .m x  

 Where   is the density of the rod. 

M.I of the elementary mass about 2( ).oy x x  
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a3

y

a

3 3

y

3

y

x
I
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a a
I

3 3

2a
I . 1

3

 

Let M be the mass of the rod  

   
M 2a.

M
2a

 

1

3

y

2

y

M 2a
I .

2a 3
a

I M.
3

 

Note: If AY is  a line 11 p  to oy, then by the parallel axes theorem,  

M.I about AY is 

I= 2
GI Md  

I=
2

2. .
3
a

M M a  

2

y

4a
I M.

3
 

 
2. To find the M.I of a rectangular lamina    
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Let ABCD be a rectangular lamina of sides 2a and 2b. 

Let o be the centre of the lamina. 

Let ox and oy be two r lines parallel to the sides as shown in the figure. 

We will find the M.I about ox 

 Let PQ be an elementary mass of the lamina.  It will be a thin rod of 
length wb and thickness x  at a distance x from o. 

Elementary mass of PQ is 2 . .m b x  

 Where  is the density of the lamina. 

M.I of the elementary mass about ox = (2 ).b x  
2

3
b

 

M.I of the lamina about ox   =
3a

x x a

b
I 2 dx

3
 

   

3a

x x 0

3 a

x x 0

3

x

b
I 2 2 dx

3
b

I 4 dx
3

b
I .4 .a. 1

3

 

Let M be the mass of the lamina. 

Then,  
M 2a.2b.

M
4ab

 

3

x

M 4b
1 I . .a

4ab 3
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3

x

b
I M.

3
 

M.I  about ox is  
3

x

b
I M.

3
 

111 ly M.I about  oy is 
2

y

a
I M.

3
 

If oz is an axis r  to both ox and oy, 

  

   

z x y

2 2

z

2 2

z

I I I

b a
I M. M.

3 3

a b
I M

3

  

5.5.3 To find the M.I of a triangular lamina. 

 
Let ABC  be a triangular lamina of base a and height h. 

We will  the M.I about the base BC  

Let PQ be an elementary mass of the lamina.It will be a thin rod of length PQ 
and thickness x at a distance x from BC. 

   Elementary mass of PQ is m =PQ. x.   

Where  is the density.  

M.I of the elementary mass about BC = (PQ. x. ).x2  

Therefore, M.I of the triangular lamina about BC =   2

0

. .
h

x

PQ x dx  
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rABCIII APQ.

BC h
PQ h x

BC h x
PQ

h
a h x

PQ .
h

  

1  

   

h 2

x 0

3 4h

x 0

h3 4

0

3 4

4

3

a h x
I .x .dx.

h

a x x
I h. dx

h 3 4

a x x
I h.

h 3 4

a h h
I h.

h 3 4

a h
I . .

h 12
a

I . h 2
12

 

Let M be the mass of the triangular lamina. 

,   

1
M a.h.

2
2M
ah

 

2  

   

3

2

2M a
I . .h

ah 12
h

I M.
6

 

4. To find the M.I of a circular ring  
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Let O be the centre and a be the radius of a circular ring. 

Let OX and OY be two perpendicular lines in the plane of the ring. 

Let OZ be perpendicular to both ox and oy. 

We will find the M.I about oz 

 Let PQ be an elementary mass of the ring. 

 Elementary mass of PQ= m. 

M.I of the circular ring about OZ 2m.a  

  
2

z

2
z

I a m

I a .M
 

Where M is the mass of the ring.  

   2
zI M.a 1  

 x yI , I  be the M.I of the circular ring about ox and oy. Since the ring is 

symmetrical about ox and oy, we get   

   x yI I .  

By the perpendicular axes theorem, 
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z x y

2
x x

2
x

2
by

y

I I I

M.a I I

2I M.a

a
III I M. .

2

 

M.I of the circular ring about a radius  
2a

M. .
2

 

 M.I of the circular ring about a line through the centre perpendicular to the 

plane of the ring  2M.a  

5.5.5 To find the M.I of a circular lamina  

 the radius of the circular lamina. 

Let ox and oy be two perpendicular lines in the plane of the lamina.  

 
We will find the M.I about ox 

 Let PQ be an elementary mass of the circular lamina. 

 It will be a thin rod of length 2y and thickness x  at a distance x from 
O.  

Elementary mass of PQ is m 2y. x.  

 Where  is the density 

M.I of the elementary mass about ox  
2y

2y. x. .
3
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M.I of the circular lamina about ox 
a 3

x a

2
.y .dx.

3
 

   
a 2

x x a

2
I y dx 1

3
 

On a circle,  

   

2 2 2x y a

x a cos

y a sin

dx asin d

 

x a,  a acos  

  1 cos  

x = a;    a= a cos   0   

0 3

x

2
1 I asin asin d

3
 

                                  

   

4 4
x 0

24 4
x 0

4
x

4

x

2
I a sin d

3
2

I a .2 sin .d
3

4 3 1
I . .a . . .

3 4 2 2
a

I . 2
4

 

Let M be the mass of the lamina. 

   Then, 2M a .  

   
2

M
a

 

  
4

x 2

M a
2 I .

a 4
 

   
2

x

a
I M.

4
 

M.I of a circular lamina about a radius  
2a

M. .
4

 

Let oz be a line r to both ox and oy  
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Then M.I about oz is 

   

z x y

2 2

z

2

z

I I I

a a
I M. M.

4 4
a

I M.
2

 

6. To find the M.I of an elliptical lamina. 

 
Let o be the centre of the elliptical lamina. 

Let  2a, 2b be the lengths of the major and minor axes. 

Let ox and oy be two perpendicular lines in the plane of the lamina as shown in 
the figure. 

We will find the M.I about ox. 

  Let PQ be an elementary mass of the lamina. It will be a thin rod of length 2y 
and thickness x , at a distance x from O.  

Elementary mass of PQ is m 2y x. .  

 Where  is the density. 

 M.I of the elementary mass about ox 
2y

2y x .
3

 

 M.I of the elliptical lamina about ox
3a

x a

2y
dx

3
 

203 / 247



   
a 2

x x a

2
I y dx 1

3
 

On the ellipse,  

   

2 2

2 2

x y
1.

a b
x a cos

y bsin

dx a sin d

 

x a  gives              a acos  

   
1 cos

 

x a gives                 a acos  

   
1 cos

0
 

1  

   
0 3

x

2
I . bsin asin d

3
 

   

3 4
x 0

23 4
x 0

3
x

3
2

2
I . ab sin d

3
2

I . ab .2 sin .d
3
4 3 1

I . ab . . .
3 4 2 2

a
I . . b 2

4

 

Let M be the mass of the elliptical lamina, 

   M ab.  

  
M
ab

 

2  

  

3
x

2

x

M a
I . . .b

ab 4
b

I M. .
4

 

204 / 247



byIII , M.I about oy is  
2

y

a
I M. .

4
 

 Let oz be a line perpendicular to both ox and oy. Then, M.I about oz is   

   

z x y

2 2

z

2 2

z

I I I

b a
I M. M.

4 4

a b
I

4

 

5.5.7 To find the M.I of a solid sphere 

 solid sphere. 

 Let ox and oy be two perpendicular lines through o. 

We will find the M.I about ox. 

 
 Let PQ be an elementary mass of the solid sphere. 

It will be a circular lamina of radius y and thickness x  at a distance x from o. 

 Elementary mass of PQ is  2m y . x. . 

 Where  is the density 

 M.I of the elementary mass about ox 
2

2 y
y x .

2
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 M.I of the solid sphere about ox 
4a

x a

y
dx

2
 

           
a 4

x x a
I y dx 1

2
 

   

x a cos

y a sin

dx a sin d

 

x a   gives    a acos  

   
1 cos

 

x a gives  a acos  

   
1 cos

0
 

1  

  

0 4

x

5 5
x 0

25 5
x 0

5
x

5
x

I a sin . a sin d
2

I .a sin d
2

I .a .2 sin d
2

4 2
I a . . .1

5 3
8

I . a 2
15

 

 Let M be the mass of the solid sphere . Then,  

 

3

3

4
M a

3
3M
4 a

 

5
x 3

3M 8
2 I . . a

4 a 15
 

 2
x

2
I M. .a

5
 

M.I of a solid sphere about a radius 22
M. .a

5
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 To find the M.I of a hollow sphere  

  

s 

Let ox and oy be two perpendicular lines through o. 

We will find the M.I about ox 

 Let PQ be an elementary mass of the hollow sphere. 

 It will be a circular ring of radius y and thickness s  at a distance x 
from o. 

 Elementary mass of PQ is  2 y s.  

 Where  is the density. 

 M.I of the elementary mass about ox 22 y s .y  

 M.I of the hollow sphere about ox
a 3

x a
2 y ds  

   

a 3
x x a

I 2 y ds 1

x a cos

y a sin

s a

ds ad
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x a gives              a acos  

   
1 cos

 

x a gives   a acos  

   
1 cos

0
 

0 3

x1 I 2 asin .ad   

   

4 3
x 0

24 2
x 0

4
x

4
x

I 2 .a sin d

I 2 .a .2 sin d

2
I 2 .a .2. .1

3
8

I a 2
3

 

 Let M be the mass of the hollow sphere Then, .  

  

2

2

M 4 a .

M
4 a

 

4
x 2

8 M
2 I a .

3 4 a
 

  2
x

2
I M. a

3
 

M.I of the hollow sphere about a radius 22
M. a

3
 

 To find the M.I of a solid cone  
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 Let O be the vertex 

 Ox be the axis 

  be the semi-vertical angle 

 r be the radius 

  and  h be the height of the solid cone 

We will find the M.I about ox 

 Let PQ be an elementary mass of the cone. It will be circular disc of 
radius y and thickness x  at a distance x from o.  

Elementary mass of PQ is  2m y . x.   

 Where  is the density 

 M.I of the elementary mass about ox 
2

2 y
y x .

2
 

 M.I of the solid cone about ox 
4h

x 0

y
dx

2
 

   
h 4

x x 0
I y dx

2
  

y
tan y x tan

x
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h 4

x x 0

h4 4
x x 0

h5
4

x

0

5
4

x

5 4
x

I x tan dx
2

I tan x dx
2

x
I tan

2 5

h
I tan .

2 5

I . .h tan 1
10

 

Let M be the mass of the cone 

   

2

2

1
M r h.

3
3M
r h

 

1  

5 4
x 2

4 4
x 2

4

x 2

4
x 2

3M
I . h tan

r h 10
3 r

I M. h tan tan h tan r
10.r h

3
I M. h tan

10.r
3

I M. r
10r

 

Next, we will find the M.I about oy 

 Elementary mass of PQ is 2m y x.  

 M.I of the elementary mass about oy 
2

2 2 2y
y x. . y x .x

4
 

M.I of the cone about oy  
4h 2 2

y x 0

y
I x y dx

4
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4 2
h 4

y x 0

h5
2 2

y

0

5
2 2

y 2

2 2 2 2
y 2

2 2 2
y 2

2 2
y

tan 4 tan
I x dx

4

1 x
I . tan tan 4 .

4 5

3M h
I .tan . 4 tan .

4 r h 5
3

I M h tan . 4 tan .h
20.r

3
I M. r .h 4 tan

20.r
3

I M. h 4 tan
20

 

5.5.10 Self assessment problems I  

1.  If a and b be external and internal radii of a hollow sphere, prove that its 

moment of inertia about a diameter is  
5 5

3 3

a b2
M.

5 a b
. 

2. Find the moment of inertia of a solid cube about an edge  

  Until now , we have seen the motion of a particle, under the action of 
different kinds of forces. 

 Next we will discuss the motion of a rigid body 

5.6 Motion of a rigid body 

 A rigid body rotates a fixed horizontal axis passing through the body. 
To find 

 i) the kinetic energy of the rigid body 

 ii) the angular momentum and  

 iii) the moment of the effective forces about the axis of rotation 

 Let a rigid body of mass M rotate about a fixed horizontal axis oz.  

 Let OA be the fixed vertical line through O 

 Let G be the centre of gravity of the rigid body.  
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 Let m be an elementary mass of the rigid body at P where OP = r. 

  In a rigid body, the distance between any two fixed points remains 
constant throughout the motion.   

 Therefore for all the positions of the rigid body, GOP  is constant. 

 When the rigid body rotates about the axis oz at any time t, let AOG  

 OZA is a fixed plane in space and OZG is a fixed plane in the rigid 
body. 

  AOG  is the angle between these two fixed planes.. 

 As the rigid body rotates about oz, at any time t,  

                    the angular velocity of P
d
dt

 

      
d d
dt dt

  

The angular velocity of P 
d d

0
dt dt

 

  [Since  is constant, 
d

0]
dt
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 The angular acceleration of P 
2

2

d
dt

 

    

2 2

2 2

2

2

2

2

d d
dt dt
d

0
dt
d
dt

 

All the particles of the rigid body rotate with the same angular velocity  
d
dt

 

and same angular acceleration  
2

2

d
dt

 

i) To find the Kinetic energy 

 
When the rigid body rotates about the axis oz,P will move along a circle with 
centre o and radius r. 

It will have a velocity  
d

r
dt

, along the tangent at . 

Kinetic energy of the elementary mass at }= 21
( )

2
d

m r
dt

 

[If a particle of mass m moves with a velocity v, then its  K.E= 21
2

mv  

                     Kinetic energy of the rigid body} 
2

21 d
mr

2 dt
 

       

2 2

2 2

1
mr

2
1

MK
2
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                                                K.E of the rigid body 2 21
MK

2
 

Where MK 2 is the moment of inertia of the rigid body about the axis of rotation 
oz. 

     Here K is called the radius of gyration. 

ii) To find the angular momentum. 

 When the rigid body rotates about the axis oz, the elementary mass at  
moves along a circle with centre o and radius r. 

            It has a velocity  
d

r
dt

along the tangent at P. 

 Momentum of the elementary mass  at  P = 
d

mr
dt

 

    [If a particle of mass m moves with a velocity v, then its momentum is mv]. 

    Taking moments about o, 

 

           =r.mr 
d
dt

 

Moment of momentum of the rigid body about oz= 2 d
mr

dt
               

                   = 2 2mr  

                                                                                   = 2( )mr  

       = 2MK  

                   Angular momentum of the rigid body = 2MK  

iii) To find the moment of the effective forces about the axis of rotation. 

 When the rigid body rotates about the fixed horizontal axis oz,  moves 
along a circle with centre o and radius r. 

It has a tangential acceleration  r 
2

2

d
dt

 and normal acceleration r ( 
2( )

d
dt  

    We will find the moment about oz. 

    Since the normal acceleration .2r passes through o, its moment about oz=0.     
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Moment of the effectice forces acting on the elementary mass about oz

2

2

d
r. mr

dt
 

Moment of the effective forces acting on the rigid body about oz

 
2

2
2

d
mr

dt
 

2
2

2

2

2

d
mr

dt
Mk

Mk .

 

Moment of the effective forces about oz                                        2Mk .  

 i) Kinetic Energy 21
Mk

2
 

          ii) Angular momentum 2Mk  

           iii) Moment of the effective forces about oz = 2Mk  

5.7 Conservation of Angular Momentum. 

                   If a rigid body rotates about a fixed horizontal axis, and is the sum 
of the moments of the external forces about its axis of rotation is zero, then its 
angular momentum about its axis of rotation is constant. 
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Proof: 

 
           Let a rigid body of mass M rotate about a fixed horizontal axis oz 
passing through the body. 

 Then, the moment of the effective forces acting on the rigid body about 

its axis of rotation is 2 .MK  

 Here 2MK is the moment of inertia of the rigid body about oz. 

 The equation of motion of the rigid body is  

  2 ...........(1)MK L  

Where L is the sum of the moments of the external forces about oz. 

2(1) ( ) .......(2)
d

MK L
dt

 

 Here 2MK  is the angular momentum of the rigid body about oz. 

           i.e 1  When a rigid body rotates about a fixed horizontal axis, its rate of 

change of angular moments of the external forces about the axis of rotation oz. 

 If L=o,then  

2(2) ( )
d

MK o
dt

 

 2MK Constant. 
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When a rigid body rotates about a fixed horizontal axis oz, if the sum of the 
moments of the external forces acting on it about its axis of rotation is zero, 
then its angular momentum about its axis of rotation remains constant. 

     This is known as the principle of Conservation of angular momentum. 

5.7.1 Problems 

1. A uniform rod of length 2a is free to turn about its one end, which is 
fixed.  When it is hanging vertically, it is projected with an angular 
velocity w.  In the horizontal position, if it comes to rest, prove that 

3
2
g

w
a

   

 
     Let OA= 2a, the length of the rod 

 G-  centre of gravity. 

 M-  mass of the rod. 

     Let the rod rotate about a fixed horizontal axis oz. 

     When the rod is hanging vertically, in the position OA, it is projected with 
an angular velocity w. 

      At any time t, let OA be the position of the rod.  Let G  be the position of 
the centre of gravity at that instant. 

      Let rG M OA. 

      Let GM h  and ^A OG . 

Now, 

      Loss in kinetic energy= Work done. 
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   Initial K.E-Final K.E=Force distance moved. 

2 2 2 21 1
.....(1)

2 2
MK MK Mg h  

 Where 2MK  is the moment of inertia of the rod about oz. 

  
2

2 4
.

3
a

Mk M  

(1)  

2 2 21
( )

2
MK Mgh                     [In 

,cos

cos ]

OM
OMG

a
OM a

 

2
2 21 4

. . ( )
2 3

a
M Mgh  

2
2 22

( ) ( )
3
a

g OG OM  

2
2 22

( ) ( cos ) ___(1)
3
a

g a a  

When the rod reaches the horizontal position, its angular velocity becomes 
zero. 

i.e, then .90 , 0  

(1)  

           

2
2

2
2

2

2
( ) ( cos90 )

3
2

.
3.

3
2

a
o g a a

a
g a

g
a

 (cos90 0)  

 
3
2
g
a

 

2. A uniform rod of length 2a is at rest hanging from one end.  An angular 
velocity w about a horizontal axis through the fixed and is communicated to it.  

If it just makes complete revolutions, prove that 
3g

a
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Let OA= 2a, length of the rod. 

 G- centre of gravity. 

 M- mass of the rod. 

Let the rod rotate about a fixed horizontal axis oz. 

When the rod hangs vertically in the position OA, it is projected with an 
angular velocity .  

At any time t, let OA be the position of the rod.  Let G  be the position of the 
centre of gravity at that instant. 

Let .rGM OA  

Let GM= h and ^A OG . 

Now, loss in K.E= work done. 

Initial K.E-Final K.E=Force distance moved 

2 2 2 21 1 ......(1)2 2MK MK Mg h  
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Where 2MK  is the moment of inertia of the rod about oz. 
2

2 4
.

3
a

MK M  

(1)  
2 2

2 2

2
2 2

1 4 41. . .22 3 3
2

( ) .
3

a a
M w M Mg h

a
w g GM

 

2
2 2

2
2 2

2
2 2

2 2

2
( ) ( )

3
2

( ) ( cos )
3

2
( ) (1 cos )

3
3

(1 cos ) ___(2)
2

a
w g OG OM

a
w g a a

a
w ga

g
w

a

 

If the rod has to make a complete revolution, when the rod reaches the upward 

vertical position , 0  

ie in the position OB,  , 0.  

(2)  

                           

2

2

2

2

3
0 1 cos

2
3

1 ( 1)
2
3

.2
2
3

3

g
a
g
a
g
a
g
a

g
a

 

3. A uniform rod of length 2a can turn freely about one end. If it is released 
from the horizontal position, prove that its angular velocity when it is first 

vertical is 
3g
2a

  

220 / 247



 
 Let OA 2a,  be the length of the rod 

 G  centre of gravity 

 M Mass of the rod 

 Let the rod rotate about a fixed horizontal axis oz. 

When the rod is in the horizontal position OA, it is held at rest and then 
released. 

 At any time t, let OA  be the position of the rod. 

Let G  be the position of the centre of gravity at that instant. 

 

 Let OB be the downward vertical position of the rod. 

 Let G M OB  .  

 Let BOA  .  

 Let OM h . 

Now,  

 Loss in K.E = Work done 

 Initial K.E  Final K.E = Force   distance moved 

  

2 2

2 2

1
0 MK Mg h

2
1

MK Mgh 1
2

 

 where 2MK is the moment of inertia of the rod about oz. 
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2

2 4a
MK M.

3
 

1  
2

21 4a
.M. Mg.a cos

2 3
 

   2 3g
cos

2a
 

When the rod becomes vertical, 

  0,let   

   

2

2

3g
.cos0

2a
3g

.1
2a

3g
2a

 

its Kinetic energy. 

 
 Let C be the centre and a be the radius of the circular disc. 

Let the disc rotate about a fixed horizontal axis oz.  

 Let oc = b. 

When the rod rotates about the fixed horizontal axis oz,   

222 / 247



 Kinetic energy of the disc 2 21
MK 1

2
 

 Where 2MK  is the moment of inertia of the disc about oz. 

 Let Cz  be an axis parallel to oz. 

We know that M.I of the disc about  Cz
2a

M. .
2

 

By parallel axis theorem,  

M.I of the disc about OZ= M.I about Cz  + 2M.b  

    

2
2 2

2 2

2

a
MK M. M.b

2

a 2b
MK M

2

 

1  

 Kinectic energy of the disc 
2 2

2
a 2b

M
2

 

5.7.2 Self assessment problems II  

1. A uniform rod of length 2a can turn freely about one end. When it is 
in the upward vertical position, it is released. When it comes to the horizontal 
position, find its angular velocity. 

2. A square lamina of side 2a can rotate about a fixed horizontal axis 
passing through one vertex perpendicular  to the plane of the lamina . Find the 
kinectic energy of the lamina. 

5.8 COMPOUND PENDULUM 

     A rigid body oscillating freely under gravity about a fixed horizontal 
axis is called a compound pendulum. 
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B.W To find the period of oscillation of a compound pendulum  

 
Let a rigid body of mass M oscillate about a fixed horizontal axis oz. 

Let G be the centre of gravity. 

Let OA be the fixed vertical line through o. 

Let OQ=h and .GM OA  

When the rigid body oscillates about oz, at any time t, let AOG . 

The only external force acting on the rigid body is its weight .Mg atG  

     Taking moments about oz, 

           Where 2MK  is the moment of inerti of the rigid body about oz. 

   2MK Mg.GM 1  

Where  2MK  is the moment of inertia of the rigid body about oz. 

 In  OGM,  
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GM
sin

OG
GM

sin
h

GM hsin

 

21 MK Mghsin 2  

 For small values of  in radiands, 

  sin   nearly  
22 MK Mgh   

   
2

2

2 2

gh
K

d gh
3

dt K

 

  This equation is of the form 

               
2

2
2

d x
n x

dt
 

 This is a simple harmonic motion. 

 

 Its period
2

T
n

 

   

2

2
T

gh
K

 

 period
2K

T 2
gh

 

5.8.2 Simple equivalent Pendulum 

 

A simple pendulum whose period of oscillation is equal to that of a 
compound pendulum is called a simple equivalent pendulum. 

For a simple pendulum of length l, 

    Period 
l

T 2 1
g

 

 For a compound pendulum
2K

T 2 2
gh
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comparing 1 , 2  

      we  get 
2K

l
h

 

Length of the simple equivalent pendulum 
2K

l .
h

 

 5.9  Centre of suspension and centre of oscillation 

        Let a rigid body oscillate about a fixed horizontal axis oz. 

 
Let G be the centre of gravity. 

            Let OG=h 

Let  2MK  be  the moment of inertia of the rigid body about oz. 

Let O  be a point on OG, such that 

            
2K

i.e., OO .
h

 

Then, o is the centre of suspension and  

           O  is the centre of oscillation. 
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5.9.1 To show that the centre of suspension and centre of oscillation are 
interchangeable. 

Let a rigid body oscillate about a fixed horizontal axis oz.. 

 
 Let o be the centre of Suspension, 

                   G be the centre of gravity  

            And O   be the centre of oscillation. 

Let OG=h 

 
2K

OO 1
h

  

Where  2Mk is the M.I of the rigid body about oz. 

        Let 2MK  br yhr M.I of the rigid body about a parallel axis GZ  

 Then, by the parallel axes theorem, 

   

2
G

2 2 2

2 2 2

"I I Md "

MK MK Mh

K K h 2

 

2 2K h
1 OO

h
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2

2

2

2

2

K
OO h

h
K

OO OG
h

K
OO OG

h
K

O G
OG

OG.O G K 3

 

 Next, when  O  becomes the centre of suspension, let  O be the centre 
of oscillation. 

    Then from (2), we get 
2O G.O G K 2  

3 & 4  

   

2

2

OG.O G K
O G.O G K
OG

1
O G

OG O G

 

O  and  O coincide. 

   i.e, When O  becomes the centre of suspension, 

      O becomes the centre of oscillation. 

      The centre of oscillation and the centre of suspension are 
interchangeable. 
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5.9.2 To find the minimum period of oscillation of a compound 
pendulum. 

 
 Let a rigid body oscillate about a fixed horizontal axis oz. 

 

 Period of oscillation  
2K

T 2
gh

 

   
l

T 2 1
g

 

 Where  2MK  is the M.I of the rigid body about oz. 

             Let OG=h. 

           Let O  be the centre of oscillation. 

           Then 
2K

OO
h

 

 Let 
2

__(2)
K

l
h

 

 Let  2MK  be the M.I of the rigid body about a paralled axis GZ . 

Then, by paralled axes theorem, 
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2
G

2 2 2

2 2 2

I I Md

MK MK Mh

K K h 2

 

    (2)      
2 2K h

l
h

 

   
2K

l h
h

 

Differentiating w.r.t.h 

                              
2

2

dl K
1

dh h
 

Again differentiating w.r.t. h 

   
2 2

2 3

d l 2K
dh h

 

 For maximum or minimum value of l 

   

2

2

2

2

2 2

dl
0

dh
K

1 0
h

K
0

h
K h

K h

h K

 

when h K , 
2 2

2 3

d l 2K
dh K

 

   
2

0
K

 

l is minimum when h=k 

Minimum value of l
2 2K h
h
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2 2K K
K

2K.

 

Minimum period of oscillation 

  
2

1 2
K

T
gh

 

  1 2
l

T
g

 

  1

2K
T 2

g
 

5.9.3 PROBLEMS 

1.  A weightless red ABC of  length 2a is capable to rotate about a horizontal 
axis through A.  A particle of mass  m is attached at B and another of mass m is 
attached at C.  Find the length of the simple equivalent pendulum. 

     ABC=2a, length of the rod. 

    Let the rod oscillate about the fixed horizontal axis AZ. 

 
 A particle of mass m is attached at B and another particle of mass m is 
attached at C. 

          Let G be the common centre of gravity. 

     Let AB=h. 

Taking moments about A, 
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2mg.AG mg.AB mg.AC

2mg.h mg.a mg.2a

2h 3a

3a
h 1

2

 

 Considering the moment of inertia about  AZ, 

  

22 2

2 2 2

2
2

2m.K m.a m. 2a

2K a 4a

5a
K 2

2

 

The length of the simple equivalent pendulum is 

   

2

2

K
l

h

5a
2

l
3a
2

5a
l

3

 

2.  A heavy uniform rod of length 2l and mass M has a mass m attached to its 
one end.  The whole system oscillates about a fixed horizontal axis through the 

other end.  Show that the period of oscillation is 
M 3m l

4
3 M 2m g

vd ãWÎf.  
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 Let AC 2l,  be the length of the rod. 

           The weight of the rod Mg  acts at the mid point B. 

           Also a weight  mg  acts at C. 

           Let AG=h. 

           Taking moments about A, 

 

M m g.OZ Mg.l mg.2l

M m .g.h M 2m gl

M 2m l
h 1

M m g

 

   Let the rod oscillate about the fixed horizontal axis AZ. 

   Considering the moments about AZ, 
2

22

2
2

2
2

4l
M m .K M. m. 2l

3
4l

M m K M 3m
3

4l M 3m
K 2

3 M m

 

Period of oscillation
2K

T 2
gh

 

  

24l M 3m M m
T 2

3 M m .g M 2m .l

M 3m l
T 4

3 M 2m g

 

3. A  square lamine of side 2a oscillates about a horizontal axis through one of 
its corners which is perpendicular to the plane of the lamina.  Find the length of 
the simple equivalent pendulum. 
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  Let ABCD  be a square lamina of side 2a. 

             Let it oscillate about fixed horizontal axis AZ. 

      Let G be the centre of gravity. 

      Let AG=h. 

  Then,
AG

cos45
AD

 

   

h 1
2a 2

2a
h

2

h 2a 1

 

    Let the Moment of inertia of the lamina about AZ. be 2MK . 

By the theorem of parallel axes, 

   

2
G

2 2
2

2 2
2

2
2

I I Md

2a
MK M. M. 2a

3
2a 6a

K
3

8a
K 2

3

 

The length of the simple equivalent pendulum is 
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2

2

K
l

h
8a 1

l
3 2a

4 2a
l

3

 

4. A solid homogeneous right circular cone of height h and semivertical angle  
 oscillates about a horizontal axis through its vertex.  Show that the length of 

the simple equivalent pendulum is   2h
4 tan

5
.  

 
Let  o be the vertex 

        H be the height 

         R be the radius 

  And  be the semivertical angle of the cone. 

   Let G be the centre of gravity of the cone. 

 
3

OG h 1
4

 

   The  cone oscillates about the fixed horizontal axis oy. 

    We will find the M.I of the cone about oy. 

    Let PQ be an elementary mass of the cone. 

    It will be a circular disc of radius y and thickness x  at a distance x from o. 

   Elementary mass of PQ is m 2 .y x p  

Where  is the density. 

     By the theorem of parallel axes, 
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 2
GI I Md  

M.I of the elementary mass about oy}=
2h 2

y x 0

y
I x dm

4
 

2h 2 2
y x 0

2 2h 22
y x 0

2h 2 2 2
y x 0

2
h2 4

y x 0

h5
2 2

y

0

y

y
I x y dx

4

x tan y
I x . . x tan . .dx. tan y x tan

4 x

tan 4
I x . .x tan . .dx.

4

4 tan
I . tan . . x dx

4

x
I . 4 tan x .tan .

4 5

I . 4 tan
4

5
2 2 h

x .tan . 2
5

 

Next, let M be the mass of the cone. 

  

2

2 2

3 2

1
M r h.

3
1 h

M .h tan .h. tan h r tan
3 r

3M
3

h tan

 

2  

 

5 2 2
y 3 2

2 2 2

2 2 2

3M
I . h tan 4 tan

h tan 20
3

i.e., MK M. h 4 tan
20

3
K h 4 tan 4

20

 

Length of the  S.E.P. =
2K

h
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2

2 2

2

K
l

h

3h 4 tan 4
l

20 3h
h

l 4 tan .
5

 

5.9.4 Self Assessment Problems III 

1. An elliptic lamina is such that when it swings about one latus rectum 
as a horizontal axis, the other latus rectum passes through the centre of 

oscillation.  Show that  
1

e
2

. 

2. A rod of mass m has a mass m attached to its one end.  If the rod can 
oscillate about an axis passing through the other end, find the period of 
oscillation. 

    

5.10 Motion of a uniform circular disc rolling down an inclined plane. 

        A uniform circular disc of radius a rolls down a rough inclined plane. 

        If it starts from rest, find its acceleration and the distance traveled in t 
seconds. 

 

 
 a radius 

 o centre 

 M mass of the circular disc 

 angle of inclination of the inclined plane 

 A Initial point of contact of the disc with the inclined plane 
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 x- distance moved in time t seconds 

 - angle of rotation 

 R normal reaction 

 F frictional force 

  B-point of contact after t seconds 

 A position of the point A after t seconds 

 x A B a .  

The forces are acting as shown in the figure. 

  Resolving the forces along and perpendicular to the inclined plane, we ge t 

 

"F ma"

Mx Mgsin F 1

O R Mgcos 2

 

The moment of the effective forces about the axis of rotation is 

 2MK F.a 3  

Where  2MK is the M.I of the circular disc about the axis of rotation. 

 
2

2 a
MK M.

2
 

3  

 

2a
M Fa

2
a

M F 4
2

 

Next,  

x a

x a

x a

x
a

 

4  

 

a x
M F

2 a
x

F M 6
2
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1  

 

x
Mx Mgsin M

2
x

x gsin
2

3
x gsin

2
2g

x sin 7
3

 

 

2

2

2

1
"s ut at "

2
1 2g

x 0.t . sin .t
2 3

g
x t sin .

3

 

Acceleration 
2g

x sin .
3

 

 Distance moved in t seconds 2g
x t sin .

3
 

    Answers  

Self  assessment problems I 

1. 
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 Let o be the centre and a,b be the outer and inner radii of the hollow 
sphere. 

We will find the M.I about a radius ox 

 Let us consider an elementary mass of the hollow sphere.  

 It will be a hollow sphere of centre o, radius r and thickness r .  

 As r varies from b to a we will get the hollow sphere  

 Elementary mass  2m 4 r r. .  

M.I of the elementary mass about ox  = 2 22
4 r r. . r

3
 

 M.I of the whole body about ox=
a 4

r b

8
r dr

3
 

 

a 4
x r b

a5

x

b

5 5

x

8
I r dr

3

8 r
I

3 5

a b8
I 1

3 5

 

 Let M be the mass of the hollow sphere . Then 

 

3 3

3 3

3 3

4 4
M a b .

3 3

4
M a b

3
3M

2
4 a b

 

1  

 

5 5

x 3 3

5 5

x 3 3

a b8 3M
I

3 5 4 a b

a b2
I M.

5 a b

 

2. Let 2a be the side of the cube. Let ox and oy be two perpendicular axes 
through the centre o.  
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First we will find the M.I about ox.  

Let PQ be an elementary mass of the cube. It will be a square lamina of side 2a. 

Elementary mass of PQ is m 2a.2a. x. . 

 Where  is the density 

 M.I of the elementary mass about ox  
2

2 2a
4a x .

3
 

 M.I of the cube about ox.
a 4

x x a

8
I a dx

3
 

 

a4
x a

4
x

8
I a x

3
8

I . a .2a 1
3

 

Let M be the mass of the  cube.  

 Then, M 2a.2a.2a.  

3

M
8a

 

1  
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5
x 3

2

x

M 16
I . a

8a 3
2a

I M.
3

 

M.I of the cube about the edge AB 
2

22 2a
M. a M.

3 2
 

       
28a

M.
3

 

Self assessment problems II  

1. 

 
 OA 2a, length of the rod 

 G Centre of gravity 

 M mass of the rod  

 Let the rod rotate about a fixed horizontal axis oz. 

 Initiallly the rod is held at rest in the upward vertical position and then 
released. At any time t, let OA be the position of the rod. 

 Let the rod rotate an angle  in t secs. 
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 Let G  be the position of the C.G at time t secs. 

 Let GM OA  

 Let GM h   

 Let AOA   

Now ,  

 Loss in kinetic energy  = Work done  

 Initial kinetic energy   Final kinetic energy = Work done  

 2 21
0 MK Mg.h 1

2
 

 Where 2Mk is the M.I of the rod about oz 

 
2

2 4a
MK M.

3
 

1  

 

2
2

2

1 4a
.M. Mg. a a cos

2 3
3g

1 cos
2a

 

 When the rod reaches the downward vertical position,  

 

2

2

2

, w

3g
w 1 cos

2a
3g

w 1 1
2a
3g

w .2
2a

3g
w

a
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2. 

 
 Let ABCD be a square lamina of side 2a. Let the lamina rotate about a 
fixed horizontal axis AZ.  

 When the lamina rotates about the axis AZ, at any time t, let  be the 
angle of rotation. 

 Kinetic energy of the lamina 2 21
MK 1

2
 

 Where  2MK  is the M.I of the lamina about AZ. 

  By the parallel axes theorem,  

 

 

2
G

2 2
2

2
2

I I Md

2a
MK M. 2a

3
8a

MK M.
3

  

1  

 K.E of the lamina  
2

21 8a
M.

2 3
 

      
2

24a
M.

3
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Self assessment problems  III 

1.  

 

 
Let the equation of the ellipse be  

2 2

2 2

x y
1.

a b
 

 Let the lamina oscillate about the latus rectum sz as a fixed horizontal axis. 

 Let G be the ceentre of gravity. Then 

 SG=h=ae  1  

 Let 2Mk be the M.I of the lamina about sz. 

By parallel axis theorem,  
2

G

2
22

2 2 2

I I Md

a
Mk M. M ae

4
1

k a e 2
4

 

 Given that the other focus   
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2
1

2 2

2 2 2 2

k
ss

h
1

a e
42ae
ae

1
2a e a e

4

 

2 2

2

1
2e e

4
1

e
4

1
e

2

 

2. 

 
AC=2a, length of the rod 

B be the midpoint of the rod. 

 The weight of the rod mg acts at B.  

Another weight 2mg is attached to C 

 Let Gbe the common centre of gravity.  

  AG=h 

 Taking moments about A, 

   3mg.h=mg.a+2mg.2a 

   3h=a+4a 

   
5a

h 1
3
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Let the rod oscillate about the fixed horizontal axis AZ.  

Considering M.I about AZ, 
2

22

2
2

2
2

4a
3m.k m. 2m 2a

3
28a

3mk m.
g

28a
k 2

g

 

Period of oscillation
2k

T 2
gh

 

228a 3
T 2

gg 5a

7a
T 4

15g

 

5.12 Books for reference  

1. Mechanics  By  P. Duraipandian 

    Emarald Publishers, 135, Anna Salai, 

    Chennai  600 002. 

2. Dynamics  By   S. Narayanan 

    S. Chand & co 

    Chennai. 
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