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UNIT-1
ANALYTIC FUNCTIONS

6.1 INTRODUCTION

We have learnt the complex numbers in the previous class. Here we will review the complex
number. In this chapter we will learn how to add, subtract, multiply and divide complex numbers.
6.2 COMPLEX NUMBERS

A number of the form a + i b is called a complex number when a and b are real numbers and
i = /-1. We call ‘a’ the real part and ‘b’ the imaginary part of the complex number a + ib. If
a = 0 the number i b is said to be purely imaginary, if » = 0 the number a is real.

A complex number x + iy is denoted by z.

6.3 GEOMETRICAL REPRESENTATION OF IMAGINARY NUMBERS
Let OA be positive numbers which is represented by x and OA’ by —x.
And X = (i)2 x =1 (ix) is on OX'.
It means that the multiplication of the real number x by i twice A
amounts to the rotation of OA through two right angles to reach OA4'.

Thus, it means that multiplication of x by i is equivalent to the  y. A A > X
rotation of x through one right angle to reach O4".

Hence, y-axis is known as imaginary axis.

Multiplication by i rotates its direction through a right angle. v
6.4 ARGAND DIAGRAM

Mathematician Argand represented a complex number in a
diagram known as Argand diagram. A complex number x + iy
can be represented by a point P whose co-ordinate are (x, y). The
axis of x is called the real axis and the axis of y the imaginary
axis. The distance OP is the modulus and the angle, OP makes
with the x-axis, is the argument of x + iy.

6.5 EQUAL COMPLEX NUMBERS
If two complex numbers a + ib and ¢ + id are equal, prove that
a=c and b=d
Solution. We have, at+tib=c+id = a-c=ild->b)
(a—cf=—d-b} = (@-c+Wd-b>=0
Here sum of two positive numbers is zero. This is only possible if each number is zero.
ie, (a—¢=0 = a=c and d-b’=0 = b=d Ans.
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6.6 ADDITION OF COMPLEX NUMBERS
Let a + ib and ¢ + id be two complex numbers, then
(a+ib)+(c+id) = (a+c)+i(b+d
Procedure. In addition of complex numbers we add real parts with real parts and imaginary
parts with imaginary parts.

6.7 ADDITION OF COMPLEX NUMBERS BY GEOMETRY
Letz, = x, +iy, and z, = x, + i y, be two complex numbers represented by the points P and

O on the Argand diagram. v
Complete the parallelogram OPRQ. 4 %, v,) R
Draw PK, RM, QL, perpendiculars on OX. Z’Q 2_ ———————— &
Also draw PN 1 to RM. 1 N / i
I /o
OM = OK + KM = OK + OL = x, + x, b g
and RM = MN+ NR=KP+LO=y +y, % | (X4 y1)//l |
. The co-ordinates of R are (x; + x,, y, + »,) and it I z, P __ 1N
represents the complex number. i i N
L kK wm "X

. . . ,O
(xl + xz) + i ()/1 + J’Q) = (xl + lyl) + (xz + WQ)
Thus the sum of two complex numbers is represented by the extremity of the diagonal of the
parallelogram formed by OP (z,) and OQ (z,) as adjacent sides.

|z, + z] = OR and amp (z, + z,) = ZROM.
6.8 SUBTRACTION
(a+ib)—(c+id) = (a—c)+i(b-4d

Procedure. In subtraction of complex numbers we subtract real parts from real parts and
imaginary parts from imaginary parts.

SUBTRACTION OF COMPLEX NUMBERS BY GEOMETRY.

Let P and Q represent two complex numbers

z, = x, iy, and z, = x, + iy,.

Then z, -z, = z; + (-2,) Q@)
z, — z, means the addition of z, and —z,.
—z, is represented by OQ' formed by producing OQ to OQ’ >P (z/)
such that OQ = OQ'. /

‘< -+ > X

Complete the parallelogram OPR(Q)', then the sum of z; and ¢}
—z, represented by OR. !

6.9 POWERS OF i --
Some time we need various powers of i. Qz) v
We know that i = +/-1. Y
On squaring both sides, we get
it =1

Multiplying by i both sides, we get

i° = i
Again, it = @) @O =) 0)=-)=-()=1
= H =G =i

~.
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i = @ @)= E)=-1
T= @) =1 =
=@ =m o=t
Example 1. Simplify the following: (a) i » ) 1%
Solution. (a) We divide 49 by 4 and we get
49 = 4x12+1
P90 = AL 2 Gy o (2 () =
(b) we divide 103 by 4, we get
103 = 4x25+3
103 = X253 GRS By ()8 (L) = Ans.
6.10 MULTIPLICATION
(a +ib) X (¢ +id) = ac — bd + i(ad + bc)
Proof. (a +ib) x (¢ + id) = ac + iad + ibc + i*bd
= ac + i(ad + be) + (~1)bd [ % =-1]
= (ac — bd) + (ad + bc)i
Example 2. Multiply 3 + 4i by 7 — 3i.
Solution. Let z; =3 + 4i and z, = 7 — 3i
z1.zy = (3 + 4i).(7 - 3i)
21 — 9i + 28i — 1242

~.

= 21— 9i + 28i — 12(-1) [ % =-1]
=21 -9+ 28 + 12
= 33+ 19 Ans.

Multiplication of complex numbers (Polar form) :
Let z; = r,(cos 0, + i sin 0,) and z, = r,(cos 0, + i sin 0,)
x, = r,cos 0,, y, =r sin0,
x,= r,cos 0,, y,=r,sin 0,
z, = x; + iy, = r(cos 0, + i sin 0,) |z,| =7
z, = X, + iy, = r,(cos 0, + i sin 0,) |z,| = 7,
z,.z, = ry(cos 0, + isin 0,)(cos 0, + i sin 0,)
= ryr, [cos O, cos 0, — sin O, sin 0, + i(sin O, cos O, + cos O, sin 0,)]
= ryry[cos (0, + 0,) + isin (0, + 0,)], | 2,2, | = 1,y
The modulus of the product of two complex numbers is the product of their moduli and
the argument of the product is the sum of their arguments.
Graphical method
Let P, Q represent the complex numbers.
Zp = Xty
= ry(cos 0, + i sin 0,)
Z, T Xt iy,
= r,(cos 0, + i sin 0,)
Cut off 04 = 1 along x-axis. Construct A ORQ on OQ
similar to A OAP.
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So that %:% = %=%
or OA or 1
ZXOR = ZAOQ + ZQOR =6, + 6,
Hence the product of two complex numbers z,, z, is represented by the point R, such that
@) Iz, - 2| = |z].|z,)| (i) Arg (z, . z,) = Arg (z)) + Arg (z,)
6.11 i (IOTA) AS AN OPERATOR
Multipliction of a complex number by i.

Let z = x+ iy =r(cos O + i sin 0)

OR=0P.0Q = rr,

~.

0+i.1-[cos£+isin£}
2 2

i.z = r(cos O +isin 0). [Cosg+ising}

e (o+5)esmno+3]

Hence a complex number multiplied by i results :

The rotation of the complex number by > in anticlockwise direction without change in

magnitude.
6.12 CONJUGATE OF A COMPLEX NUMBER

Two complex numbers which differ only in the sign of imaginary parts are called conjugate
of each other.

A pair of complex number a + ib and a — ib are said to be conjugate of each other.

Theorem. Show that the sum and product of a complex number and its conjugate complex are
both real.

Proof. Let x + iy be a complex number and x — iy its conjugate complex.
Sum = (x +iy) + (x — iy) = 2x (Real)
Product = (x + iy).(x — iy) = x* + y* (Real) Proved.
Note. Let a complex number be z. Then the conjugate complex number is denoted by z .

Example 3. Find out the conjugate of a complex number 7 + 0i.
Solution. Let z = 7 + 6i

To find conjugate complex number of 7 + 6/ we change the sign of imaginary number.
Conjugate of z =z =7 — 6§ Ans.
6.13 DIVISION

o a+ib
To divide a complex number a + ib by ¢ + id, we write it as R
cH+i
To simplify further, we multiply the numerator and denominator by the conjugate of the
denominator.
a+ib (a +ib) (c—id) ac—iad +ibc — i*> bd
= % =

c+id  (c+id)  (c—id) (c)? — (id)>
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ac — i(ad — bc) +bd

- o2
= 2 po [ =-1]
ac +bd  bc—ad
T 2. ot !
cc+d ¢ +d
Example 4. Divide 1 + i by 3 + 4i.
. 1+1 1+i 3-4i
Solution. . = - X ;
3+ 4i 3+41 3-4i
_ 3-4i+3i-47
9 - 161"
3_
:—1+4=1_i1‘ Ans.
9+16 25 25
DIVISION (By Algebra)
Let z; = r,(cos 0, + i sin 0,) and z, = r,(cos 0, + i sin 0,)
zy _ n(cos B; +isin®;) r(cos 6, +isin B;)(cos O, —isin 6,)
Zy ry(cos 0, + isin 6,) 1,(cos 6, + i sin B,)(cos 6, — i sin 0,)

1[(cos ©; cos 6, + sin 0; sin 6,) + i(sin ©; cos 6, — sin 6, cos 6,)]

r,(cos® 0, + sin® 0,)

T .
= r—l[cos (6, — 6,) + i sin (6, — 6,)]
2
The modulus of the quotient of two complex numbers is the quotient of their moduli, and the
p q
argument of the quotient is the difference of their arguments.

6.14 DIVISION OF COMPLEX NUMBERS BY GEOMETRY

Let P and Q represent the complex numbers. Y

zy=x,+iy =r(os0 +isin0) 4%

_ o . P(Z,)

z, = X, + iy, = ry(cos 0, + i sin 0,)
Cut off 04 = 1, construct A OAR on OA similar to
A OQP. o Q(z)
So that %:23%:2 (’Lr Z

OA 0Q 1  0Q r—; R(Z—1)
1 0 2
or =90 _n & ‘_191‘92 £ > X
0Q rn 1

ZAOR = ZQOP = ZAOP — ZA0Q = 6, — 6,

R represents the number r—l[cos (6, —0,) +isin (6; — 6,)]
p!
al

Hence the complex number — is represented by the point R.
2
N |z Z y z
(i) |21 = || (ii) Arg. [—1] = Arg. (z;) - Arg. (z,).
Zy |Zz| Zy
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Example 5. If a = cos 0 + i sin 0, prove that 1 + a + a = (1 + 2 cos 0)(cos 0 + i sin 0).

cos O +isin O

Solution. Here we have a
l+a+d = 1Jr(cosOJrisine)Jr(coseJrisine)2

1+ cos O+ isin 0+ cos’ 0+ 2isin 6 cos 0 — sin® 0

(cos © + i sin O)Jr(l—sin2 9)+cosze+2i sin 6 cos 0

= (cose+isin9)+cos29+cosze+2isinecose

(cose+isin9)+200529+2isinecos9

(cos B + i sin B) + 2 cos 6 (cos O + i sin 0)

= (cos © + i sin 0) (1 + 2 cos 0) Proved.

a+ib 1+iz

Example 6. Ifa2 +b+=1andb +ic = (I + a)z, prove that = -
1+c 1-iz

b+i
Solution. Here, we have b + ic= (1 + a)z = z= 1 s
b +ic +a
. 1+1i .
1+ iz _ 1+u_l+a+zb—c
1-iz 1_ib+ic_l+u—ib+c
1+a

[(1+u+ib)—c]x(l+u+ib+c)_(1+u+ib)z—c2
(l+a+c—ib) (Q+a+c+ib) @A+a+c) +b?

1+a> —b> +2a + 2ib + 2iab — > 1+ a”> = b> - ¢* +2a + 2ib + 2iab
T+a*>+c¢®+2a+2c+2ac+b*> 1+ @ +b*+c)+2a+2c+ 2ac
Putting the value of a* + b* + ¢* = 1 in the above, we get

_1+a>—(1-a*)+2a+2ib+2iab _ 2a” + a + ib +iab)

21+a)a+ib) a+ib

1+1+2a+2c+ 2ac © 2(1+a+c+ac) 21+a)1+c) l+c
Proved.
Example 7. If z = cos © + i sin 0, prove that
2 =1-1itan 9
1+z 2
Solution. Here, we have z = cos 0 + i sin 0
(@) 2 2 _ 2 X(l+cose)—isine
1+z 1+ (cos 6 + i sin 0) (1+cosB)+isin® (1+ cos6)—1isin®

_ 2[( + cos 0) — i sin 6]

(1 + cos 0)* + sin® O ) )
2[(1 + cos 0) — i sin 6] isin 6 =1+ cos 0 +2cos 0 + sin” 0

-1- _ . 2 2
2(1 + cos 0) l+cos® | _ 1 : (1812 ZOCJ;SC%S 0) +2cos 0

(1+cos 0)* +sin”® 0

2 sin [9] cos [9] 0 =2+2cos 9

— 1 2 2 =1—itan(—] =2 (1 + cos 6) Proved.
[3)
2 cos” | —
2

Example 8. If x = cos 0 + i sin 6, y = cos ¢ + i sin ¢, prove that
_ 0—
7Y itan( 24’) (M.U. 2008)

X+y
Solution. We have,

X~y _ (cos 6 +isin 6) —(cos ¢ +isin ¢)
X+Y (cos O +isin 0)+ (cos ¢ + 7 sin ¢)
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(cos © — cos ¢) + i (sin O — sin ¢)

(cos © + cos §) + i (sin O + sin ¢)

2o (03 om (03 2o (5 on (5
(73] e (23%) v 2ran %

2isin J { s[ +isin(e

MWS( Y

EXERCISE 6.1

{2 Ccos

+ I\.)

1 1
1. Ifz=1+ i, find (i) 22 (i) — and plot them on the Argand diagram. And. (i) 2i, (if) 2 o
z
Express the following in the form a + ib, where a and b are real (2 — 4):

2-3i 402 +1
2. ; Ans. — 11 Ei 3. w Ans. EJrgi
4 -1 17 17 1+1 2 2
3
7(1T21) - Ans. 7 +li
aQ+@2-1iQ 2 2

5. The points 4, B, C represent the complex numbers z,, z,, z, respectively, and G is the centroid of
the triangle ABC, if 4z, + z, + z; = 0, show that the origin is the mid-point of AG.

6. ABCD is a parallelogram on the Argand plane. The affixes of 4, B, C are 8 + 5i, =7 — 5i, =5 + 5i,
respectively. Find the affix of D. Ans. 10 + 15/

7. If z,, z,, z; are three complex numbers and

a, = z1 tz, +z3
by=z+to 22 + o z3
c =z +co zz+c\)z3
show that \al\ + |b, P+ \cl\ = 3{\z1\ + \zz\ + \z3\ }
where o, ®® are cube roots of unity.
. . +3i .
8. Find the complex conjugate of ,1. Ans. 7% - gz
1
9. Ifx+iy= f,provethat(x +y)(a +b)— 1
a+ib
10. Find the value of x> — 6x + 13, when x = 3 + 2i. Ans. 0
1. fo—ip = , prove that (o + p)(@® + %) = 1. M.U. 2008)
a-—i
1 1 .
12. If — + — =1, where a, B, a, b are real, express b in terms of a, P.
o+if a+ib
U N
o + B - 20 +1
13. If (x + i)"® = a + ib, then show that 4(a* — b7 = * + %
a

14. If (x + iy)’ = u + iv, then show that * + Z = 4(* — )?).
x oy

(1+i)x—2i+(2—3i)y+i _
3+1i 3-1i

~2 2 2
1

16. Ifa+ib:(x2+1) ,provethata2+b2:%.
2x° +1 2x° +1)

15. Find the values of x and y, if Ans. x =3 and y = -1




Functions of a Complex Variable

7.1

7.2

INTRODUCTION

The theory of functions of a complex variable is of atmost importance in solving a large
number of problems in the field of engineering and science. Many complicated integrals of
real functions are solved with the help of functions of a complex variable.

COMPLEX VARIABLE

X + iy is a complex variable and it is denoted by z v

() z=x+iy  where i =J-1 (Cartesian form) y

(2) z=r(cos6 +isino0) (Polar form)

(3 z=re€? (Exponential form)

7.3 FUNCTIONS OF A COMPLEX VARIABLE

f (2) is afunction of a complex variable z and is denoted by w.
w="f(2
w=u+iv

where U and Vv are the real and imaginary parts of f (2).

7.4 NEIGHBOURHOOD OF Z,

Let z, is a point in the complex plane and let z be any positive number, then the set of points

z such that

lz—z| <€
is called € -neighbourhood of 7,
Closed set
A set Sis said to be closed if it contains all of its limits point.
Interior Point
A point z is called a interior point of a point set Sif there exists a neighbourhood of z,

lying wholly in §



7.5 LIMIT OF A FUNCTION OF A COMPLEX VARIABLE

Let f (2) be a single valued function defined at all points in some neighbourhood of point z,.
Then f (2) is said to have the limit | as z approaches z, dong any path if given an arbitrary real
number € > 0, however small there exists a real number 8 > 0, such that

|f(2)—1|<€ whenever 0<[z-2]<3

i.e. for every z# z in §-disc (dotted) of z-plane, f (2) has avaluelying in the € -disc of w-plane

In symbolic form, L._I)rg f(2) =1

AY VA
//’_—\\<///’ T
; _§ ; \
'\‘ *z, |
\\ //
Z-plane >'< w-plane G
Note: (I) & usually depends upon €. YA
(I1) z — z, implies that z approaches z, along any path. 2,
The limits must be independent of the manner in which z /’,’/:/:/:/ n
approaches z, S ;':/ /l
If we get two different limits as Z — 7, along two different paths ,/j/ //// A /'/
then limits does not exist. tf ,’,’/:,’,
> ‘I////// e
. Z°+4z+ . 7z 22
Example 1. Prove that Ilm.u =4—i {
z1-i z+1 (0]
22 +4z+ 3 z+1)(z+
Solution. I|m ——=1lim (z+h(z+3 _ = I|m (z+3) 1-i1)+3=4-i Proved.
~ioz41 zol (z+2)
.z .
Example 2. Show that  lim— does not exist.
z-0| z |
Solution. IImi lim ﬂ
0
;‘_) O+ y?
Lety = mx,
X+ imx 1+im 1+ mi
X_>O\/X +mPX X_>°\/1+ \/1+
+mi
The value of \/— are different for different values of m.
1+m
Hence, limit of the function does not exist. Proved.
.z .
Example 3. Prove that Ilrr(1) = does not exist. A
z—
. Lz Xty X+iy 7|«
Solution. Casel. lim==Iim =lim| lim—= !
z—07Z x—>0 X — |y x—0] y->0X— |y o
y—0 04—+—>x
X —=0
—lim>X=1 YA
x=0 X X—>0
Here the path isy — 0 and then x — 0 <[ €7
i \)
Casell.Agan limZ = lim| lim +|y] lim Y =_1 oY
2507  y»0| x=0x—iy | y—0-iy o—>X
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In this case, we have a different path first x > O, theny — 0
As z — 0 along two different paths we get different limits.
Hence the limit does not exist. Proved.
: iz3+iz-1
Example 4. Find the limit of the following lim———
2o (27+ 3i)(z-1)

Solution. On dividing numerator and denominator by Z%, we get

(i+i 1)
iz’ +iz-1 im 2 7

i
o (2z+3i)(z—0)? 2> i i 2 Ans
= (2z+3i)(z—i o
o))
z z
. . U 2
Example 5. Find the limit of the following lim ————
ol 75 -27+4 2
Solution.
im 22 +1- z—i . (z+D)(z=-D)-Uz+D) (z+i)(z-i-1) . Z+i
ol 7222742 ok (z-1-0)(z+1+i)  zowi(z—=1-0)(z-1+0) zoWiz—1+i
Teiti ! N . .
_ -.|-|+|.=1+.2=(1+.2|)(. |)= |+2=2 |=1_|_ Ans
1+i—1+i 2i 2(i) (=) 21 2 2
EXERCISE 7.1
Show that the following limits do not exist:
3 2 2
1 lim M@ 2 imZ 3 imR42 Clim—Z
z—>ORq2) -1 Z+ 1 z—-0 Imz z—>0(2)2
Find the Limits of the following:
. Re(2)? .27 . 72 +62+3 3
5. 1imR22° Ans 0 6. lim —2% > Ans. 2(-1+1) 7. Ilmzz-Fi Ans. =
0 |z| z21+11m(2) 20 722 + 27+ 2 2
7.6 CONTINUITY

The function f (2) of a complex variable z is said to be continuous at the point z; if for
any given positive number €, we can find a number & such that |f (2 —f (z)| < €
for al points z of the domain satisfying
|z—-7]|<3d
f (2) is said to be continuous at z =z if
lim f(2)= f(3)
=3

7.7 CONTINUITY IN TERMS OF REAL AND IMAGINARY PARTS

Ifw="f(2=u(xy)+iv(xy) iscontinuous function at z= z then u (x, y) and v (X, y) are
separately continuous functions of X, y at (X, y,) where z = X, + iy,
Conversely, if u(x, y) and v(x, y) are continuous functions of x, y a (x, y,) then f(2) is
continuous at z = z,.
Example 6. Examine the continuity of the following
2-iz?+ z-i
f(2) = z—i
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3 2 . 2 . .
. =i+ z-i . Z(z-D)+Uz-i
Solution. lim - =lim (z=1) _1( )
z—0 Z— 1 i Z— |
= "mw= lim(z% +1) =-1+1=0
sl Z— 1 sl
fi)=0
limf(z2)=f()
Z—1
Hencef (2) iscontinuous at z= i Ans.
Example 7. Show that the function f(z) defined by
m , z#0
f(=1 z
0 ,z=0
is not continuous at z= 0
. Regz
Solution. Heref (2) = % when z# 0
imR&2 X Iim[lim : ]: lim X =1
z—0 Z x>0 X+1y x-0| y=>0X+1y x—0 X
y—0
Again |im@=nm[nmi_}=o
z—0 Z y—0| x—>0 X+ y
As z — 0, for two different paths limit have two different values. So, limit does not exist.
Hence f (2) is not continuous at z= 0 Proved.
EXERCISE 7.2
Examine the continuity of the following functions.
Im(2) , 220 )
1. f(29=4 |z] atz=0 Ans. Not Continuous
0 z=0
Z2+3z+4 _ .
2. f(2 =———— az=1-i Ans. Continuous
Z°+i

3. Show that the following functions are continuous for z
(i) cos z (i) e
7.8 DIFFERENTIABILITY
Let f (2) be a single valued function of the variable z, then

t(2) = lim f(z+62)— f(2)
520 oz
provided that the limit exists and is independent of the path
along which 6z — 0. o > X

Let P be a fixed point and Q be a neighbouring point. The
point Q may approach P along any straight line or curved path.
Example 8. Consider the function

f(2 =4x+y+i(X+4y)

and discuss d— .
dz
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Solution.  Here, f(@=4x+y+i(x+4y)=u+iv
S0 u=4x+y and V=—X+4y
f(z+082) = 4(x+0X) + (y+0y) — i(X+0X) + 4i(y + dy)

f(z+82) — f(2) = 4(x+0X) + (y+8y) — i(X+0X) + 4i(y + 8y) — 4X— y+ ix— diy

= 40X+ dy—ioX +4idy
f(z+06z)— f(2) 40x+dy—idx+ 4idy

oz X+ idy
o8f 48 =i i
= of _ X+ Oy |_6x+4|8y ()
oz X+ idy YA
Q'(x,y +3y) " 5
(@) Along real axis: If Q is taken on the ? G+ B,y + 2Y)
horizontal line through P (X, y) and Q then approaches \
P along this line, we shall have dy = 0 and 8z = dx. |
of _ Adx—idx _ , . P&, Y) Q (x+ 3%, y)
oz X > X

o]
(b) Along imaginary axis: If Q is taken on the vertical line through P and then Q

approaches P along this line, we have
z=Xx+1iy=0+iy, 8z=1idy, ox = 0.
Putting these values in (1), we have
OF _dy+4idy 1, gy—a-i
oz idy i
(c) Along aliney =x: If Qistakenon aliney = x.
z=x+iy=x+ix= (1 +i)X
0z=(1+i)dx and dy = dX
On putting these values in (1), we have

Of _ 4dx+0Ox—idx+4idx _4+1-i+4 _ 5+3 _ (5+3)(@A-i) _
8z X+ i8x 1+ 1+ @+i)@-i)

4]

8 .
In all the three different paths approaching Q from P, we get the same values of 6_f= 4—1.
Z

In such a case, the function is said to be differentiable at the point z in the given region.

XY= zz0, df
Example 9. If f (2) = NO y2 ' then discuss e atz=0.
, z=0 z
Solution. If z— 0 along radius vector y = mx
EYy=iX) 4
_ 6, 2 3 ;
im f(2)- f(0) _iim | X +y_ _im 6|x y2(x+|y)
z—0 Z z—0 X+1y z—0 (X +y )(X+Iy)
3 i3
= nm{ X yz}_nm{ X ("2”‘)2}
=0 XU+ y x=0] X7+ m°X

|
X =
L3
| —
><_> |
+ |3
3|5
| |
I
o

[-y=m
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But along y=x
imt@=fO

z—0 Z z—0

df . —i
In different paths we get different values of 4O i.e. 0 and > In such a case, the function

is not differentiable at z= 0.

Theorem: Continuity is a necessary condition but not sufficient condition for the existence
of a finite derivative.

Proof. We have, f(z+82) — f(z5) =82 f(20+8§)z_ f(zo)} (D
Taking lim of both sides of (1), as 6z — 0, we get
6Lim0 [f(z+82) - f(z))]=0.f'(z) = 8Lim0 [f(z+82 - f(z)]=0
= Lim [f(2)-f(z)]=0 = Lim f(2)=1(3)
> 3 —p
= f (2 iscontinuous at z = z, Proved.

The converse of the above theorem is not true.

This can be shown by the following example.

Example 10. Prove that the function f (2) = | z |? is continuous everywhere but no where
differentiable except at the origin.

Solution. Here, f (2) = | z ]~

But|z|= JOC+Y) = |zP=x+y?

Since X? and y? are polynomial so x? + y? is continuous everywhere, therefore, | z P is
continuous everywhere.

Now, we have f' (2) = 6Iimow
P

|z+8zf —|zf

f@= fim =——r—— (zz=z)
 (z+82)(z+82)-2z . 72+ 7Z8Z+82.2+82.8z2-Z
= lim = lim
820 8z 320 0z
o 2.8Z+082Z+68287 |- = _8z| . |- 8z
= lim =lim yz+6z+z—;= lm Jz+z— (1)
5z—0 5z 85z—-0 oz 5z—0 oz

[Since, 52— 0 s0 8z — 0]
Let 5z=r (cos® +isin0) and 6Z =r (cos 0 —i sin 0)
8z _cosb6-isn® 0z

0z _ 0z _ g 4 dn B
= 52 CosBisn® = 5 (cos® —isinB) (cosO +i sin 0)
8z . . 8z R
= 82—(cose—lsme)(cose—lsme) = 82—(cose—|sm6)
8z .
= —— =C0s20-isin20
0z

. 6z . 6z .
since 5 depends on 6. It means for different values of 0, 5 has different values.

oz L
It means ~ has different values for different z z=r(cosO +isno)
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.0z . -
Therefore 8|I mo —— does not tend to a unique limit when z # 0.
z— Z

Thus, from (1), it follows that f'(2) is not unique and hence f (2) is not differentiable when z # 0.
But when z=0thenf'(zZ) = 0i.e, f'(0) = 0 and is unique.
Hence, the function is differentiable at z= 0. Proved.
By different method, the above example 10 is again solved as example 11 on page 143.

7.9 ANALYTIC FUNCTION

A function f (2) is said to be analytic at a point z, if f is differentiable not only at z, but at
every point of some neighbourhood of z,.
A function f (2) is analytic in a domain if it is analytic at every point of the domain.
The point at which the function is not differentiable is called a sSingular point of the function.
An analytic function is also known as “holomorphic”, “regular”, “monogenic”.
Entire Function. A function which is analytic everywhere (for all z in the complex plane)
is known as an entire function.
For Example 1. Polynomials rational functions are entire.
2.1z |2 is differentiable only at z= 0. So it is no where analytic.
Note: (i) An entire is always analytic, differentiable and continuous function. But converse
is not true.
(i) Analytic function is always differentiable and continuous. But converse is not
true.

(iii) A differentiable function is always continuous. But converse is not true
7.10 THE NECESSARY CONDITION FOR F (Z) TO BE ANALYTIC

Theorem. The necessary conditions for a function f (z2) = u + iv to be analytic at all the
pointsin aregion R are

oL 0 222 e 220N
ox oy oy ax Proviee ox ay ox’ aye o
Proof: Let f (2) be an analytic function in aregion R,
f(2=u+iy,

where U and Vv are the functions of x and .
Let du and &V be the increments of u and Vv respectively corresponding to increments dX and
dy of x and y.
N f(z+62) = (u+du)+i(v+dv)

f(z+d82)- f(2) _ (u+du)+i(v+0v)—(u+iv) _ <3u+i8v:5_u+i dv

Now oz oz oz 8z oz
jim £+ 1@ _ i (OU V) iy i (4 Y ()
820 oz 520\ 0z Oz 5z-0| 0z Y8

since 8z can approach zero along any path.
(a) Along real axis (x-axis)
zZ=Xx+ iy but on x-axis,y =0
zZ=X, 8z=06x,8y=0 (z=xP Q
8z = dx

Putting these values in (1), we have

o= i (B0 8V v
r@ _8I>I<£>n0(8x+l SX)_ x " ox - @
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(b) Along imaginary axis (y-axis) A
z=Xx+iy but on y-axis, x = 0 sz=isy {Q
z=0+iy 8x =0, 6z = idy. .
Putting these values in (1), we get PE=W)
i (¢]
£(2) = lim [5” +ﬂ]= jim [—i@+@]=-ia—”+ﬂ -0
dy—0( idy idy | sy—o| Jdy dy oy ady

If f (2) is differentiable, then two values of f'(z) must be the same.
Equating (2) and (3), we get

ou .ov _ au 8v
— 4

X ox E)y ay

Equating real and imaginary parts, we have

ou_ov ov_ du

x oy x  ay

ou dv

ox dy

du ov . .
@ = “ax are known as Cauchy Riemann equations.

7.11 SUFFICIENT CONDITION FOR F (Z) TO BE ANALYTIC

Theorem. The sufficient condition for a function f (z) = u + iv to be analytic at all the points in
aregion R are

ou_ov ou_ ov
O o
N T Y
oX dy Jdx oy
Proof. Let f (2) be a single-valued function having
Ju du ov IV
o' ay' ox' oy
at each point in the region R. Then the C — R equations are satisfied.
By Taylor’s Theorem:
f(z+02) = u(X+ X, Y+ dY)+iv(X+dX y+dY)

—u(x,y)+{ 8x+g—u8y)+ +|[v(x,y)+( SX+Q8yJ }

are continuous functions of x and y in region R.

d

= f(2+ %-Hﬁ OX+ %+I& OYy+...
oxX  oX ady oy
(Ignoring the terms of second power and higher powers)

= f(z+62)- f(z):(%+i%).5x+[a—;+iﬂ]5y . (D)

We know C — R equations i.e.,
u_dv, o v
oxX oy dy  oX
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Replacing %amg—; by —% ard 3—?( respectively in (1), we get
ou .ov ov .ou
f 82)- f(2)=| —+i— [OXx+|——+i— [O ing i
(z+02)— f(2) (8X+|3X) x+( ax+|ax) % (taking i common)
= a—u+iﬁ .OX+ i%+a—u idy = a—u+i@ .(OX+idy) = a—u+iﬁ .0z
oX  oX oX ox oX  oX ox  oX
f(z+62) - f(z)_a_u+i@
6z COX OX
im f(z+062)— f(2) :a_u+i@
820 oz ox  dXx
ou . ov
f'(z)=—+i—
(2) +I6x
ov .du
f'@)=—-i— Proved.
oy oy

Remember: 1. If a function is analytic in a domain D, then u, v satisfy C — R conditions
at all pointsin D.
2. C—R conditions are necessary but not sufficient for analytic function.
3. C—Rconditions are sufficient if the partial derivative are continuous.

) 1. ,
Example 11. Determine whether p isanalytic or not? (R.G.P.V. Bhopal, Il Sem., June 2003)

. _ 1 : 1 X—iy
Solution. Letw=f(z =u+iv=—- = u+iv = —=—
z X+ily x°+vy
Equating real and imaginary parts, we get
X -y
u = , v=
2 1 y2 2+ y2
u _ (E+y)l-x2x_ ¥y =X ou_  -2xy
ox F+y? oY)y ()P
o 2xy vy -xX
aX (X2+ y2)2 ! ay (X2+ y2)2

Ju ov Jdu ov
— = —ad—=——.
ox ay ay ox

Thus C — R equations are satisfied. Also partial derivatives are continuous except at (0, 0).

Thus,

1
Therefore p is analytic everywhere except at z= 0.

dw 1
Also - = -=
This again shows that pr exists everywhere except at z = 0. Hence p is analytic
everywhere except at z= 0. Ans.

Example 12. Show that the function € (cos y + i sin y) is an analytic function, find its
derivative. (RG.P.V., Bhopal, Il Semester, June 2008)
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Solution. Let e (cosy +isiny) =u+iv

So, € cosy =u and esny=v

. v
—=—€e"siny, —=¢

ou_av
ox oy’

Here we see that

u o
then —=e"cosy, —=e"cosy
ox oy

siny
u__ov
dy  OX

These are C — R equations and are satisfied and the partial derivatives are continuous.

Hence, € (cosy + i siny) is analytic.

f(Z) =u+iv=e(cosy+ysny)and g—i=excosy,

N_ e*siny
ox

f(2) = M ? =e*cos y+ieX dny = & (cosy+isiny) = e’ = &V = ¢,
X

ox

Which is the required derivative.

Example 13. Test the analyticity of the function w = sin z and hence derive that:

di(sin z)=Cosz
z
Solution. w=sinz=sin (x + iy)

=sin X Ccosiy + cosx siniy
=sinxcoshy+icosxsnhy

u=sinxcoshy,v=cosxsnhy
Jdu

dy

|

=cosxcosh y,=—— =sinxsinhy

ou
ox
@

L ov
—sinxsnhy,— = cosx awshy
dy

n_w u__av
oxX oy ay

Thus
oX
So C — R equations are satisfied and

and

partial derivatives are continuous.

Hence, sin z is an analytic function.

d . d. . . .
—(sinz) = —[sinxcosh y+i cosxsin
dz dz

ai(sin xcoshy+icaosx gnhy)
X

= cos(X+iy) =cosz

cosiy = wshy
siniy =i gnhy

hy]

|

cosx @sh y—i gnxsinhy = cosx@siy —sinxsn iy

Ans.
X X
coshx = ere . (1)
X_ X
sinhx = © .. (2)
e
COsSX= ..(3)
) X e—ix
sinx = Y (4
iX <X
From (1) coshix = = COSX
0 i
From (3) cosix = 5
e+e”
= = cosh x
2
o ) _ gilix)
From (4) sinix = —
X X
=i & = i sinhx
X 4ix
From (2) sinhix = =isinx
Ans.

Example 14. Show that the real and imaginary parts of the function w = log z satisfy the
Cauchy-Riemann equations when z is not zero. Find its derivative.
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Solution. To separate the real and imaginary parts of log z, we put X=r cos0;y=r sin0
w=log z=log (x +iy)
= u+iv=log(rcos6 +irsin®) =logr(cos6 +isin6) = log, r.e’

' y r=yJx2+y?
= log,r +log.e"® =logr +i0 = logy/x* + y* +itan* =
X 0 =tantY
X
So u=log+/»* +y? :%Iog(x2+ y?), v=tanty
X
On differentiating u, v, we get
ou 1 1 X
—=———.(2X) = . (1
X 2x2+y? ) X+ M
ov 1 (1 X
2 Z = .. (2)
P z(x) 2, .2
VoYX ey
X
Ju ov
F 1) and (2), — =— (A
fom (1) and (), =2 N
Again differentiating u, v, we have
ou 1 1 y
Iy 2x%+y? X2 + y? @
ov 1 y y
= |- L == .. (4
X yz( XZJ X2+ y? )
1+
X
From (3) and (4), we have
ou ov
= - .. (B
dy  oX ®
Equations (A) and (B) are C — R equations and partial derivatives are continuous.
Hence, w = log z is an analytic function except
when ¥+y?=0= x=y=0= x+iy=0= z=0
Now wW=u+iv
d_w_8_u+i§_ X Y - x—ly
dz ox ox X*+y* X+y X+y
_ X—1iy _ 1 1
- (X+iy)(x=iy) x+iy z
Which is the required derivative. Ans.

Example 15. Discuss the analyticity of the function f (2) =zz
Solution. f(2) = 22 = (x+iy) (x=iy) = X* —i’y*= X*+Vy*
f(2)=x+y* =u+iv.
u=x+y?,v=0

. ou_ . u(0+h 0-u(,0 . h*
At origin, &_M} h —Ihlgg)F_O
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2

au —im u(0,0+ k)—u(0,0) _ ”mk_:0

ay k—0 k k-0 k
Also, av _lim v(0+h,0)—v(0,0) ~0

oX h-o h

v _ im v(0,0+k-v(0 0 _ 0

ay k-0 k
Thus, du _ov d oau_ ov

— =— a| —_— =
ox ady ay oX
Hence, C — R equations are satisfied at the origin.
£ = lim 1A=1O _j, 6C+y)=0
z—0 Z z—0 X+ |y
Let z— 0 aong the liney = mx, then
2 2,2 2
£(0) = |imw= lim wz
x=0  (X+imx) x>0 1+im
Therefore, f' (0) is unique. Hence the function f (2) isanalytic a z= 0. Ans.
Example 16. Show that the function f () = u + iv, where

2 A+1)—y3(1-i)
f(z)f{) , zz0

0

X% +y? o
satisfies the Cauchy-Riemann ’equations at z = 0. Is the function analyticat z= 0 ?
Justify your answer. , , (MDU Dec 2009)
1+)-y°(A-i .
Solution. f(2)= X +|2) yz( ) =u+iv
X“+y
3 3
WXy XY
X2+ y? X2+ y?
du du odv 9 0
[By differentiation the value of a—i. 8_;' 8_\;’ a—\; at (0, 0) we get 0 so we apply first
principle method]
At the origin
h3
ou . u(©+h 0-u(0 0 . p2 .
—=| =lim —=1 -
™ hl_rg h hl_rg h (Along x- axis)
—K3
ou . uO0+k-u(00 . k2 .
—_—= I = I —_ —1 -
% I(|_r>r(1) k kl_r:rg) ” (Along y- axis)
h3
ov . v(0+h 0-v(0,0) . p2 _
—=| =lim-—=1 -
o hlﬂg) o hli% - (Along x- axis)
k3
ov . v 0+k-v(Q O . k2 _
A =limX_=1 .
Py le’% . k;n?) ” (Along y-axis)
Thus we see that
ou_ov ou_ ov

— and —=—=

ax ay dy  OX
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Hence, Cauchy-Riemann equations are satisfied at z= 0.

-y +i0C+y®y

_ )
Again t0) = lim 10+2=1O _ ., X2+ y?
z—0 z z—0 .
X+iy
3 B33
:"mlx y2+|(x2+y). 1_ }
z—0 X +y X+1y
Now let z— 0 aong y = X, then
3 i0v3 13
£(0) =lim X x32+|(x2+x)[ 1. )
x50 X%+ X X+ ix
L e Y) (1)
2(1+i) 1+i @+)@-i) 1+1 2
Againlet z— 0adongy = 0, then
3,3
, . 1 .
£7(0) = lim 2 +2'X 2= (+) [Increment=27] ... (2)
x—0 X X
From (1) and (2), we see that f '(0) is not unique. Hence the function f (2) is not analytic at
z=0. Ans.

Example 17. Show that the function

72‘4
f(=e° , (z#0 and
f(0)= 0
is not analytic at z= 0,

although, Cauchy-Riemann equations are satisfied at the point. How would you explain this.
1

. A 4 T
Solution. f(2)=u+iv=e? =g =g (xip)’*

(x-iy)* 1

[(x*+y*-6x2y?)-i axy (2 ~y?)]
= utive e CnDt S g (FAT

X4y -6x2y?  —idxy(R-y?)
02t y?) o 02+y?)

= u+iv=e
X+ y4—6x2y2[ Axy(xP-y?) . . 4xy(x2—y2):|
2 2\4 cos 2 4 I'sin 2 4
N Utivee D7 1 ¢y (C+y)
Equating real and imaginary parts, we get
x4+>2/4—62xiy2 C(E4X)/2(X2—2y42) X+ yi-6x2 y? sin axy (x2- y?)
u=e 0&+y) Pyt y=e  (F+y)t 0C+y?)?
At z=0 N _ )i O+h 0-Uu0 O _ e 5, 1
0X h-0 h h-0 h hso L
hel

2
=Lim L , & =14 Xt ot
h—0 1 1 1 :| 2!

h Yt o T ane
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. 1 1 1
= Lim =
h—0 h 1 1 1 O4 o0 oo
+ et
h® 2h" eh!
— _k_4
M _ O 0+l-u@ 9 _y, lim =0
dy k=0 k k=0 k k—0 i4
k ek
— 7h74
ov N _im v(0+ h, 0)—v(0, 0)=”me - 1 _0
ax h—>0 h-0 h h—0 LA
h.e
k4
@ v(O 0+Kk)-v(Q O _lim& - 1 _0
oy kaO k-0 k—0 i4
k.ex
du _ov Jdu av
Hence ™ ay rd a—y =—— (C R equations are satisfied at z=0)
f(2)- (0 -z
But 0= lim F@=TO_ ;&
z—0 z -0 Z
LA
—le 4 4
i 4 4 (cos%—i sn )
Along z=re* f(0)=tim&—¢ —lim& €
r—0 T r—0 ir
re4 re4
e—r"4 +COST e—r‘4 e
= ||m = |Im = oo
r—0 i r—0 ir
re4 re4

Showing that f '(z) does not exist at z= 0. Hence f (2) is not analytic at z= 0.

Example 18. Examine the nature of the function
X2 y (x+ |y)

f(2 = ylo #0
f(0)=0
in the region including the origin.
Solution. Here f(2) = u+iv= X y Xy (xth).
Ty
Equating real and imaginary parts, we get
L Cy o X2y
x*+ y©’ x*+ y°
ou _ i u(0+ h 0 —u(0, 0)
— = lim
ox h—0 h
au

— = lim
ay kI—>O

u©,0+k -u(Q0
k

z#0

0

h* _ v O
im-—=1Im ==0
h_r)no h hILnoh

0

10 0
—limK——ilim 2=0
k>0 k k—o0 k

Proved.
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0
=2
N _ i YO+hO-VO09 _ o b O
ox h—0 h h-0 h h=oh
0
10
N i YO0+ k) VOO _ jim &2 _jim 929
ay k—0 k-0 k k—0 k
From the above results, it is clear that
u_dvoodu_ v
ox oy ay  ox

Hence, C-R equations are satisfied at the origin.
f(O+z)Z FO_ i [ VP (X + iy)

x—0 X +y10

0}L (Increment = 2)
X+ iy
y—0

But f'(0) = IimO
Z—

2.5

= lim Xy
x—0 y4 0
Y20 X +y1

Let z— 0 along the radius vector y = mx, then

e
m X’ X 0
"0) = lim —/——==lim -=0
f (0) x—0 X + mlo 10 x—01+ mlo 6 1 (1)
Again let z— 0 along the curve y* = x2
x* 1
! = Ilim ==
f'(0) A A 2 - (2
(1) and (2) shows that f' (0) does not exist. Hence, f (2) is not analytic at origin athough
Cauchy-Riemann equations are satisfied there. Ans.

7.12 C-R EQUATIONS IN POLAR FORM

@ 1ov
ar roo
ou av
% - g (MDU, Dec. 2010, RGPV., K.U. 2009, Bhopal, Il Sem. Dec. 2007)

Proof. We know that X =r cos 6, and uisafunction of x and y.
z=x+iy=r(cos6 +isn6) =re°

u+iv="F(z =f(re’ (D)
Differentiating (1) partially w.r.t., “r”, we get
au av
=f'(re?).é° (2
> F (ré) 2
Differentiating (1) w.r.t. “06”, we get
du .adv i6:
+i— =f'(re®) re N E]
0 5 (re’) (€)

Substituting the value of '(r€°) &® from (2) in (3), we obtain

au . ov ou .ov) Ju .dv_. du _ov
—+i—=r|—+i—1Ji oo —H+i—=ir—-r—
20 00 o o 08 90 or or
Equating real and imaginary parts, we get
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ou ov o -1 au
—_— == — = -
00 or ar r 08
ou 1ov
And E = I‘_ % Proved.
7.13 DERIVATIVE OF W OR F (Z) IN POLAR FORM
We k that w=u + iv a—W—a—qu v
¢ Know fat W= "OX OX X
dw ow or aw 200 Jw Bu ov sine
Bt — = — —+— —=—cC0s0- +i—
dz or ax 20 Ix or 00 r
ow Jdv . du sme Ju ov
= —CosO—|—r—+i-r— —=—-r—
or or ar | r 00 or
ow u .ov). ov au
= —cosO—i| —+i— |9n®6 —
or a or 0 8r
ow d ow ow
= — 0—i— e—_ 0—i — ] = ;
o Ccos |a (u+iv)sin o cosO—i o dn [-w=u+iV]
= (cosb—isin®) —
( isi )ar )
Second form of B_W
dz
dw _ odw or aw 00 _d(u+iv) dw sin® .
cosf— [wW=u+iv]
dz o ax 20 ox  or 0 T
Ju . ov ow sin®
—+i— |cosO—— —
or or 00 r
10v 1 Ju Jw sin®
=[=—-i=-— [cosO—— ——
roe r ae 20 r
i (du .ov ow sme
= —— | —+i Ccos0—
0 00 0| r
i 0 ow( sin® i ow ow sin®
= - — 0—-—| — | = —— — 0———— = i
r oo (uiv)cos ae( r J r 00 s 00 r [w=u+iv
= —:—(cose—isine)—w Q)

Z—W_(cose—lsme) —
aw S (cosB—isinB) ow
dz r 00

dw
These are the two forms for d_

[ i ow 8W:|
roe  or
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EXERCISE 7.3

Determine which of the following functions are analytic:

1
3.

10.

11

x> +iy?2  Ans. Anaytic at al pointsy = x 2. 2xy + i(x* — y?) Ans. Not analytic
X—1iy . 1 . .
——  Ans. Not analytic 4. ————— Ans. Analytic at al points, except z=+ 1
X2+ y? y (z-1)(z+)) y P P
X—iy . . . . :
m Ans. Not analytic 6.sinxcoshy +i cosxsinhy Ans. Yes, anaytic
Xy + iy? Ans. Yes, analytic at origin

Discuss the analyticity of the function f(2) = Zz+Z? in the complex plane, where Z isthe
complex conjugate of z. Also find the points where it is differentiable but not analytic.
Ans. Differentiable only at z= 0, No where analytic.

Show the function of Z is not analytic any where.

2 .
X7y (y-ix)
——= - when z#0
If f (Z) = x* + y2
0 , when z=0
f (z)— f (0) . :
prove that ———— =0, as z — 0, along any radius vector but not as z — 0 in an

manner. (AMIETE, Dec. 201

If f(2)is an analyt1c function with constant modulus, show that f (2) is constant.
(AMIETE, Dec. 2009)

Choose the correct answer :

12.

13.

14.

15.

7.14

The Cauchy-Riemann equations for f (Z) = u (X, y) + iv (X, y) to be analytic are :

2, 2 2
(a)a agzoy LZ‘Z’+L‘2’=0 by Mo v
ay ox= oy ox dy dy X
au ov  du v au dv du odv
(© x_ay ay x (d) - ay ay ox Ans. (b)

(RG.P.V., Bhopal, Il Semester, Dec. 2006)
Polar form of C-R equations are :

ou_1lov odu ov ou av ou 1av
@ 25=75 5 =5 (0) 5,="5"
0 ror’ or 00 20 ar o r oo
Ju 1lodv du ov ou av Jou ov
© >=roe 0 or @ 5="%% 20 "ar Ans. (©)

(RG.P.V., Bhopal, Il Semester, June, 2007)
The curve u (x, y) = Cand v (X, y) = C' are orthogonal if
(a) u and v are complex functions  (b) u + iv is an analytic function.

() u—vis an analytic function. (d) u+ visan anaytic function a_u - av
Ans. (b)| 00 ar
2 ov Ju
If f (z) = —Ioge (% +y?) +itan? v be an analytic function o is equal to £=ra—r
@ +1 () -1 © +2 (d - (AMIETE, Dec. 2009)
ORTHOGONAL CURVES(U.P. 11l SEMESTER, JUNE 2009)

Two curves are said to be orthogonal to each other, when they intersect at right angle at each

of their points of intersection.



Functions of a Complex Variable

The analytic function f(z) = u + iv consists of two families of curves u (X, y) = ¢, and
Vv (X, y) = ¢, which form an orthogonal system.

u vy =c (D) vy
V(X y)=c, . (2) 4
ou ou
i iati —dx+—dy=0
Differentiating (1), ™ X+ Jy y
ou
dy__ox_
= dX - aiu - rnl_ (SW)
ay
av
Similarly from (2), g—i = —% =m, (sy) o > X
ay
The product of two slopes
ou ov ou _ou
% X X d .
mm, = _% _% = _g_ij __auy (C—R equations)
ayfoay) oyl oax
=-1

Since m; m, = — 1, two curves U = C, and V = c, are orthogonal, and c,, C, are parameters,
u=c, and v = ¢, form an orthogonal system.

7.15 HARMONIC FUNCTION (U.P, III Semester 2009-2010)

Any function which satisfies the Laplace’s equation is known as a harmonic function.
Theorem. If f (Z) = u + ivisan analytic function, then u and v are both harmonic functions.
Proof. Let f (2) = u + iv, be an analytic function, then we have

o ®
Ju v C—-R equations.
eV (2
dy  oX @)
Differentiating (1) with t to X t Pu_ v A3)
ifferentiating (1) with respect to X, we ge 5~ 3y )
Differentiating (2) w.r.t. ‘y’ we have GA _82v @
B ve ——=— B
laling W Yy w 8y2 I

Adding (3) and (4) we h 9%u . 2u v v
an e have —51Tt—— = -
ne We Ve o2 oy?> 0xdy dyox

Fu P, o
ox%  ay? oxdy dyox
ov 9%

Similarly 0

_+ —_— =
X% oy?
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Therefore both u and v are harmonic functions.

Such functions u, Vv are called Conjugate harmonic functions if u + iv is also analytic
function.

Example 19. Define a harmonic function and conjugate harmonic function. Find the
harmonic conjugate function of the function U (x, y) = 2x (1 —y). (U.P., Il Semester Dec. 2009)
Solution.  See Art. 4.15
Here, we have U (X, y) = 2x (1 —y). Let V be the harmonic conjugate of U.
By total differentiation - .

dav = g—\)/(dx+aa—vdy U =2x-2xy
o Y 22y
= ——de+—Udy ox
= (=2 dx+(@2-2y)dy+C a—y=—2x
= 2xdx+ (2dy—2ydy) + C - -
V= x+2y-y+C
Hence, the harmonic conjugate of U isx? + 2y —y?2 + C Ans.

y

X2+ yP

Example 20. Prove that u= X - y2 and v=

are harmonic functions of (x, y), but

are not harmonic conjugates.

Solution. We have, LZJ =X —y? )
a_u=le 8_u=2’ a_u=_2y1 8_u=_2
ox ox? ay ay?
2 2
a—;‘+a—‘; =2-2=0
ox° oy
u (X, y) satisfies Laplace equation, hence u (X, y) is harmonic
ve_ Y o__ 2y
X2 + y2 ! oX (X2 + y2)2
v _ (¢ +¥)? (-2y) - (-2) 2(x° + y?) 2X
ox? O +y?)*
2 2 2 3
_ (X4 Y)(F2y) - (=2x)4x _ 6xTy-2y
(¢ +y?)? 0 +y?)°
N_(Cry)l-y@2y)  X-y O
ay (XZ + y2)2 (X2 + y2)2 *
v _ (+yH)(22y) - (X -y 20 +y*) (2y) _ (¢ +y*) (=2y) - (X~ y?) (4Y)
dy’ ¢ +y?)* 0 +y?)?
2Py -4y + 4y’ —6xXCy+ 2y° @

(X2 + y2)3 azv azv(xz + y2)3
On adding (1) and (2), we get — +— =
g (1) (2), we g ol 9y

Vv (X, y) also satisfies Laplace equations, hence Vv (X, y) is also harmonic function.
ou _ ov ou ov

— and — - —

ox oy oy ox

Therefore u and v are not harmonic conjugates. Proved.

But
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Example 21. If u(x, y) and v(x, y) are harmonic functions in a region R, prove that the function

du ov) .[{du ov
— - |+i|=+=
[(By ax) [ax ay )]

is an analytic function of z= x + iy. (R.G.PV.,, Bhopal, Il Semester, Dec. 2004)
Solution. Since u(x, y)and v(X, y) are harmonic functions in a region R, therefore
0°u 9% 0%V 9%
—+— =0 ..() ad —S+—5=0 -2
ox- oy ox~=  ody

. du ov) .[du ov
R+iS=| —-— —+ —
Let F (2 +i [ay ax]+l(8x+ayj

Equating real and imaginary parts, we get

du ov
R= —-—,
dy ox
R A R e v
ox  oxay ox: dy ay? oxdy "
S — a_u + Q
ox oy
oS 2% dx 0S _ 2u N
& = y + _a)(ay .. (5) a—y = —axay + 8_2 .. (6)
y
. 0%u .
Putting the value of 8_2 from (1) in (5), we get
X
s o o o
X oy oxdy )
. 9’V .
Putting the value of 8_2 from (2) in (6), we get
y
a_S = _azu — a_zv (8)
dy  Oxdy ox2 ”
From (3) and (8), 3—5 = 3_38/
From (4) and (7), (—;—5 = - g—i

Therefore, C-R equations are satisfied and hence the given function is analytic. =~ Proved.
7.16 APPLICATION TO FLOW PROBLEMS

Consider two dimensional irrotational motion in a plane parallel to xy-plane.
The velocity v of fluid can be expressed as

V= ity | (D
Since the motion is irrotational, a scalar function ¢((X, y) gives the velocity components.
o a N a Aa¢ '\aq)
V=V =ll—+]=— 0 =1—+]— .2
0(x.) ( ox : ay J(]) X : ay )

On comparing (1) and (2), we get
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_% _%
= ard Vy_ay .. (3)

7.17 VELOCITY POTENTIAL FUNCTION

The scalar function ¢(x, y) which gives the velocity component is called the velocity potential

function.

As the fluid is incompressible
divv=0
Vv=0 = |Ai+fi (v +]vy)=0
ox oy
ov
N My g ()
oxX oy

Putting the values of v _and v, from (3) in (4), we get

99, 9 (9% )_ _¢ 2% _
8x(8x)+8y[ay)_o ® T 0

This is Laplace equation. The function ¢ is harmonic and is a real part of analytic function

f(2=6¢(Xy) +id(xy)
We know that

dy 90
& o ] |
dx ay B 90 f(2=wy + ¢ [CR-equations]
dy oXx
\Y%
- Y .
v [Using (3)]

X
Here the resultant velocity V)% + Vf, of the fluid is along the tangent to the curve

v(xy) =C
Such curves are known as stream lines and (X, y) is known as stream function.
The curves represented by ¢(X, y) = ¢ are called equipotential lines.
As ¢(x, y) and y(X, y) are conjugates of analytic function f(z). The equipotential lines

d(X, y) = C and the stream potential line y(X, y) = C' intersect each other orthogonally.

f’(z):a—¢+ia—w = a—q)—ia—w

oX  oXx oy %

= V+V,

The function f(2) which represents the flow pattern is called the complex potential.

df
The magnitide of the resultant velocity = ‘a

7.18 METHOD TO FIND THE CONJUGATE FUNCTION

Casel. Given. If f(2) = u +iv, and u is known.

To find. v, conjugate function.

Method. We know that dv _ dx+& dy .. (1)
oX ay

Replacing ? by — g; ard g—; byg—i in (1), we get [C-R equations]
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d :—a—u~dx+a—u-dy
oy X
ou ou
v=—| —dx+| —-d
5y ) 5
= v=[ Mdx+[ Ndy
ou Jau
M=-"ad N=2
where Jy X
oM _d( au 0%u oN 0 (du 82
SOthat —_— - ard
dy oy ay ay2 X oxlox ) o
0%u 82
since u is a conjugate function, so — +
oX ay
) ot m o
ay?  ox? dy  ox

Equation (3) satisfies the condition of an exact differential equation.
So equation (2) can be integrated and thus Vv is determined.
Case |l. Similarly, if v = v(X, y) is given

To find out u.
We know that du = g—:dx+ ig—; dy
- ou au .
On substituting the values of X and a—y in (4) , we get
_ ov v

du= 3y X%

On integrating, we get
u= o dx— v dy
ay X

. . ov 9
(since v is already known so 87; a% on R.H.S. are also known)

Equation (5) is an exact differential equation. On solving (5), U can be determined.

Consequently f(Z) = u + iv can also be determined.

- (2)

. (3)

.4

(5

Example 22. Prove that u = X% — y2 — 2xy — 2x + 3y is harmonic. Find a function v such

that f (2) = u + iv is analytic. Also express f(2) in terms of z

(R.G.PV., Bhopal, Il Semester, June 2005)

Solution. We have,

U= xX—y>—2xy—2x+3y ,
Jau 0°u
— = X-2y-2 = =2
oX X— sy X2
ou 0%u
— = 2y—2x+3 = —=-2
y - YT y?
2 2
QUL 5 5=0
ox- oy

Since Laplace equation is satisfied, therefore U is harmonic.

Proved.
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We know that dv = @d v —dy
ox ay
ou ou ov ou ov du
= dv = ayd p dy (1) [ i Py and ay_ax]
Putting the values of g—; and % in (1), we get
dv = —(—2y—2x+ 3) dx + (2x — 2y — 2)dy
= v = [@y+2x-3)dx+[(-2y-2dy+C (Ignoring 2x)
Hence, V= 2X9+X-3Xx—-y?-2y+C Ans.
Now, f(2 = u+iv
= -y -2y-— 2X+3y)+i (2xy + X =3 —y*—2y) +iC
C—y?+2ixy) + (iX—iy?=2xy) —(2+3) x—-i1 (2+ 3i) y+iC

(@ —y?+ 2ixy) +i (x2— y +2ixy) —(2+3i) x—i (2+3)y +iC
(X+iy)?+ (x+iy)>—(2+ 3i) (x+iy) +iC
= Z2+i2-(2+3i)z+iC
= 1+i)2-(2+3i)z+iC
Which is the required expression of f (2) in terms of z Ans.
Example 23. If w= ¢ + iy represents the complex potential for an electric field and

2 2 X
Y= X =y + ’
_ Wty
determine the function ¢.

Solution. w=o+iy and y=x2-y*+

X2+ y2
2, 2\ 1. 2 .2
LN S et
X (X“+y%) (X“+y%)
N _ L, X2y o, 2

Ty ey

We know that, do= ¢ dX+ 90 dy= a\p dx— 8\|I dy
oy ay oX

2xy y? — X2
=|-2y———— |dx—| 2x+—=————-—|d
[ y (X2 + y2)2 J ( (X2 + y2)2 y
o= j[—Zy—i“} dx+c

0 +y?)
This is an exact differential equation.

y
+C
X2+ y?
Which is the required function.
Example 24. An electrostatic field in the xy-plane is given by the potential function

o = 3x%y — V8 find the stream function. (RG.P.V., Bhopal, Il Semester, Dec. 2001)
Solution. Let y(X, y) be a stream function

We know that dy = v dx+ =+ A dy= [— 9% ) dx+ (a—q) ) dy [C-R equations]

O =-2xy+ Ans.

oX oy ay oX
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{— (3¢ -3y} dx + 6xy dy
— 3¢ dx + (3y? dx + 6xy dy)
—d () +3d (xy?)

¥ _[—d(x3)+3d(>y2)+c

Yy ==X+3x+cC

v is the required stream function. Ans.
Example 25. Find the imaginary part of the analytic function whose real part is
X3 —3xy? +3x° —3y2. (R.G.PV,, Bhopal, 1II Semester, Dec. 2008, 2005)

Solution. Let u(x,y) = x®—3xy? + 3x2 — 3y?

Ju

> - 3% — 3y* + 6X
g—” = —6xy -6y
We know that y
ov ov ou du
= —dx+—d =-—dx+—d
dv oX ay Y = ay oX y
= dv = (6xy + 6y) dx + (3x2 — 3y? + 6x) dy

This is an exact differential equation.
v = [(6xy+6y) o+ [-3y’dy+C
= 3y +6xy—y+C

Which is the required imaginary part. Ans.
Example26. Ifu—v=(x—-y) ¢+ 4xy+y? andf (2 = u+ ivisan analytic function of

z =X+ 1y, find f (z) in terms of z.
Solution. u+iv=f(2) = iu-v=if(2d
Adding these, (U—V)+i(u+v) =A+i)f(2
Let U+iV=(Q+i)f(2 where U =u—-vandV=u+v

F@=0+)f(@
U=u-v=(X-y) (+4xy+Yy)
=x3+3xy-3xy2—y°

N 3. 6xy—3y?
oX
WY g2 6xy —3y?
ay
V \Y U U
We know that av = ?)—X -dx+ %—y dy= —aa—y- dx+ aa_x -dy [C-R equations]

. ou oU
On putting the values of X and a_y’ we get

= (-3 +6xy+3y)dx+ (3x+6xy—3y?).dy
Integrating, we get
V = [(=3% + 6xy+3y®) dx+[ (—3y*)dy

(y as constant) (Ignoring terms of x)

= —xX¥+3x¥y+3xy2 -y +cC

F@=U+iVv
=(R+3Xy-3xy*—y) +i (- +3xy+ 3y —y) +ic
=(A-)X®+@A+)3x%y-(1-i)3xy*—(1+i)y+ic
=A-D)¥®+i(1-)3x%y—-(1-i)3xy"—i(1-i)y*+ic
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=(A-i)[+3ixy—3xy?—iy] +ic
=(1-i)(x+iyP+iC=(1-i) 2 +ic

1+)f@=@a-i)Z+ic, [F@=@Q+i)f(2]
_loia, e iQ@4) 5, 00D s Lt
f(z)_1+iz +1+i @) z°+ (1+i)(1—i)C iz” + 2 c Ans

Example 27. Iff(z) = u + ivisan analytic function of z= x + iy and
u—-v=e*[(Xx—y)siny—(x+y) cosy]

find f (2. (U.P. III Semester, 2009-2010)
Solution. We know that,
f(2 =u+iv « @
if(2 =iu-v .. (2)
F(2 =U+iV
U=u-v=e*X[(X—Yy)siny—(x+Y) cosy]
ouU . .
™ = —e*X[(X—-y)siny—(x+y) cosy] + e*[siny—cosy]
U

oy € lx=y)cosy—siny—(x+y) (=siny) - cosy]

We know that,
oV Vv ouU ou

dv = adx+8_ydy:_8_ydx+§dy [C — R equations]
= —e*X[(X—y)cosy—siny + (X+y) siny—cosy] dx
—e*[(Xx—y)shy—(x+y)cosy—siny + cosy] dy
= —e*x{(cosy+sny)dx—e*(-ycosy—siny+ ysiny—cosy) dx
—e*[(x—y)shy—(x+y)cosy—siny+ cosy] dy
= (cosy+ siny) (xe*+ e + e*(-ycosy—siny+ ysiny—cosy) + C
F@=U+iVv
F(@=e*[(x—y)sny—(x+y)cosy] +ie*[xcosy+cosy+xsiny+siny
—ycosy—siny+ysiny—cosy] +iC
e*[{xsny—-ysny—xcosy—ycosy} +i{xcosy+xsny—-ycosy+ ysny}] +iC
e*[(x+iy)sny—(x+iy)cosy+ (-y+ix)siny+ (-y+ix)cosy] +iC
e*[(x+iy)sny—(x+iy)cosy+i(x+iy)sny+i(x+iy)cosy]+iC
e*(X+iy)[sny—cosy+isny+icosy]+iC
e*(x+iy)[(L+i)sny+i(l+i)cosy] +iC
QA+D)f(@=e(x+iy)(1+i)(sny+icosy) +iC

f(2 =eX(x+iy)(sny+icosy)+ 1ITCI

i ze™* (cos isin)+i£
y ¢ 1+i

izerxe”:ize*x”y):izerul—c_ Ans.
1+i
Let ¢, (xy) =—€e*[(x-y)siny—(x+y)cosy] +e*[siny—cosy]
$,(z 0) =—-e€?[zsin0—-zcos O] +e&*[sin 0 + cos O]
=—e?[z-1]
Let ¢, (xy) =e*[(x—y)cosy—siny+ (x+y)siny—cosy]
$,(z,0) =€?[(29) cosO—-sin0+zsin0~-cos(]
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=e?[z-1]
F@=U+iV
=YY AU au
F@= 5157735 '3y =f,(z0)-if,(z0)
ze?(z-)-iet(z-D)=(1-)e*(z-)=(1-i)e?(z-1
F@=0-0) {Z%—J§d2]+c:(1—i)[—zgz—gZ]+c

QA+)f@=F1+i)(z+1)e*+C
(-1+1) 7 (-1+1i) (1-i) s
=———(z+)e“"+C=———""(z+D)e“+C
f@ =5 @ Ly &Y
=i(z+1le*+C Ans.
Example 28. Let f(2) = u (r, 0) + iv (r, 0) be an analytic function and u = —r? sin 36. then
construct the corresponding analytic function f (2) in terms of z

Solution. u=-r3sin30
%=—3rzsin39, a—u=—3r‘°’cos39
or 00
ov ov
We know that dv=—dr+—do
© xnow fha a 98
C - Requations
( 1lou ou ou_lov
_(—Fﬁ)dr+(r§)d0 T roe
u__ v
00 or

—E(—Sr3 cos3) dr +r(-3r?sin3p) do
r

3r?cos3-dr -3 3sn3Hdo

v= | (3r?cos3)dr —c=rcos30+c
f(2) =u+iv=—r’sin30+ircosIP+ic=ir’(cos30+isinP)+ic
=ir%e®tic=ire®) +ic=il+ic Ans.
This is the required analytic function.

Example 29. Find analytic function f (2) = u(r, ©) + iv (r, 0) such that
v(r,0) = r?cos20 —r cosf + 2.

Solution. We have, Vv=r’cos20—r @so+2 (D)
Differentiating (1), we get
ov 5 . .
—=-2r"sin20+r sno . (2
% )
v
a—=2r C0s 20— @sO .. (3)
p
Using C — R equations in polar coordinates, we get
ou ov 5 . .
r—=—=-2r°"sin20+r 9no From (2
> 38 [ )]

= g—u:—erin 20+3n6 )
r
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ldu ov
—=—=—=2rcos20— mso From (3
roo or [ (3]
Jau
= —=-2r?cos20+r s .. (5
20
By total differentiation formula
du =g—udr+g—ude (—2rsin 20+sinB)dr + (—2r2 cos20 +r cos6)do

= —[(2rdr)sin 20+r?(2c0s20dB)] +[sin - dr +r (cosH dB)]
= —(2rdr)sin 20—-sin6dr]+[-r ?2cos20do+ rcos0do]

= —d(r®sin26) +d(rsin®) (Exact differential equation)
Integrating, we get
u=-r?sin20+rsno+c

Hence, f(2)=u+iv
=(-r?2sin20+r sin®+c)+i(r2cos20 —r cosH+2)
=ir2(cos20 +i sin 20)—ir (cosd +i sinB)+ 2i +¢
=ir2e?® —ire® +2i+c =i(r2e?® — ré®) + 2i+c. Ans.
This is the required analytic function.
Example 30. Deduce the following with the polar form of Cauchy-Riemann equations :
0°u 19u . 10% au av]

e e Ty o f()=—| Z4+iZ
@ St o oo (MDU, Dec. 2010, K.U. 2009) (b) f'(2) [r -

Solution.  We know that polar form of C-R equations are

a_u 1lov )
ar oo B
au _ av
- -2
90 ar )
(a) Differentiating (1) partially w.r.t. r., we get
0°u_ lov 1%
TSt . (3)
or r<o0 rorod
Differentiating (2) partially w.r.t. 0, we have
0%u 0%V
— =T ..(4)
roLc) d8or

Thus using (1), (3) and (4), we get
82u 18u 19 1ov 10> 1(1lov) 1 9°v o 9%
S =yt +-|F—H+=|-r—|=0 |—=
a2 rar r2902 r200 rord® rlroo ) r2| o@or oroe  o0or
Proved.

(b) Now, r a—u+i% =r a_U%_i_B_uQ +i @%4_@8_)’
M ar o oxor ay or oxar  dy or

= a—ucose+a—usmtﬁ) @cose+@sn9
ox oy ox ay
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ou . ov . ou .odv
=rcosf| —+i— [+rsnf| —+i—
ox  oX ady oy

ou .ov) . (ov .du .
= X(E)x +i E)x)+ iy [By —i ayJ (By C-R equations)
=xf'@+iyf (z) =x+iy)f' (29 =z (2.
NRCTIREY
f (z)—z(arﬂar] Proved.

7.19 MILNE THOMSON METHOD (TO CONSTRUCT AN ANALYTIC FUNCTION)

By this method f (2) is directly constructed without finding v and the method is given below:
Since z=x+ iyand Z= X-ly
(o 2t2 y=Z= Z
2 2i

f(2=u(xy)+iv(xy) (D
a (z+‘z z—‘z) . [z+‘z z—‘z)
f(2=u , —— |[+iv T
2 2 2 2

This relation can be regarded as a formal identity in two independent variables z and Z.
Replacing Z by z we get
f(2)=u(z0)+iv (z,0)

Which can be obtained by replacing X by zand y by 0 in (1)
Casel. If uisgiven

We have f@=u+iv
f@="rie, F@=c-ie _ .
(2 8X+I ox @ ox Iay (C - R equations)
If it %—q) (X ) %_q) (X )
we write =0 y), ay_ L% Y,

f(2) = 0,(x, Y) =i0,(x,y) or f(2)=0,(20)-i9,(z,0)

On integrating f(2) = [¢,(z,0) dz—i[0,(z,0)dz+C

Casell. If visgiven
f(2=u+iv
ou .dv_ov . odv

f' (2 = &H&:a_yﬂ& =y, (xy)+iy,(xy)

ov v
When ‘Vl(xi y) = a_y! WZ(X! y) = &
£(2) = [y (2,0) dz+ifw,(2,0) dz+c

7.20 WORKING RULE: TO CONSTRUCT AN ANALYTIC FUNCTION BY MILNE
THOMSON METHOD

Casel. When uisgiven

Step 1. Find % and equate it to ¢,(X, ).

ou
ay
Step 3. Replace x by zand y by 0in ¢,(x, y) to get ¢,(z 0).

Step 2. Find and equate it to ¢, (X, ).
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Step 4. Replace x by zand y by 0in ¢,(x, y) to get ¢,(z 0).

Step 5. Find f (2) by the formulaf(2) = _[{q)l(z, 0) — ip,(z, 0)} dz+c
Casell. When visgiven

Step 1. Find % and equate it to (X, Y).
Step 2. Find g—; and equate it to (X, Y).

Step 3. Replace x by zand y by 0 in y (X, y) to get y,(z 0).
Step 4. Replace x by zand y by 0 in y,(X, y) to get y.(z 0).
Step 5. Find f(2) by the formula
t(2) = [{w(z 0)+iy,(z 0} dz+ ¢
Caselll. When u—v is given.

We know that f@=u+iv (1)

ife =iu—-v ...(2) [Multiplying by i]
Adding (1) and (2), we get

A+D)f@=UuU=-Vv)+iu+v)

= F@=U+iVv
where F@) = (L+i)f(2) -(3) [\lf s ‘\j]
Here, U = (u-vV) isgiven
Find out F(2) by the method described in case I, then substitute the value of F(2) in (3), we get
F(2)
M@= 17
Case IV. When u + v is given.
We know that f(2=u+iv (1)
if(z2 =iu—-v [Multiplying by i]...(2)
Adding (1) and (2), we get
QA+D)f@=U=-Vv)+i(u+v)
= F =U+iVv
where F@) = (1L+0)f (2 -0) [\L; - ‘d; \\’/]
Here, V = (u+v)isgiven
Find out F(2) by the method described in case II, then substitute the value of F(2) in (3), we get
F(2)
M@= 15
Example 31. Ifu= )52 —V?, find a correspogding analytic function.
Solution. a—§=ZX=¢1(>@ ) a—$=—2y=¢z(>c y)

On replacing x by z and y by 0, we have
(2= [4(20)—igy(z. 0] dz+ C

=f [22—i(0)]dz+c=j22dz+c= Z+C Ans.

This is the required analytic function.

Example 32. Show that e (x cosy — y sin y) is a harmonic function. Find the analytic
function for which € (x cos y — y sin y) is imaginary part.

(U.P, I Semester, June 2009, R.G.P.V., Bhopal, III Semester, June 2004)
Solution. Here V=g (XCcosy—ysiny)



Functions of a Complex Variable

Differentiating partially w.r.t. X and y, we have

V_ e (xcos i 3 =
Evin y-ysiny) +e cosy=y, (X Y), (say) ... (1)
o i . .
a_y =€ (-xsny-ycosy—sny) =y, (X, Y) (say) .. (2)
aZV X H X
2 =" (xcosy— ysiny) + € cosy+ € msy
= €*(xcosy- ysiny+2cosy) .. (3)
o )
and 8_2 = ¢e" (- Xcosy+ ysiny—2coosy) .. (4
y
Adding equations (3) and (4), we have
2 2
a—\zl a—\zl =0 = vis a harmonic function.
ox° oy
Now putting X =2z, y =0 in (1) and (2), we get
v, (2,0 =2" + ¢ v; (20)=0

Hence by Milne-Thomson method, we have
(2= [ly(z 0) + iy, (2 0] &+ C

= _[[0+i(zez +e)]dz+C=i(z€-e’+€&)+C=ize" +C.

This is the required analytic function. Ans.
sin 2x
Example 33. If U= —————, find f (2).
cosh2y+cas

(R.G.PV.,, Bhopal, IIl Semester, Dec. 2003)
ou _ (cosh2y+ 00s2x)2€0S2x —Sin 2X(—2sin 2x)

Solution. —
X (coh 2y + cos2x )
_ 2cosh2ycos2x+ 2(cos” 2x+9n? 2X) _ 2cosh2ycos2x+2 81(%y)
(cosh 2y + cos2x ¥ (cosh2y+cos2xf
2c0s2z+2
2z0)= ———
v, (0 (1+cos2zY
ou —sin2x(2sinh2y) —2sin 2xdnh2y
—= = =0,(%, )
dy (coh2y+cos2xf  (cosh2y+ 00s2x F
¥2(& 0 =0 (2c0822+2) 1
. c0S2Z+
f(2)= 2,0)-iy,(z,0] dz+ C= |[——dz+ C=2|————dz+ C
(2= [ [wi(2,0)-iy,(2,0] jmmﬂﬁ Fwr=
1 2
=2 dz+C=|se” dz+C=tanz+C Ans.
JZcos2 z J

which is the required function.
Example 34.  Show that the function u=e2¥ sin(x*~y?) is harmonic. Find the
conjugate function v and express u + iv as an analytic function of z.
(R.G.PV. Bhopal, 1l Semester, June, 2007, Dec. 2006)
Solution. We have,
u=e2 sin(x*-y?) (D)
Differentiating (1), w.r.t. X, we get
g_u = 2x e cos(X°— y?) —2ye 2 sin (X% - y?)
X
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ou
x
v, (z, 0) = 2z cos 7
Differentiating (1), w.r.t. y, we get

= e [2xcos(x’ - y?) —2ysin (* ~ y)] = y1 (X Y) - (2)

E;_u = —2ye? cos(x?— y?) — 2xe 2V sin (X - y?)
y
= 3_3 = eV [-2ycos(x’~y?) - 2sin (¢ =y ) = 0, (xy) .. (3)

v, (z 0)=-2zsinZ
Differentiating (2), w.r.t, ‘X’, we get

2
?)_;I = —2ye?Y [2xcos(x%—y?) —2ysin (x? = y?)]
X
+ e Y [2cos(X - y?) + 2x (2X) {-sin (x* = y?)} — 2y(2x) cos(x® - y?)]
2
= g—lzj = €29 [~dxy cos (¥* —y?) +4y?sin (x* — y?) + 2c0s(x® - y?)
X

— 45 sin (- y?) — 4xycos(x*—y?) ]

= e2Y[-8xcos(X2—y?) +4y?sin (x* — y?) + 2cos (¥ - YA — &sin (P —y?)]  ..(4)
Differentiating (3), w.r.t. °y’, we get

2
g_sz = —2xe 29 [ 2ycos(X* — y?)—2xsin (X2 = y?)]
y
+ e‘zxy[—ZCos(xz—yz) +2y (<2y) sin(x®=y?) — 2x(-2y)cos (xz—yz)]
2
- g_lzj = e 2Y[4xycos(x?—y?) +4x?sin (X% — y?) —2cos(x% — y?)
y
—4y?sin (X% — y?) + 4xy cos(X? - y?)]
2
g—l; = &Y [8x cos(X* - y?) + 4x*sin (X2 — y?) —2cos(X*— y?) —4y?sin (C—y?)] ... (5)
y
Adding (4) and (5) U o,
in an ,we get — +— =
g 8 ay?

Which proves that u is harmonic.
Now we have to express U + iv as a function of z

t@ = [lv,z0~iv,(z0)]d = [[2zcosZ~i (- 2zsinA)] dz

:sinzz—icoszz+C:—i(coszz+isin22)+C:—ieizz+C Ans.
Example35. Ifu—v=(x-y) (¢+4xy+y?) andf (2 = u+ ivisan analytic function of
Z =X+ 1y, find f (z) in terms of z by Milne Thomson method.

Solution. We know that
f(2 =u+iv (1)
if(2 iu—v .. (2)
Adding (1) and (2), we get
A+Df@ = U-v)+i(u+V)
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F(@ =U+iV
U=u-v=[X-Yy) ¢+ 4xy+y?)
S = (e ay+y) + (-y) (x+ 4)
= X+ AXy + Y+ 2¢C + Axy — 2xy —4y* = 3 + 6xy — 3y
o, (X, y) = 3¢+ 6xy —3y?
$,(z0) = 37
oU
oy C Ay YY)+ (x—y) (X + 2y)
- — X2 —Axy —y? + 4 + 2xy — Axy — 2y? = 3x2 — 6xy — 3y?
o, (X, y) = 3% - 6xy —3y?
$,(z0) = 37
F(@ = U+iV
F (2 = %—L)J(H%—\;:%—g—i%—i =¢,(,0-i¢,(z0)=32-i32
=3@1-i2
F( = 1-i)Z2+C
L+ f(@ = 1-)B+C

1-i 5, C _(-0(-i) 5

f(g = — —

@ 1+i 1+i @+1) (1-1)

1-2+(-i)? 5 1-2-1 4 _
= — 27 + =—2Z + =—iZ2+C Ans.
1+1 G 2 G !

Note: This example has already been solved on page 162 as Example 33.
cosx +sinx—e”
200sx—2coshy ’

+G

Example 36. Iff(2) = u+ ivisan analytic function of zandu—v =
prove that

f(2) = %[1-«;0%] when f (%) =0. (RG.P.V. Bhopal, Il Semester, Dec. 2007)

Solution. We know that f(2 =u+iv
i f(2 =iu-v [Multiplying by i]
On adding, we get A+D)f@=U=-Vv)+iu+v)
= F(@=U+iV
U=u-v
V=u+v
— @Q+)f@=F2
in y_a Y
Wehave, U=u_y= So8X+snx—¢
2cosx— 2mshy
_ COSX+ 8n Xx—coshy+sinhy oy .
= U= 2csx—2mshy [ e¥=coshy—sinhy]
— wsh i inh i inh
_ _Cosx—cshy _ sinx+snhy _1__sinx+snhy ()

2(cosx— coshy)  2(cosx— coshy) 2 2(cosx— coshy)
Differentiating (1) w.r.t. X partially, we get
oU _ 1| (cosx— coshy) cosx—(sin x+sinhy)(-sin x)]

ox 2 (cosx— coshy)?
_1 (cos’ x+sin? x— cosh y cos X+ sinhy sin X)
2 (cosx— coshy)?
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1[1— coshycos x+ snhy dn x] _1-cosiy amsx+ $n iy sinx

2 (cosx— coshy)? (cosx— coshy)’
1-cosf+ iy)

X7
6,00 3) (cosx— coshy)?
Replacing x by zand y by 0 in (2), we get
1-cosz ] B 1

1
z0) =5 =
020 =3 [ (cosz—1)* | 2(1-cosz)
Differentiating (1) partially w.r.t. y, we get

(2)

Ju _ 1 [ (cosx— coshy) . coshy — (sin x+ sinh y)(-sinh y)
ady 2| (cosx— coshy)?

N

[ (cosx coshy) + sin xsinhy— (cosh? y — §nh? y)
(cosx— coshy)2

1[ cosx msh y+ sn xsinhy—-1
0% Y) = 5 Y Y ] ..3)

| (cosx— coshy)2
Replacing x by zand y by 0 in (3), we have

_ 1] cosz-1 |(_1 -1
¢2(Z' 0) B E[(Cosz_l)z}_zl(l—CCSZ)

x o Tox oy

= 0,(z 0) —i ¢,(z 0)
By Milne Thomson Method,

F(z) = [[0,(z 0) - i¢,(z. 0] dz+C

- (|i__1 i_1
- -[[2 (l-cosz) | 2 1—cosz]dz+ c

_ A+i 1 _A+i 2
- Tj—dz+ C—chose: (z/2) &z+C

U, vV _aU .U

F(2 = [C—R equations]

2sinz/2
_ (1) (ccat z12) __(1_+i) z
_( 4) (l) +C= 5 cot2+C
2
Vi = (2 ) o Z _ Loz, C
= @P+i)f(2 = (2 )c0t2+C = f(@-= 2C0t2+1+i (4
On putting z = g in (4), we get
) - _lgn, C
f(z) = TNt
_ 1, ¢ C _1 1) g g
0==3*17 7 14172 [f(z) 0. given]
On putting the value of % in (4), we get
f( = —fcotZ+l

2 2 2
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Hence, f(2 = %(1—0(1%), when f[g): 0. Proved.

EXERCISE 7.4

Show that the following functions are harmonic and determine the conjugate functions.
L u=2X(1-yY)Ansv=xt—y+2y+C 2. u=2X—-xX+3xyAns. v=2y—-3xy+y¥+C
Determine the analytic function, whose real part is

3. logyx®+y* (K.U., 2009) Ans.logz+C 4.cosxcoshy Ans. cosz+c
5. e*(cosy +siny) (AMIETE, June 2010)

6. €”(xcos2y—ysin 2y) Ans. z€Z+iC 7. e X(xcosy+ ysny)and f(0)=i. Ans. z€ %+
Deter mine the analytic function, whose imaginary part is

8. v=log(X®+y?)+x-2y Ans. 2ilogz—(2-i)z+C 9.v=snhxcosy Ans siniz+C

10. v:(r—%)sine AnSs. Z+%+C
11. Find the analytic function wh [ part i SN2X____ wpt Dec. 2010)
. mn € analytic nction whose real part 18 ec.
Y P (coh 2y — c0s2x)
[Hint: See sloved Example 41 on page 168] Ans. f(x) =cotz+c
o . . . e¥ —cos x+ Sn x
12. If f(2) =u + ivisan anaytic functionof z=x+ iyandu—v = ———, find
coshy—caos x
3-i z 1-i
f (2) subject to the condition that f (g)= 5 Ans. f(2)= Cot§+ -

13. Find an analytic function f (2) = u(r, 0) + iv(r, 6) such that V(r, 6) = r2 cos 20 —r cos 6 + 2.

Ans.i[Z2—-z+ 2]

14. Show that the function u = X? —y?—2Xy —2X—y — 1 is harmonic. Find the conjugate harmonic
function v and express U + iv as a function of z where z= x + iy.

Ans. (L+i)Z2+(2+i)z-1

15. Construct an analytic function of the form f (z) = u + iv, where vistan® (y/X), x =0,y = 0

Ans. log cz
16. Show that the function U = €2Y sin (x> —y?) is harmonic. Find the conjugate function v and
express u + iv as an analytic function of z Ans. v=e®cos(xX*—y?) +C

f(2 =—-ie?+C,
17. Show that the function v (X, y) = € siny is harmonic. Find its conjugate harmonic function
u (X, y) and the corresponding analytic function f (2). (AMIETE, June 2009)
Choose the correct answer:
18. The harmonic conjugate of u = x® — 3xy? is

(@) y® — 3xy? (b) 3y—-y (c) xy*—y® (d) 3xy>—x®  (AMIETE, June 2010)
7.21 PARTIAL DIFFERENTIATION OF FUNCTION OF COMPLEX VARIABLE
Example 37. Prove that
0? 0% 097
4 — = —+—
0207 |ox® 0y
Solution. We know that

X+iy=z (1), X—iy =z . (2)
From (1) and (2), we get
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1, - i -
—E(Z‘FZ): V—E(Z—Z)
. ox_1 i
0z 2’ iz 2
" x_1 i
dz 2’ 0z 2
We know that,
SRR o
9z x| oz dyldz )] dx{2) 9 2| ox oy
23} SRR SR o
9z ax|oz oylaz | ox|2) oyl 2 ox oy h
From (3) and (4), we get
0* :iti}i_iqﬁjFLHi]
020z 0dz\dz) 4| dx 9ay )l dx 9y
_Ye 0t -azj (Ei+§J
4| ox? E)y2 axay oxay x> Ay
0? 902 9°
= mz{y"'y— Proved.

Example 38. If f (2) is a harmonic function of z, show that

d 2 (9 S
{&If(z)l} +{a—y|f(2)|} = f'(2)|

(K.U., 2009, U.P. 1l Semester, June 2009)

Solution. Since f (2 =u (X, y) +iv(XYy)
s0 1@ = Ju*+v (1)
Differentiating (1) partially w.r.t. °X’, we get
21t @1=2 WP ?)
oX oX
au ov ou ov
1 U v ™ —+V_— pw u— 3 +Vv Ew
(u +v)2( +2\/—J X X X . (2)
ox ox \/U +V | f (Z)l
ou odv
3 ua—y +v %
Similarl —|f@|=———= .3
Yy T @I ®
Squaring (2) and (3) adding, we get
ou v Y ou v Y
a 2 a 2 u & +V & +| U aiy + \" aiy
[—I f (Z)I] +[—| f (Z)I} = >
X ay It (2)]
au Y ou ov av § Y au av av ¥
Uu— | +2uv——+ +lu— | +2u—.v— —
L ox ox odx ax oy oy’ ay ay
It (2F
By C-R equation — il and 8_u v
Y q oy ay x
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ou ov ov ou
v Yo _an®
Putting the value of uva 8 v 3y oy in (4), we get
[ au) ov du ( BVJZ ( 8u) ou ov [ v Y
2 2 Ju— | -2uv—.—+|v— | +Hlu— | +2u0v_—.——+| V-
[ilf (Z)l] J{ilf (Z)l} _ox dy gy | ox oy dy oy | oy
ox oy If @F
2 2 2 ou ou ov v Y
2 Jou z 2 Ju 2 ov 2 ov 2% 2| 9¥
(22T (2] ee(2] 0 [(ax) MH [(ax) (2 ]
) It F ) It @F
u? a—uz+_—avz+v2 ﬂ2+a—uz
ox ox oX oX
= | f—(z) |2 [C — R equations]
[(au} (v WY (Y
@W+A [+ @R S| S
ox ox ox ox ou v ¥
) It @F ) It @F [BX] (BX]
[1F0)P=u+Vv?]
=1t @F Proved.
2 2
Example 39. Prove that —2+F luP=P(P-1)|ul"? ')
92 92 02
Solution. We know that — W =4 3292 [Example 46, page 173]
x>
22 07 o1 402 1 -
[9_2+FJ|U| F 03 ——[f(2+ f(2° [ U—E[f(2)+f(2)]]
4 0

=75 PL(2)+ f@]"" F'(2) = =

— P-2 -
P(P-1) [E{f(2)+f(z)}} [(2 f(2] = P(P-D)uf?*| '@ P Proved.

PP-D[f(2)+ f(2)]"? (2 f'(2)

Example 40. Prove that

92 9?2
[a 2 ayzjloglf 21=0

0? 82 0°
- 4
Solution. We have, (a 27572 ] —a 702 (Example 46 on page 173)

2

Hence [aa—ﬁﬁ]('oglf @1 = 4—{ log £'(2) [} =

S0 : ] 1
= Zaza_zlog{f (z)f(z)}_ZE[logf (z)+Iogf(z)]_2az [0+ @) z J
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8 £7(2) Z is constant in regards
8 f'(z) differentiationw.rt. z
=2x0
=0 Proved.
2 82 2 ’ 2
Example 41. Prove that +F |Rf(2) |°=2| (29|
Solution. f (z) =u+ivor Rf (2 =u= Rea partof f (2 =u
0 2 Jdu
—Uu°=2u—
oX oX
o , (ouY . 9%
—u =2 — 2u—
e (ax) T M
_ 9’ au o%u
Similarly, WUZ = 2[ ay) +2ua 5 .. (2)
Adding (1) and (2), we get )
a_2+8_2 uz—z[@]z_F@ +2u i_Fi
ot oy |lox dy X oy?
2 2 2
sl (2] oz (2] (-2 ([ g
X ay oX oX oy X
. az 82 IRf@)P=2]| @) Proved
ay2 '
Example 42. If f (2) isregular function of z, show that
2 2
a ayz | f @ F=4|f"2) (R.G.P.V., Bhopal, Il Semester, June 2004)
Solution. f(2)=u+iv
|f @F =u®+V ()
Let d=U"+V
Differentiating (1) w.r.t. X, we get
a0 _ au ZV@
oX X
0% azu au o%v (v Y
— =2|{u—+|=— +| =
2 l:u x2 BX Vax2 (E)X) @
Similarl P NCC a—“ AN Kl i 3)
v ¥ ay a2 |y )

Adding (2) and (3) we get
2 2 2

02 (1) ¢ _olu d°u Jd°u
e 8y2 oy

. ou
By C — R equations

;l/’v
|
:

(@)

.. (5)
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. 2%u 9% 0v 9%
By Laplace equations — +— =0 = —S+—5=0
ox: oy ox: ay

2 2 2 2
On putting the values of (a - a ] {a a—] % il from (5) in (4), we get

X ay? | (o oy* ) ox’ oy
2 2 32
Po 0 _,|(uY (v N (A, P L
2 ay2 E% oy x* oy’ ox
3?9
f@F =4|1f'(z
°Z ayzJl()l £ (2)F
Example 43. If |f(2)| is constant, prove that f(2) is also constant.
Solution. f(2=u+iv
1f@F=w+Vv
| f (2) | = constant = ¢ (given)
W+ v=c?
Differentiating (1) w.r.t. X, we get 2”3_;1("'2\/%:0 = ug—i+v%=0
Differentiating (1) w.r.t. °y’, we get 2ug—;+ ng_\; =0
_u@_kva_u_o
oxX  oX

Squaring (2) and (3) and then adding, we get
2 ou ¥ ov ¥ ov Y au Y
u?l = | +v? +u? +Vv2 =0
oX x ax X
au v Y
U +v?) +H =1 |=
ax oX
2 2
oX oX

As f(z)=u+iv= f’(z):%ﬂﬂ
oX  oX
iy _OU L0V
(Z)_ax IE)x
au

[f'@P=0 =  f(2) is constant.

. oV
+i—
ox

2

Proved.

(D)
. (2)

- (3)

Proved.
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MAPPINGS

7.28 GEOMETRICAL REPRESENTATION

To draw a curve of complex variable (X, y) on z-plane we take two axes i.e., one real axis
and the other imaginary axis. A number of points (X, y) are plotted on z-plane, by taking different
value of z (different values of x and y). The curve C is drawn by joining the plotted points. The
diagram obtained is called Argand diagram in z-plane.

But acomplex functionw =1 (2) i.e,, (u+iv) =f (x + iy) involves four variables x, y and u, v.

A figure of only three dimensions (X, y, 2) is possible in a plane. A figure of four
dimensional region for X, y, u, v is not possible.

So, we choose two complex planes z-plane and w-plane. In the w-plane we plot the
corresponding points w = u + iv. By joining these points we have a corresponding curve C' in
w-plane.

7.29 TRANSFORMATION

For every point (x, y) in the z-plane, the relation w = f (2) defines a corresponding point
(u, v) in the w-plane. We call this “transformation or mapping of z-plane into w-plane’. If a point
z, maps into the point w,, w, is also known as the image of z,.

If the point P (x, y) moves along a curve C in z-plane, the point P'(u, v) will move along a
corresponding curve C' in w-plane, then we say that a curve C in the z-plane is mapped into the
corresponding curve C' in the w-plane by the relation w = f (2).

Example 64. Transform the rectangular region ABCD in z-plane bounded by x = 1, x = 3;

y = 0andy = 3. Under the transformation w = z+ (2 + i).

Solution. Here, w=2z+(2+1)

= u+iv=x+iy+(2+1i)

=(x+2)+i(y+1)
By equating real and imaginary quantities, we haveu=x+2andv=y+ 1.

z-plane w-plane z-plane w-plane
X u=x+2 y v=y+1
1 =1+2=3 0 =0+1=1

3 =3+2=5 3 =3+1=4
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Here the linesx =1, x = 3; y=0and y = 1 in the z-plane are transformed onto the line
u=3,u=5;v=1andv=4inthe w-plane. The region ABCD in z-plane is transformed into the

region EFGH in w-plane.

VA
YA a1 HLE 4 G
3+ D Y2 3T ) o
I I
24 « ™ 2+ = =
L 9 Ans.
x
T T EEVES
B » X ] ] ] ] ] »
o 1y=03 * N R
Example 65. Transform the curve x>— y2 = 4 under the mapping w = 2.
Solution. w=Z=(Xx+Yy)? u+iv=x2—y?+ 2ixy
This gives u=x*—y? and v=2xy
Table of (x,y) and (u, v)
X 2 25 3 35 4 4.5 5
0 +15 +22 +29 +35 +41 + 46
y=+/x -4
u=x2—y2 4 4 4 4 4 4 4
v = 2xy +75 + 13.2 +20.3 +28 + 36.9 *+ 46
YA VA
S 50 |- (4, 46)
4= 40 |- (4, 36.9)
3+ 30 (4, 28)
L (4,20.3)
20— (4,13.2)
1 101~ (4,7.5)
0 > | | | | >
1k i X 0 1 2 3 5 6 U
,L @5-19 -10 Eﬁ: :1'35.)2)
- (3,(5 22), , -0 (4,-20.3)
-3 0, — 2. _ | ! \
(4,-325) %0 (4. -28)
-4 (4.5, —4.1) —40 (4, -36.9)
) 5‘7_ z-Plane oot -50F w-plane (4:-40)
Y’ Yy

Image of the curve X2 —y? = 4 isa straight line, u = 4 paralld to the v-axis in w-plane. Ans.

(U.P. 11l Semester Dec., 2006, 2005)

Let two curves C, C, in the zplane intersect at the point P and the corresponding curve
C, C in the w-plane intersect at P'. If the angle of intersection of the curves at P in z-plane s
the same as the angle of intersection of the curves of w-plane at P' in magnitude and sense,

7.30 CONFORMAL TRANSFORMATION

then the transfor mation is called conformal:

conditions: (i) f (2) isanalytic. (ii) f (2 =0

Or

If the sense of the rotation as well as the magnitude of the angle is preserved, the

transformation is said to be conformal.

If only the magnitude of the angle is preserved, transformation is I sogonal.
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7.31 THEOREM. If f(2) is analytic, mapping is conformal (U.P. [l Semester Dec. 2005)

Proof. Let C, and C, be the two curves in the z-plane intersecting at the point z, and let the
tangents at this point make angles o, and o, with the real axis. Let z and z, be the points on the
curves C, and C, near to z, at the same distance r from z,, so that we have

z-7=re%, z,-z=re%

As r—-0, 6, —->a; ad 6, > a,

Let the image of the curves C;, C, be C{ ad C; in w-plane and images of z,, z and z, be
w,, w, and w,,

Let wW—w=re®,w,—w,=re®
f/(z) = lim 4~ %%
3n—-7 Zl_ %
v
N2 C's
oF
L. o ~ oL RS B1
\T\ 2 \d > \(\ .
X 0 u
Z-plane
) rleiq)l ’ )
Re* =lim= (since f'(z)=Rée")
r—0 re'®
Rd* = ﬁeifh—iel - ﬁei(%—el)
r r
I , .
Hence Ilm[—l]:R:| f(z)| and lim (¢, —6;) =1
r—0| r

Similarly it can be proved B, =0, +A curve Cj has a definite tangent at W, making angles
o+ ard o, +A so curve Cj.
Angle between two curves C; ard C,
= By =By =(0g +A) = (0t +A) = (0 — 1)
0 the transformation is conformal at each point where f’(z)=0
Note 1. The point at which f '(2) = 0 is called a critical point of the transformation. Also

d
the points where d—vzv;t 0 are called ordinary points.

2. Let =0, -0, Or oy =0, +¢ shows that the tangent at P to the curve is rotated through
an £0 =amp {f(2)} under the given transformation.

. Y
Angle of rotation = tan 16.

3. In formal transformation, element of arc passing through P is magnified by the factor

o(u,Vv)

f'(Z)|. The area element is also magnified by the factor | f'(Z)| or J=—"= in aconforma
(X, y)

transformation.
ou adul |gu ov

5 0wy _[ax dy|_[ax “ax_(auY (oY
d(x,y) [ov dv| |dv du ox ox
ox ady| lox ox
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Ju
oX
|'(2)] is caled the coefficient of magnification.

4. Conjugate functions remain conjugate functions after conformal transformation. A function
which is the solution of Laplace’s equation, its transformed function again remains the solution of
Laplace’s equation after conformal transformation.

7.32 THEOREM
Prove that an analytic function f (z) ceases to be conformal at the points where
f(@=0. (U.P. Il Semester, Dec. 2006)

Proof. Letf’(2) =0 andf’(z)=0atz=z

Suppose that f*(z,) has a zero of order (n — 1) at the point z, then first (n — 1) derivatives of
f (2 vanish a z, but f* (z) # 0, hence at any point z in the neighbourhood of z, we have by
Taylor’s Theorem.

f(2)="1(z)+a,(z—2) " "+........

= @ =| F(x+iy)*

.oV
+|&

n
where an=%, so that a,# 0.
Hence, f(z)-f(z)=a,(z-2)" +.....
ie Wy =a,(z-2)" +....
or p €% =|g,|.r"e Mt 4 where A = anp a,
Hence, Lim ¢, =Lim (n6;+A) = noy +A
Similary, Lim ¢, = no, +A.

Thus the curves y, and v, still have definite tangents at w,
But the angle between the tangents
= Lim ¢, — Lim ¢, =n(d, —d,)
So magnitude of the angle is not preserved.
Also the linear magnification R=Lim (p,/r)=0.

Hence, the conformal property does not hold good at a point where f'(z) = 0.
2

Example66. [fu= 2+ y?and V= y? show that the curves u = constant and v= constant

cut orthogonally at all intersections but that the transformation w = u + iv is not conformal.
(Q. Bank U.P. Il Semester 2002)
Solution. For the curve, 23 + y? = u
2x2 + y* = constant = k, (say) (1)
Differentiating (1), we get

dy _ dy_ _2x _
4x + 2y o -0 = x Ty m, (say) ~(2)
2
X
y2
For the curve, < = constant = K, (say),
_ v = kx (3

Differentiating (3), we get ,
Yoy o YR YL Yo @
dx dx X 2X ™,
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From (2) and (4), we see that
(=2 (x )y
mlrnZ - y 2X —

Hence, two curves cut orthogonally.

. Ju Ju
2 - K-
However, since o 4x, Jy y
N_ Y vy
ox X’ dy X

The Cauchy-Riemann equations are not satisfied by u and v.
Hence, the function u + iv is not analytic. So, the transformation is not conformal. Proved
Example 67. For the conformal transformation w = 72, show that

(@) The coefficient of magnification at 7 = 2 + i is 25
(b) The angle of rotation at z= 2 + i istan? 0.5.

(C) The co-efficient of magnification at z = 1 + i is 22
(d) The angle of rotationat z= 1+ i is %
(Q. Bank U.P. 11l Semester 2002)
Solution. (i) Let w="f(@2=2
f'(2) = 2z
f'f2+i)=22+i)=4+ 2.
() Coefficient of magnification at z=2 +iis=

f(2+i)|=|4+ 2i| = 16+ 4=2{5

(b) Angle of rotationat z=2+iis=amp.f'(2+i)=(4 + 2) = tan™ (%): tan * (0.5).

and FL+0) = 2(L+i) =2+ 2i
<. (C) The co-efficient of magnification at z= 1 + i is | f'A+i)| =|2+ 2| = J4+ 4 = 2/2
(d) The angle of rotation at z= 1+ i isamp. |f'(L+i)|=2+2i =tan™ % =% Ans.
Standard transformations

7.33 TRANSLATION w=2z+ C,
where C=a+ib

utiv=a+iy+atib
u=x+aandv=y+bh

On substituting the values of x and y in the equation of the curve to be transformed, we get
the equation of the image in the w-plane.

The point P (X, y) in the z-plane is mapped onto the point P'(x + a, y + b) in the w-plane.
Similarly other points of z-plane are mapped onto w-plane. Thus if w-plane is superimposed on
the z-plane, the figure of w-plane is shifted through a vector C.

Y v D' c

c fm e

o) >=< o}
In other words the transformation is mere translation of the axes.

cvY
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7.34 ROTATION w = z¢°

7.35

The figure in z-plane rotates through an angle 6 in anticlockwise in w-plane.

Example 68. Consider the transformation w = zé™* and determine the region R’ in w-plane
corresponding to the triangular region R bounded by thelinesx = 0, y=0andx+ y=1
in z-plane.

Solution. w = zg™
w = (X+1y) cosT+ignt
4 4
. N 1 .
+ivz (X+iy)| == |=—=[x-y+i(x+
= uw(W(\/E)\/E[Y(Y)]
Equating rea and imaginay parts, we get
1 1
u= —=X=-Y), V=—1(X+ . (1
= \E( y) JE( y) )
: 1 1
Put x =0, u=-——7x=Y, V=——=Yyorv=-u
(i) Put x ﬁy \Ey
(i) Puty=0 u=ix, v=ix or v=u
’ V2 V2
. . 1
i) Puttingx+y=11in (1), weget v=—F¢
(iii) gx+y (1), weg N
v
A
Y
B V=12
D C
N AL
\0 4/
o A X U< ] >U

Hence the triangular region OAB in z-plane is mapped on a triangular region O'CD of
. 1
w-plane bounded by the linesv=u, v=—-u, v=—F.
p y NA
F2) = = @+i)
V2
1 .
f(2 = =[(x-y+i X+
@ \/5[( ) +i(x+y)

Amp. f'(2)=tan*(@) = %

The mapping w = z&** performs a rotation of R through an angle n/4. Ans.
MAGNIFICATION

where c isarea quantity.
(i) The figure in w-plane is magnified c-times the size of the figure in z-plane.
(ii) Both figures in z-plane and w-plane are singular.
Example 69. Determine the region in w-plane on the transformation of rectangular region
enclosed by x=1,y=1,x= 2andy = 2 in the zplane. The transformation isw = 3z
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Solution. We have, w =3z
u+iv=3(x+1iy)
Equating the real and imaginary parts, we get
u=3x and vV =3y

z-plane w-plane
X y u=3x v =3y
1 1 3 3
2 2 6 6
Y
7' N
64 Y V=6 G
5+ o ©
1 1
44 > =]
3+ E— 3 F
24

7.36 MAGNIFICATION AND ROTATION
w=cCz - (D
where ¢, z, w al are complex numbers.
c=a”, z=re?, w=R
Putting these values in (1), we have
Ré® = (aé®)(re') = ard @+
i.e R=a ad ¢=0+a
Thus we see that the transform w = cz corresponding to a rotation, together with
magnification.
Algebraically w=cz or u+iv=(a+ib)(x+iy)
= u+iv=ax—by+i(ay+ by
u=ax—by and v=ay+ bx
On solving these equations, we can get the values of x and y.

_au+ bv y= —bu+ av
a’+p? a’+p?
Y v D
c r===-g A c
1 I
1 I
1 I
_____ I
A B - B
0 X 0 U

On putting values of x and y in the equation of the curve to be transformed we get the
equation of the image.

Example 70. Find the image of the triangle with verticesat i, 1 + i, 1 —i in the z-plane,

under the transformation
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(Yw=3z+4-2i,

5mi

(i) w=e3 .z—2+4i

Solution. (i) w=3z+4-2i
= u+tiv=3x+iy)+4-2i = u=3x+4,v=3y-2
S. No. X y u=3x+4 v=3y-2
1 0 1 4 1
2. 1 1 7 1
3. 1 -1 7 -5
YAK
i’“ A4, 1) B'(7, 1)
B
1 2 3 N5 6 |7
> o >u
X
C -1
' -2
-3
-4
-5 (7,-5)C’
V'y
Smi
(ii) w=e3 .z-2+4i
. 5t . . brn . )
= u+ivs= (cosgﬂsn— (X+iy)—2+4i
1 43.). .. .
= =———i |(X+iy)—-2+4i
[2 > ]( y)
= 5—2+£y+i —£x+z+4
2 2 2 2
_X_,, 33 __ By
= u=> 2+2y and v= 2x+2+4
SNo. z-Plane w-plane
X y
u=12(—2+§y v——§x+l2/+4
1 0 1 _2+§ 9
2 2
2. 1 1 _§+§ _£+9
2 2 2 2
> . - 3.3 3,7
2 2 2 2
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7.37 INVERSION AND REFLECTION
w=— (2
| | . D
If z=ré® ad w=Ré&’
Putting these values in (1), we get

R = L _1g0
re® r
. 1
On equating, R==amd ¢=-6

r

(1 .
Thus the point P(r, 6) in the z-plane is mapped onto the point P o -0 | in the w-plane.

Hence the transformation is an inversion of z and followed by reflection into the real axis.
The points inside the unit circle (] z| = 1) map onto points outside it, and points outside the
unit circle into points inside it.

1 1 AY,V
Algebraically W=— or Z=—
z w
X+iy= -
u+iv =
X+1y u—iv u—iv ! 0
= = - - = >
(U+iv)(u=iv) u?2+v? o -0 X, U
u v 1/r
= 2 Y= "% > 1
u?+v2 u?+v2 P'(r—,—)

Let the circle X% + y2+29x+2fy+c =0... (1) bein zplane.

On substituting the values of x and y in (1), we get

u? Ve u (-v) B

+ + 29 + 2f +C=
U2 +v?)? (U2 +Vv?)2 uZ+v2 uZ+v2
This is the eguation of circle in w-plane. This shows that a circle in z-plane transforms to
another circle in w-plane.
But a circle through origin transforms into a straight line.

0

. 1 .
Example 71. Under the transformation w= 7’ find the image of

y—-x+1=0 (PTU May 2007)
Solution. Here the equation of straight line may be given
y-x+1=0 YA
W=E = Z=1 //Q
z w D
. t+
= x+iy—i—ﬂ < N >x
u+iv  u2+v? 0
Z-Plane
u %
sothat X=—5—— and Y=———
u? + Vv u? + V2
Putting the values of x, y in terms of u, v, we get
% u
- ——+1=0

u?+v2 ul+v?
—u-v+Uuw+vV=0 I
Ww+v-u-v=0 w-plane

=
=
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11 1
This is the equation of a circle with centreat | =, — | and radius = — Ans.
isi equati i wi (2 2) iu 7
1
Example 72. Find the image of | z— 3i | = 3 under the mapping W:E.
(Uttarakhand, 111 Semester 2008)
1 1
Solution. w== = z=—
z w
N X+ly= _ u-iv _u-iv
u+iv - (U+iv)(u—iv) u2+v2
u %
= X= and y=-— . (1
u?+v2 u?+Vv2 @
The given curveis|z—-3i |=3
= [ x+iy-3i|=3 = X+ (y—-32=9 .. (2

On substituting the values of x and y from (1) into (2), we get

u? v :
(U? +v?)? +(_u2+v2 _3) =9
u? (~v-3u?-3?%)?%
(U +v?)? W +v)2
u? 4+ (-v=3u?=3v)2 = 9(u? + v?)?

=
= u? +v2 +9u® + 9v* + 6u?v+ 6v3 +18u%v? = 9u* + 18u%V2 + v*
= u? +v2 +6uv+6v3 =0
= u?+Vv2+6v(u?+vd) =0
= (U?+Vv?) (6v+1) =0
= 6v+1=0 isthe equation of the image. Ans.
. 1
Second Method. |z-3iE 3 z:v—v
1_3‘23 N || Wn =¥|.|
w
= L-3Uu+iv)|=3|u+iv| = [1+3v—3iu| = 3|u+iv|
- 1+ 3v)% +9u? + 9u? + V) - 1+ 6v+9v2 + 2 = 9(u? +v?)
= 1+6v=0 Ans.
Third Method. |z-3i|=3 = z-3i=3¢"° = z=3i+3¢"
1 1 1
W= T e = Ww=—-gp
zZ 3+3F i+e
. 1
utiv)=———
X ) i+cosf+i dn6
- (3u+3v) = cozse—|(1+s_|ne)2 - v 1+SII’-19 _ 1
cos® 0+ (L+sin0) 2+2sin® 2

6v+1=0 Ans.
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1
Example 73. Image of |z+ 1| = 1 under the mapping W:E is

@2v+1=1 (2v-1=1 (Q2u+1=0 (dd2u—-1=0 (AMIETE, June 2009)

) 1 . X—iy
Solution. W=— = U+NV=—F"=——77
z X+ly xX°+y
X y
= u= , V=—
X2+y2 X2+y2
Given z+1=1 = K+iy+1=1 = x+1>+y*=1
1 X
= X¥+y+2X=0 = X¥+yY=-X = -=——F——=-U
2 X4y
1
= E:—u = 2u+1=0
Hence (c) is correct answer. Ans.

_ 1 .
Example 74. Show that under the transformation w=—, the image of the hyperbola
X2 —y? = 1 isthe lemniscate R? = cos 2¢. z

Solution. -y =1
Putting X =T cos 0 and y=rsno
= rrcos? 0 —r’sm?o=1 = r3(cos’ 0 —sin? 0) = 1
= rlcos20 =1 . (D)
And w=t = 2= 5 @0l o reelew
z w Re® R

Equating real and imaginary parts, we get

1

r=— and 0=-

R ¢

Putting the values of r and 6 in (1), we get
1
?C(BZ(—(])) =1 = R? = cos 2¢ Proved.
EXERCISE 7.8

1. Find the image of the semi infinite, strip x > 0, 0 < y < 2 under the transformation
w=iz+ 1

Ans. Strip—-1<u<1,v>0

2. Determine the region in the w-plane in which the rectangle bounded by the lines x = 0,
y=0,x=2andy = 1ismapped under the transformation w=+2 €”* z

(Q. Bank U.P. Il Semester 2002)

Ans. Region bounded by thelinesv=—-u,v=u,u+v=4andv—-u=2

3. Show that the condition for transformation w = a2 + blcz + d to make the circle |w| = 1
correspond to a straight line in the z-plane is (a) = (c).

4. What isthe region of the w-plane in two ways the rectangular region in the z-plane bounded
by thelinesx=0,y=0,x=1andy = 2 is mapped under the transformationw =z + (2—1)?

Ans. Regionbounded by u=2,v=—1 u=3andv=1

ol

1 1
Find the image of |z — 2i| under the mapping W:E Ans. V+Z=0
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For the mapping w (2) = 1/z find the image of the family of circles X* + y? = ax, where aisred.
1. . . .

Ans. u= 3 isastraight line || to v-axis.

. 4 . , . . .
Show that the function w=— transforms the straight line x = ¢ in the z-plane into a circle
in the w-plane. z

4
If (w+1) = 7' then prove that the unit circle in the w-plane corresponds to a parabolain

the z-plane, and the inside of the circle to the outside of the parabola.

1
Find the image of | z— 2i| = 2 under the mapping WzE
(Q. Bank U.P. 2002) Ans. 4v+1=0
1
The image of the circle [z— 1| = 1 in the complex plane, under the mappingw = u + iv = p
is
: . 1 1
MHw=1=1 (@()uw+v=1 (iiju= > (iv) v= > Ans. (iii)
1
Inverse transformation w = — transforms the straight line ay + bx = 0 into
(i) Circle z (if) straight line through the origin
(iii) straight line (iv) none of these
The analytic function f (z), which maps the angular region 0<0<mw/4 onto the region
T/4<o<T/2 is
(i) zé™* (i) z+m/4 (iii) iz (iv) e~ Ans.
BILINEAR TRANSFORMATION (M obius Transformation)
az+b
w = ad—bc=0 - (2
cz+d ” @)
(2) is known as hilinear transformation.
dw . Lo
If ad — bc = 0 then e #0 i.e. transformation is conformal.
—dw+ b
From (1), zZ= (2
M —— @

a
This is also hilinear except W=E. J
Note. From (1), every point of z-planeis mapped into unique point in w-plane except z= _E

From (2), every point of w-plane is mapped into unique point in z-plane except W= %.

INVARIANT POINTS OF BILINEAR TRANSFORMATION
az+b
We know that w=22 - (D
cz+d
If zmaps into itself, thenw =z
az+b
1) becomes zZ= . (2
@ rd @

Roots of (2) are the invariants or fixed points of the bilinear transformation.
If the roots are equal, the bilinear transformation is said to be parabolic.
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7.40 CROSS-RATIO
If there are four points z, z, z, z, taken in order, then the ratio % is caled
4
the cross-ratio of z, z,, z, z,.
7.41 THEOREM
A bilinear transformation preserves cross-ratio of four points
Proof. We know that - azt b .
cz+d
Asw,, w,, w,, w, are images of z, z, z, z, respectively, so
_az+b w3t b
17 cz+d’ 2 cz+d
_ (ad-hg ~
B o A A -
o ad - bc
Similarly W, —w, = m(zz— 23) (2
ad — bc
W, —w, = CETCAT) d)(z3_ z) .3
ad - bc
W4 _Wl = W(Z4 - Zl) (4)

7.42

From (1), (2), (3) and (4), we have

w-w)w,-w,) (z-2)z-2)
(W_W3)(W2_W1) (2_23)(22_21)

= (W Wy, Wy W) = (2,2, 2, 2).
PROPERTIES OF BILINEAR TRANSFORMATION

1. A bilinear transformation maps circles into circles.

2. A bilinear transformation preserves cross ratio of four points.

If four points z, z, z, z, of the z-plane map onto the points w,, w,, w,, w, of the w-plane

respectively.

7.43

(W — W) (g — W) _ (z-2)(z%-27)
W —w) (W5 —W,)  (z—2)(%-2)
Hence, under the bilinear transform of four points cross-ratio is preserved.

METHODS TO FIND BILINEAR TRANSFORMATION

az+ b
1. By finding a, b, ¢, d for
y tinding cz+d

=

with the given conditions.

2. With the help of cross-ratio
(Wl _Wz)(W3_W4): (Z_ Zl)(22 - Z3 )
(Wl_W4)(W3_W2) (2_23)(22_21)

Example 75. Find the bilinear transformation which maps the points z = 1, i, — 1 into the
pointsw =i, 0,—1i.
Hence find the image of | z| < 1.  (U.P., Ill Semester, 2008, Summer 2002)
(U.P. (Agri. Engg.) 2002)
az+b
cz+d

Solution. Let the required transformation be w=
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a_ b
EZ+E pz+q a b c
or W=s—"=—— .. (D [p:—,q=—, r=—}
C,.q rz+l d d d
z | w
—1 On substituting the values of z and corresponding values of w in (1), we get
i
._Ppt+q e
; 0 I——r+l = p+q=ir+i .. (2
-1 -i _ pi+q L
0= Tl = pi+q=0 .. (3)
. _ —P+qQ _ —
= - =N p+q=ir—i . (4)

On subtracting (4) from (2), weget 2p=2i or p = i
On putting the value of pin (3) , we havei (i) +gq=0o0rqg=1
On substituting the values of p and q in (2), we obtain

i+1l=ir+i or 1=ir or r=—i
Putting the values of p, q, r in (1), we have
_iz+1
C—iz+1

iX+iy)+1 _ (ix—y+D(ix+y+J _—xz—y2+1+ ax
—i(X+iy)+1 XY+ (x+y+D P4 (y+D)2
Equating real parts, we get

u+iv=

X% —y?+1
X +(y+1
But lzk1= ¥ +y?<1 = 1-x2-y*>0
From (5) u>0 Asdenominator is positive. Ans.

Example 76. Find the bilinear transformation which maps the points z = 0, -1, i onto

W =i, 0, . Also find the image of the unit circle | 7| = 1.

[Uttarakhand, 1l Semester 2008, U.P. 111 semester (C.O.) 2003]
Solution. On putting z= 0, — 1, i into w =i, O, oo respectively in
W-w)(w, -w) _ (z2-2)(z,—- Z)

W-w)w,—w)  (z-2z)(z,-2) (1)
ol
z | w w, ) (2-2)z-2)
| T T -2)z-2)
0] ¢ (W —1} (W, — W) 2
-110 W
i| o W=D _ (2-0¢C1-0) _ (w-i)_zL+))
= D(0-i)  (z-)(-1-0 —-i ) z-i
~ wei= (—i+])z ~ owe (1—i).z+i:(1—i)z+.iz+1
z—i z—i Z— i
= w = % ..(2) Ans.

W1 Inverse transformatio is
From (2) 2= 7 (3) | gozdw+b
W-— cw—a
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And |z] =1
= "W” =1 — |1+inf= w1
w-1
= [1+i(u+iv)=ju+iv=1 = |1-v+iu=|u=-1+iv|
= L-vP+w@=U-1*+vV = 1+v-2v+ WP =2 +1-2u+V
= u-v=0 = v=u Ans.

Example 77. Find the fixed points and the normal form of the following bilinear
transfor mations.
3z-4 z-1
and (b) w=——
z-1 z+1
Discuss the nature of these transformations.

Solution. (&) The fixed points are obtained by

(8 w=

3z-4
zZ= o1 or 2-4z+4=0 or (z-22=0= z=2
z =12 is the only fixed point. This transformation is parabolic.
Normal_Form
3z-4 1 1 z-1 z-1
= = = = =
z-1 w-2 3z2-4_, 3z-4-27z+2 z-2
z-1
1 1
= = 11
and w-2 z—2Jr
(b) The fixed points are obtained by
z-1
Z=—— = Z+z2=2-1 = Z=-1 = z=+i
z+1
Hence * i are the two fixed points.
Normal Form
_z-1
Coz+1
c_z-1 . _z-1-i(z+])
7+ T z+1 - (1)
c_z-1 . z-1+i(z+])
and Wi= "= 1 -(2)
On dividing (1) by (2), we get
w—i_ z-1-iz—i (@-i)(z-i) (H%-i)(z-})
Wi z=1+iz+i (@Q+i)(z+i) @+i)(z+i)
w=1l . (z-i —i
— =i (_]: k(g) where k = —i
w+1 Z+I Z+i
The transformation is elliptic. Ans.

2z-5 .
Example 78. The fixed points of the transformation w = 2 are given by:

(@) (g,oJ () (<4,0) () (-1+2i, —1-2i) (d) (-1+/6,-1-/6)

97_5 (AMIETE, Dec. 2010)
Solution. Heref (2) = Y
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2z-5

z+4

= ZZ+4z=2z-5 = ZZ+2z+5=0

_ —2++4-20 -2+4
2 2

Thus, z=-1 + 2i are the only fixed points.
Hence (c) is correct answer. Ans.

In the case of fixed point Z=

= 7 =—1x2

. 1-z
Example 79. Show that the transformation w=i 1rz transforms the circle |z| = 1 onto the

real axis of the w-plane and the interior of the circle into the upper half of the w-plane.
L (U.P., Il Semester, Dec. 2003)
Solution.  w=i (;Z
1+z
e o 143 — i
i) =i [0 ) -ixey) [@r0-iy]
1+ (x+iy) | [1+(x+iy)] [@+x)—iy]

X y—iX—iX2 Xy Y+ y—iy? Y= Xy Y+ XY+ +ix— ix— ixE —iy?

(Rationalizing)

A+x)%+y? 1+ x)? + y?
2y +i(l- X2 - y?)
A+ x)2%+y?

Equating the real and2i maginary parts, we get
y

Uu=——7— (2
A+x)2+y? @
1— (5 + V2
and V= % -2
@+x)+y
when x2 + y? = 1, then V=%=
A+x)+y
v = 0 is the equation of the real axis in the w — plane. Proved.
(b) Now the equation of the interior of the circleis x® + y? < 1.
Dividing (1) by (2), we get
u 2y )
- 7 _ + 2\ — 2 2 + 2\ — _
x2+y2=1—zly, 1-2W g [as X2 + Y2 < 1]
u u
_ 2y <0, 2w>0
u
: v>0.
v > 0 is the equation of the upper half of w-plane. Proved.

i-z . . .

Example 80. Show that o = iz maps the real axis of the z-plane into the circle

| w| = 1 and (ii) the half-plane y > 0 into the interior of the unit circle || < I in the

w-plane. (U.P., 111 Semester, Dec. 2005, 2002)
i-z

Solution. We have ®=—
i+z
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i—z| |i—z| [|i-x-i

o) = [177 = fi=zl _li=x=iy|
|+z| li+z] Ji+x+iy]|

o]= [N g AN
x+i(l+y)| S+ 1+ y)?

Now theredl axisin z-planei.ei y = 0, transform into

X +1

lo|= =1, lo| =1 lz|=1
X +1
Hence the real axis in the z-plane is mapped into the circle |o| = 1.
(i) The interior of the circlei.e. |w| < 1 gives.

2 _ 2 2 _ 2
VX +(1-Y) <1 x+A-y" 4

= = X+-y)’<xX+(1+y)°
VE+(A+y)? X +(L+y)?
= 1+y*—2y<l+y’+2y = -4y<0 = y>0.

Thus the upper haf of the z-plane corresponds to the interior of the circle jw| = 0. Proved..

Example 81. Show 1that the transformation W=3%; transforms the circle with centre
L—,Oj and radius > in the z-plane into the imaginary axis in the w-plane and the interior
of theCircle into the right half of the plan(_e. (AM.I.LE.T.E. Summer 2000)
Solution. WZ% = u+iv:i;+y__lé = (U+iv)(x+iy—2)=3-x-iy

= ux +iuy —2u + ivx — vy — 2iv = 3 =X — iy

= UX—2u—vwy +i(uy + vx —2v) =3 - x—iy

Equating real and imaginary quantities, we have
UX—wW—-2u=3-X and vX—2v+uy=-y

= (u+Dx—vwy=2u+3andvx + (u+ L)y =2v
On solving the equations for x and y, we have
X_2u2+2v2+5u+3 B -v
w+vi+2u+l u?+Vvi+2u+1
5Y 1
Here, the equation of the given circle is X—E +y =2 . (D

Putting the values of x and y in (1), we have

2
(2u2+2v2+5u+3_§J +( v )2_1

uw+vi+2u+1 2 u+v?+2u+1) 4
2
—u—V*+1 -V 1
2(u* + V2 + 2u+1) w+vi+au+l) 4

(—u? =V +1)% + 4v® = (W% + V2 + 2u+1)?
(U2 +V2 =12+ A% =[(U? +Vv2 =)+ (2u+2))?
(U2 +Vv2 =12+ 2 = (U +V2=1)% + (2u+2)% + 2> +V? —1)(2u+ 2)
V2 =(u+D)2+ U2+ V=) (u+1)
VU +2u+ 1+ B+ uvi —u+ ud +vP -1
O=ud+2u®+u+w?

L R
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= uw?+2u+1+Vv?) =0 = u=0ie, equation of imaginary axis.

2
5 1
Equation of the interior of the circle is (X——) + y2 <—.
Then corresponding equation in u, v is 4

u(U> +2u+1+v?) >0 or u[(u+)3+v3>0
As (U+1)?+vV? >0 sou=0i.e, equation of the right half plane.
7.44 INVERSE POINT WITH RESPECT TO A CIRCLE

Two points P and Q are said to be the inverse points with
respect to acircle Sif they are collinear with the centre C on the same
side of it, and if the product of their distances from the centre is equal
to r2 where r is the radius of the circle.

Thus when P and Q are the inverse points of the circle, then the
three points C, P, Q are collinear, and also CP.CQ = r?

Example 82. Show that the inverse of a point a, with respect to the
2

point ¢+ _R —
a-c

Ans.

7] = R is the

Solution. Let b be the inverse point of the point & with respect to the circle z—¢| = R.

Condition I. The points a, b, ¢ are collinear. Hence
argb-c =ag(@a-¢ =-arg(a - o

(5—6)@—6) is real, so that
b-9@-9=b-0@-°|
Condition II. |[b-¢||a-CER? = |b-C||a-CER’

|b-¢) @-0)ER* = (b-C)(@a-¢0)=R*° = b-

2
= b=t+ R

a—cC_

b i (sinceargz=—arg Z)
= arg(b-c)+ag(@-c)=0 or arg(b-c)(@a-c)=0

{l zElz[}

C

Proved.

Example 83. Find a Mobius transformation which maps the circle |w| < 1 into the circle

1
|z — 1| < 1 and maps w = 0, w = I respectively into z = > z=0.
Solution. Let the transformation be,
az+b
W=
cz+d
Since, w =0 maps into Z:E ,

B From (1), we get
a
n| o P a
0= = —+b =0 = b=z —
2
Sincew = 1 mapsinto z = O, from (1), we get
1:0Lb b=d
0+d ]
Here [w] = 1 corresponding to |z— 1| =1

- (1)

. (2

Ne)

. 1. . . .
Therefore points W, = inverse with respect to the circle |w| = 1 correspond to the points
w
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1 . . .
Z, 1+_1 inverse with respect to the circle |z— 1| = 1

R . . :
[zand a+=—= areinverse points on the circle |z—a| = R]
a

Z_
Particular w = 0 and o correspond to

z:£,1+—l :>Z=l,—1
2 }_1 2
2
Sincew=0mapsinto z=-1, frgm (D), we get
-a+
o< = =-c+d =0 c=d . (4
—-c+d = “)
a
From (2), (3) and (4), b=- > b=c=d

_az+b -2bz+b -2z+1

“cz+d  bz+b  z+1
Example 84. Show that bilinear transformation of a circle of z-plane into a circle of w-plane

Ans.

From (1)

and inverse points are transformed into inverse points.

In particular caseinwhich thecirclein the z-planetransforminto a straight linein the w-plane,

the inver se points transform into points symmetrical about thisline.

Solution. The equation of acircleis

ﬁ:k ... (1) with inverse pointsp, g, k= 1.
Let the bilinear transformation is w= azt b - (2
cz+d
b b
Under thistransformation points p, g in the z-plane map into czq—:d ard 23—:(1 inthe w-plane.
dw-b
zZ=
From (2), we get “owra ©)]
Putting the value of zfrom (3) into (1), we get
L I
imowra J_y prd|_lcatdl (@
dw-b W 2a+D |cp+d|
—Ccw+a cq+d
Thisisthe equation of circlein w-plane. Itsinverse points are
cp+b d ag+ b.
cp+d cq+d
Particular case. If lep—+d|=1
lca+d |
then equation (4), becdomes
W_&T
cp+
I cp+di ] ..(5)
ag+b
W_i
‘ cp+d
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(5) isthe equation of aline bisecting at right anglesto thejoin of the points :S:; and :3:;

Example 85. Find two bilinear transformations whose fixed points are 1 and 2.
(Q. Bank U.P.T.U. 2002)

az+b
Solution. We have, w=22 (D)
cz+d
Fixed points are given by
az+b
Z=
cz+d
-d b
- Z-(a—-d) z-b=0 _ p-B=9,b_, -2
Fixed pointsare 1 and 2, so ¢ ¢
z-1)(z-2 =0
= Z2-3z+2=0 - (3
Equating the coefficeints of z and constants in (2) and (3), we get
a-d b
=3 ad -==
c c
= b=-2c and d=a-3c
Putting the values of b and d in (1), we get
= _az-2¢c_ has its fixed points at z=1and z= 2.
cz+a-3c
Takinga=1,c=-1anda=2,c=-1, we have
4-7 5-z

. 2z+3 .
Example 86. Show that the transformation w=52t2 maps the circle X2 + y> — 4x = 0 onto
; . z—
the straight line 4u + 3 = 0.

Solution. We have, w = 22+3
z-4
The inverse transformation is z= 4\1/\\//v_+23 - (D
Now the circle X2 + y? — 4x = 0 can be written as Zz - 2(z+z)=0 [;i ))((J:'Iﬂ
Substituting for zand z from (1), we get
4w+ 3 4w+3 4W+3+4V_\I+3 -0
w—2" w-2 w-2 w-2 |
= 16ww+ 12w+ 12+ 9— 2(dww+ 3w —8w— 6+ dww + 3w —8w— 6) =0
N 22W+W)+33=0 =  2A2u)+33=0=4u+3=0 [gzﬂf:x]
Thus, circle is transformed into a straight line. Ans.

. » . z—a
Example87. If aisany real positive number, show that the transformation w = 27 a transforms

conformally the plane x > 0to the unit circle |w| < 1. What are the transforms of |w| = constant and
arg w = constant in z-plane? (Q. Bank U.P. 111 Semester 2002)
z—a

Solution. We have, wW=——
zZ+a

(i) W <1
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Z;j <1
z+
[z—al<|z+a]
X—a+iyl<x+a+iyl
(x-ap+y’ <(x+a)?+y
—2ax < 2ax
4ax>0
x>0
(if) Hencethetransformation (1) transforms conformally the plane x > 0 to the unit circle |w| < 1.
Thecircle |w| = k transform into

td el u U

Z;j-k x-atiy|_ =a’+y* o
z+ X+ a+iy (x+a)? +y?
(x—a)?+y? = K’[(x+a)* + y?]
2
. X2+ y?+a? —2ax[i+ ::2 Jz 0 (2

Thereisaseries of coaxal circlesisz-plane.
(iii) From (1), we have

R =2~ 2
Z+a
Rde = (XA +ly (3
- (x+a)+iy S
Take logarithm of both sides of (3), we get
logR+i¢ =log{(x—a) +iy} —log {(x + &) +iy}
o (25) ()
X—a X+a
Yy ¥y
_x—a x+a_Y(x+a)-y(x-4a)
= tang = 2 2_ a2
y X“—a'+y
1+ > 2
. . X —a
So, thelines ¢ = o transform into
tano = — Zazy 2
X“+y —a
= Xx2+y?—a*> 2ay cot o. = 0 which are coaxal circles orthgonal to (2). Ans.
EXERCISE 7.9
. Find the bilinear transformation that maps the points z, = 2, z, =i, z, = — 2 into the points
w, =1, w, =i and w, = -1 respectivel Ans W_32+2i
11— b Wy 3 = —L e y- "~ iz+6
. Determine the bilinear transformation which maps z, = 0, z, = 1, z = o onto w, = i,
w, = =1, w, = —i respectively. Ans. W=,Z;I

_ ] 1 ) ) ) iz-1

. Verify that the equation WZ% maps the exterior of the circle | z | = 1 into the upper
half plane v > 0. tz

. Find the bilinear transformation which maps 1, i, — 1 to 2, i, — 2 respectively. Find the fixed
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10.

11

12.

13.

14.

15.

16.

and critical points of the transformation. Ans. i, 2i

Show that the transformation W= '(11;2) maps the circle | z | = 1 into the real axis of the
+z

w-plane and the interior of the circle | z| < 1 into the upper half of the w-plane.

. iz+2
Show that the transformation W= -
4z+ 1

in the w-plane. Find the centre and the radius of thiscircle.  (AM.I.E.T.E., Winter 2000)

7\ 9
Ans. | 0,— |, =
03)3

. z+ , .
Show that the transformation w=—— maps the circle x>+ y?> — 4x = 0 onto the straight
linedu+3=0 z-4

If z, is the upper half of the z-plane show that the bilinear transformation

transforms the real axis in the z-plane into circle

w=d*[ 222
2%
maps the upper half of the z-plane into the interior of the unit circle at the origin in the
w-plane.

Find the condition that the transformation w= :ZZ: db transforms the unit circle in the
w-plane into straight line in the z-plane. Ans. If E‘ =lor|al=|c]|
Prove that w= 1Tzz maps the upper half of the z-plane onto the upper half of the w-plane.

What is the image of the circle | z| = 1 under this transformation ?

Ans. Straight line2u+1=0
Show that the map of the real axis of the z-plane on the w-plane by the transformation isa

circle and find its centre and radius. Ans. Centre | 0, — %), R&iius=%
) . . . . 2z + 4i

Find the invariant points of the transformation w=— é:_ 1'). Prove also that these two

points together with any point z and its image w, form a set of four points having a constant

Cross ratio. Ans. 4i and —i

. z—i . . .
Show that under the transformation W=m, the rea axis in z-plane is mapped into the

circlel w | = 1. What portion of the z-plane corresponds to the interior of the circle ?
Ans. The half zplane above the real axis corresponds to the interior of the circle |w | = 1.

. - . iz+1 . .
Discuss the application of the transformation w= 23 to the areas in the z-plane which

are respectively inside and outside the unit circle with its centre at the origin.
What is the form of a bilinear transformation which has one fixed point o and the other fixed
point «?

: : . . az+b
Prove that, in general, in the bilinear transformation w= ord’ there are two values of z

(invariant points) for which w = z but there is only one value if (a —d)? + 4bc = 0.

Choose the correct alter native:

17.

18. The fixed points of the mapping f(2) =

The fixed points of the mapping w = (52 + 4)/(z + 5) are
(i) —4/5 -5 (i) 2,2 (iii) —2,-2 (iv) 2,2 Ans.(iv)
3iz+13

(i) 3i+2 (i) 3% 2i (i) 2+ 3 (iv) =22 3i Ans. (i)
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7.45 TRANSFORMATION: w = 2
Solution. w=27

u+iv=(Xx+iy)?=x2—y2+ 2ixy
Equating real and imaginary parts, we get u = x2 —y?, v = 2xy
() (@) Any line parallel to x-axis, i.e., y = ¢, maps into

u=x2—c? Vv=2cX
Eliminating x, we get v? = 4¢? (u + ¢?) ... (1) which is a parabola.
(b) Any line parallel to y-axis, i.e., x = b, maps into a curve
u="b?-y? v=2by
Eliminating y, we get v = —4b%(u — b?), ... (2) which is a parabola.
(c) The rectangular region bounded by thelinesx =1, x=2,andy = 1, y = 2 maps into the
region bounded by the parabolas.

By puttingx=1=bin (2) we get v2 = — 4(u - 1),,
By putting x =2 = b in (2) we get v2 = — 16(u — 4)
By puttingy =1 =cin (1) we get v = 4(u + 1),
By puttingy =2 =cin (1) we get v = 16(u + 4)

YA

(i) (@) In polar co-ordinates: z = re®, w = Re*

W=7
Re¢ = r2 g0
Then R=r2¢=20

In z-plane, acircler = a maps into R = a2 in w-plane.
Thus, circles with centre at the origin map into circles with centre at the origin.
(b) If 6 =0, ¢ =0i.e, real axisin z-plane maps into real axis in w-plane

If ezg,q):n i.e., the positive Y

imaginary axis in z-plane maps into
negative real axis in w-plane.
Thus, the first quadrant in

z-plane 0<0< g maps into upper ©

half of w-plane 0<¢<Tm.
The angles in z-plane at origin maps into double angle in w-plane at origin.
Hence, the mapping w = 2 is not conformal at the origin.

dw
It is conformal in the entire z-plane except origin. Since e =2z=0for z= 0, therefore,
it is critical point of mapping. z
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Example 88. For the conformal transformation w = 2, show that

(@) the coefficient of magnification at z = 2 + i is 2.5
(b) the angle of rotation at z= 2 +i is tan? (0.5).
Solution. z=2+i
f@=w=2
=(2+i)2=4-1+4i=3+4i
f'@=2z2=22+i)=4+2i

() Coefficient of magnification = |f '(2)| = a2+ 22 =20=2/5 Proved.
Vv 12 -
(b) The angle of rotation = tan 1G =tan lZ =tan* (0.5) Proved.

Example 89. For the conformal transformation w = 2, show that the circle |z — 1| = 1
transforms into the cardioid R = 2(2 + cos ¢) where Re* in the w-plane.

Solution. z—1=1 « @
Equation (1) represents a circle with centre at (1, 0) and radius 1.

Shifting the pole to the point (1, 0), any point on (1) is1 + €°

Transformation isunder _ w =2 Y
Re? = (1 + €%)?
0 e 2 1 (1, 6) or eie
— &9 a2 2
_e[e +e ] @, 0% »
1 Pole g
. e 2 . 9
= €% 2cos= | =4é° =
2 2
L 20 ,
This gives R=4cos > Y
— R=2[2COSZ%) [¢:6]
= R=2(cosp+1) Proved.
7.46 TRANSFORMATION:  w = 2" (neN)
Ré¢ — (reie)n — rneine)
Hence, R=r", ¢=n0
Mapping of simple figures
z-plane w-plane
Circle, r = a Circle, R=a"
The initia line, 6 =0 The initia line, $ =0
The straight line, 6 = 0, The straight line, ¢ = n 0,

1
7.47 TRANSFORMATION: w=z +E

dw_, 1
4 dz g
At z=41, d_vzv = 0, so transformation is not conformal at z= +1.
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1

w= z+E =r(cosb+isin@)+ ——
z r(cosf+isind)

= r(cost+i sin9)+1(cose—i sing)
r

u+iv=(r+})cose+i(r —})sine
r r
UZ(H%J cosO  ard v:(r—%) sno

—1=cose ad ——=4d9n6
r+= r—=
r r
2 2 2 2
sin0+008’0=—" —+—Y = 1= u . v .
1) ( 1) 1 1
r+— r—— r+= r—=
r r r
z-plane w-plane
Circle,r =r Ellipses
Circle, r =1 Linesu=2
Lines, 6=0, ’ ol u? V2
ola: ——=
yPer 4cos’6  4dn?@

7.48 TRANSFORMATION: w = &
u+iv=e*v=g@g =g (cosy+isny)
Equating real and imaginary parts, we have

u= e cosy, v=esiny
Again W= &
R =tV = g g
Hence R=¢€" or x=log, Rand y=9¢

Mapping of simple figures

z-plane w-plane
The straight linex = ¢ CircleR=¢
y-axis (X = 0) Unit CircleR=¢€¢"=1
Region betweeny =0,y =7 Upper half plane
Region betweeny =0,y =—= Lower haf plane
Region between thelinesy =candy=c+2n Whole plane

Example 90. Find the image and draw a rough sketch of the mapping of the region
l<x<?2and?2<y< 3under the mapping w = €.

Solution. zZ=Xx+1iy

Let w = Re? - (D)
But w=¢e+ et .. (2
From (1) and (2); Ret = gV = e.g¥

Equating real and imaginary parts, we get R = & ..(3) ando=y
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(i) Here 1 < x, then R = et iscircle of radius et = 2.7
x = 2, then R = €? represents a circle of radius e = 7.4

AV
7 Q\ee
YA y=3 > 2
— ~ NS
1l N
x |>|< ¢‘3
y=2 U e) > U
» X
o \J
\ V2

(i) y =2 and ¢ = 2 represents radial line making an angle of 2 radians with the x-axis.
y = 3, then ¢ = 3 represents radial line making an angle 3 radians with x-axis.
Hence, the mapping of the region 1 < x < 2 and 2 <y < 3 maps the shaded sectors in the

figure. Ans.
Example 91. Find the image of the strip —g< x<%,1< y< 2 under the mapping
w(2) = sinz AY
Solution. w (2) =sinz=sin (X + iy) b y=2 c
=sinxcosiy + cosx sin iy X=—-L | | X =1
u+iv=sinxcoshy+icosxsnhy 2 A V=1 B 2
. . u
= sinx=——— ... < >
u=sinxcoshy = coshy D > S >
v VY.
= i COS X =—
Vv=cosxsinhy = X snhy 2
Eliminating x from (1) and (2), we get ) )
sin? x+ c0s? x= —1 +.V—2 R — _Vz
cost12y sinh”y cos}‘Fy sinh” y
Hence y = 2, maps into the ellipse
2 2 2
u +%=1 - 4 VvV
cosif2  sinh?2 1415 1315
Also y =1, mapsinto the ellipse.
2 2
v +—_V2 =1 = u +V—=1
costf1 sinh?1 2.33 138

VA

D A /_ \ B' c
U/ O

(-cosh2,0) (—cosh1,0) (cosh1,0) (cosh 2,0)

> U

The image of A[_—Zn 1) in zplaneis (- cosh 1, 0) i.e. (— 1.543, 0) in w-plane
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The image of the point D(—g. 2) in z-planeis (- cosh 2, 0) i.e., (— 3.762, 0).
Hence, AD line in z-plane maps into A'D' line in w-plane.
The image of B gl) is(cosh 1, 0) i.e, (1.543, 0) in w-plane.

The image of C 2,2 is (cosh 2, 0) i.e., (3.762, 0) in w-plane.
Hence, BC line maps into B'C' line in w-plane.

Hence, the strip — T x<— 1< y< 2 mapsinto the shaded region of w-plane bounded by
the ellipses and u-axis. 2’

7.49 TRANSFORMATION:
w = cosh z
U+ iv=cosh(x+iy) = cosi (X +iy) = coqix — y)
= cosiXx sy +sinixdn y=coshxcosy+i snhxdny

So u=coshxcosy, v=sinhxsiny
= coshx:L ard sinhx:_L
cosy siny

2 V2

On eliminating x, we get ——-——=1 .. (1) (cosh? x—snh?x =1)
cos’y dn’y

u? V2 5

On eliminating y, we get ———+———=1 .. (2) (cogy+sin?y=1)

cost x  sinh? x
(a) On putting y = a (constant) in (1), we get
2 2
u

> —— =1 i.e, Hyperbola

cos“a sSn‘a

It shows that the lines parallel to x-axis in the z-plane map into hyperbola in the w-plane.
(b) On substituting x = b (constant) in (2), we obtain

u? V2
_— =
cositb sink’b
VA
AY
y=d
b & -
n I U« -
i = = <« »
c Er o U
1 1 # X
0 a b
V'w

It means that lines parallel to y-axis in the z-plane map into ellipses in w-plane.
(c) The rectangular region a< x<b, c<y<d in the zplane transforms into the shaded
portion in the w-plane.
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COMPLEX
INTEGRATION

In case of real variable, the path of integration of J'b f(x)dx isalways along the x-axis from

X =atox=h. But in case of acomplex function f () the path of the definite integral J f(2)dz
can be along any curvefromz=atoz=h.
z=x+iy = dz=dx+idy..(1) dz=dxify=0 .. (2)dz=idyif x=0 ... (3)
In (), (2), (3) the direction of dz are different. Its value depends upon the path (curve) of
integration. But the value of integral from a to b remains the same along any regular curve from
atob.

In case the initial point and final point coincide so that ¢ is a closed curve, then this integral
is called contour integral and is denoted by CJS f(2)dz
c

Iff(2=u(xy)+iv(xy), then since dz = dx + idy,
we have

<ﬁ f(2) dz=j U+ iv)(ck + idy) =j (udx—vdy)+iJ. (vdx+udy)
C c c c

which shows that the evaluation of the line integral of a complex function can be reduced to the
evaluation of two line integrals of real functions.

Let us consider a few examples:
Complex Integral (Line Integral)

Example 48. Evaluate f02+i (2% along the real axisfromz= 0to z= 2 and then along

aline parallel to y-axisfromz=2toz= 2+ i.
(RG.P.V., Bhopal, 1l Semester, June 2005)

Solution. 7" (22dz=[7" (x-iy)?(dx+idy)

= j (xz)dx+_[ (2—iy)?idy
[Along OA, y =0, dy =0, x varies 0 to 2.
Along AB, x =2, dx = 0 and y varies 0 to 1]

= _[ox dx+J (2-iy)?idy

1

= [%} +i _[(4 4iy—y*)d y_ [4y 2iy? —%
8 8

=—+i 4—2i—— =—+—(11—6i)=} (8+11i+6)= l14+1]1)
3 3] 3 3 3 3
Which is the required value of the given integral. Ans.



Functions of a Complex Variable

1+i
Example 49. Evaluate J-O (xz— iy) dz, along the path

(@ y=x (RG.PV, Bhopal, Ill Semester, Dec. 2007) (b)y = %2

Solution.  (a) Along theliney = x,
dy = dx so that dz = dx + idy Y4
= dz=dx +idx=(1+1i) dx

1+i 5 .
.[o (xX* —iy) dz
[On puttingy = x and dz = (1 + i)dx] )

P(1,1)

v
//‘\-

1
= jo O —iX)(L+ i) dx 3

O
= (1+i){x—3—ix—2:|1:(1+i)(}—lij: w:§_1i.
3 2], 3 2

6 6 6

Which is the required value of the given integral. Ans.
(b) Along the parabola  y = x?, dy = 2x dx so that
dz = dx + idy = dz = dx + 2ix dx = (1 + 2ix) dx
and x varies from O to 1.

_. J'“i(xz—iy)dx _ f(xz—ixz)(1+ 2iX)dxzj‘lxz(1—i)(1+2ix)olx
0 0 °

1
= @-i) JOIXZ 1+ 2ix) dx= (1— i) [’% +i X_;L

. (1-i)[1+1i]=—(1")(2+3') “le+a-a+9=2+3
3 2 6 6 6 6

Which is the required value of the given integral. Ans.

Example 50. Evaluate jc (1222 - 4iz) dz along the curve C

joining the points (1, 1) and (2, 3) (U.P., Il Semester, Dec. 2009)

Solution. Here, we hae Y

jc (122% - 4i7) dz = jc [12(x+iy)? — 4i (x+iy)] (X + i dy) +

=Jo [120¢ -y + 2 xy) — dix+ 4] (dk + ) , 8 (2.3

=J. (2% 12 + 24 ixy — dix + 4y) (dx + i dy) ... (1)

Equation of the time AB passing through (1, 1) and (2, 3) is 2
3-1
—1 =2 (x-1
y PR
y-1=2Kx-1)= y=2xX-1=dy=2dx A1, 1)
Putting the values of y and dy in (1), we get
2
= (1262 — 12 (2x — 1)? + 24 ix (2x — 1) — 4ix + > X
4 (2x - 1)] (d% + 2i dx) o 1 2

2
= _[1 [12x2 — 48x% + 48x — 12 + 48 ix2 — 24 ix — 4ix + 8x — 4] (1 + 2i) dx

(1 +2i) Lz [-36 + 48i) x? + (56 — 28i) x — 16] dx
3 2 2
(1+ 2i) {(—36+ 48’)% + (56— 28) X? —16x

1
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(1 + 2i) [(—36+ 48i)§+ (56-28) 2—16% 2— (36+ 48’)% ~ (56— 28’)% +16}
(1+2) (—96+128i + 112 -56{ —32 + 12— 16i —28 + 14| + 16

(1 + 2i) (— 16 + 70i) = — 16 + 70i — 32i — 140 = — 156 + 38i Ans.
Example 51. Evaluate |(z— &" dz where c is the circle with centre a and r. Discuss the
case when h = —1.

Solution. The equation of circle Cis |z—a|=r or z—a = rée’
where 6 varies from 0 to 2r
dz=ire®de

<ﬁc(z— a"dz= 2jnr”eine ire® do

i(n+1e 2"
i je“”*l)e do=ir™| € [+ n-1]
|(n +1) |,
|2(n+1)1t 1 rn+1
[ -1 = ]J:n+1[1+0_ﬂ
= 0. [When n # —1]

Which is the required value of the given integral.
When n = -1,

gSCZ a_j're =dee=2ni. Ans.

Example 52. Evaluate Jc(z— Z)dz, where C is the upper half of the circle [z—- 2| = 3.

What is the value of the integral if C isthe lower half of the above given circle?

(MDU, Dec 2009)
Solution. Put z=re® = 3¢° = dz=3i.€’ do
Upper Circle

_[ (z— 22)o|z:j"(3eie — 9¢?%)3ie®de
C 0

- J”[gie2ie _27ie*%de = [g g2 -%7 e“]

0
[9 ge%)_(g_g) B
2 2 .

7‘ z=2

€® =coso+isno
= 9[ 28" +1] _ |
S . 21 :1' éSTt =-1
= §[1+ 2+1 =18 Ans.

Lower Circle

j(z—zz)dz f (9ie?® — 27ie*®) do
C

[9 2|6 9936]2152 ge4m geGm 9 2T[I_9e3ﬂj
2 2 2

T

LRI
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EXERCISE 7.6
1. Integrate f (z) = x*> + ixy from A (1, 1) to B (2, 8) along
. o . L1 oo 1094 124
(i) thegtraight line AB; (iii) thecurve C, x=t,y=t%. Ans. (i) —5(147— 73i (i) - TR

2. Evaluate jf:' (2x+iy+1) dz along
25.
(i) x=t+1 y= 2% -1; (i) the gtraight line joining 1 —i and 2 +i. Ans. (i) 4+§I (i) 4+8i
(R.G.P.V., Bhopal, Dec. 2008)

3. Evalute the line integral IC Z*dz where C is the boundary of a triangle with vertices

0,1+i.-1+i clockwise. Ans. 0
4. Evaluate JC (z+1)? dz where C is the boundary of the rectangle with vertices at the points

a+ib,—a+ib,—a-ib,a-ib. Ans. 0
5. Evaluate the integral Ll z| dz, where C is the straight line fromz=—itoz=1. Ans. i
6. Evaluate the integral '[ | z| dz, where C isthe left haf of the unit circle [z = 1 from z = —i
toz=i. ¢ Ans. 2i
7. Evauate the integral LIOg zdz, where C is the unit circle |7 = 1. Ans. 2mi

8. Integrate xz along the straight line from A (1, 1) to B (2, 4) in the complex plane. Isthe value
the same if the path of integration from Ato Bisaongthecurvex =1ty =1>?

24 =2 Ans. _EJFT
9. Evaluate [, (2)°cz, along
(i) the real axisto 2 and then vertically to 2 + i, (ii) the liney = x/2.

. 5 .
(U.P., Il Semester, June 2009) Ans. (i) %(14+|), (i) =(2-1)
Choose the correct answer: 3

47° + 7+5
10. The value of LT dz, where C : 9x? + 4y? = 36

(i) -1 (i) 1 (iii) 2 (iv) 0 (AMIETE, June 2009)  Ans. (iv)

7.23 IMPORTANT DEFINITIONS

(i) Simply connected Region. A connected region is said to be asimply connected if al the
interior points of a closed curve C drawn in the region D are the points of the region D.

(if) Multi-Connected Region. Multi-connected region is bounded by more than one curve. We
can convert a multi-connected region into a simply connected one, by giving it one or more cuts.

Note. A function f (2) is said to be meromorphic in aregion Rif it is analytic in the region
R except at a finite number of poles.

c,

B A e

C

Multi-Connected Region Simply Connected Region Simply Connected Region
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(iif) Single-valued and Multi-valued function
If afunction has only one value for a given value of z, then it is a single valued function.

For example f(=2
If a function has more than one value, it is known as multi-valued function,
1

= D
For example f(g = 22
(iv) Limit of a function
A function f (2) is said to have alimit | at apoint z= z, if for a given an arbitrary chosen

positive number ¢, there exists a positive number 8, such that
|f(@-1]< e for |z-27 k&

It may be written as lim f (2) =1
-7

(v) Continuity
A function f(2) is said to be continuous at a point z = z if for a given an arbitrary positive
number ¢, there exists a positive number 8, such that

|f(2-l]< e for |z—7 ko
In other words, a function f (2) is continuous at a point z = z if
(@) f(z) exists (b) Zlggo f(@)= 139,
(vi) Multiple point. If an equation is satisfied by more than one value of the variable in the
given range, then the point is called a multiple point of the arc.
(vii) Jordan arc. A continuous arc without multiple points is called a Jordan arc.

Regular arc. If the derivatives of the given function are also continuous in the given
range, then the arc is called a regular arc.

(viii) Contour. A contour is a Jordan curve consisting of continuous chain of a finite number
of regular arcs.
The contour is said to be closed if the starting point A of the arc coincides with the end
point B of the last arc.

(iX) Zeros of an Analytic function.
The value of z for which the anaytic function f(z) becomes zero is said to be the zero

of f(2). For example, (1) Zerosof Z2—-3z+2aez=1andz=2

(2) Zeros of cos zis+ (2n-1) g where n=1, 2 3..........

7.24 CAUCHY’S INTEGRAL THEOREM
(AMIETE, Dec. 2009, U.P. 1l Semester, 2009-2010, R.G.P.V,, Bhopal, Ill Semester, Dec. 2002)

If afunction f(2) is analytic and its derivative f '(z) continuous at al points inside and on a
simple closed curve ¢, then | f(2)dz=0.
Proof. Let the region enclosed by the curve ¢ be R and let
f@=u+iv, z=x+iy,dz=dx+idy
j f(z)dz:j (u+iv)(dx+idy)=_[ (u dx—vdy)+i_[ (v dx-+u dy)
[ C
ov du ou ov ,
= JJR[—&—a—dex dy+ Jj (———]dx dy (By Green's theorem)
Bu

ov av Jau
ing —— by — 2y &=
Replacing x y ay ay by x we get

I f(2)dz = ”R[au a;] x dy+ i”c(g—z—%)dxdyz 0+i0=0
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= jc f (z)dz=0 Proved.

Note. If there is no pole inside and on the contour then the value of the integra of the

function is zero.

32°+7z+1 1
Example 53. Find the integral [, 1 dz, where C isthe drde|z|=

Solution. Poles of the integrand are given by putting the denominator equal to Zggo0.
z+1=0 = z=-1

. . 1 1
The given circle | z| = 2 with centre at z= 0 and radius 2

X ¢—O
-1
does not enclose any singularity of the given function. \V
32% +7z+1
Jle =————dz=0 (By Cauchy Integral theorem) Ans.

z+1

Example 54. Evaluategg 9, where Cis
M |z+3i|= 2 (iN]z]|=5 (M.D.U. May 2009)
AY
Solution. Here f (2) = < >
Z +9 X' (6] X
The poles of f (Z) can be determined by equating the
denominator equal to zero.
@ .. 2+9=0 = z=z3i
Pole at z = — 3i lies in the given circle C.
1 1 ¢ —3i
j f(z)dz:j —dz:_[ — = _dz
c Cz2+9 C (z+3i) (z—3i)
1 2
_ Z—9ol 3i dz
C z+3i \ A%
= 2ni[ L ]
Z=3i],- 3
. 1 —27i i
= 2mi = =—— Ans
[—3-3] 6i 3 ° Y
(i) Boththe polesz=3i and z=-3i
lie inside the given contour c )
1 1 2Q3i
j f(z)dz:j ——dz :j — = _dz
c €249 C(z+30)(z-3) < >
1 1 X © X
_ z-3i dz +.[ z+3? dz
o 743 C z-3i

:2ni[ 1_] +2ni[ l_:|
z-3i],__3 z+3i],_5
1
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7.25 EXTENSION OF CAUCHY'S THEOREM TO MULTIPLE CONNECTED REGION
If f (2) is analytic in the region R between two simple closed curves ¢, and c, then

C

jcl f (2)dz= jcz f(2)dz

Proof. [f(2)dz=0
where the path of integration A c
is along AB, and curves c, in '
clockwise direction and along
BA and along c, in anticlock-
wise direction.

| g f(2)dz— jcz f(2)dz+ [, f(2) dz+ J-G_L f(2)dz=0

- —j f(z)dz+j f(2)dz=0 asj f(z)dz:—J. f(2)dz
G G AB BA
'[Cl f(2) dz:jCz f(2)dz Proved.
Corollary. jcl f(z)dz=j02 f(z)dz+jC3 f(z)dz+jC4 f(2)dz
7.26 CAUCHY INTEGRAL FORMULA
If f (2) is analytic within and on a closed curve C, and if a is any point within C, then

1 f(2)
f@a)=— | —2%dz
@ 27 IZ Z—a
(AMIETE June 2010, U.P, 111 Semester Dec. 2009 R.G.P.V., Bhopal, 11l Semester, June 2008)
(2)

f
Proof. Consider the function Zoa whichisanalytic at al points

within C, except z = a. With the point a as centre and radius r, draw a

small circle C, lying entirely within C. .a c
f
Now % is analytic in the region between C and C; hence by
Cauchy’s Integral Theorem for multiple connected region, we have
,[ f(z).dz:J‘ f(2) dz:j f(z)—f(a)+f(a).dZ
c z—a gzZ—a o z—a
= j 1@A=1@,, f(a)j _dz - (D)
] Z—a gZ—a

For any point on C,

_ 2 9y _ : : )
Now, _[ MdZ=J. f@rre )= @) j g0 g [z-—a=re"® and dz=ir€°d9]
o z-a 0 re'
2n .
= [[f(a+re®)-f(a)]ido=0 (Where r tends to zero).

0

21 i0 2r

j dz =J "e.dez_[ ido =i[0]"" = 2xi
gz—a Jo g 0 0

Putting the values of the integrals in R.H.S. of (1), we have

jcfiz_):zzo+f(a) (2ni) = f@)=—[ 1@g, Proved.

2ni ¢ z—a



Functions of a Complex Variable

7.27 CAUCHY INTEGRAL FORMULA FOR THE DERIVATIVE OF AN ANALYTIC
FUNCTION (RG.PV, Bhopal, Il Semester, Dec. 2007)
If afunction f (2) isanalytic in aregion R, then its derivative at any point z=a of Risalso

analytic in R, and is given by
1 f(z)

f'(@y=—
(@ 2mi J (z- a)
where c is any closed curve in R surrounding the point z = a
Proof. We know Cauchy’s Integral formula
fa)=—[ @ g
2mi ¢ (z- a)

Differentiating (1) w.r.t. ‘a’, we get

f'(a)=2i7Ei J' f( )—(—)dz

Z—a

f()_llf(z) dz

. (1)

(z-@*
- v f(z)dz n! f(z)dz
Similarly, f f'(@)= —_—
miterty. @)= 21|:| (z—-a)® - @)= 2mi -[(z—a)"*l
32
Example 55. Evaluate j ——dz, where C is the square with verticesat + 1, +
€ (z-log2)*
. (M.D.U. Dec. 2009)
Y4
Solution. Here we have e—4 dz A
€ (z-log2) 5 .
The pole is found by putting the denominator I < z=1+i
equal to zero \ 4
(z-1og2)*=0 = z=log?2
The |ntegra3I has a pole of fo;;rth order. X' o z=log, | > X
e’ 2ni d
.[c—4 Zz__(esz)z:logz Y
(z—log,) 3 d7 z=-1-i R - z=1-i
[By Cauchy formula) A B
\/
y/
_2m 3.3.3€%) g = Imi €797 = —onie®9? —9ni2® =720 Ans.

3!

dz . _ .
Example 56. Prove that jc nz 2ni , where Cisthecircle| z—a| =r

(RG.P\V, Bhopal, |1l Semester, Dec. 2006)

Solution. We have,
z . . )
JC —a where C is the circle with centre (a, 0) and radiusr.

By Cauchy Integral Formula
IC 1@ dz= 2nui f(a)}

2~ 4 X
92 _ oni g 0 (@) "
© Zdza
= —— =2mi Proved.

Cz-a
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z
Example 57. Use Cauchy’s integral formula to evaluate _[ ———dz
1 ¢ (22-3z+2)
where cisthecircle |z-2|== (U.P. Il Semester, June 2009)
Solution. Here, we have 2

z
[ —;
¢ (z2-3z+2
The poles are determined by putting the denominator equal to zero
i.e; Z2-3z2+2=0 = (z-1) (z-2 =0
= z=1,2
So, there aretwo polesz=1and z= 2
There is only one pole at z = 2 inside the given circle.

Z _ Z
J (z2—3z+2)dZ_Jc (=2 %? @ o
2

; ° 7
= | z=1ly, [jﬂdhznif(a)]
cz-2 cz—a
[ z ] (2 .
=2ni | — =2ni|— | =4ni Ans.
z-1],_, 2-1
Example 58. Use Cauchy’s integral formula to calculate
[ 22+ 14, whereCis [z|=2.  (AMIETE, Dec. 2009) N
Cz+1z 2
Solution. Poles are given by
Z2+z=0
= 2(z+1) =0 = z=0,-1 x<
|z|:% is a circle with centre at origin and radius %
Therefore it encloses only one pole z= 0.
2z+1
. jﬂdhj 2t1 g7 oni| 221 g Ans
cz(z+)) c z z+1 ], ,

VA

Example59 Evaluate: -[C m
Integral Formula. (RG.PV,, Bhopal, Il Semester, June 2006)
Solution. We have,

VA

dz where Cisthecircle| z| = 2 by using Cauchy’s

e
J ———— dz where C isthe circle with centre at origin and radius 2.
C (z-) (z-9 v 4

Poles are given by putting the denominator equal to zero.

z-1)(z-4=0
= z :. 1,4 ) _1

Here there are two simple polesat z =1 and z = 4. M o
Thereis only one pole at z = 1 inside the contour. Therefore K

eZ

X

-
J

VA Y'v
J (-4 4 7= 2ni|: © 4} (By Cauchy Integral Theorem)
z=1

JC (z- 1)(2—4) (z- )
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_oni |8 |o_ 2nie
1-4 3
Which is the required value of the given integral. Ans.

. e’ .
Example 60. Sate the Cauchy’s integral formula. Show that ch 2—1 dz=sin t
z+

ift>0andCisthecircle| z| = 3 (U.P., lll Semester, Dec. 2009)
zt Y
Solution. Here, we have >— dz
€z +1 ;
The poles are determined by putting the denominator equal to zero.
ie,Z2+1=0
= z2=-1 ND >y
= z=%-1=%i -1
= z=i,—Ii
The integrand has two simple poles at z=i and
at z=—i. Both poles are inside the given circle
with centre at origin and radius 3.
ezt 1 ezt ezt
Now, z=— -— - | dz [By partial fraction
CZ+1 2i C(Z—I z+|J By p ]
1 et et 1 . .
=— dz- dz|=—|2mi €"),_, — 2mi (€*"),__,
2i {-[01 z-i C2 z+i Zi[ €z ( )Z’_']

_2ni

> [e“ - e‘“]= 2ni sint

Example 61. Evaluate the following integral using Cauchy integral formula
4-3z . . 3
I ——————dz wherecisthecircle|7 = —.
c Z(z-)H(z-2 2
(AMIETE, Dec. 2009, R.G.P.V., Bhopal, 1l Semester, June 2008)
Solution. Poles of the integrand are given by putting the
denominator equal to zero.
2(z-1)(z-2) o z=0,1,2
The integrand has three smple polesat z=0, 1, 2.

. . 3
The given circle | z | = > with centre at z = 0 and

. 3
radius = 2 encloses two polesz=0, and z= 1.
4-3 4-3

10—4_32 dz = J‘Cl—(Z—])Z(Z— 2D dz+ J‘CZ—Z (zz—_lz) dz

z(z-1)(z-2
= 2mi {i} + 2 [ 4-% ]
(z-9H(z-2 |, 2(z-2) |, ,

. 4 . 4-3

I + 2mi
-D(-2 11-2)

Which is the required value of the given integral. Ans.

=21

=2mi(2-1) = 2xi
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-2
Example 62. Evaluatej # dz
¢ (z+)? (Z+4)
where cisthecircle| z| = 10. (U.P. 11l Semester, June 2009)

Solution. Here, we have

_[ 2-2z dz
¢ (z+1)% (2 +4)
The poles are determined by putting the

denominator equal to zero.

i.e; z+1)*(Z+4=0
= z=-1,-landz=%2i
The circle | z | = 10 with centre at origin and radius = 10.
encloses a pole at z = — 1 of second order and simple polesz=+ 2 Y’
The givenintegral = I, + 1, + 1,
2-2z
I_J- -2z _ ZZ+4 _ d z7 -2z
Yo (2402 (219 a (z+1)2 dz 22+4 | _ |
(z +4) (2z-2) - (z —-222z 1+4 (2-2-(1+2 2(-)
(z +4) _— 1+ 4)
(14 —28ni
= 2mi —_
25 25
2-2z

| _J- (Z+1)2(Z+2i)—2ni 722z o —4—4 i @41
27 ) (z-2i) (z+D)2 (z+2) |, ,  |(2i+D? (2i+2i) 4+3

22-27

:J (z+1)% (z- 2) dze 2mi 72-2z
3 (z+2i) (z+D2(z-2) |, .

P —4+ 4 oxi (| -1

(-2i +? (-2i- 2|) (B8i-4)
-[ Z;ZZ Z :| +| +|
¢ (z+DA(Z+4) vz

_2857“ + 27i (%J+ 2mi (—3::14)

i 1+i (i—l)

25 (4+3|) @B-49

14 (1+|)(3 H+(i-D(4+3)

(-9-16)

:ﬂ [14 + (3 — 4 — 3 — 4i) + (4 —3 -4 —3i)]

=0 Ans.
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32 +z

dz.
-1

Example 63. Find the value of fc

Ifciscircle|]z-=1|=1 (RG.P.V,, Bhopal, Il Semester, June 2007)

Solution. Poles of the integrand are given by putting the

denominator equal to zero. ya
2-1=0,2=1,z=%#1

The circle with centre z = 1 and radius unity encloses a

simplepoleat z= 1. R

= = [ 2L dz = 2ni
cz-1 ¢ z-1

=2ni| — |=4mi
z+1 |, 1+1

Which is the required value of the given integral. Ans.
Example 64. Use Cauchy integral formula to evaluate.
J‘ sin nZ +cos 17 dz
c (z-)(z-2
where c isthecircle| z| = 3.
(AMIETE, Dec. 2010, R.G.P.V., Bhopal,
[l Semester, June 2003)
sinnz? + cosnZ
(z-)(z-2
Poles of the integrand are given by putting the
denominator equal to zero.
z-)(z-2=0 = z=1,2
The integrand has two polesat z= 1, 2.

The given circle | z| = 3 with centre at z= 0 and radius 3 encloses
both the polesz=1, and z= 2.

Solution. ¢

sinnz? + cosnZ sinnz® + cosnZ
. 2 _ _
g sinnz’ + cosnZ | (z-2) dz+ (z-1) dz
€ (z-1)(z-2 @ (z-1) C2 (z-2)
.|:sinn22+cosn22:| {sinnzz+cosnzz}
= omi| 2 T2 | pop| e Tl
z—-2 z-1
z=1 z=2

By Cauchy Integral formula <X -1 ¢
372 +1z 2
37+ 1z |:322+ z 3+1 .
dz=

= opi[ SNAFOOST | o[ SAT+ DOSAT ) ori( =1 i 2 )= ni
1-2 2-1 1 1

Which is the required value of the given integral.

Ans.

Y
Example 65. Derive Cauchy Integral Formula. 1
&3z /\\
Evaluate 3 dz X'< o
c (z+m) Bt O\y
where Cisthecircle |[z—n| = 3.2
e3iz
Solution. Here, | = | ——= M
J.C (z+m)® Y

Where C is acircle {I Z-1 |= 3.2} with centre ( &, 0) and radius 3.2.
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Poles are determined by putting the denominator equal to zero.
(z+m)?=0 = z=-m -7 -x
Thereisapole at z— & of order 3. But there is no pole within C.
3iz

dz=0 Ans.

By Cauchy Integral Formula J ¢ zon)p

Example 66. Evaluate, using Cauchy's integral formula,

I . 1
| 222 dz where Cis|z-1]=5.  (MDU. Dec. 2010)
C(z-1 2
Solution. Using Cauchy’s Integral formula,
f IOLﬂdz C:|z-1F 1
c(z-1) 2
Poles are determined by putting denominater equal to zero.
(z-1:°=0 = z=1,11
There is one pole of order three at z= 1 which is inside the circle C.
J' f(2) o v
3 dz=2nif “(a)
(z-4)
| d? [d(1 /\
=2m |:F |Og Z:|Z:1 =2m |:d—z(—z):|z_l O-sw]-E »x
. 1
= 27“ (——ZJ = —27E|
Z" 221 Yy

Example 67. Verify, Cauchy theorem by integrating €Z along the boundary of the triangle

with the vertices at the points1 + i, -1 + i and — 1 —1i.

o —1+i 1 1y
. iz _ A ) jas)
Solution. JABe & = (I—l = i—[e — @] 1+ G
+1 B & A
I A S R |
= i—[e e ) o ‘
L X' o X
Losfe = |&] <Heew_gom) 7
BC [ (-1-19) (@
- Yo g (2
| vY
. iz i 1T a4 . . 17 i .
. = [e—] = =@ _ deID] 2 Hd o gt (3
CA ] g |
On adding (1), (2) and (3), we get
|, & e+ | €&dz+ ez = e —dD (e )4 (d- )]
AB BC cA i
iz _
= [pef @ =0 .(4)

The given function has no pole. So there is no pole in A ABC.
The given function €7 is analytic inside and on the triangle ABC.

By Cauchy Theorem, we have jc ?dz =0

From (4) and (5) theorem is verified.

(5
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EXERCISE 7.7
Evaluate the following:

1 . . . .
1 f —— dz where cis asimple closed curve and the point z= ais
Cz-a

(i) outside c;  (ii) inside c. Ans. (i) O (ii) 2ni
e’ . _ .
2. |, . 1dz, where cisthecircle| z| = 2. Ans. 2rnie
cos
3. fc—nlzdz, where c isthe circle| z| = 3. Ans. —2ri
- 2
cosnz
4. |.————— dz, where cisthecircle |7 = 3. Ans. 4ri
€02
5. fcw dz, where cisthecircle |z = 3. Ans. ——
Z5
€ 8t. _
6. jc—4 dz, where c isthe circle |7 = 2. Ans. Tig2
2 2 °
7. IC 71 dz wherecisthecircle|z— 1= 1 Ans. 3ri
Y
8. ——=dz, C:|z|=2 AMIETE, June 2009 Ans. ?77?
'[C 2(z+1)3 2] ( )
2+ z+1 _ .
9. Evauate 95 —————dz, where C isthe ellipse 4x* + 9y* = 1.
Cz°-3z+2
(M.D.U. Dec. 2005, May 2008) Ans. 0
P2
sin
10. Evaluate JC 23 dz, where Cis|7 = 1. (M.D.U. May 2006, Dec. 2006) Ans. mi
Zsﬁ%z 21
11. Evauate CJS 3 dz, where Cisthecircle|7=1.  (M.D.U. May 2005) Ans. Eni
,_ T
6
4 2 5 2 2
12, 1f £(8) =<ﬁc%dz, where C isthe ellipse XZH%:L find f(2), (i), f (1) and f " ().
(J.N.T.U. 2005; M.D.U., Dec. 2007) Ans. 20xi, 2r(i — 1), —14mi, 16mi
z . 1 .
13. _[ ————dz whereCisjz-2|= . (U.PTU. 2009; M.D.U. 2007) Ans 4ri
Cz°-3z+2 2
e’z 2ni
I 5, whereCisfz—1|=3. (M.D.U. Day 2006) Ans. i
Cc(z+) e
Choose the correct alternative:
15. The value of the integral | idz, where Cis|z| = = is
' e e (z+1) (z+2) T2
(i) wi (i) o (iii)2mi (ivydani Ans. (iv)

(AMIETE, June 2010)
16. Cauchy’s Integral formula states that if f (2) is analytic within a and on a closed curve C

and if a is any point within C thenf (a) =: (RG.P.V., Bhopal, Il Semester, June 2007)
L1 f(2)dz — o1 e dz .
0] o Cﬁ a (i) o @f(Z)dZ (i) i Cﬁ —a (iv) none of these. Ans. (i)



UNIT-4
POWER SERIES

7 Taylor and Laurent series

7.1 Introduction

We originally defined an analytic function as one where the derivative, defined as a limit
of ratios, existed. We went on to prove Cauchy’s theorem and Cauchy’s integral formula.
These revealed some deep properties of analytic functions, e.g. the existence of derivatives
of all orders.

Our goal in this topic is to express analytic functions as infinite power series. This will lead
us to Taylor series. When a complex function has an isolated singularity at a point we will
replace Taylor series by Laurent series. Not surprisingly we will derive these series from
Cauchy’s integral formula.

Although we come to power series representations after exploring other properties of analytic
functions, they will be one of our main tools in understanding and computing with analytic
functions.

7.2 Geometric series

Having a detailed understanding of geometric series will enable us to use Cauchy’s integral
formula to understand power series representations of analytic functions. We start with the
definition:

Definition. A finite geometric series has one of the following (all equivalent) forms.

Sp=a(l+r+r*+r3+. ..+

—a+ar+ar’+ad+.. . +ar”

n

:E ar’

j=0
n
=a) 17
§=0
The number r is called the ratio of the geometric series because it is the ratio of consecutive
terms of the series.

Theorem. The sum of a finite geometric series is given by

1— n+1
Sp=a(l+r+r2+r+. .+ = a(lT)
—-r
Proof. This is a standard trick that you’ve probably seen before.

S, =a+ ar+ar’+...4+ar"
rSp, = ar+ar® + ... +ar™ +ar"t!
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When we subtract these two equations most terms cancel and we get
Sy, —rS, =a—ar"t
Some simple algebra now gives us the formula in Equation 1.

Definition. An infinite geometric series has the same form as the finite geometric series
except there is no last term:

o0
S:a+ar+ar2+...:a2rj.
=0

Note. We will usually simply say ‘geometric series’ instead of ‘infinite geometric series’.

Theorem. If |r| < 1 then the infinite geometric series converges to

S:aer: a4 (2)
§=0

1—r

If |r| > 1 then the series does not converge.

Proof. This is an easy consequence of the formula for the sum of a finite geometric series.
Simply let n — oo in Equation 1.

Note. We have assumed a familiarity with convergence of infinite series. We will go over
this in more detail in the appendix to this topic.

7.2.1 Connection to Cauchy’s integral formula

Cauchy’s integral formula says

f(2) ! /Cf(w) dw.

T2 Jow— 2
Inside the integral we have the expression
1

w—z

which looks a lot like the sum of a geometric series. We will make frequent use of the
following manipulations of this expression.

1 1 1 1
S 2y 3
e e T e w LT EW ) (3)
The geometric series in this equation has ratio z/w. Therefore, the series converges, i.e. the
formula is valid, whenever |z/w| < 1, or equivalently when

2| < fwl.
Similarly,
1 1 1 1
_—nnn = — = 1 2 PR 4
il vy Chl U RS UMD (4)

The series converges, i.e. the formula is valid, whenever |w/z| < 1, or equivalently when

2] > |wl.
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7.3 Convergence of power series

When we include powers of the variable z in the series we will call it a power series. In
this section we’ll state the main theorem we need about the convergence of power series.
Technical details will be pushed to the appendix for the interested reader.

Theorem 7.1. Consider the power series
[o.¢]
f(z) = Z an(z — 20)".
n=0

There is a number R > 0 such that:

1. If R > 0 then the series converges absolutely to an analytic function for |z — 29| < R.

2. The series diverges for |z — 29| > R. R is called the radius of convergence. The disk
|z — 20| < R is called the disk of convergence.

3. The derivative is given by term-by-term differentiation
o0

f'(z) = Z nan(z — 29)" !
n=0

The series for f’ also has radius of convergence R.

4. If v is a bounded curve inside the disk of convergence then the integral is given by
term-by-term integration

/7 f()dz = i:‘a / an(z — 20)"

Notes.

e The theorem doesn’t say what happens when |z — 29| = R.
e If R = oo the function f(z) is entire.

e If R = 0 the series only converges at the point z = zp. In this case, the series does
not represent an analytic function on any disk around zj.

e Often (not always) we can find R using the ratio test.

The proof of this theorem is in the appendix.

7.3.1 Ratio test and root test

Here are two standard tests from calculus on the convergence of infinite series.

Ratio test. Consider the series ) " ¢,. If L = limy o0 |¢41/¢5]| exists, then:

1. If L < 1 then the series converges absolutely.
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2. If L > 1 then the series diverges.

3. If L =1 then the test gives no information.

Note. In words, L is the limit of the absolute ratios of consecutive terms.

Again the proof will be in the appendix. (It boils down to comparison with a geometric
series. )

Example 7.2. Consider the geometric series 1+ z+ 224 2% 4. ... The limit of the absolute
ratios of consecutive terms is

i
L = lim

n—00 ‘z”’

= ||

Thus, the ratio test agrees that the geometric series converges when |z| < 1. We know this
converges to 1/(1— z). Note, the disk of convergence ends exactly at the singularity z = 1.

x _n
z
Example 7.3. Consider the series f(z) = E — - The limit from the ratio test is
n!
n=0

n+1 1 |
L= tim Z DY
n—00 |z7|/n! n+1

Since L < 1 this series converges for every z. Thus, by Theorem 7.1, the radius of conver-
gence for this series is co. That is, f(z) is entire. Of course we know that f(z) = e®.

Root test. Consider the series > o° ¢. If L = limy, 0o \cn|1/” exists, then:

1. If L < 1 then the series converges absolutely.
2. If L > 1 then the series diverges.

3. If L =1 then the test gives no information .

Note. In words, L is the limit of the nth roots of the (absolute value) of the terms.
The geometric series is so fundamental that we should check the root test on it.

Example 7.4. Consider the geometric series 1 + z + 22 + 2% +.... The limit of the nth
roots of the terms is
n‘l/n

L= lim |z = lim |z| = |2|
n—o0

Happily, the root test agrees that the geometric series converges when |z| < 1.

7.4 Taylor series

The previous section showed that a power series converges to an analytic function inside its
disk of convergence. Taylor’s theorem completes the story by giving the converse: around
each point of analyticity an analytic function equals a convergent power series.

Theorem 7.5. (Taylor’s theorem) Suppose f(z) is an analytic function in a region A. Let
zg € A. Then,

f(2) =) an(z —=20)",
n=0
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where the series converges on any disk |z — zg| < r contained in A. Furthermore, we have
formulas for the coefficients

an = (5)

f™(z) 1 / f(2) d
5 (

nl 2w ), (z— )t

(Where 7 is any simple closed curve in A around zp, with its interior entirely in A.)
We call the series the power series representing f around zg.

The proof will be given below. First we look at some consequences of Taylor’s theorem.

Corollary. The power series representing an analytic function around a point zq is unique.
That is, the coefficients are uniquely determined by the function f(z).

Proof. Taylor’s theorem gives a formula for the coefficients.

7.4.1 Order of a zero

Theorem. Suppose f(z) is analytic on the disk |z — z9| < r and f is not identically 0.
Then there is an integer £ > 0 such that a; # 0 and f has Taylor series around zg given by
o0
f(2) = (z = 20)* (ax + arq1(z — 20) +...) = (2 = 20)* D an(z — 20)" " (6)
n=k

Proof. Since f(z) is not identically 0, not all the Taylor coefficients are zero. So, we take k
to be the index of the first nonzero coefficient.

Theorem 7.6. Zeros are isolated. If f(z) is analytic and not identically zero then the zeros
of f are isolated. (By isolated we mean that we can draw a small disk around any zeros
that doesn’t contain any other zeros.)

Isolated zero at zo: f(z0) =0, f(2) # 0 elsewhere in the disk.

Proof. Suppose f(z9) = 0. Write f as in Equation 6. There are two factors:

(2 — 20)*

and
9(z) =ap + aps1(z — 20) + - ..

Clearly (2 — 20)F # 0 if 2 # 29. We have g(z9) = ax # 0, so g(z) is not 0 on some small
neighborhood of zg. We conclude that on this neighborhood the product is only zero when
z = zg, i.e. zp is an isolated 0.

Definition. The integer k in Theorem 7.6 is called the order of the zero of f at z.
Note, if f(z0) # 0 then z is a zero of order 0.
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7.5 Taylor series examples

The uniqueness of Taylor series along with the fact that they converge on any disk around
zo where the function is analytic allows us to use lots of computational tricks to find the
series and be sure that it converges.

Example 7.7. Use the formula for the coefficients in terms of derivatives to give the Taylor
series of f(z) = e* around z = 0.

Solution: Since f'(z) = *, we have f(™(0) =e? = 1. So,

22 23 a
z __ R
e _1+Z+72!+73!+”._ EO”!
n=

8,3

Example 7.8. Expand f(z) = z
Solution: Let w = 3z. So,

€°? in a Taylor series around z = 0.

n=0 k=0
Thus,
o0
STL
[y =3 S
n!
n=0

Example 7.9. Find the Taylor series of sin(z) around z = 0 (Sometimes the Taylor series
around 0 is called the Maclaurin series.)

Solution: We give two methods for doing this.
Method 1.

dzm

for n even

Fo o) = ) {é_l)m for n=2m+1=o0dd m=0,1,2,..

Method 2. Using

12 —1iz

. e” —e
sin(z) = —
we have
, I [ (12)" = (—iz)" 1 & L
sin(z) = % [Z T Z | T 272[(1 —(=1)")] ol
n=0 n=0 n=0
(We need absolute convergence to add series like this.)
Conclusion:
i~ 52n+1
: _ _1\n
SID(Z) - Z( 1) (2n+ 1)‘7

n=0
which converges for |z| < oco.

Example 7.10. Expand the rational function

B 14222
23425

f(2)
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around z = 0.

Solution: Note that f has a singularity at 0, so we can’t expect a convergent Taylor series
expansion. We’ll aim for the next best thing using the following shortcut.

1214+2%) -1 1 1
R 1 =t

Using the geometric series we have

s P N
+z 1-— (—zz) o
Putting it all together
f(z) 221*3(2—1+z2—z4+...) = <zl3+i> _i(_l)nz%ﬂ
n=0

Note. The first terms are called the singular part, i.e. those with negative powers of z. The
summation is called the regular or analytic part. Since the geometric series for 1/(1 + 22)
converges for |z| < 1, the entire series is valid in 0 < |z] < 1

Example 7.11. Find the Taylor series for

around z = 0. Give the radius of convergence.

Solution: We start by writing the Taylor series for each of the factors and then multiply
them out.
2 3

1 11
—1+(1+1)z+<1+1+2|>22+(1—1—1—1—2'—1-3')234-...

The biggest disk around z = 0 where f is analytic is |z| < 1. Therefore, by Taylor’s theorem,
the radius of convergence is R = 1.

f(z) is analytic on |z| < 1 and has a singularity at z = 1.

Example 7.12. Find the Taylor series for
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around z = 5. Give the radius of convergence.

Solution: We have to manipulate this into standard geometric series form.

f(z):_4(1+(12_5)/4) :_% (1_<z;5>+<225>2—(225>3+...)

Since f(z) has a singularity at z = 1 the radius of convergence is R = 4. We can also see
this by considering the geometric series. The geometric series ratio is (z — 5)/4. So the
series converges when |z — 5|/4 < 1, i.e. when |z —5| <4, ie. R=4.

Disk of convergence stops at the singularity at z = 1.

Example 7.13. Find the Taylor series for
f(z) =log(1 + 2)

around z = 0. Give the radius of convergence.

Solution: We know that f is analytic for |z| < 1 and not analytic at z = —1. So, the radius
of convergence is R = 1. To find the series representation we take the derivative and use
the geometric series.

1

f(2) T2 z2+z2°—2°+z2
Integrating term by term (allowed by Theorem 7.1) we have
2 3 4 o0
24 20z z
= _ _—— = —1 n_l—
f(z) =ao+ = s t3 -4t a0+n§l( ) -

Here ag is the constant of integration. We find it by evalating at z = 0.

£(0) = ag = log(1) = 0.

Disk of convergence for log(1 + z) around z = 0.

Z an(z —2)"

Example 7.14. Can the series
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converge at z = 0 and diverge at z = 3.

Solution: No! We have zp = 2. We know the series diverges everywhere outside its radius
of convergence. So, if the series converges at z = 0, then the radius of convergence is at
least 2. Since |3 — zp| < 2 we would also have that z = 3 is inside the disk of convergence.

7.5.1 Proof of Taylor’s theorem

For convenience we restate Taylor’s Theorem 7.5.

Taylor’s theorem. (Taylor series) Suppose f(z) is an analytic function in a region A. Let
zg € A. Then,

f(z) = Z an(z — 20)",
n=0

where the series converges on any disk |z — zg| < 7 contained in A. Furthermore, we have
formulas for the coeflicients

() (4, z
an:fwzl/f()dz M)
¥

n! 2mi )., (2 — 29)"H1

Proof. In order to handle convergence issues we fix 0 < r; < ro < r. We let v be the circle
|w — zg| = ro (traversed counterclockise).

Disk of convergence extends to the boundary of A
r1 < 19 < r, but 1 and ro can be arbitrarily close to r.

Take z inside the disk |z — 29| < 1. We want to express f(z) as a power series around 2.
To do this we start with the Cauchy integral formula and then use the geometric series.

As preparation we note that for w on v and |z — zg| < r; we have
|z — 20| <11 <7re=|w— 20,

o)
lw — 2

Therefore,

11 1 1 i z— 29 "_i (z — zo)"
w—z w— 2z l—ﬂ_w—zonzO w—2) (w — zp)t1

w—2z0 n=0
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Using this and the Cauchy formula gives

am ) (i”ld

QWZ/Z (w — zp) "+1( 2= =) dw

The last equality follows from Cauchy’s formula for derivatives. Taken together the last
two equalities give Taylor’s formula. QED

7.6 Singularities

Definition. A function f(z) is singular at a point zy if it is not analytic at zp

Definition. For a function f(z), the singularity zg is an isolated singularity if f is analytic
on the deleted disk 0 < |z — 29| < r for some r > 0.

z+1
23(22 + 1)

Example 7.16. f(z) = e!/# has an isolated singularity at z = 0.

Example 7.15. f(z) = has isolated singularities at z = 0, +1.

Example 7.17. f(z) = log(z) has a singularity at z = 0, but it is not isolated because a
branch cut, starting at z = 0, is needed to have a region where f is analytic.

Example 7.18. f(z) = ] has singularities at z = 0 and z = 1/n for n = +£1,£2,. ..

sin(m/z
The singularities at +1/n are isolated, but the one at z = 0 is not isolated.

W - ‘—:'—i-‘-;-r‘-l il .

= = 1 .

£ 5 | | '

Every neighborhood of 0 contains zeros at 1/n for large n.

7.7 Laurent series
Theorem 7.19. (Laurent series). Suppose that f(z) is analytic on the annulus
A:ry <|z— 2z <ra.

Then f(z) can be expressed as a series

o0
:Z CEPAD —|—Zanz—zo)".

n=1 n=0



7 TAYLOR AND LAURENT SERIES 11

The coefficients have the formulus

1
— dw
n 27T’L/7 (w — zp) "H
1

b
" 2m

fw)(w = z0)" " duw,

4\

where 7 is any circle |{w — 29| = r inside the annulus, i.e. 7 <7r < ra.

Furthermore

e The series g an(z — 20)" converges to an analytic function for |z — zo| < ro.
n=0

e The series Z bin

] converges to an analytic function for |z — zo| > 7.
Z — 20

e Together, the series both converge on the annulus A where f is analytic.

The proof is given below. First we define a few terms.

Definition. The entire series is called the Laurent series for f around zy. The series

o0
Z an(z — 29)"
n=0

is called the analytic or regular part of the Laurent series. The series

[e.9]

bn,
Z (z — zo)"

n=1
is called the singular or principal part of the Laurent series.

Note. Since f(z) may not be analytic (or even defined) at zp we don’t have any formulas
for the coefficients using derivatives.

Proof. (Laurent series). Choose a point z in A. Now set circles C1 and C3 close enough to
the boundary that z is inside C7 + Cy — C3 — (5 as shown. Since this curve and its interior
are contained in A, Cauchy’s integral formula says

1 f(w)

270 SOy 4Cr—C3—Cy W — 2

f(z) = dw

The contour used for proving the formulas for Laurent series.
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The integrals over Cy cancel, so we have

=g [ W

270 Joy oy W — 2

dw.

Next, we divide this into two pieces and use our trick of converting to a geometric series.
The calculuations are just like the proof of Taylor’s theorem. On C7 we have

|z — 20|

<1,
lw — 2
S
1 1 1
[ dw) L[ Jw) N
210 Jo, w— 2 270 Jo, w — 2o <1_z—zo)
w—2z0

= omi /c1 Z f(w n+1 (z = 20)" dw

=3 (5 f, o) =
= i}an(z —20)"

Here a,, is defined by the integral formula given in the statement of the theorem. Examining
the above argument we see that the only requirement on z is that |z — 29| < r2. So, this
series converges for all such z.

Similarly on C'5 we have
lw — 20|

<1,
|z — 20|
SO
Lof fw) 1 fw) 1
2ri CSw—zdw_% C3_Z_ZO‘<1_QU_ZO)dw
1 > (w — 2p)
“m/(;g,;f( (o =yt
=g 2 ([, =y iw) -
00 b,
STl

In the last equality we changed the indexing to match the indexing in the statement of the
theorem. Here b,, is defined by the integral formula given in the statement of the theorem.
Examining the above argument we see that the only requirement on z is that |z — zo| > r1.
So, this series converges for all such z.

Combining these two formulas we have

f(Z)IL f(w) dw:zbn)n_{_zan(z_z())n

270 Jo,—cy W — 2
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The last thing to note is that the integrals defining a,, and b, do not depend on the exact
radius of the circle of integration. Any circle inside A will produce the same values. We
have proved all the statements in the theorem on Laurent series. QED

7.7.1 Examples of Laurent series

In general, the integral formulas are not a practical way of computing the Laurent coef-
ficients. Instead we use various algebraic tricks. Even better, as we shall see, is the fact
that often we don’t really need all the coefficients and we will develop more techniques to
compute those that we do need.

Example 7.20. Find the Laurent series for

f(z) =

around zp = 0. Give the region where it is valid.

z+1
z

Solution: The answer is simply
fe) =1+
z) = -
z
This is a Laurent series, valid on the infinite region 0 < |z| < oco.
Example 7.21. Find the Laurent series for

f(z) =

z
22+1
around zg = i. Give the region where your answer is valid. Identify the singular (principal)

part.

Solution: Using partial fractions we have

1 1 1 1
z)=5" -+ 5 -
/() 2 z—1 2 z+4+14
Since e is analytic at z = 4 it has a Taylor series expansion. We find it using geometric
zZ+1
series.

1 1 1 1/ z—i\"
z+¢_2¢'1+(z—i)/(2z‘)_2izo<_ 2 )

n=

So the Laurent series is

1 1 1 & z—i\"
@ =5 7="% <_ 2i>
n=0

The singular (principal) part is given by the first term. The region of convergence is
0<|z—il <2.

Note. We could have looked at f(z) on the region 2 < |z —i| < co. This would have
produced a different Laurent series. We discuss this further in an upcoming example.

Example 7.22. Compute the Laurent series for

z4+1
f(z):,z3(z;_~|—1)
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on the region A: 0 < |z| < 1 centered at z = 0.

Solution: This function has isolated singularities at z = 0, +i. Therefore it is analytic on
the region A.

f(2) has singularities at z = 0, £3.
At z = 0 we have
1 2., .4_ 6
f(z)zz—3(1+z)(1—z +25 =204
Multiplying this out we get
1 1 1

S | 23
f(2) z3+22 . +z4+2°—2

The following example shows that the Laurent series depends on the region under consid-
eration.

Example 7.23. Find the Laurent series around z = 0 for f(z) = z(zl—l) in each of the
following regions:
(i) the region A;: 0 < |z| <1
(ii) the region Ay : 1 < |z| < o0.
Solution: For (i)
f(z):—%- 1iz :—§(1+z+22+...):—%—1—2—22—...

For (ii): Since the usual geometric series for 1/(1 — z) does not converge on As we need a

different form,
1 1 1 1 1
S S T T
/) z z2(1-1/2) z2<+z+22+ >

Since |1/z] < 1 on Az our use of the geometric series is justified.

One lesson from this example is that the Laurent series depends on the region as well as
the formula for the function.

7.8 Digression to differential equations

Here is a standard use of series for solving differential equations.

Example 7.24. Find a power series solution to the equation

fla)=fz)+2,  f0)=0.
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Solution: We look for a solution of the form
o0
= Z anx™.
n=0

Using the initial condition we find f(0) = 0 = ag. Substituting the series into the differential
equation we get

f’(x):a1+2a2x—|—3a3x3—|—...:f(x)—i—2:a0—|—2+a11:—|—a2x2—|—...

Equating coefficients and using ag = 0 we have

a1 = ag + 2 = al =2
2a9 = a1 = a2:a1/2:1
3as = ag = a3:1/3
day = ag = a4:1/(3-4)
In general
an 1

1 n = Un n = = .
(n+1)ant1 =a = Qp+l (n+1) 3-4-5---(n+1)

You can check using the ratio test that this function is entire.

7.9 Poles

Poles refer to isolated singularities. So, we suppose f(z) is analytic on 0 < |z — zp| < r and
has Laurent series

o0

E —i—E an(z — 2zo0)".
Z—Z()

n=1 n=0

Definition of poles. If only a finite number of the coefficients b,, are nonzero we say zg is
a finite pole of f. In this case, if by # 0 and b, = 0 for all n > k then we say zg is a pole of
order k.

e If 2y is a pole of order 1 we say it is a simple pole of f.

e If an infinite number of the b,, are nonzero we say that zy is an essential singularity
or a pole of infinite order of f.

e If all the b, are 0, then zy is called a removable singularity. That is, if we define
f(20) = ap then f is analytic on the disk |z — zp| < .

The terminology can be a bit confusing. So, imagine that I tell you that f is defined and
analytic on the punctured disk 0 < |z—zp| < r. Then, a priori we assume f has a singularity
at zg. But, if after computing the Laurent series we see there is no singular part we can
extend the definition of f to the full disk, thereby ‘removing the singularity’.
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We can explain the term essential singularity as follows. If f(z) has a pole of order k at
20 then (z — 20)¥ f(2) is analytic (has a removable singularity) at zo. So, f(z) itself is not
much harder to work with than an analytic function. On the other hand, if zy is an essential
singularity then no algebraic trick will change f(z) into an analytic function at zg.

7.9.1 Examples of poles

We’ll go back through many of the examples from the previous sections.

Example 7.25. The rational function

1+ 222
1o =55
expanded to
1 1 — n . 2n+1
f(z) = <23 + Z) = > (=1t
n=0
Thus, z = 0 is a pole of order 3.
Example 7.26. Consider
z+1 1
fe) = =1
z z

Thus, z = 0 is a pole of order 1, i.e. a simple pole.

Example 7.27. Consider
z 1 1
f(Z)— Z2+1 _g.z_i_{-g(z)?

where g(z) is analytic at z = i. So, z =i is a simple pole.

Example 7.28. The function
fe) = o
z) = ——0+
z(z—=1)

has isolated singularities at z = 0 and z = 1. Show that both are simple poles.
Solution: In a neighborhood of z = 0 we can write

f(z) = g(zz)’ where g¢(z) = . i T

Since ¢(z) is analytic at 0, z = 0 is a finite pole. Since g(0) # 0, the pole has order 1, i.e.
it is simple.

Likewise, in a neighborhood of z =1,

flz) = 1 where h(z) =

S oW |

Since h is analytic at z = 1, f has a finite pole there. Since h(1) # 0 it is simple.

Example 7.29. Consider

11
=14+

z o 2122 7 3123 T

So, z = 0 is an essential singularity.

Example 7.30. log(z) has a singularity at z = 0. Since the singularity is not isolated, it
can’t be classified as either a pole or an essential singularity.
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7.9.2 Residues

In preparation for discussing the residue theorem in the next topic we give the definition
and an example here.

Note well, residues have to do with isolated singularites.

Definition 7.31. Consider the function f(z) with an isolated singularity at zo, i.e. defined
on 0 < |z — 29| < r and with Laurent series

00

E —i—E an(z — 20)".
Z—Zo

n=1 n=0

The residue of f at zp is by. This is denoted

Res(f,z9) or Res f=10;.
2=20

What is the importance of the residue? If « is a small, simple closed curve that goes
counterclockwise around zg then
/f(z) = 2mib.
v

i

| (ixt )

ke W
F

«y is small enough to be inside |z — 29| < r, and surround zo.

This is easy to see by integrating the Laurent series term by term. The only nonzero integral
comes from the term b;/z.

Example 7.32. The function

1
— ol/(22) _ il
f(z)=e 1+ + 2(22)? +...

has an isolated singularity at 0. From the Laurent series we see that

Res(f,0) = 1

7.10 Appendix: convergence

This section needs to be completed. It will give some of the careful technical definitions and
arguments regarding convergence and manipulation of series. In particular it will define the
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notion of uniform convergence. The short description is that all of our manipulations of
power series are justified on any closed bounded region. Almost, everything we did can be
restricted to a closed disk or annulus, and so was valid.




UNIT-5

RESIDUE CALCULUS

7.50 ZERO OF ANALYTIC FUNCTION
A zero of analytic function f (x) is the value of z for which f (z) = 0.
Example 92. Find out the zeros and discuss the nature of the singularities of

-2) . 1
f(2) = (2 > ) sin 1 (RG.P\V. Bhopal, |1l Semester, Dec. 2004)
7 _

Solution. Poles of f (2) are given by equating to zero the denominator of f (z) i.e.z=0isa
pole of order two.

zeros of f (2) are given by equating to zero the numerator of f (2) i.e, (z—2) Sin(:l]: 0

= Eitherz—2=0 or sin(iljzo
1
= z=2 and —=nxn
z-1
1
= z=2, z=—+1 n=%£1 % 2,.........
nm

Thus, z= 2 isasimple zero. The limit point of the zeros are given by
z=i+1 (n=%1,%2 ........... )isz=1.
nm

Hence z = 1 is an isolated essential singularity. Ans.
7.51 PRINCIPAL PART

If F(2)= an(z-2%)"+ ) b(z-2)"
n=0 n=1

then the term Z b,(z—2)™" is caled the principal part of the function f (2) at z = z,
n=1
7.52 SINGULAR POINT
A point at which a function f (2) is not analytic is known as a singular point or singularity
of the function.
1
For example, the function 72 has a singular pointat z—2=00r z= 2.

Isolated singular point. If z=ais a singularity of f (z) and if there is no other singularity
within a small circle surrounding the point z = a, then z = a is said to be an isolated singularity of
the function f (2); otherwise it is called non-isolated.

1
For example, the function m has two isolated singlar points, namely z = 1 and
z=3. Pu(z-1)(z-3=0 = z=13|.
Example of non-isolated singularity. Function — is not analytic at the points where

sin=
z
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. . . . . 1 11
smg =0, i.e, a the points E:nn i.e., the points Z:ﬁ (n=123,...). Thus Z=l§,§,-.-,zz 0

are the points of singularity. z= 0 is the non-isolated singularity of the function — because
sin=
z

in the neighbourhood of z = 0, there are infinite number of other singularities Z=—, where n is
very large. n

Pole of order m. Let afunction f (2) have an isolated singular point z= a, f(Z) can be expanded
in a Laurent’s series around z = a, giving

f(2)= - —a)%+...
(2) ao+al(zbjﬂ)%\zi}z2 a)”+

+ — 4 S+t B, B T+ Bine2 s (D)
z-a (z-29 (z-a" (z-a™ (z-ad™

In some cases it may happen that the coefficients Bpn.q = Byo = bz =0, then (1) reduces to

L+L2+...+ By -

(z-8 (z-9 (z-4)

f(9 =a,+a (z-a)+a,(z-a)}’+... +

f(2)=ay+a(z—a+ay(z—a)’ +..+

{b,z-a)™" + Db, (z—a)™?

1
(z-a"
+b,(z-a™+...+Db}
then z=ais said to be a pole of order m of the function f (z), when m = 1, the pole is said to be
simple pole. In this case
f(=a,+a(z-a+a,(z- a)2 + ...+%
If the number of the terms of negative powers in expansion (1) is infinite, then z= ais called
an essential singular point of f (2).
7.53 REMOVABLE SINGULARITY

If f(z)=ian(z—a)”

n=0
= f(@=a,+a (z-a)+a,(z-a)*+ ... +a(z—a)"+...
Here the coefficients of negative powers are zero i.€. Laurent series does not contain
Negative power of (z—a) then z = a is called aremovable signularity i.e., f (2) can be made ana-
lytic by redefining f (a) suitably i.e. if )I(Iﬂg f(2) exists.

Remark. This type of singularity can be made to disappear by defining the function suitably

eg., (9= sinz=3) has removable singularity at z = a because
z-a
sin (z— 3 @ (=9 |, (@ (=23

1
= zZ— - S
z-a  z- a{( g 51 } 3 51

has no term containing negative powers of (z— a). However this singularity can be rermoved

sin (z—a)

and the function can be made analytic by defining f(2z) = =laz=a

7.54 WORKING RULE TO FIND SINGULARITY
Step 1. If Lt f(2) exists and is finite then z = a is aremovable singular point.
Z—a
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Step 2. If Lt f(2) doesnot exist then z = a is an essential singular point.
Z—a

Step 3. If Lt f(2) is infinite then f (2) has a pole at z = a. The order of the pole is same
Z—a

as the number of negative power terms in the series expansion of f(2).
Example 93. Define the singularity of a function. Find the singularity (ties) of the functions
1
z
) f(z)= sin% (i) g@-= e_2 (U.P. 11l Semester, 2009-2010)
z
Solution. See Art. 8.2 on page 254 for definition.
(i) We know that
11 1 1 n 1
sin===———+——+........ +-) ———————
z z 37 57 (
Obvioudly, there is a number of singularity.

.1 .
sin p is not analytic at z= 0. (%=oo at z=0

1 . .
Hence, sin 3 has a singularity at z= 0.

1

(i) Here, we have g (2) = &
z

1
We know that, (%)[ez ): iz [1+ =
z z

1 1

-+ + + + o +on
Z 7 2 327 n! 2'*?
Here, f (2) has infinite number of terms in negative powers of z.

Hence, f (2) has essential singularity at z= 0. . Ans.
2

Example 94. Find the pole of the function ( a)2
z_
7-a Y
Solution. € 7 = 1 s|1+(z-3a+ (z Ia)
o (z-3a" (z-9 2!
The given function has negative power 2 of (z— a).
So, the given function has a pole at z = a of order 2. Ans.

+ ...

Example 95. Find the poles of f (z) = Sin (i )

Solution. sin ! -+t 1 1 1 _

z-a) z-a 3 (z-g°® B(z3°
The given function f (2) has infinite number of terms in the negative powers of z— a.
So, f (2) has essential singularity at z = a. Ans.
Example 96. Discuss singularity of 1_1 > atz=2mni.
Solution. We have, f(2) = ! Z

l1-e

The poles are determined by putting the denominator equal to zero.

i.e, 1-¢=0
= & =1=(cos2nm + i Sin 2nx) = €™
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= Z = 2nmi n=0,£1,%£2, ... )
Clearly z = 2ri isa simple pole. Ans.

> atz=aandz=
(Z a) (RG.P\., Bhopal, Il Semester, Dec. 2002)

cotmz  cosmz

(z-a° sinnz(z-a)>

The poles are given by putting the denominator equal to zero.
i.e,snnz(z-a?=0 = (z-a)?=0 or snnmz=0=snnx

Example 97. Discuss singularity of

Solution. Let f(2 =

- z=a mz=nm, (nel)
= Z=an
f (2) has essential singularity at z = .
Also, z = a being repeated twice gives the double pole. Ans.
Example 98. Determine the poles of the function

f(2 = (RG.PV, Bhopal, Il Semester, June 2003)
Solution. f(2 =

@ 7' +1

The poles of f (2) are determmed by putting the denominator equal to zero.
i.e, Z+ 1 = = z4 =-1

z= (—])4 = (cosm +1i sin n)“'
1
[cog2n+ D +isin (h+ I n]* [By De Moiver’s theorem]

_ COS(2n+])n+iSin(2n+])n
| 4 4
If n=0, Pole at z= —cos +i 9n :| 1
] | 4 \/— \/5
3n 3 1 .1
If n=1, Pole at z= |CcOS=+isn = |=|-——=+i—F—=
| N ﬁ)
[ 5t .. 5n] 1 .1
If n=2, Pole at z=|cos=+idn == -—=-1—
|4 4| ( J2 ﬁ)
n 7| 1 .1
If n=3, Pole at z=|COS— +i9n — — i Ans.
%% 2] (JE JE)

Example 99. Show that the function €? has an isolated essential singularity at z = .
] (RG.PV, Bhopal, Il Semester, Dec. 2003)
Solution. Let f(2) = &

1 1
Putting z—; , we get f 7€

Here, the principa part of f [i)
1 1 1

+—+
t 212 31¢3

Contains infinite number of terms.

1
Hence t = 0 is an isolated essential singularity of e and z = « is an isolated essential

singularity of e Ans.
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EXERCISE 7.11
Find the poles or singularity of the following functions:

1 .
1L ——+———5 Ans. 2smplepolesa z=2andz=3.
(-2 (-9 Pepo
V4
2. € 3 Ans. Pole at z= 2 of order 3.
(z-2
3 1 Ans. Simple pole at z=2
" sinz-oosz ' Pep 4
cot% Ans. Essential singularity at z=0
5. zcosec z Ans. Non-isolated essentid singularity
sin% Ans. Essential singularity

Choose the correct alternative:

7. Let (2 = then z=2 and z = — 3 are the poles of order :

(z-2*(2+3°
(@) 6 and 4 (b) 2and 3 (c) 3and 4 (d)4and 6 Ans. (d)
(RG.PV, Bhopal 11l Semester, June 2007)

7.55 THEOREM

If f (2) hasapoleat z=a, then | f(2) | >~asz— a
Proof. Let z=a be a pole of order m of f (2). Then by Laurent’s theorem
oo m

f(2= Zan(z—a)”+2q<z— 3"

0

by b, by,
zo‘lan(z a)" = (z—a)2+ ..... +(z—a)m
= Ya (z-)" = 1 _[b(z-a)™ + bz ™2 + ... +b_(2-a)+b]
0
N (Z)
(z-a)"
Rl
Now ¢(2) > b asz— a.
Hence | f(2)| > wasz— a. Proved.

Example 100. If an analytic function f{z) has a pole of order m at 7 = a, then fi has a
zero of order m at 7 = a. @
Solution. If f(2) has a pole of order m at z = a, then

f(2 = = (p(Z;)m where ¢(2) is analytic and non-zero at z= a
1 _(z-a"
f(2) 9(2
Clearly, f( 2 has a zero of order mat z= a, since ¢ (a) = 0. Proved.

7.56 DEFINITION OF THE RESIDUE AT A POLE

Let z= a be a pole of order m of a function f () and C, circle of radius r with centre at
z = a which does not contain any other singularities except at z = a then f (2) is anaytic within
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theannulusr < |z—a| <R can be expanded within the annulus. Laurent’s series:

f(2 = Z a, (z-a)"+ 2 b (z- 3" (1)
where a = %mJCﬁ dz (2 > R
_ 1 f(2)
and b, = 5= Jclm dz  .(3
|z—al| = r being the circle C,.
Particularly, b1 = ZLRI Jq f(2) dz Annulus C,

The coefficient b, is called residue of f (2) at the pole z = a. It is denoted by symbol
Res. (z=a) =D,
7.57 RESIDUE AT INFINITY

Residue of f (2) a z = o is defined as — —f f (2) dzwhere the integration is taken round
C in anti-clockwise direction.
where C is a large circle containing all finite singularities of f (2).
7.58 METHOD OF FINDING RESIDUES

(a) Residue at simple pole

(i) If f (2) hasasimple pole a z = a, then
Res f(a) = lim(z—-&f(2)
Z—a

Proof. f(2 =a,+a(z-—a)+a,(z- a)’ +.. +La
= (z-af(9=gy(z-a)+ a(z—- a)2+a2(z—a) +..+h
= b =(z-a) f(D-[a(z- J+a(z-a)* +a(z—a)° +..]

Taking limit as z — a, we have b, = lim(z—-a) f(2)
zZ—a

Res(atz=a)=lim (z—a)f (2 Proved.
Zz—a

(i) If f (2) is of the form f(2) = % wherey(a) =0, but ¢(a) # 0

Res(atz=a) = q)’((&':\))
Proof . f(2)= \v((zz))
Res (at z=a) = Ilm(z a)f(Z)—Ilm(z a)d)((z))
= ||m (Z— a)[(')(a)+ (Z—( a) ¢a)(2a)+] (By Tay|or'STheorem)
y@)+(z-ay(@+ Y y@ ..

. (- [0(@)+ (-8 (.
—a —_ 2
- av(@+ 2

[since ¥(a) = Q]

v’ () +...
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o(@)+(z—a) ¢'(a)+...
’ Z—a ’”
v'(a)+ o v’ (a)+...
o(a)
v'(a)
(b) Residue at a pole of order n. If f (2) has a pole of order n at z = a, then

n-1
(n—ll)! #KZ_ i (Z)]}

Proof. If z=aisapole of order n of function f (2), then bﬁLaurent’s theorem
f(2)=ay+a(z— @ +a(z—a)° +..h ——+—2— +..+
o @ =20+ (- rap(-a) rt o
Multiplying by (z — a)", we get
(z- 8" f(2)=ay(z-a)" +ay(z— ™ +ay(z-a)™? +...
+ b(z-a)" +by(z- Q" +by(z-a)" P +..+ b,

Differentiating both sides w.r.t. ‘Z n — 1 times and putting z = a, we get

= Iim
Z—a

Proved.

Res(at z=a) =

Res(at z=a) =

dn—l
{ [(z-a)" f(Z)]} =(n-D'b

dz2** o
1 Jd™t n
= = z—a f(z
by (n_l)!{df_l[( 3" f( )]}Z_a
1 dn—l n
Residuef(a) = ———1——=(z—9a)" f(z Proved.
@ = g gt e @)
(c) Residue at a pole z= a of any order (simple or of order m)
1
Resf (a) = coefficient of T
Proof. If f (2) has a pole of order m, then by Laurent’s theorem
_ _ 2 B b, by,
f(2)=ay+a(z-a+a,(z—-a)"..+ + >+t
z-a (z-9) (z-a"
If we put z—a=t or z=a+t, then
b B,
fatt)=ag+attatt 4.+ 222y Pn
( ) 3 1 2 t tz tm
1
Resf (a) = b, Resf (a) = coefficient of " Proved.

1

Rule. Put z = a + t in the function f(2), expand it in powers of t. Coefficient of i is the
residue of f () at z= a.

(d) Residue of f (2) (at z= ) = lim {-z f(2)}

Z—oo
. o1
or  Theresidue of f (2) at infinity = — o J; f(2) dz

7.59 RESIDUE BY DEFINITION

1
Example 101. Find the residue at z = 0 of Z (DSE.
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. . L 1
Solution. Expanding the function in powers of 7 we have

1 1 1 1 1
zcos= = z|[1-—+———..... =Z-—+—=— ...
z 202 a4z 2z 247
This is the Laurent’s expansion about z = 0.
1 1
The coefficient of e initis —5 So the residue of zcos% az=0is —%. Ans.

3
Example 102. Find the residue of T(2)= 22 1 atz = oo,

3

Solution. We have,  f(2) = —=
z7 -1
3 -1
f(2 = £ - 1—% =z 1+i2+i4+ ..... :z+1+13+ .....
2( 1 ) z zZ z Z z
7 (1-5
z
Residue at infinity =—| coeff.of % =-1 Ans.
FORMULA: RESIDUE =Ilim (z —a) f(2)
Z—a
Example 103. Determine the pole and residue at the pole of the function T(2) = Z_fl
Solution. The poles of f(2) are given by putting the denominator equal to zero.
z-1=0 = z=1
The function f(2) has a simple pole at z = 1.
Residue is calculated by the formula
Residue = lim (z— @ f(2)
zZ—a
Residue of f (2) (at z= 1) =lim (z—n[i)= lim (2) =1
z-1 z-1 z—1
Hence, f (2) has a simple pole at z =1 and residue at the pole is 1. Ans.
2
z
Example 104. Evaluate the residues of tz =1, 2, 3 and infinity and
p (=D (-2 (2-9) atz and infinity an
show that their sum is zero. (RG.PV, Bhopal, Il Semester Dec. 2002)

Z2
(z-1) (z-2) (z-3)
The poles of f (2) are determined by putting the denominator equal to zero.
2 (z-1)(z-2)(z-3)=0 = z=1, 2, 3

Solution. Letf (2) =

ZZ

(z-1) (z-2) (z-3)

Residueof f (2 at (z=1) = lzILr]. (z-1 f(z)=IZiLn1(z—])

ZZ

im ——
-1 (2-2) (z-3

1
2

Z2

(z-D (=2 (z-3)

Residue of f(2) a (z = 2)

lim (2-2) f(2)=lim (2-2
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7.61

. z2 4

lim = =
-2 (=) (z-3 (@) (-]
Iim3 (z-3) (2

Residue of f(2) at (z = 3)

Z2

= lim (z-3)
z—3

im -z f(2) = ~2(2)
Sl (D (23

= lim =-1

R

Residue of f (2) at (z= )

Sum of the residues at all the poles of f(2) =
Hence, the sum of the residues is zero.

1
2
FORMULA: RESIDUE OF f(a)= ! {dzr; (2 -a" f(Z)]}

Example 105. Find the residue of a function

Z2

f(2 21 222 at its double pole.
Z2

(z+1%(z-2

Poles are determined by putting denominator equal to zero.

i.e; z+12(z-2=0

= z=-1,-1 and z=2

The function has a double pole at z= -1

Solution. We have, f(2) =

B _ d 22—2
Residue at (z=-1) = I|m G- ])l[ {(z+1) (Z+Dz(2—2)H

Z=a

Z2

=lim — =
(z-D) (-2 (z-3) 23 (z-1)(z-2)

42| (@2ezZa) [Z-4z] _()7-4cy
= dz| z-2 o (2_2)2 . (2_2)2 . —1- 2)2

. _ _1+4 5
Residueat (z=-1) = 9 9
Example 106. Find the residue of (2;3 atz=i
Z+
: 1
Solution. Let f(d=-—5=
(4

The poles of f (2) are determined by putting denominator equal to zero.
i.e; (Z2+12=0

= (z+i)®(z-i*=0

= Z= i
Here, z= i isapole of order 3 of f (2).
Residue at z = i:

ST S - il P T S | G i i (R B
ol vatelmil2(ae)

9
2

Proved.

Ans.
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_imi3x4 oL, 12 _6_3_ 3
i (z+0)° ] 27 G+i)® 32 16 16

Hence, the residue of the given functionat z=i is —l%. Ans.
FORMULA: RES. (AT z = a) = %@
v(a)
Example 107. Determine the poles and residue at each pole of the function f (z) = cot z.
. Cosz
Solution. f(z)=cotz=—
Sinz

The poles of the function f (2) are given by
sinz=0, z=nn, wheen=0,+1 +2 +3...

) . cos cos a
Resdueoff(z)atz:nnls:—z— 221 Resa (z=4d) = 0@ Ans.
9 (sinz) cosz v'(a)
z
Example 108. Determine the poles of the function and residue at the poles.
_z
r@= sinz
Solution. f2) = ==
sinz
Poles are determined by putting sinz=0=snm = z=m
Residue = (LJ [Residue= @}
cosz ), v'(a)
__hn _ nmo
~cosnm ()"
Hence, the residue of the given function at pole z = nr is (n]T;n . Ans.
FORMULA: RESIDUE = COEFFICIENT OF %
where z = %
A
Example 109. Find the residue of at a pole of order 4.

(z-1)*(z-2)(z-3)
Solution. The poles of f (2) are determined by putting the denominator equal to zero.

z-D)*(@z-2(z-3) =0 = z=123
Here z=1lisapole of order 4.

3

z

f(2) =
@ (z-D)*(z-2)(z-3) (D)

Putting z—1=tor z=1+1 in (1), we get

1+t)3
t*(t-1)(t-2) T

2 3
= 1 }+i+§ i A+t+t2+134.)x 1+t+t—+t—
2 3 4 2 4

—1
fl+t) = 1 eatrasna-n? [1_5)

20ttt 8
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1(1 3 3 3 7 15,3 11 9 211 151
=== = +—t S+ +...
A ) G e T o (o st

1

t2

_ 1,9 2415_ _ coeffi.of L

= 2( >t 8)t [Resf(a) ooeffi. of t]
1 21 1 101
Coefficient 0f—=— 1+ g+— 15 :i,
t 2 2 4 8 16

. ) . . 101
Hence, the residue of the given function at a pole of order 4 is —. Ans.

16

Example 110. Find the residue of f (z) = at its pole.

z¢e
(z-9°
Solution. The pole of f (2) isgiven by (z—a@°>=0 i, z = a
Here z=alisapole of order 3.
Putting z—a =t where t is small.

(=5 = 10 Eigfi—[3+ijg“=€(9+1)é (z=a+y

I
CDS-‘D
| p——
|
+
—
|
+
'_\
N—_——
T—
+ !
)
+
=)
[EEN
+
~—~~
RS
=
| C—

1 a
Coefficient of ==¢€*| =+1
t 2
) a
Hence the residue at z= ais ea(5+l). Ans.

EXERCISE 7.12

1. Determine the poles of the following functions. Find the order of each pole.
2

z
0] Ans. Smplepolesat z=a,z=b,z=c
(z-9(z-b(z-9
.. -3
(i) + Ans. Pole at z= 2 of second order and z= — 1of first order.
(z—=2)°(z+2)
iz
(i) 5D—— Ans. Polesat z = + ia, order 1.
Z°+a
(iv); Ans.z=2,z=1
(z-1)(z-2) et
Find the residue of
3 2° 1.
——  atits poles. Ans. 19 3. az = ia. Ans. —la
(z-2)(z-3 > =P Ay tiTH 2
1 i
z=1la Ans. -——
a

(22 + a%)?
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5. tan z at its pole. Ans. f(n+§) =—1atitspole
2 1z , 1 > . (1 1
6. z2&'% at the pointz=0. Ans. s 7. z°sin S at z=0 Ans. %
l ezZ
8 50— a z=i Ans. -1 9. - a itspole Ans. -1
z°(z-1) l+e
1+¢€’ 1
— atz=0 Ans. 1 1. atitspoles  Ans. ——
sinz+ zcosz z(€-1) 2

7.64 CAUCHY’'S RESIDUE THEOREM (MDU, DEC. 2008)
If f (2) is analytic in a closed curve C, except at a finite number of poles within C, then
L f(z)dz= 2ni (sum of residues at the poles within C).

Proof. Let C;,C,,C;....,C, be the non-intersecting circles with
centres at &, a,as,...,8, respectively, and radii so small that they lie
entirely within the closed curve C. Then f(2) is analytic in the multiple
connected region lying between the curves C and C;,C,,...,.C,,.

Applying Cauchy’s theorem

. f(2dz= Icl f(2) dz+jcz f(z)dz+jC3 f(z)dz+...+jCn f(2)dz

= 2ni [Res f(a)+Resf(a,)+ Resf(a)+...+Res f(g,)] Proved.

Example 111. Evaluate the following integral using residue theorem
J- 1+2z dz
c Z (2— Z)
where c is the circle |z| = 1.

Solution. The poles of the integrand are given by
putting the denominator equal to zero.

z(2-2)=0o0r z=0, 2 © !
Theintegrand isanalyticon | z| = 1 and all pointsinside
except z= 0, asapoleat z=0isinsidethecircle| z| = 1.
Hence by residue theorem

[ 2(1;_2 5dz=2ni [Resf (0] W

Residue f (0) = Iingz.
z—>

AY

A X
v X

1+z im1+z—£

z(2-2) z»02-z 2

Putting the value of Residue f (0) in (1), we get
f 1+z
Cc

z(2-2

Example 112. Determine the poles of the following function and residue at each pole:
f(2)

Z2dz
(z-1)?(z+2)

dz=2ni (l)ﬂu‘ Ans.
2
= and hence evaluate
(z-D°(z+2

J.C

where ¢: | z| = 3. (R.G.P.V. Bhopal, Il Sem. Dec. 2007)
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72
C(z-D%(z+2)
Poles of f (2) are given by (z-)%(z+2) =0iez=11-2
The pole at z=1 is of second order and the pole at z=—2 is simple.

| o 1 d (z-9°7
Residue of (@) (& 2= 3) = I o N 02 (2% (21 2

2 12
—im3 2 _im (z+2)2z-1z

T 21 dzz42 21 (z42)°

Solution. f(2)

Z+4z  1+4 _ 5
m 2 2 0o
-1 (z2+2) @a+2 9

. oy jim #2724
Residue of f (7) (st z=~2) = lim (z-1%(z+2) ZII—>—2(Z—1)2 (-2-1?

jc—zzdz = 2ni (§+i‘)= oni Ans
(z=-D)°(z+2

4
— Ans
9

_[ ez

C(Z?+2z+2)
where C is the cirlce | 7 | = 3. (U.P., 1l Semester, Dec. 2009)

Solution. Here, we have
A eztdZ
2mi 7C 22 (7 +22+2)

Poles are given by _
z =0 (double pole) 1+
z=-1zi (simple poles)

All the four poles are inside the given circle. X <

B

2ni’ 2 (A +2z+2)

Example 113. Using Residue theorem, evaluate o

» <

. Cmi e d o2 e’
Resdueat z=0is lim = 2" ————
2->0d2z2 2 (Z+2z+2)

) d eZI 2
lim — Z"+2z+2=0
250 dZ2 2 412742 = Z2+2z+1=-1
(P +2z+Qte* - (2z+ 2 2
lim 2 2 DO P
z—-0 (7 +2z+ 2 = Z+1l=4%i
4 )
Residueat z =—1+i

\/
Y

. z+1-i) e’ : 2t
= I|m .5 ( - )e — = I|m . Ze—
2141 7% (z4+1-0) (z+1+i) zo-1+1 77 (z+1+1)
g1+t gLt el

T C14i)? (Clrititi) @-2-3)(2) 4
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2zt

| ——————dz=2ni (Sum of the Residues)
z (z2 +22+2)
1 22t e u+ g1+t . el
2ni ! 2 (A +2z+2) 2 4 4
—t
:t—21 eT(e + e )_t—21+eT(Zcost)
_t-1,e'
= + 5 cost Ans.
| 1 d . . Y
Example 114. Evaluate Cﬁcm Z where C is the circle | z| =
X _ 1 s
Solution. Here, f(2 = Snhz’ ‘ ‘
Poles are given by X X
sinhz=0
= sniz=0
= Z = nri where n is an integer.
Out of these, the poles z = — ri, 0 and =i lie inside the circle |z ]| =
The given function .1 is of the form «2)
sinhz w(2)
_ o(a)
Itspoleat z= T
P V@)
Residue (at z = —mi)
~ cosh(-mi) cosi(mi) cosm -1
. g 11
Residue (at z=0) = cosho " 1
. PN S S
Residue (a 2= i) = =0y = Gosi () cos ()
1 1
= —=—= —1
cost -1
Residue at — i, O, 7i are respectively —1, 1 and —1.
Hence, the required integral = 2ri (-1 + 1 —1) = — 2xi. Ans.

Example 115. Evaluate |

. C is the unit circle about origin.

. 1
Solution. — = =
Z sin

-1
1 z? 7 1 z? 7 2 ¢ Y
= |12 || ==l e
Vi 6 120 v 6 120 | 6 120
1{, 22 z* 7 1 1 22 7 1 1 7 ,
= <(l+—=——+—=—F. | ==ttt . = S+ =-+—2Z"..
2 6 120 36 2 6 120 36 2 6 360
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1
This shows that z=0is apole of order 2 for the function ~onz and the residue at the pole

. . 1
is zero, (coefficient of E)'

Now the pole at z = 0 lies within C.

1 .
j ——dz=2ni (Sum of Residues) = 0 Ans.
zZSin z

Z

€
Example 116. Evaluate J-
ccosmz

» where C is the unit circle |z| = 1. (M.D.U. 2005, 2007,2008)

) eZ YA
Solution. Here f(2) =
cos Tz
eZ
= 2 4
(1_@2) L2 )
2! 4 X'« »X
1,35
It has simple poles at Z=iE,i§,iE, ...... , of which
1
only z:iE lieinside the circle | z | = 1.
. 1. Y'y
Residue of f(2) at Z:E is
-~ | €&
im[ z-3) @) = lim L2 [Formg}
21 2 51 COSTZ 0
2 2
z-- | €+¢e?
= lim By L' Hopital's Rule
1 —msinmz By P ]
e1/2
= __n
1 e—1!2
Similarly, residue of f(2) at z= —Eis -
T
eZ
. By residue theorem Cf) dz=2ri (sum of residues)
ccosnz
2 U2 2 U2
= 2mi _e”_+e =—4i e”—e =—4i sinhl. Ans.
e e 2 2
EXERCISE 7.13
Evaluate the following complex integrals:
1-2z
J.=——=-——=dz, wherecisthecircle | z| = 1.5 (MDU Dec. 2006) Ans. 3ri

2(z-)(z-2

€ . . L
2. I dz, where cisthecircle|z|=2 Ans. —2mi sint
cZ"+1
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o
j dz, where cisthecircle | z—i | = 2. Ans — &
+1) (z 2 9
4. _[ 22 dz , Wherecisthecircle|z—-1|=1. Ans. 3mi
Ane?i
j ) dz, where cisthecircle|z| =2 Ans, 2=
Z_
dz
6. _[ ———— 5 - Wherecisthecircle|z|=15 Ans. 0
S(ZZ+1)(Z-4)
472 —4z7+1 . .
_[ —————— dz, wherecisthecircle|z| =1 Ans. 0
¢ (z-2)(Z+4)
sinz T
. | —d = o
8 fc 5 z, where cisthecircle| z| = Ans. 60
9. Let [%} where both P(z) and Q(z) are complex polynomial of degree two.
If f (0) =f (-1) = 0 and only singularity of f(2) is of order 2 at z= 1 with residue —1, then
find f (2).
_12(z+])
Ans. f (2 =
@= "3
10. 95 SN2 T DM? Gz, where Cisthecircle |7/ =3 (MDU. Dec. 2008) Ans. 4ri(r + 1)
¢ (z-D%(z-2
1-cos2(z-3
11. j 1-c052@-3) 4, where C: - 3= 1 (MDU. Dec. 2004) Ans. 4ri
¢ (z-3

7.65 EVALUATION OF REAL DEFINITE INTEGRALS BY CONTOUR INTEGRATION

A large number of real definite integrals, whose evaluation by usual methods become
sometimes very tedious, can be easily evaluated by using Cauchy’s theorem of residues. For finding
the integrals we take a closed curve C, find the poles of the function f (2) and calculate residues
at those poles only which lie within the curve C.

Jo f(2)dz=2ni (sum of the residues of f (z) at the poles within C)

We call the curve, a contour and the process of integration along a contour is called contour

integration.

7.66 INTEGRATION ROUND UNIT CIRCLE OF THE TYPE

Y

[ f(cose, sne)de

A
sin 6, cos 6 into z.
Consider a circle of unit radius with centre at origin, as contour.
Y

where f (cos 6, sin 0) is arational function of cos 6 and sin 6 X < 9
Convert
8 i0 _ _ )
sno = € _e :i_ z—E , z=rd?=1. 8" =¢"°
2 2 z -
0 _ie Y
e’+e' 1[ 1]
cosf=———=—|Z+—
2 2 z
As we know
z=é% dz= éelde—mdeorde—d—z
iz

The integrand is converted into a function of z

Then apply Cauchy’s residue theorem to evaluate the integral.
Some examples of these are illustrated below.
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Example 117. Evaluate the integral:

2n de
J — (RG.PV,, Bhopal, Il Semester, June 2007)
0 5-3cos6
. 2n de 2n de
Solution. JO m = JO (elTe_leJ
5-3| ———
2
i _ ial®qg _
:J'ZH 2de e'=z=>ie’do=d
0 10-3¢°-3e'? do =%
~ 1 dz _ }j dz 1z
Clo-3,_3 iz i7c10z-37-3 v
4 A
[Cistheunitcircle| z| = 1]
N S f\
i '©32-10z+3 X< ot o> X
__1. J' dz —i J‘ dz 3
i /€ 3z-1(z-3 C(3z-1) (z-3
dz
Let | = - v,
Jc (3z-1 (z-3) Y

Poles of the integrand are given by
(3z-) (z-3)=0 = z=%,3

1
Thereisonly one poleat z= 3 inside the unit circle C.

1
Z_i
Residueat |z=1 | = lim [2-1 f(z):limJ—g’L lim —
3 (%73

130 (23,1 3(z-3
3 3

z25>
3

1 1

Hence, by Cauchy’s Residue Theorem

(1 i
| = 2ri (Sum of the residues within Contour) = 2mi "8 = _n_4|
2n doe =
J' _ 9 _ifzmT Ans.
0 5-3cosH 4 4
2n do .
Example 118. Evaluate jo 27 bsno ifa>|b| (U.P. 11l Semester 2009-2010)
. _ 2n do
Solution. Let 1= [" — s
= J'z’t%de Writingei9=zde=(.j—Z
0 e|9 _ e—l 6 1Z
a+b=—F-——

21
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dz . o
= jc 1 (where C isthe unit circle | z| = 1)
b ( 1) iz
a+t . (z-=
2i z
1 1 2
IC 2iaz+ b’ - b b".22+2?)'2_1
2
= | ——5——dz
IC bZ +2aiz—b
1 2 . 2aiz ]|
== —5——dz 2 —b=b{Z+ -1
> 1. Z—) z-P) [bz" + 28iz—b { b }
2ai
Where oa+p= _ca - 1
_ b
apfp=-1 ) 5
lo|<1then|B|>1 (0—P)" = (o +P)" 40P
i.e; Poleliesat z = a in the unit circle. 4a° 4
. : 2 =——=
=q)= lim (z-0) —5—— b
Resdue(@z=a) = I =9 G20y @-B) R
__2 ___b ___ b a-p=2¥2 "2
o- \/bz_ 2 i\/az— 2 - b -
2r 1J' — <  dz=2mi b ___2r
i —— - - Ans.
0 a+bsme 2%_1 bi\/az—bz \/az_bz
Example 119. Use the complex variable technique to find the value of the integral :
. de
J . (R.G.P.V., Bhopal, III Semester, Dec. 2003)
0 2+coso
. 2n de 2n de 2n 2d9
Solution. Let | =j =.[ —.e_,[ —
0 2+cosh o o €’+e 4+€é°+ e
2
Put €’ =z sothat €°(id@)=dz = izd® =dz = d6=(,j—Z
iz
29
I =J‘ci1 where ¢ denotes the unit circle | z| = 1
4+7+4+—
z
_}J' 2dz
i JeZ2+4z+1

The poles are given by putting the denominator equal to zero.

4+ f16-4 4+
Z?+4z+1=00rz= 5 = 4_22\/5:—21\/5

The pole within the unit circle C is a simple pole at z=—2++/3. Now we caculate the
residue at this pole.

Residue at (z=—-2++/3) =

im 1 (z+2-+/3)2

(203 | (242-/3) (2+2++/3)

i 2 2 1
H<2+J—)|(z+2+\/§) |(—2+J§+2+f3) V3
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Hence by Cauchy’s Residue Theorem, we have

= do . . -
Jz = 2mi (sum of the residues within the contour)
0 2+cos6

_erli:H Ans.

i3 3

Example 120. Using complex variable techniques evaluate the real integral

P2
JZ sin“0 d6
0 5-4cos0

Solution. If we write z= €°
cosG:l z+1 ,sinezi_ z—l , dG:(_j—Z
2 z 21 z

J-zn sin?0 dezljznl—coszede

and so =
0 5—4cosO 270 5-4cos6
1 ¢2rl—cos20—i SN 20 wherec is a cirde of unit
| = Readl part of —_[ de , )
0 5-4cos6 radius with centre = 0
2i0
= Red part of
part o jo 5— 4cose
1-7 dz 1- 72
= Real part of E'[c—l(_J = Real part of jc—zzdz
S_ZZ—'—E) 5z-2 2
2
-1
= Real partof =) Z—dz
2i 27> —57+2
1
Poles are determined by 2z°—5z+2=0 or (2z-1)(z-2) =0 or 2=2, 2
. . . 1
So inside the contour ¢ there is a simple pole at z=§
Residue at the simple pole z—E =lim z—} A
Pep 2) 17 2)2z-)(z-2)
1
-1 11 1
=M 2" 1 .\ 4
e, 2A2-2) 2(—2)
2
1 (22 -1) 1, . .
| = Readl part of — —dz=—_2n| sum of the residues
P 2 'fc 27° -57+2 2i ( )
sin®@ 1
= fo do=nf > |=7 Ans.
—4cos6 4 4

Example 121. Using contour integration, evaluate the real integral

=1+ 2c0s0
J.O do (R.G.P.V., Bhopal, III Semester, Dec. 2004)

5+ 4cos6
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. =1+ 2cos6 Zcose _ 1 .2x1+2c0sO
Solution. Let I =] S
5+ 4cos6 4cose ~ 27° 5+ 4cos6
o 1+ 2€°
=R t f— _—
ed part 0 fo 5+ 4cos0
1+ 2€°
= Real part of jo — 5 es
5+ 2%+ e'?)
d
writing €° =z de:i_zz where C is the unit circle |2 =
1+ 2z dz —-i(l+2z
= Real part of jc 55, - Red patof jc d+22) 4
5+2(z+ )IZ 27° +52+2
z
i(2z+1 i 1
= Real part of —————~—dz =Real patof ——|.——
P JC(22+])(z+2) P ZIC z+2

Poleisgivenby z+2=0i.e z=-2.
Thus there is no pole of f () inside the unit circle C. Hence f (2) is analytic in C.

By Cauchy’s Theorem I f(2) dz = 0if f (2) isanalyticin C.
| = Real part of zero =0

Hence the given integral = 0 Ans.
Example 122. Using complex variables, evaluate the real integral
j —, where p? < 1. (Kerala 2005; MDU Dec. 2008)
1-2psin6+ p
de de
Solution. jo 1-20sind .[ozn 0 _ <0
psin®+ p 1- 2p(e —.e )+p2
2
de
Let | = . .
-I.O 1+Ip(ele _ e—le)+ p2
Writing 2= d°, dz=ie°do=izde, do =22
zi

1 dz _ L
| = — where c is the unit circle |z| =

C14i p(z—1)+ p2 !
z

_ J dz =J- dz =J‘ dz
Czi— pZ +p+ p?zi Jc—pZ+ip’z+d+p Jc(iz+ p)(izp+l)
Poles are given by (iz+ p)(ipz+1) =

= zZ= _P =ip amd z——izl— |ip |<1ard‘
[ pi p p
pi is the only pole inside the unit circle.

PO ct - N Y N S
Residue (z= pi) = l—>P(IZ+ p)(iz p+1) zIL)rE[|(| z p+1):|_i (-p®+1)

>1asp <1
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Hence by Cauchy’s residue theorem
d (1 1 2
Cf“_—62=27c| = > |= nz Ans.
1-2psin6+ p I11-p 1-p
Example 123. Apply calculus of residue to prove that:
2

JZn cos20d0  2rma
0 1-2acosf+a’? 1-a%’
(MDU. May 2007, 2003, R.G.P.V., Bhopal, |1l Semester, June 2003)

(@% <1

2n c0s20d6 2n €0s20d6
Solution. Letl = —_—— = - -
JO 1-2acos6+ &’ J“’ 1-a(°+e) + &
2i6
2n e
= Red part of . — do
P JO (1-a€d®) (1- ae'®)
2
:Realpartofgﬁcz—aQ—Z [Putéesothatd6=(.j—zj|
(1-a2) (1_) iz iz
z
-iz?
= Red part of C_ﬁc m dz [Cistheunitcircle|z]|=1]
—j7?
Poles of m are given by
1l-az) (z—a =0

1
1Thus, z= 3 and z = a are the simple poles. Only z = a lies within the unit circle C as

Theresidue of { (9 a (z=a) = lim (z-8) — 2= fjm —Z___ 1&
eresidueof f () at (z=a) = lim (1-a2) (z-a) zva(l-az) 1-a°

Hence, by Cauchy’s Residue Theorem, we have

cf>c f(2) dz=2ri [Sum of residues within the contour]

(o2 2
. 2
= 2mi {— 'a Jz T8 which is purely real.

1-a° | 1-a
Th | = Red part of § f()dz= 2T
us; - par Y [} - _ 2
2 2
Hence, Jn c0s26 5 = 2na2. Proved.
0 1-2acos6+a” 1-a

2 C0S20

Example 124. Evaluate: IO 5+ 4cosO

d6 by using contour integration.

(RG.PV,, Bhopal, Il Semester, June 2007)
Solution.

2n  C0S2
Let 1 =[" 0

0 5+ 4cos6
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2n c0S20 +i9n 20
= Red part of f et e
0 5+ 4 cos6
do_
o 2i0 .
= Red part of J- ﬁde = ie do=dz
0 5+2(€°+¢€'")
dz dz
= dO =0 =T
2 ie?® iz
z dz . -
= Real part of 95 —_— [Cistheunitcircle|z]|=1]
c 1)iz
5+2(z+)
z
2
Z dz
= Red part of e
P Cﬁc 52427 +2 i
F 2
= Rea part of —dz
P Cﬁc 27 + 5z+2
= Red part of § iz g, v
- P C (2z+1) (z+2) Y
Poles are determined by putting denominator equal to zero.
(2z+) (z+2)=0 = z= —l, -2
2
1
The only simple pole at z= ~3 is inside the contour.
1\ . 1 : 1 —iz?
Residueat |z=-=|=1lm |z+=|f@)=Im |z+=| ————
( 2) - ( 2) ot 2) 224D (2+2)
(-4
. -iz? 2 —i
T SR RET
Z—>—5 (Z+ ) 2(_2+2)
By Cauchy’s Integral Theorem
jc f(2) dz=2ri (Sum of the residues within C)
=i
=2ni| — :E, which isrea
12 6
2n €S2
I m_COS o T Ans.
0 5+4cos6 6
Example 125. Evaluate contour integration of the real integral
an Cc0s30
JO ———d6. (U.P, Il Sem., 2009, R.G.P.V., Bhopal, IlI Semester, Dec. 2007)
S—4cos (MDU, Dec. 2010)
. cos30 an g¥o
Solution. ["—""""_d@ = Real part of J. —
5-4cos0 0 5-4cos6
e3i9 dz

2n
= Real part of JO

)de On writing z= €° ard d6=—
1Z

5- 2+ e'® i
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3

d
= Real part of J-Cz—l_z C is the unit circle.
5—2(z+) 12
z

1 z 1 z

= Redl part of | —————dz = Red part of —=|——dz
P ch52—222—2 P |f222—52+2

. z

= Real part of |jmdz

1
Poles are given by (2z-1)(z-2)=0i.e Z=§, z=2

1. - .
Z:E is the only pole inside the unit circle.

A
L i[z-1)7
Residue | atz== |=lim
2) .1 (2z2-9(z-2)
2 X o) X
3 il _ 3
= lim—e -8 1
1 —
HEZ(Z 2 2(;_2 24 y
2 C0S30 . T
——— d6 = Red part of 2ni| ~— | — Ans.
o 5 acoss P ( 24) 12
. . [~ cos30
Question. Evaluate ° jo = (U.P. 11l Semester, Dec. 2008, 2006)

Example 126. Use the residue theorem to show that
2n de 2na

0 (a+bcose)2:(a2_b2)3/2 where a>0, b>0,a> b

(RG.PV, Bhopal, Il Semester, June 2004)

2 d 2 d
Solution. On 0 =.[0n ‘9 —
(a+bcosh ( e'°+e"e)
atb—
2
Put €°=z sothat €°(ide)=cz = izde:dz:dezc_j—z
iz
1 d . -
= fc —Z—Z where c is the unit circle |7] = 1.
b 1 1Z
{a+(z+)}
2 z
1 dz —4iz dz
J—Z_:'[ 2 2
°(_ bz bYiz “°of bz bY (22
a+—+— a+—+—
2 2z 2 2z
_ —4izdz _—_4|j zz
S 02 +2az+ B2 b2 ° 2
( H 22+2§Z+1]

The poles are given by putting the denominator equal to zero.
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. > 2a 3
e, z +Fz+1 =0
AY
= (z-0)*(z-p)*=0
_§+ £_4 /\
b b2 —a++va?-b? X'« o— o> x
where o= = o & B
2 b
_2a_ |4,
_ b b2 _—a—\/az—bz vY
- 2 B b

There are two poles, at z= o and a z = f3, each of order 2.
Since |oB |=2 or |a||B|=1if |ou|<1 then |B]|>1.
There is only one pole [| a | < 1] of order 2 within the unit circle c.

. —4i
Residue (at the double pole z:oc):nmdiz(z—oc)2 y ( );Z() 7
-0 7Z— 0L 7Z—

. d —4iz

m— ————

o dz b?(z-B)?

A (z-B)*.1-2(z-B)z _ - 4i im Z7B-2z_-4 . - (z+P)

b* emo (z-P)* b? o (z-B)° b 2o (z-P)°
—2a
_4i (a+p) 4 a+0 4i b
B (@-p)° P S 2 E
o s —tasr P |- g
—8ai ai
(4a% — 4b%)2 (a®*—b%)2
2n de . —ai 2na
Hence, = 2mi X = Proved.
° (a+bcose)® @°-p*)¥?  (a®-b?)¥?
Example 127. Evaluate by Contour integration:
fozn €“® cos (sin— rp) do .
Solution. Let | = joznec"se[cos(sine— ) +i sin(sin® —no)] do
_ J-02n 086  5n6-n6) 4o _ JOZE FOs+isn6  nio 4
_ J-Ozneeie LTS e

Put €° = z so that d0 = ?—ZZ then,

z
I:J'ez-i-(.j—zz—i € _dz
C Zn iz Czn+l
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Poleisat z= 0 of order (n + 1).
It lies inside the unit circle.
Residue of f(2) at z=0'is

_ 1 d" | na —ie _—ifd" i -
B (n+1—1)!{@{z Zn+l}:|z—0_ n![dzn (e )L - n!(e )z:O_ n!

By Cauchy’s Residue theorem,

| = 2ni (‘—') iy
n! n!

Comparing real part of Jjn e [cos(sin®— n6) +i sin (sin®-n0)] d6 = % ,

we have
jozn €% cos(sh 6 — rp) d = % Ans.

EXERCISE 7.14
Evaluate the following integrals:

2n in2 2
j S0 4q (R.G.P.V.,, Bhopal, Il Semester, June 2008) Ans. —{a—va -b%, a>b>0
0 a+bcosh b?
2 (1+ 2cos)" cosnd 2n n 2 do 2n
——————db —(B-+5)",n>0 . . =
J.O 3+ 2cosO Ans JE( V5) 3 JO 2+cosh Ans J3
2n 4 8r n de T
S = T’ o o9 T
4 Jo 5 asne ANS g > bi7Taems A" 1
2
_[ RL. where a > |b|. Hence or otherwise evaluate J "__de . Ans. T__n
0 a+ bcos 0 /2 -coso 22 _ b2

w Ti(X
7.67 EVALUATION OF j REC) dx where fi(x) and f,(x) are polynomias in x.

= f5(x)

Such integrals can be reducetzj to contour integrals, if

(i) f2(X) hasno rea roots. Ay

(i) the degree of f,(X) is greater than that of f,(X) by at least two. |

Procedure: Let f(x)=M i

f2(X) !

Consider [ f(2)dz X'<+—§x 5 > X
where C is a curve, consisting of the upper half C, of the circle | z| = R, and part of the rea axis
from-Rto R

If there are no poles of f (2) on the rea axis, the circle | z| = R which is arbitrary can be
taken such that there is no singularity on its circumference C in the upper half of the plane, but
possibly some poles inside the contour C specified above.

Using Cauchy’s theorem of residues, we have

. f (2) dz=2rix (sum of the residues of f (2) at the poles within C)

Cr

R
i.e. I < f(X) dx+ICRf(z) dz=2ni(sum of residues within C)

R
- J' f(x) dx:—j f(2) dz+2ri (sum of residues within C)
-R CR



Functions of a Complex Variable

R
lim f (x) dx=— lim J. f(2) dz+2ri (sum of residues within C)
R—e JCR .

Row J-R - (1)
- [T i9 i0
Now, lim [ £(2) dz_j; f (Re”) Re’dd
=0 when R —
(1) reduces | f(X)dx=2mi (sum of residues within C)
= COS MX

Example 128. Evaluate J-O de. (R.G.P.V., Bhopal, Ill Semester, Dec. 2006)
Solution. [’ M dx

X2 +1

Consider the integral .. f (2)dz, where

eimz
f(2)= :

Z2+1
| z| = Rand the real axis from —Rto R.

taken round the closed contour ¢ consisting of the upper half of alarge circle

Poles of f (2) are given by

Z2+1 =0iezZ2=-1liez=#i
The only pole which lies within the contour isat z = i.
Theresidue of f(2) at z = i

. (z-i)em
= Ilim > =lim - =
P2 (Z +]_) =i Z+ | 2i

Hence by Cauchy’s residue theorem, we have

j f(2) dz=2rix sum of the residues

—m

e
= jc . dz 21r|><? = fRz dx ne™
Equating rea parts, we have
foc CczszdX: e = fx (DzszdX: e Ans.
-0 X“+1 o xX“+1 2
o  XSINTX
Example 129. Evaluare | ———— dx (U.P. 11l Semester 2009-2010)
T X +2Xx+5
. o  XSINTX
Solution. Here, we have_[ z—dx
X" +2Xx+5
. zsinm z
Let us consider f z—ndz
¢z +2z+5

The pole can be determined by putting the denominator equal to zero.

-2++4-20

7> +22+5=0 = z=+ = z=-1%2i
Out of two poles, only z= -1 + 2i isinside the contour.
Residueat z= —1+2i
zsinm z zsinm z

= lim (z+1-2)) ———= Im (z+1-2)) , -
z—5-1+2i 22 42745 zo-1+2 (z+1-2i) (z+1+ 2i)




Functions of a Complex Variable

_ im zsinmz _ (-1+2)sinz (-1+ 4) YA
Czs-142i (Z+1+20) 0 (F1+2+1+2)
_(~1+ 2) sinm (-1+ 2) Ly o
- 4i .
-0 < >
R zsinmwz -R 10 R
—————dz = 2xi (Residue
J._R 22 +2z+5 ( ) (,163 2i)
1+ 2)sinm (-1+ 2
P L) L ) B O L
4i 2
I TP R . sin(—-n+0) =—sin(n - 6)
= 2(2| D (- sin 2mi) [ — _sinG
= %(1—2')sin2ni=g(1—2i)isinh2n
= g(i +2)sinh2n (Taking real parts)
Hence '[w M =mn sinh 2n Ans,
T X" +2x+5
o X2 dx
Example 130. Evaluate | ——————. (MDU, Dec. 2006)
(X*+D)(x*+4)
Solution. We consider | Zz—dz—j f(2)dz
' CZ+)(Z2+4 ¢

where C is the contour consisting of the semi-circle C, of radius R together with the part of the
real axis from—-Rto + R.
The integral has simple poles at
zZ=+4i,z==42i

of whichz=1i, 2i only lieinside C. 5

. N e z ‘ .
Theresidue (atz = i) = |ZILT1i(Z i) ) (21 a) ~ R §) R
cim— 2 oL -l
z—>i(z+i)(22+4) 2i(—1+4) 6i
. o = (o 2
Theresidue (&t 2 =2) = I Z=2)- o 2y _2)
z B (2)? 1

lim > — = . =
z-2i (27 +1) (z+ 2) -4+ 2 +3) 3i
By theorem of residue;

[ f(2)dz=2mi[Resf (i) + Resf (2)] = 2n (‘glﬁé)%

e [ f0odx+ | f@dz=2 (D)

Hence by making R — oo, relation (1) becomes
“ i =X
[~ f09dx+ lim JcR f(2) dz=7

Now R—eo, [ f(2) &z vanishes,



Functions of a Complex Variable

For any point on C_ as |z] — <, f(2)=0

. _ oo _T[
|z"|£l ., f@dz=0, [Tt dx=73
2
- o
= Fm—— X 5 =z Ans.
x*+)(x°+4 3

Example 131. Using the complex variable techniques, evaluate the integral

|~ = : dx (AMIETE, June 2010, U.P. Ill Semester, Dec. 2006)
X+
. “ 1
Solution. J i dx
X+
1

Consider jcf(z)dz, where f (2) =

241
taken around the closed contour consisting of real axis and upper half C_,i.e. |z| =R
Poles of f(2) are given by
Z*+1=0ie Z* =-1= (cosn+isinn)
=X z* = [cos(2 n+ 1) m+isin (2n+ )]

1
=[cos(2n+ D) t+isin (2n+1) ] 7‘ =|:cos(2n+ J)— +isn(2n+1)— ]

= =|cos= + isn —e4
Ifno,zl(4|4(\/_ )

3t .. 3n 4
n:]., 22: CoOS— + 13N— | = ——+|_ :e
4 4 2 2
= Z3= cos@+isin5—7E = _i_ii
= s 4 4 2 2
n=3 = cosY—+|sn7—n = i—ii
R 4 4 J2 2

There are four poles, but only two poles at z, and z, lie within the contour.

) 1
. In —_— 1 1 1
R&"d[t] Tn|  lam] s
dz in z=e 4( |4]

—Ee_lj E[CCB%—ISFI?,—TC] E _i_ii
4 4 4 41 J2 2
3in
Residue [ atz=e* |= 1 = 13 = 1 5= 1%
d (Z4+1) 4 [4Z],-3" i3 s
dz seed 4 4|et 4e



Functions of a Complex Variable

1 —igf 1 Or .. 9n 1
=—e =Z]cos— —isn — |==
4 4 4 4 4

jc f (2)dz=2mi (sum of residues at poles within c)

[* f@dz+ [ t(2dz=2ni (sum of the resicues)

1

5

1
V2

R 1 .
[ == dx+ [ ——dz=2mi (sum of the residues)
R x*+1 Cr Z"+1
1
Now, z|< dz
jCR Z*+1 ‘ J.CR |z"’+1|| |
<[. —>—|dzl [Since z=Reé",|ct|= |Re® id6|=Ri6]
R (12°]-1)
n 1 R n
< i RdO < |, de
R /R .
< 415 . i which — 0
R"-1 1-1/R
as R — oo,
R 1 . . -
Hence, j +— dXx=2mi (Sum of the residues within contour)
Rx*+1
As R—o e
Hence, J‘w 7 1dx=2ni (Sum of the residues within contour) - (D
Xt
J'°° 1 dx =27xi 1 _i_ii +1 i_ii
- X1 4| V2 J2) 4lV2 2
LY U SO S .1 PR B
2\ 'R R R T2
Hence, the given integra = — Ans.
g €g NG
Example 132. Using conéplex variable techniques, evaluate the real integral
00 X AY
— MDU May, 2006
Jo 1+ x8 ( Y, )
1
Solution. Let f(2)= 5
1+ 2z
1
Wi id dz X' X
e consider J01+26 X X

-R

where C is the contour consisting of the semi-circle C_ of radius R together with the part of

real axisfrom—-Rto R
Polesaregivenby 1+ 2 =0

2 =—1=cosn+idn m = cos@nm+ ) + isin(2nm+ )

— e(2n+1)rti

2n+1 .
i 2nm+T
= | cos +i sn

e 6

2nn+n]
Z=

wheren=0,1,2, 3,4,5



Functions of a Complex Variable

i

If n=0, z=eb =cos= +|snE=—3+—
6 6 2 2
i W
If n=1, z=e? = oos— isin—=i
2 2
51t .
If n=2 z= 66 —cos2+ign " = £+'—
6 6 2 2
71[ .
If n=3, z=e® —cos7—+|sn7—n=—\/§—l—
6 6 2 2
37[
If n=4, z=e? =coss—+|sn%=—i
2 2
If n=>5, z=e" =coslh+|snﬁ=£—'—
6 6 2 2

.n .n 51:

Only first three poles i.e., e6,e2,e6 aeinside the contour.

I -i5n
Residue [a’[z=e6 J= Iim“;= |in1i5=ie 6
7566 —(1+ ZG) z>eb 62 6
dz
in —i5n
Residue atz=e? |= I|m . lim i:le
d 62> 6
z—>e2 (1+Z ) z5e?2
i5m —-i25n
Residue [atz:e6 J: lim _t . lim i:le 6
ist d @625 6
z5e6 (1+Z ) z—>eb

-5in _i5m _i25n
Sum of the residues = %{e 6 te 2 4e 6 ]:%(—g—'—z+0—|+§——}—( 2|)_—

d . . i 27

—— =27 (Residue) = 2mi | —— [=—

= Jog, s =2m (Residue) ( 3) 3
w dX 2n b

= = = ——=—Ans
J“’°1+ x® 3 Jo 1+x® 3

Example 133. Using complex variables, evaluate the real integral
Jw cos3x dx
o (X*+D (X +4)

e3iz

Solution. Let f(2)= Z+1)(Z+4)
Poles are given by
(Z2+1) (2> +4 =0
ie., Z2+1=0o0r z=%i
ZZ+4=00r z=+2i
Let C be a closed contour consisting of the upper half C_ of alarge circle | z| = R and the
real axis from—Rto+ R Thepolesat z = i and z = 2i lie within the contour.
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- o (Z— I) e3iz e 3iz _i
Residue (at z=1) = lim (Z+)(Z2+4) i (z+)(Z+4) 6
(Z—Zi) e3iz ) e3iz e—6

Residue (@ 2=2) = I 20y (2+a) L0241 (z+2) 13

By theorem of Residue Jc f(2)dz=2ni [Sum of Residues]

JR e3iz (t +J_ e3iz dZ _ an e_3 N —6

R(Z2+D)(Z+4) ‘% (Z+D)(Z+9 6 -12
.[ e3izdZ
SR(Z+1)(Z+4)

=0 asz= Ré® anl R— o

R e3|x e—3 e—G
J. #dx=ﬂ: —_—
R(XT+D (X" +4) 3 6

[ COSIXBK L Ero e ok
0 (X% +1)(x*+ 4) P 27 (% +1) (X% + 4)
n(e® e
= Red part of —| ———
kb 2( 3 6 )
-3 6
ivenintegral = | & €
Hence, given integral = 2[ 3 6:| Ans.
= dx
Example 134, Evaluate: | —— (MDU. Dec. 2009)
0 (a“+x9)
1
] i f(2)d f(2)=———-=
Sol. Consider the integral JC (2)dz where f(2) (a2+22)2
Poles of f(z) are given by putting denominator equal to zero.
@+2?=0 = a*+2=0 = z=zxa eachrepeated twice

Sine there is no pole on the real axis, therefore we may take the contour C consisting of
the semicirle C_, which is the upper half of alarge circle |z = R, and the real axis from - Rto R
Here by Cauchy’s residues theorem we have

9SC f(2)dz= fR £ (x) dx+ LR f(2)dz=2ri (sum of residues)

R 1 dz .
or dx+ =27 (sum of residues - (2
J—R(a2 +x%)? JcR (@%+ 2)? ( ) @
The only pole within the contour C is z = ai, and is of order 2. y
Here f(2) = - 21 == (D(Z? > c
(z—d)(z+ai)c (z—4d) R
, 2 ai
where 2)= = ==
¥2) (z+4d)? ¥ (z+4d)? >
va) 2 A A

. Residue at the double pole (z = ai) = T (2ai)3__E

and

i |dz| |dz] ©  Rd9
dZ < < =
JcR(a2+z2)2 Z{<JCR|a2+z2|2 J‘cR(|z|2—a?)2 Jo (R*-&)?
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R _
= % — 0 and R — o sincez= Re®
(RT-a)
Hance when R — oo, relation (1) becomes
= 1 . . i T
———— dx=2ni (residug@=2ni| — |=—
I (@ +x*)? (residuo (4a3) 287

il 1
- J. ﬁ dX= L3 AnS.
0 (a“+ x°) 4a
Example 135. Using complex variable techniques, evaluate the real integral
J = COs 2X
0 (x2+9)%(x? +16)
Solution. Consider the integral jc f(2)dz, O Cr

e2iz
(Z2+9%(Z2+16)
taken around the closed contour C consisting of the upper half of a large circle | z| = R and the
real axis from—Rto R. °

Poles of f (2) are given by
(22 +9)%(2*+16)=0
ie (z+3i)?(z-3i)%(z+4i)(z- 4i) =0
i.e. z=3i,-3,4i, -4

The poles which lie within the contour are z = 3i of the second order and z=4 i simple pole.
Residue of f (2) at z= 3

1| d 2 e2iZ d e2i2
—|==1(z-3i) . . =V o
1![dz{ (z—3|)2(z+3|)2(z2+16)sz3, [dz{(z+3l)2(22+16)HZz3i

_ |:(Z+3i)2(22 +16)2ie?? — 7[2(z+ 3i)(Z% +16) + 2 Az + 3i)2]}
z=3i

where f(2)

(z+3i)* (2% +16)*
_ [ (z+3i) (2% +16) 2ie® — E7[2(2° +16) + 242+ 3i)]
(z+3i)3(z* +16)? i
_ 6ix7x2Ae’—e*(2x7+6ix6) _e°[-84+23i_e°(-62i i3k
- (6)*(7)? 216x 49 216x 49  108x 49
e2iz
Residue of f (2) at (z=4i) = lim (z-4i)—; > - -
24 (z2+9)°(z—4)(z+4)
~ e® _e?  je®
(-16+9)%(4i+4) 49xd 392
i3e° je®
Sum of the residues = — —
M oL e TeSdUeS = = 0ex 49 392

Hence by Cauchy’s Residue Theorem, we have
[ f(2)dz=2mixSum of the residues within C

e [ fedx+[ f(@dz=2ri x sum of residues
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R eZix e2iz
or dx+| ——————dz=2nix Sum of residues -2
LR(x2+9)2(x2+16) JCR (2 +9°(Z +16) @)
Now let R — o0, so as to show that the second integral in above relation vanishes. For any
pointon C_, as |z| — oo

1 e2|Z
Let F(2=— >
z 1+3 1+E
z° va
e2iz 4
Ilsz 0 or —————F——0z =0asz—> »
Iz} @)= ICR (22 +9)%(Z +16)

Hence by making R — oo, relation (1) becomes

[ & o D3k e | 2ni3le” e
- (x> +9)*(x* +16) 108x 49 392 196, 27 2

Equating real parts, we have

Im cos2xax ~ _ m(3%e° e°
= (C+9%(C+16) 98 27 2
6 58 - [ _o(”
[ Cos2X dx:i(:;le L€ J 2 feodx=2 [ f (xdx Ans
(x*+9)°(x" +16) 196\ 27 2 If f(X)isevenfunction.

EXERCISE 7.15
Evaluate the following :

oo o 1
1 dx Ans. = 2. J —— dx Ans. =
0 1+x? 2 - (X“+1) 2
w x®sin x L 2.a
X Ans. ———-|a"e e
fo (X% +a2) (X% + b?) 2(a® - bz)[ ]
—b —a
o COSX T e€° e
dx, a>b>0 Ans. —_———
J.ﬂ(x2+a2)(x2+b2) az—bz[ b a )
asX e’
5. Show that I dx="
+a 2a
6. Show that jm dx=- =~ (a-2) a®* a>0
+a%) 4
Evaluate the foIIowmg :
7 | _SNMX_ e m>0,a>0 Ans. —(2 e ma)
- x(x +a )
X’ n xsin ax n L an?
|7 ——dx (MDU, 2008, 2005) Ans. = 9. [ Zi——dx  Ans —e Y2 V2
o x°+1 2 0 x"+a 2a
o 6 . 2, Gn yv2 _
I 4x42 « ns. 3n\/§,a>0 11.J-cosx +52mx 1dx
0 (a"+Xx") 16a 0 X
1 2
- cosmXx T .1 n) ;™3 = log(1+x7)
——————dx —=sinZ|m+=|e? ——“dx
_[O ] Ans. NE i 2( 3) 13. jo T Ans. ntlog 2



