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SYLLABUS

UNIVERSITY OF MADRAS
ALLIED MATHEMATICS-I

UNIT -1
Algebra and Numerical Methods
Algebra:

Summation of series — Simple problems.

Numerical Methods:

Operators E, A, V, difference tables, Newton-Raphson Method — Newton's forward and
backward interpolation formulae for equal intervals — Lagrange's interpolation formula.

UNIT -11
Matrices

Symmetric, Skew-symmetric, Orthogonal Hermitian skew-Hermitian and Unitary matrices
— Eigen values and Eigen vectors — Cayley-Hamilton theorem (without proof) — verification —
computation of inverse of matrix using Cayley-Hamilton theorem.

UNIT - III
Theory of Equations

Polynomial equations with real coefficients, irrational roots, complex roots, symmetric
functions of roots, transformation of equation by increasing or decreasing roots by a constant,
reciprocal equation Newton's method to find a root approximately - Simple problems.

UNIT -1V
Trigonometry

Expansions of sinnf and cosnf in a series of powers of sinf and cos — Expansions of sin"0,
cos"0, tan"0 in a series of sines and cosines, tangents of multiples of '0' — Expansions of sinf, cosf
and tanf in a series of power of '0' — Hyperbolic and inverse hyperbolic functions — Logarithmic of
complex numbers.

UNIT -V
Differential calculus

Successive differentiation — n™ derivatives — Leibnitz theorem (without proof) and
applications — Jacobians, Curvature and radius of curvature in Cartesian co-ordinates — maxima
and minima of functions of two variables — Lagrange's multiplier simple problems.



UNIT-1

Exponential and Logarithmic Series

B 1. In the following chapter we are about to obtain an expansion in powers of x
for the expression a*, where both a and x are real, and also to obtain an expansion
for log, (1 + x), where x is real and less than unity, and e stands for a quantity to be
defined.

W 2. 7o find the value of the quantity (1 +%) , when n becomes infinitely great and

is real.

Since %< 1, we have, by the Binomial Theorem,

1\ 1 na=D1 nr-DmH-2)1
J) [ - —
(1+n) b 2 123

1\(,_2 Li-2)(-3
llfz,ll+(1—,,)L3(1—n)+(1‘n)(1‘gn)(l‘n)+,.. ()

This series is true for all values of n, however great. Make then n infinite and the
right-hand side

=1+1+

=1+ka+l~wk+madm£ (2

2 3 14

L. .. . 1) . .
Hence the limiting value, when 7 is infinite, of (1 +—) is the sum of the series.
n

1.1 1 .

1+14+ =+ +— ... ad inf.

PR ad in

The sum of this series is always denoted by the quantity e.
Hence we have

Lt

n=co

n
1+%) =e,

where Lt stands for “the limit when n = ».”

n=oo



Cor. By putting » :%, it follows (since m is zero when # is infinity) that

Lt A+m)V" = Lt (1+l) —e.
m=0 n=oco n

For since

we have

e<1+1+1+L+L ..ad inf.
2 22 2

<1+L

1
=3

<l+2ie <3.
Also clearly e > 2.

Hence it lies between 2 and 3.
By taking a sufficient number of terms in the series, it can be shown that

e =2.7182818285...
W 4. The quantity e is incommensurable.

For, if possible, suppose it to be equal to a fraction £, where p and ¢ are whole
numbers.

We have then

—1+1+1+1+ 4L

I_ (1)
Multiply this equation by |g , so that all the terms of the series (1) become integers

q
except those commencing with ﬁ Hence we have

pl‘I__l:Whole number+|q|% + |£ + |£

|q+2 |q+3

. . o1 1 1
i.e. an integer = + G+Dq+2) + G (g +2)(g+3) +... .(2)




But the right-hand side of this equation is > %, and
q

R B
9+l (g+1)* (g+1)

+...,

Le. g+1" g+1)

ie. ‘
q

Hence the right-hand side of (2) lies between and l, and therefore a fraction

and so cannot be equal to the left-hand side.

Hence our supposition that e was commensurable is incorrect and it therefore must
be incommensurable.

B 5. Exponential Series: When x is real, to prove that

2 .3
x° . x .
e* =l+x+7—+"—+..ad inf.,

2 B
and that
x° 2
a* =1+xlog,a+—(log,a)” +...ad inf "

2

When 7 is greater than unity, we have

s =2

=1+nxl+ nx(nmx—1 1  mx(ax—Dx—-2) 1
n 12 n2 123 n3

=l+x+ 2 + 2.3 +....

In this expression make » infinitely great. The left-hand becomes, as in Art. 2, e*.

The right-hand becomes

3 3

1+x+xE+xE+...
Hence we have
e =1+x+£+£+... ad inf. (1)
2 B3

Let a = e, so that ¢ = log, a.



2.2 3.3

a*=e” =l+cx+ CI_; +%+... ad inf.
by substituting cx for x in the series (1).
a* =1+xlog a+X—2(log a)’ +ﬁ(log a)’ +... ad inf. ..(2)
e Iz e B e

B 6. It can be shown (as in C. Smith’s Algebra, Art. 278) that the series (1), and
therefore (2), of the last article is convergent for all real values of x.

1 1 1
m 7. ExampLE 1. Prove that —( )— 1+—=+—+... ad inf.
2 BYE 4

By equation (1) of Art. 5 we have, by putting x in succession equal to 1 and -1,

1 1 1 1
=l4+—4+—4+—+—+ 1
e I_l |2 Ié Iﬂ woad ll’lf.
671—1_l+i_l+i_ .
and = L2 B 14 ad inf.

Hence, by subtraction,

1 1

-1

e—e =2|1+—+—+..

[ 1315 )
1 1 1

ie. —|le——|=1+—+—+... ad inf.
o) M /

I ExamrLe 2. Find the sum of the series

1+2 14+2+3 1+2+3+4

+|2+ B + 4 + ... ad inf.

1
1+2+43+..4n —nlm+1)
The nth term T - 2

" [n

Lntl 1 =D+2) 1 1 2
T 2ln-1 2| |n-1 2| ln=2 |n-1]

provided that n > 2.
Similarly,




1
- —|=+=]
the 3rd term = 2[1 2}

l 1 + g
Also the 2nd term = 2 |_1 .
and the 1st term = AR
Hence, by addition, the whole series
= l 1+l+l+l+...adinf.
20 L2 3

+l.2[1+l+l+l+... adinf}

2 p2 3
1 3e
= —ete=—.
2 2

B 8. Logarithmic Series: 70 prove that, when y is real and numerically < 1, then
log (1+y)=y—ly2 +ly3 —ly4 +...ad inf.
¢ 2 3 4
In the equation (2) of Art. 5, put
a=1+y,
and we have

2
(1 +y)y= 1+xloge(1+y)+xE{loge(l+y)}2+... (1)

But, since y is real and numerically < unity, we have

x(x=1) 5, x(x-Dkx=2) ,
2 VT 123 T @)

The series on the right-hand side of (1) and (2) are equal to one another and both
convergent, when y is numerically < 1. Also it could be shown that the series on the
right-hand side of (2) is convergent when it is arranged in powers of x. Hence we
may equate like powers of x.

(I +yy=1l+xy+

Thus we have

loge(1+y)=y—

1, 15 1 .
ie. log (1+y)=y —Eyz +§y3 —Zy“ + ad inf. -.(3)



B 9. If y =1, the series (3) of the previous article is equal to

1- 1 + 1.1 + d inf,
sty 4 adin
which is known to be convergent.
If y = -1, it equals —1 _%_l_% ... ad inf. which is known to be divergent.

In addition therefore to being true for all values of y between —1 and +1, it is true
for the value y = 1; it is not however true for the value y = 1.

B 10. Calculation of logarithms to base e.
In the logarithmic series, if we put y =1, we have

10g62:1_1+l_l+ ... ad inf. (1)
2 3 4
If —i
we put Y 2’
we have
log,3—log, 2=1lo E—lo (1+l)
ge ge gez e >
111 11 11,
T2 22 T3 ~(2)
1
If we put y=7-
3
we have

| 1 11 11 11
log,4—log,3 10ge(1+ 3) 3723 +3 el +... ..(3)
From these equations we could, by taking a sufficient number of terms, calculate
log, 2, log, 3 and log, 4.
It would be found that a large number of terms would have to be taken to give the
values of these logarithms to the required degree of accuracy. We shall therefore obtain
more convenient series.

B 11. By Art. 8 we have

1 5, 1 5 1 4
log, (1+ =y =y ==y +..
g (l+y)y=—or +30° =7y (1)
and, by changing the sign of y,
1 o 1 5 1 4
log,(1-y)=—y——=y"—=y ——»" +...
g (1-y)=-y SV Y =Y (2

In order that both these series may be true y must be numerically less than unity.



By subtraction, we have

1+ 1 1
log, (1+y)—loge (1—y):loge—y :Z[y —i——y3 +—y5 +} ..3)
-y 3 5
L _m-n
ot YT m+n

where m and n are positive integers and m > n, so that

1+y_ﬂ
-y n

The equation (3) becomes

m m-—n 1({m-—n 3 1({m-—n >
log,—=2 +— +— +... (4
n m+n 3\m+n S\m+n

Put m =2, n=11in (4) and we get log, 2.

Put m =3, n = 2 and we get log, 3 - log, 2, and therefore log, 3.

By proceeding in this way we get the value of the logarithm of any number to
base e.

B 12. Logarithms to base 10. The logarithms of the previous article, to base e, are
called Napierian or natural logarithms.

We can convert these logarithms into logarithms to base 10.
For, by Art. 147 (Part 1.), we have, if N be any number,
log, N = log,, N x log, 10.

1
- log,y N =1log, N x M'

Now, log, 10 can be found as in the last article and then is found to be

log,10
0.4342944819...,
Hence, log,, N =log, N x0.43429448...,

so that the logarithm of any number to base 10 is found by multiplying its logarithm
to base e by the quantity 0.43429448... This quantity is called the Modulus.

EXAMPLES |

Prove that

1. %(e+e‘1):l+i+i+

1
274" l6

1 1 1 1 1 1 _
2. (1+H+Q+B+...)(l— +———=+..|=1.

+...



w

10.

11.

12.

13.

14.

15.

16.

17.

18.

(1+ ! +— ! +l+...)2 —1+(1+l+l+ )2
214 6 B 15

2.3 4 e 2.4 .6 -1

o el S S Zt+—+=+..=e .
1+|§+|§+|Z+ 5 5 ERIGAE e
1 1,1
276 _emt T

l l €+l. Iz E E Le=0e
1+B+I§+m
Find the sum of the series
1—%+%—l+ . ad inf,

1 11 11 1 .
5—5'22 +§'2—3—Z' 2 ad inf.
Prove that
a—b  1{a—b) 1(a—b)3 B B

P +2( P ) +3 P +..=log,a=-log,b.

I+x _ ( 13,1 )
1 A =2 +3 +5x +...ad inf.
1ogex—“=2(l+L+L+ admf) ifx>1.

x—1 x 3% 50

2 3 4
2)_ 4. Sx"  9x” 17x 127+,

log, (1+3x+2x?) =3x St (D" = .

provided that 2x be not > 1.

2log,x —log,(x+ 1) -log,(x-1)= x_2+§+§+m’ ifx>1.
1 1 1 .
log,2 = 12 3 + 6 .. ad inf.
1_ 1 1 1 .
g 2= =123 %345 567w adinf
cos(e——)
‘[an9+ltan3 9+ltan5 9+...:llog 4 , ifo<Z
3 5 2 ( )
cos|0+-—

If 0 be > % and < 7, prove that

(I)sin 9+%sin3 9+%sin5 O+......adinf.

ol eor® s Leor @4 Loors ]
2[cot2+3cot 2+Scot 2+ .ad inf.
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NUMERICAL METHODS

Iy, ¥, ¥y --r ¥, denotes a set of values of any function y=f(x) for x=x, x, X,, ... X, the
different values of the independent variable x is called the arguments and their corresponding
y values are called the entries.

Forward Differences:

Yi=Yo Y27 Y1» Y3~ Y25 -oees ¥ ~ Y1 are called the first differences of the function y. The
first differences of y_values are denoted by

Ayn = yn+1 _yn) n= 071725---

Here A acts as an operator called forward difference operator.
LAY =Y Yo AYIE Yo TV AY, Y3~ Yosee AV, = Y00 7Y

The second differences are,

Az}'o = A(AYO) = A(Yl _YO) = Ay, - Ay, = (Y2 _Y1)_(Y1 _YO)
Ay, =y, =2y, +Y,

Similarly A’y, =y, -2y, +y, and so on.
In general A"y, = A"y, ,, — A"y, defines n" difference where k and n are integers.

Here each difference proves to be combination of y values. For eg,

ASYO = AzYl - AzYo = (AY2 - Ay, ) - (AY1 - AYO)

- [(Y3_Yz)_(y2 _yl)]_[(Y2 - —YO)]

=Yy; =3y, +3y,-Y,

AnyO = yn - nClynfl + nCZYn—Z - nC3yn73 +..+ (_l)n yo
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The differences are called forward differences and these differences are usually represented
as

X y Ay Ny Ny Ay

X0 Yo

Ay,
0 2
X Y, A yO 3
Ayl A2 A yO .
X, Y, Y, A%y,
Ay2 A3y1
X5 Y3 A2y2
Ay3
X, Y4

The difference operator A may also be defined as Af(x)=f(x+h)—f(x)where h is the
interval of spacing.

Backward Differences:

Ify,y, ..y, denote a set of values of any function y=f(x) then y -y, y,=¥» Y5V,
vy, are the differences. Here we use another operator called the backward difference operator
V and is defined by

Vy,=y,-y, forn=0,12,.
VYo =Yo =Y,

VY=Y =Y
Vy,=y,—y, andsoon
The second backward differences is szn = V(Vyn)
=V (¥ =Yaa)
=VY, = V¥,
= (Yo = Yort) = (Yo = Vi)
=Y = 2Y0 1Y
Similarly VY, =¥, =3Y,+3Y,5 =Y. 3 and so on.

The backward difference can also be defined in the following way, where h being the length
of the interval.

Vf(x) = f(x) - f(x - h) where h is the length of the interval.
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The backward difference table is,

X y Vy V¥ Vi Vi
X y
0 0 Vyl
X, Y, V2y2
Vy V3y3
2y v
X, Y, Y3 Y,
Vy3 V3y
X3 y3 V2y4 4
Vy4
X, Y,

Shifting Operators E and E!

The operator E is defined such that its operation on the y value at x yields the y value at
x+h, Thus

Ef(x)=f (x+h)
E(y,)=Ef(x,)=f(x, +h)=y

E(y,) =¥ E(¥,) =¥ E(Yoii) =V

Also  E*(y,)=E(Eyy)= E(y,)=v,

E*(y,)=vy;, E*(y,) =y, andsoon

The operator E™' is defined to be the inverse of E, so that from Ef (x)=f(x+h), we get
E"lf(x +h) = f(x) = E'lf(x) = f(x —h)

Relation between A, V, E and E!

1) Provethat A=E-1
Proof
Af(x):f(x+h)—f(x)
= Ef(x) - f(x)
~[E-1]5(x)

=>A=E-1

2) Prove that V=1-E
Proof
Vf(x)zf(x)—f(x—h)
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A

= f(x) - E’lf(x)
=(1—E71)f(x)
=V=I-E"'
3) Provethat EV=VE=A

Proof:

Hence Proved.

4) Evaluate A(cos(ax+b))&A(logf(x))

(i) Acos(ax+b)=cos(ax+ah+b)—cos(x+b)
:—2sin(ax+b+@)sin@
2 2

:2sinﬂcos E+ax+b+@
2 2 2

= 2sin%cos(ax +b+ n+ahj

(i) Alogf(x)=logf(x+h)—logf(x)

zlog_f(x)+f(x+h)—f(x)}

=log

>
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INTERPOLATION:
Consider the table

X XO X1 X2 Xn

f(x) flx,) fx) fx) .. fx))

If the value of f(y) is to be found at some point y in the interval [x, x ] and y is not one of
the tabulated points, then the value of f(y) is estimated by using the known values of f(x) at the
surround points. This process of computing the value of a function inside the given range is called
interpolation. If the point y lies outside the domain [x, x ] then the estimation of f(y) is called
extrapolation.

Newton's forward interpolation formula:

Letthe x and y valuesbe x, x, ..., x_andy,y,, ..., y, where the x values are in the increasing
order and are equally spaced. Then x —x,=x,—X, =...=x_ —x_ =h (a+ve quantity).

The Newton's forward interpolation formula is,

y:f(x):y0+£Ay0+u(u_l) A2y0+—u(u_l)(u_2)A

i 3
1! 2! 3! Yoo

Where

This formula is used to interpolate or extrapolate the value of y corresponding to an x value
close to x,. The formula involves u and the elements in the first row of the forward difference table.

Newton's backward interpolation formula:

For the same data given above the Newton;s backward interpolation formula is,

v v(v+l v(v+1)(v+2
y:f(x):}’n+1—!v}’n+ (2! )szn+ ( 3)'( )V3yn+
Where
X—X,
V=
h

This formula is used to interpolate or extrapolate the value of y corresponding to an x value
close tx . This formula involves u and the elements in the last row of the backward difference table.
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LAGRANGE'S FORMULA:
For the same data given above, if X , X, X,, ..., X_are not equally spaced, we use the formula,
(x—xl)(x—x2)...(x—xn) N (x—xo)(x—xz)...(x—xn)
4 +...
X, —xl)(xo —xz)...(x0 —xn) (x1 —xo)(x1 —xz)...(x1 —xn)
(x=x)(x =%, ) (x-%, ;)

X, _XO)(Xn _Xl)"'(xn _Xn—l)

y:f(x)zyo(

+Ya (

Which is known as Lagrange's formula for interpolation. The calculation can be made easier
by using the following table.

- X X, X, e X, Product
X 0 X=X, X—X; - X=X, P
Xg X,—X 0 Xo—X; o Xp—X, P,
X, X —X X, —X, 0 e X —X, P,
X, X,—X X,—X, X,—X; - 0 P,

y="f(x)=-P Yo N Yoy 4 n
P, P P, P

n

In the table, the elements in the diagonal are zero, above the diagonal are negatives of the
elements below the diagonal.

Here x, X, ....., X can be equally spaced. Regarding increasing or decreasing nature,
, X, can be in any jumbled order.

Differences of a Constant Function:
If f(x)=C, a constant, then
Af(x):f(x+h)—f(x):C—C=0

Differences of a Polynomial

If f(x) is a Polynomial in x of degree n, then it can be shown that, the n™ order difference
A™M(X) is a constant and the (n+1)™" order difference A™'f(x)=0.

Example:

1) Using Newton's formula, find y when x=142 Nov'15
X 140 150 160 170 180

y 3.685 4.854 6.302 8.076 10.225
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Solution:

Now the x value 142 lies in the first interval (140,150), so we shall use Newton's forward
formula.

u(u—l)(u—2) Al

u
y:f(x):y0+1—!Ay0+2—! 2y0+ 3 Yo+
Forward difference table is
X y Ay Ay Ny Aty
140
150 4.854
1.448
160  6.302
1.774 0.049
170  8.076 0.375
2.149
180 10.225

From the table y,=3.685, Ay,=1.169, A%, =0.279, A%y =0.047, A%y =0.002.

X~Xo  x=142,x,= 140, h=10

T
- 1421—0140 _oo
y=F(142)= 3.685+%(1_169) N (0.2)(-0.8)(0.279) N (0.2)(-0.8)(—1.8)(0.047)
I! 21 31
(0.2)(—0.8)(—1.8)(—2.8)(0.002)

+

41

y =3.685+0.2338 — 0.02232 + 0.002256 — 0.0000672
=3.8986688

y =3.899 (app)

2) Using Newton's formula find y corresponding to x=45
X 40 50 60 70 80
y 3.7 4.9 6.3 8 10.2

Solution:

Since x=45 lies in the first half of the arguments, we use Newton's forward interpolation
formula to find the value of'y.
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-1 1) (u-2
y: f(X) f— yo +EA}’0 +MA2YO +MA3Y0 +."
1! 21 31
Forward difference table is
X y Ay Ay Ny Aty
40
50
60 6.3
70 8 ' 0.5
2.2

80 10.2

Here y =3.7, Ay =1.2, A’y =0.2, A’y =0.1, A%y =0.1

u=>"%0 x=45, x,=40, h=10
h
_ 451—040 05
y=374 0.5(1.2) . (0.5)(-0.5)(0.2) . (0.5)(-0.5)(-1.5)(0.1)
1! 2! 3!
. (0.5)(-0.5)(—1.5)(—-2.5)(0.1)
41

y=3.7+0.6—0.025 + 0.00625 — 0.0039

y=4.27735

3) Ify(75) =246, y(80)=202, y(85)-118, y(90)=40 find y(79).
Solution:
Given that
X 75 80 85 90
y 246 202 118 40

Since x=79 lies in the first half of x values, we use Newton's forward interpolation formula.
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Forward difference table is,

X y Ay A’y A’y
75
80
85
90 40

Here y,=246, Ay, =44, A’y =40, A’y =46.

u=>"%*o x=79, x,=75, h=5

h
‘e 79;75 0s
y=246+ (0.8)1('—44) N (0.8)(—(;.'2)(—40) N (0.8)(—0.2;(—1.2)(46)

=246-352+32+1.472=215.472

4) Find the value of 8 when x=84 using suitable Newton's Formula. Nov'l6
X: 40 50 60 70 80 90
0: 184 204 226 250 276 304

Solution:

Since x=84 lies in the second half of the x values to find 0 we use Newton's backward
formula,

3 : v V(V+1) ) V(V+1)(V+2) 3
y—f(x)—yn+ﬁVyn+ X VYn"'TV Yot
Backward difference table is
X 0 Vo V20 V30 V40 V30
40 184
20
50 204 2
22 0
60 226 2 0
24
70 250 2
26
80 2

90
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Here y =304, Vy=28, V?y =2 V’y=Viy= V3 =0.

V="t x=84, x =90, h=10

V3044 (-0.6)(28) _ (—0.6)2(!).4)(2) 28696

5) Using Newton's formula, find y when x=27 Apr' 17
X: 10 15 20 25 30
y: 354 322 29.1 260 23.1

Solution:

The x-value x=27 lies between (25, 30), the second half, we use Newton's backward
interpolation formula to find corresponding y value.

vVy, N v(v+l) Viy + v(v+1)(v+2) v

1! 2! 3! Yoo

f(x):y:yn+

y=2""a x=27, x, =30, h=5

27-30
V = =
5
Backward difference table is

—-0.6

X y Vy
10

n

15
20
25
30

Here y=23.1, Vy=-29, V?’y =02, V’y =02, V'y =0.3.

R (—0.6)?—2.9) . (_0.6)(;4)(0.2) X (—0.6)(0.43)'(1.4)(0.2)

(06)(04)(14)(2.4)(03)

4!
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y=23.1+1.74-0.024 — 0.0112 — 0.01008
y =24.79472

6) Given the table

X: 0 0.1 0.2 0.3 0.4
e%: 1 1.1052 1.2214 1.3499 1.4918

Find the value of y when x=0.38

Solution:

Since x=0.38 lies in the second half of arguments, we use Newton's backward formula.

V(\;;I—l) szn N V(V+l3)'(V+2) V3yn .

yzf(x)zyn+11!Vyn+

V=SSt x=038, x,=04, h=0.

0.38—-0.4
vV=————7-—=
0.1

-0.2

Backward difference table is,

X y=e* Vy, Viy Viy Viy
0.0 1

0.1052
0.1 1.1052 0.0110

0.1162

0.2
0.3
0.4

~02)(0.1419) _(-0.2)(0.8)(0.0134)
! 2!
, (-02)(08)(1.8)(0.0011) _(~0.2)(0.8)(1.8)(2.8)(-0.0002)
3! 4!
y = 1.4918 — 0.02838 — 0.001072 — 0.0000528 + 0.000001

y:1.4918+(

y=1.4623

7) The values of x and y are given by

X: 5 6 9 11
: 12 13 14 16

Y
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Using Lagrange's interpolation formula, find y when x=10

Solution:

Lagrange's interpolation formula is,

(x-x)(x=% ) (x=%,)(x=%,)-..

Xo—%) (%0 %) (% —x0) (%) —%,)

y=( y1+...

Here x, =35, x.~6,x,=9,x,=11,x=10
and y, =12,y=13,y,=14,y.=l16.
~ (10-6)(10-9)(10-11) _ (10-5)(10-9)(10~11)
YT 6)(5-9)(5-11)  (6-5)(6-9)(6-11)
(10-5)(10-6)(10-11)  (10-5)(10-6)(10-9)

’ (9-5)(9-6)(9-11) +(11—5)(11—6)(11—9)

=2_£+7_60+?=2_4'333+11'667+5'333

3
y = 14.66733.

8) Using suitable formula, find log 301 from the following table. Nov'17

X: 300 304 305 307
log, x 24771 2.4829 2.4843 2.4871

Solution:

The interval of x values (arguments) is unequal. Hence we use Lagrange's interpolation
formula to find y.

(x =%, )(x =X, )... (x=%,)(x=X,)...

%o —x,) (X0 —%,) " (% —x0) (%) —X,)

YZ( Y, t..

Here x =301, x,=300, x,=304, x,=305, x,=307

y, = 24771, y=2.4829, y,=2.4843, y =2.4871.
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(301-304)(301-305)(301-307)
(300-304)(300 -305)(300-307)
. (301—300)(301—305)(301—307)(
(304 -300)(304 —305)(304 - 307)
(301-300)(301-304)(301-307)
+
(305-300)(305—-304)(305-307)(2.4843)

, (301-300)(301-304)(301-305)
(307-300)(307 —304)(307 —305)

y= (2.4771)

2.4829)

(2.4871)

, - BA0)(24771) | (1)(-4)(-6)(24829)
(—4)(=5)(-7) (4)D(-3)
(1)(=3)(=6)(2.4843) (1)(-3)(-4)(2:4871)

(5)(1)(-2) (7)(3)(2)

_ —178.3512 N 59.5896 44.7174 N 29.8452
—-140 12 10 42
=1.2739371429 +4.9658 -4.47174+0.7106

=6.9503371429-4.47174

+

y =2.4785971429

9) Using Lagrange's interpolation formula, find a polynomial to the data,
X: 0 1 3 4
y: -12 0 6 12

Solution:

X, =0, x=1, x,=3, x,=4, x=x

y,=-12, y=0, y,=6, y,=12.

z(x—l)(x—3)(x 4) +(x 0)(x 3)(x 4)
) [ AR (W (NS (AL
) )EX 3)(12)

(x=4)(x-0)(x~1) (  (x=0)(x~1
6)+ Goo) -0

4)(x 0(
(-4 (3-0)(3-1)

= (x-1)(x-3)(x—4) — x(x-1)(x—4) + (x)(x—-1)(x-3)
= x3—8x2—13x—12—x3+5x>4x+x>—4x2+3x

y = x’-7x>-14x—12 is the required polynomial.

Y
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10) Apply Newton's backward interpolation formula find a polynomial of degree 3, using the
given table.

X: 3 4 5 6
y: 6 24 60 120
Solution:

Newton's backward formula is,

+1
Y=Y, +%Vyn +V(V—')V2yn +...
X—X
V= = =6, h=1
h >
vV=x—6
Backward difference table is,
X y Vy Viy Viy
3
18
4 24
36
5
6

y.=120, Vy =60, V2 =24, Vi =6

X—6)(X—5)(X—4)
3!

o (x=6)  (x=6)(-5) (
S y=120+ T 60 + o (24)+ (6)
y=120+60(x—6)+12(x2—11x+30)+(x—4)(x2—11x+30)
=120+ 60x —360+12x> —132x + 360+ x> —15x> + 74x — 120

y=x"—3x>+2x

10) Find the missing term from the following data.
X: 0 5 10 15 20 25
y: 7 11 14 - 24 32
Solution:

Since five values of y are given, we can find a polynomial of degree 4, and Ay=0. The
forward difference table is
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X y Ay A’y A’y Aty Ny
0 7
4 1
5 11
3 g M ke
10 14 10K—180
4 ks SR 6K—109
15 K —2kr -
(say) 24-K 3K-54
20 24 K-16
8
25 32

Ay=0 =  10K-180=0

Hence the missing y value is 18.



UNIT -2
MATRICES
A matrix is defined to be a rectangular array of numbers arranged into rows and columns.
It is written as follows:-

&1 Ay Ayy e 8y,

8y 8y By e 5

a3 43 Az . a,,
|8 @p2 8pz e Ann |

Special Types of Matrices:

(1) A row matrix is a matrix with only one row. E.g.,[2 1 3].

-1
2.
3

(iii) Square matrix is one in which the number of rows is equal to the number of columns.

(if) A column matrix is a matrix with only one column. E.g.,

If A is the square matrix.

8 A, Ay e &,

8 Ay Ay e &1

Ay, Ay A3z e a,,
|8 8y gz e Ann |

then the determinant

ap Gy a3 e Ay,
Ay dn Gy . A2y
3 Ay i e Q3
Dy Ay Az oo L

is called the determinant of the matrix A and it is denoted by |A| or detA.
(iv) Scalar matrix is a diagonal matrix in which all the elements along the main diagonal are

equal.



E.g.,
J 0

&

o o o
o o & o
o . o o

(v) Unit matrix is a scalar matrix in which all the elements along the main diagonal are unity.
T 010
2= D 1 1 3 -
0 0 1
(vi) Null or Zero matrix. If all the elements in a matrix are zeros, it is called a null or zero
matrix and is denoted by 0.

(vii) Transpose matrix. If the rows and columns are interchanged in matrix A, we obtain a
second

matrix that is called the transpose of the original matrix and is denoted by A",
(vii) Addition of matrices. Matrices are added, by adding together corresponding elements of
the matrices. Hence only matrices of the same order may be added together. The result
of addition of two matrices is a matrix of the same order whose elements are the sum of

the same elements of the corresponding positions in the original matrices.

a, a, b, b, a,+b a,+b,
Eg,|a;, a,|+|b, b,|=|a;+b, a,+Db,
a; a b, b, a; +b, ag+b

Problem:
1 0 2 2 1 -1

Given A=[3 1 4|;B=|3 0 -2]|;compute 3A-4B
50 6 01 1



Solution :

10 2 2 1 -1
3A-4B=33 1 4|-43 0 -2
5 0 6 01 1
(3 0 6 8 4 -4
=9 3 12|-|12 0 -8
15 0 18| |0 4 4

-5 -4 10
=[-3 3 20
15 -4 14

Problem: Find values of x,y,zand « that satisfy the matrix relationship

X+3 2y+5 1 -5

z+4 4x+5|=| -4 2x+1

-2 3w+l 20+5 -20

Solution:

From the equality of these two maticeswe get the equations
X+3=1 4x+5=2x+1

2y+5=-5 o—2=2m+5

z+4=-4 3w+1=-20

Solving theseequations we get
X=-2,y=-512=-8 &»=-7

Multiplication of Matrices.

If A'isam x n matrix with rows Ay, Ay, ...... , Amand B is a n x p matrix with columns
By, By, ....., Bp, then the prodduct AB is a m x p matrix C whose elements are given by
the formula Cj; = A; . B;.

A,.B, A.B, " A.B,
A,.B, A,.B, - A,.B,
Hence C=AB =

T

Ap.By An.By, - An.B,



Inverse of a Matrix

2 1 -1
Problem: Find the inverse of the matrix |0 1 3 ]

2 -1 1
Solution:
2 1 -1
det| 0 1 3 =2‘_11 i"—1‘g f‘+(—1)‘g _1]J

2 -1 1
=2(1+3)-1(-6) - 1(-2)
=8+6+2
=16.

Form the matrix of minor determinants:
‘1 3 ‘0 3 ‘0 1‘
-1 1 2 1 2 -1
‘1 1‘ ‘2 1‘ ‘2 1‘ 4 6 -2
B B =10 4 -4/|.

-1 1 2 1 2 -1 4 6 )
1 -1 2 -1 2 1
‘1 3‘ 0 3| |o 1‘

Adjust the signs of every other element (starting with the second entry):

4 6 -2
0 4 4
4 6 2

Take the transpose and divide by the determinant:

(40 4y [3 0 g
IR
16 2 4 2 11 1
8 4 8
1 1
7 0 g
So the inverse matrix is % % —%
211 1
8 4 8
1 2 2
Problem: Showthat A= |2 1 2|satisfies the equation A —4A — 51 = 0. Hence determine its
2 21
inverse.
1 2 2][1 2 2 9 8 8
Solution: A>=[2 1 2||2 1 2|=|8 9 8
2 2 11|12 21 8 8 9




4 8 8
4A=(8 4 8
8 8 4
500
51=|0 5 0
0 0 5
9 8 8| |4 8 8 500
A*-4A-51=|8 9 8|-|8 4 8|-|0 5 0
8 8 9/ (8 8 4 0 0 5
L 00
Therefore A2 — 4A — 5| =
Multiplying by A, we have
A'AZ_4ATA-5ATI=0
ie, A—4l-5A"=0
Therefore 5 A= A — 41
1 2 2] [4 00
=12 1 2|-/0 4 0
2 2 1] [0 0 4
-3 2 2
=12 -3 2
2 2 -
-3 2 2
Therefore A = =| 2 -3 2
> 2 2 -3

Rank of a Matrix
A sub-matrix of a given matrix A is defined to be either A itself or an array remaining

after certain rows and columns are deleted from A.
The determinants of the square sub-matrices are called the minors of A.
The rank of an m x n matrix A is r iff every minor in A of order r + 1 vanishes while

there is at least one minor of order r which does not vanish.



Problem: Find the rank of the matrix |2 6 3.

3 13 4
Solution:
1 -1 2
Minor of thirdorder=12 6 3
3 13 4

=0.
The minors of order 2 are obtained by deleting any one row and any one column.

6‘-‘
Its value is 8.
Hence the rank of the given matrix is 2.

1
One of the minors of orders 2 is 5

Rank of a Matrix by Elementary Transformations:
1 25
Problem: Find the rank of the matrix A=12 3 4.
3 57
Solution: The given matrix is
1 -1 2
6 3
13 4
2 5]
-1 -6|R, > R,-2R,
-1 -8|R; >R, -3R,

A=

1 6 [R, >R, (-1

~2|R, >R, +R,

0|C, »C,-2C,
~2|c, »C,-5C,

1 11 1 1T
O Ok, OO0 Pk, OO Fr,r OOk wWwmMN
|
H
|
(00]

O r O O FrF N
o



1 0 O

~/101 0
0 0 -2|C, »C,-6C,
1 0 0

~10 1 0

R
001 R, > _—3
1 00
Hence A=|{0 1 0] which isaunit matrix of order 3.

0 01

Hence the rank of the given matrix is 3.

Procedure for finding the solutions of a system of equations:
Let the given system of linear equations be

dig Xg+tapXo+...... +ain Xy = by
dog X1 +apXot+...... + asn Xn = by
aml X]_ + am2 X2 + ... + amn Xn - bm

a, 8, a3 .o a,,
YR VORRNE- WA a,,
A=lag a;p a5 .. a3,
L aml am2 am3 """ am n_j

&1 8 e a, b

8y 8y e a, b
[AB] =|a,; a; ... a;, b,

(A Ay e an,, by |

Step 3: Find the ranks of both the coefficient matrix and augmented matrix which are denoted by R(A)
and R(A, B).
Step 4: Compare the ranks of R (A) and R(A, B) we have the following results.

(a) If R(A) =R(A, B) = n (number of unknowns) then the given system of equations are

consistent and have unique solutions.



(b) If R(A) =R(A, B) < n (number of unknowns) then the given system of equations are
consistent and have infinite number of solutions.

(c) If R(A) #R(A, B) then the given system of equations are inconsistent (that is the given system
of equations have no solution).

Problem: Test for consistency and hence solve x—2y+3z=2,2x-32=3,x+y+2z=0.

Solution: The coefficient matrix
1 -2 3
A=2 0 -3
11 1
The augmented matrix
1 -2 3
[A,B]~|2 0 -3
11 1 0
1 -2 3 2
~/0 1 -9 -1|R,—>R,-2R,
0 -3 -2 -2] Ry>R,—R,
1 -2 3 2]
o 1 =2 g R
4 4
0 -3 -2 -2
1 -2 3 2
1o 1 =2 g LR
4 4
0 -3 -2 -2
1 -2 3 2
I
0 0 =2 Rs*%
19 |

Here rank of coefficient matrix is 3.
Rank of augmented matrix is 3.
Hence the given system of equations are consistent and have unique solution.



Problem: Test the consistency of the following system of equations and if consistent solve
2X—Y—-2=2,X+2y+2=2,4X-7y—-52=2.

Solution:
The coefficient matrix
2 -1 -1
A=|1 2 1
4 -7 -5
The augmented matrix
2 -1 -1 2]
[AB]~|1 2 1 2
4 -7 -5 2
1 2 1 2
~|2 -1 -1 2|R ~R,
4 -7 -5 2
1 2 1 2
~|0 -5 -3 -2|R,>R,-2R,
0 -15 -9 -6|R; >R;-4R,
1 2 1 2
~|0 -5 -3 -2
0 5 3 2|R,—>R;+R,

Here rank of coefficient matrix is R(A) = 2.
Rank of augmented matrix is R(A, B) = 2.
i.e.,, R(A) = R(A, B) < 3 (the number of unknowns)
Hence the given system of equations are consistent but have infinite number of solutions.
Here the reduced system is
Sy+3z=2
X+2y+z2=2
2-3z
y =

i.e.,
5

x:2—z—2(2_32

)

e, X= 6+k y= 2_3Z,z:k where z = k is the parameter.

5 5




Solution of Simultaneous Equations

2X+y+2=6
Problem: Solve the system of equations X+2y+3z=6.5
4x—-2y-52=2
Solution:
2 1 X J
It can be represented as: 1 2 y|=
4 -2 z
2 1 1
To see whether a solution exists we need to find det{ 1 2 3 |.
4 -2 -5
This determinant is 2‘_2 _35‘—12'1 _35 +12'1r 2 ‘ 2(-4) = (-17) + (-10) = -
Therefore we know that the equations do have a unique solution.
2 1 1
To find the solution we need to find the inverse of the matrix |1 2 3
4 -2 -5

Find the determinant: we have already found that this is -1.
Form the matrix of minor determinants (which, for a particular entry in the matrix, is the determinant
of the 2 by 2 matrix that is left when the row and column containing the entry are deleted):

-4 -17 -10
-3 -14 -8
1 5 3
Adjust the signs of every other element (starting with the second entry):
-4 17 -10
3 -14 8
1 -5 3

Take the transpose and divide by the determinant:
1 -4 3 1 4 -3 -1
—| 17 -14 -5|=|-17 14 5
110 8 3) 10 -8 -3

4 -3 -1
So the inverse matrixis | =17 14 5
10 -8 -3

Hence the solutions to the equations are found by

X 4 -3 -1y 6 2.5
y|=-17 14 5 ||65|=| -1]|.
z 10 8 -3)| 2 2

Thereforex=2.5,y=-1and z = 2.



Cayley — Hamilton theorem:
Every square matrix satisfies its own characteristic equation.

1 2 3

Problem: Verify Cayley — Hamilton theorem for the matrix | 2 4 5| and hence find the
356

inverse of A.
Solution : The characteristic equation of matrix A is
A = N2(1+4+6) + \(-1-3+0)—[1(-1)-2(-3)+3(-2)] = 0

A*-11A%-4 A+1 = 0, which is the characteristic equation.
By Cayley — Hamilton theorem , we have to prove

A-11A%4A+1 =0

2 3)(1 2 3 14 25 31
A=AxA=l2 4 5 4 5| =25 45 56
5 6 5 6 31 56 70
14 25 31\(1 2 3 157 283 353
A’=A*xA=|25 45 56||2 4 5|=|283 510 636
31 56 70){3 5 6 353 636 793
157 283 353 14 25 31 1 2 3 1 00
A>11A>4 A+l=| 283 510 636|-11({25 45 56| 4|2 4 5[+0 1 O
353 636 793 31 56 70 3 56) 001
00O
=0 0 0|=0
0 0O
Hence the theorem is verified.
To find A™®
We have A*-11A%-4 A+1=0
| =- A+11A%+4 A
At =-A%11A+4 |
14 25 31 1 2 3 100 1 -3 2
=-|25 45 56|-11|2 4 5|+4/0 1 0| > A* =|-3 3 -1

31 56 70 3 56 0 01 2 -1 0



2 1
Problem: Find all the eigen values and eigen vectors of the matrixA=| 1 1

-1 -2
2 1 -1
Solution: GivenA=| 1 1 -2
-1 -2 1

The characteristic equation of the matrix is
AP = N2 (2+1+1) + A(-3+1+1) —[2(-3)-1(-1)-1(-1)] = O
A*-4 A% A\+4 = 0, which is the characteristic equation.

1 1 -4 -1 4
0 1 -3 -4
|
1 -3 -4 0

A=1isaroot.
The other roots are A’>-3 A -4=0

= (A-4)(A+1) =0
=A=4,-1
HenceA=1,4, 4.
The eigen vectors of the matrix A is given by (A-Al)X =0
2—-4 1 -1 X
i.e. 1 1-4 =2 X, [ =0
-1 -2 1-2) (X
(2-A) X+ %,-%3=0
X1+ (1-A) %= 2%x3=0 o e, (1)
-X1- 2%, + (1-A)x3=0
When A =1, equation (1) becomes
X1+X-X3 =0
X1+0x,-2x3=0
-X1-2X,+0%x3 =0
Take first and second equation,
X1+X-X3 =0

X1+0X2'2X3 =0

-1
-2
1



— Xy - — X - X3
-2+0 -2+1 0-1

When A =-1, equation (1) becomes
3X1+X2'X3 =0
X1+2X2'2X3 =0

Xy — X X3

= = =
-2+2 -6+41 6-1

X
o A% X
0 1
0
X= 1
1

When A =4, equation (1) becomes
'2X1+X2'X3 =0
X1'3X2'2X3 =0

X -
_ 1 _ X, _ X3
-2-3 4+1 6-1

X X X
- 1 _ 72 _ 73
-1 -1 1
-1
. Xs= | —1| . Hence Eigen vector =

-2 0
1 1
-1 1

-1
-1
1



Problem: Find all the eigen values and eigen vectors of

N W N
N B

2
Solution : GivenA=| 1
1

The characteristic equation of the matrix is
A3 = A2(2+3+2) + N(4+3+4)-[2(4)-2(1)+1(-1)] = 0

A*-7 A%+11 \-5 =0, which is the characteristic equation.

1 1 -7 11 5
0 1 6 5

|
1 6 5 0

A=1isaroot.

The other roots are A*-6\+5=0

= (A-1)(A-5) =0

=A=1,5

HenceA=1,1,5.

The eigen vectors of the matrix A is given by (A- Al)X =0

2-4 2 1 X,
ie. | 13-4 1 X, | =0
1 2 2-2) X

(2' )\)Xl +2X2+X3 =0

X1+(3- )\)X2+X3 =0

X1+2X,+(2- A)x3=0

When A =1, equation (1) becomes
X1+2 X, +x3 =0

X1+2X,+x3=0

X1+2X,+X3=0

Here all the equations are same.

Putx3=0,wegetx;+2x,=0

2
1
1

N W N

N B



Y
-2 1
-2
x;=| 1
0

ForA=1, putx,=0,we get
X1+x3=0

X1= -X3

So X =

When A =5, equation(1) becomes
'3X1+2 Xy +X3 = 0
X1-2X,+X3 = 0 (taking first and second equation)

Xy — X, _ X3
2+2 -3-1 6-2

X, _ X3

:> J—
4 4

L
4
1 -2 -1
o X=|1|. HenceEigenvector=| 1
1



1 1 -2
Problem: Find the eigen values and eigen vectorsof | -1 2 1
0 1 -1
Solution : The characteristic equation of matrix A is
A-2A+2-1)+A(-3-1+3)—[(-3)-1(D) - 2(-D)]=0
B =22-2+2=0

2 1 -2 -1 2
2 0 -2
1 0 -1 0

A=2isaroot.
The other roots are

A -1=0
(A-1D(A+1) =0
A=1-1
HenceA=2,1,-1
The eigen vectors of matrix A is given by
(A-2D)X =0
1-4 1 -2 X,
-1 2-2 1 X, |=0
0 1 -1-2 )\ x,
AL-2)%x, +X,—2X, =0
- X +(2-2)X,+%X;, =0
OX, + X, +(-1-2)x; =0

When A =1 ,Equation (1) becomes

0x, +X, —2%;, =0
—X +X, +X%X;=0
Xl _Xz_ X3

- = =
1+2 0-2 0+1
LK KX
3 2 1
3
S X =2
1



When A = -1 ,Equation (1) becomes

X2:0
2X1-2x3=0
X1 =X3

1
X,=0

1
When A =2,

Equation (1) becomes
‘X1+X2‘2X3=0

-X,+0x,+x3=0(taking first and second equation)

- Xy _ — X _ X3
1-0 -1-2 0-1
LN X X
1 3 1
1
X, =3
1

Hence Eigen vector =

R N W
O K
R



Unit-3
Theory of Equations
Let us consider

flx) =apx"+a;x" 1 +a,x"* +--+a,
This a polynomial in ‘x” of degree ‘n” provided ag # 0.
The equation is obtained by putting f(x) = 0 is called an algebraic equation of degree n.
RELATIONS BETWEEN THE ROOTS AND COEFFICIENTS OF EQUATIONS
Let the given equation be ayx™ + a;x™ * + a,x" % + -4+ a, =0
Let a,, ao,...... , ct,, be its roots.

¥ a, = sum of the roots taken one at a time = — ==

g
¥ a, a, = sum of the product of the roots taken two at a time = ==

g

2 a, a,ay = sum of the product of the roots taken three at a time = — ?

finally we get ay.a,...... a, =(—1)" Z—'l
Problem:
If o and P are the roots of 2x* + 3x +5 = 0, find a. + B, af.

Solution:

Here ay = 2,a, = 3,a; = 5.

B3 | ta

o

aB:E"

=

B3| o

Problem:

Solve the equation x? + 6x + 20 = 0, one root being 1 + 3i.

Solution:

Given equation is cubic. Hence we have 3 roots. One root is (1+31) = a (say) complex roots
occur in pairs.

~ B =1-3iis another root.

To find third root ¥ (say)



Sum of the roots taken one at a time
o
at+tB+y=7=0.
e, 1+3i+1-3i+y=0
y=-2
= The roots of the given equation are 1 + 3i, 1 — 3i, -2.

Problem:

Solve the equation 3x? — 23x? + 72x — 20 = 0 having given that 3 + y/—5 is a root.
Solution:

Given equation is cubic. Hence we have three roots.

Onerootis3+iy5=a

Since complex roots occur in pairs, 3— iv/5 = B is another root.

3
3

[+]

Sum of the roots is o+ +¥ =

[ ]
(48]

i.e., 3+ i\.‘."'g+3—i\."'§+}’ =

@ |

[ ]

3

6+}’:?

Hence the roots of the given equation are 3 + iy/5 , 3—iv/5, g

Problem:

Solve the equation x* + 2x* — 16x* — 22x + 7 = 0 which has aroot 2 + /3 .
Solution:

Given x*+ 2x* —16x* — 22x+7=0. - 1)

This equation is biquadratic, i.e., fourth degree equation.

= It has 4 roots. Given 2 + /3 is a root which is clearly irrational. Since irrational roots occur in
pairs, 2 — V'3 is also a root of the given equation.



~[x—@2+3)] [x — (2 — V3)] is a factor of (1)
i.e., x*—4x+ 1 =0is a factor.
Dividing (1) by x* — 4x + 1 = 0, we get

x*46x+7

xP—4x+1 x* 4+ 2x% —16x?—22x+7

x¥ — 4x? 4 x°?

() 6x?—17x*—22x+7

6x% — 24x% 4+ 6x

) 7x*—28x+7
Tx*?—28x+7
0

Hence the quotientis x% + 6x + 7 = 0. Solving this quadratic equation, we get = —3 + /2.

Hence the roots of the given equationare 2 ++/3,2 — /3, =3 ++/2, =3 /2.

Problem:
Form the equation, with rational coefficients one root of whose roots is v2 + /3 .

Solution:

One root is v2 ++/3

e, x=v24+43

e, x—+v2=+3

Squaring on both sides we get
(x — v2)'=3
x2—2\2x+2=3
x?—1= Ey’Ex

Again squaring, we get



(x?—1)% = (2v2x)°
x¥—2x7 4+ 1 =42.x°
x*—10x* + 1 = 0, which is the required equation.
Problem:
Form the equation with rational coefficients having 1 + +/5 and 1 + 4/—5 as two of its roots.
Solution:
Givenx=1++5andx=1+i45
i.e., [x — (1 ++/5)] [x — (1 + i+/5)] are the factors of the required equation.

Since complex and irrational roots occur in pairs, we have x =1 — /5, x =1 — i\/5 are
also the roots of the required equation.

i.e.,, x — (1 —+/5)and x — (1 — iy/5) are also factors of the required equation.
Hence the required equation is,
X =L+ VR X =@+ V5] [x — (1 —V5)] [x — (1 - iV5)] =0
ie., [(x—1)?=5][(x—1)*+5]=0
(x*—2x—4)(x*—2x+6)=0
Simplifying we get
x*— 4x% 4+ 6x* — 4x — 24 = 0 which is the required equation.
Problem:
Solve the equation 32x® — 48x* + 22x — 3 = 0 whose roots are in A.P.

Solution:
Let the roots be o — d, a, o + d.

Sum of the roots taken one at a time is,

48
a—d+a+a+d=;

rs

48

3(1—5



B |

is a root of the given equation. By division we have,

-

B | =

The reduced equation is 32x* —32x +6 =10

e |
e | w3

Solving this quadratic equation we get the remaining two roots

Hence the roots of the given equation are

e | =
b | =

e | e

Problem:

Find the value of k for which the roots of the equation 2x® + 6x? + 5x + k = 0 are in A.P.
Solution:

Given2x* + 6x*+5x+ k=0 = ceeeeeee 1)

Let the roots be o —d, a, o + d.

Sum of the roots taken one at a time is,

-6
a—d+tatat+td=—

-
r

1e., o=-1

i.e., a=-1isaroot of (1).
~putx=-1in(1l), wegetk=1.
Problem:

Solve the equation 27x2 + 42x* — 28x — 8 = 0 whose roots are in G.P.



Solution:

Given 27x%® +42x*—28x—8=0 - (1)

Let the roots be % , o, Or

Product of the roots taken three at a time is % .. ar= %
- 3 E

ie., a’ =

l.e., o= 3

ie, o =§ is a root of the given equation (1)

w1 | B3

i.e., X == is aroot of the given equation (1)
ie., (X- %] is a factor of ().

27x% 4+ 60x 4+ 12

27x% 4+ 42x* —28x—8

b
I
(AN

27x% —18x°

) 60x% —28x — 8

60x% — 40x

) 12x — 8

12x — 8

0
Hence the quotient is 27x* + 60x + 12 =10

ie.,9x*+20x+4=0

"
r

Solving this quadratic equation we getx = —2 or —

Ll | b

¥

0| b3

Hence the roots of the given equation are —2 ,—



Problem:
Find the condition that the roots of the equation x* — px* 4+ gx —r = 0 may be in G.P.

Solution:

Givenx®—px*+gqx—r=0 = ceemeeee 1)
Let the roots be %,a, ar
Product of the roots taken three at a time % L0 Or =T
ie., al=r = e 2)
But a is a root of the equation (1). Putx =ain (1), we get,
al —paf+ga—r=0 e (3)

Substituting (2) in (3) we get

r—pa’ +gqa—r =0

pa® —ga=10
alpa—q) =0
o =0 & pa—g=0
l.e., pa=q
ie., a=12
ol
-3
o
- =
-1
_a
=

Hence the required condition is p°r = g°.

Transformation of Equations:
Problem:

If the roots of x* — 12x* + 23x + 36 = 0 are -1, 4, 9, find the equation whose roots are

1,-4,-9.



Solution:

Givenx? —12x?+23x+ 36 =0 e (1)

The roots are -1, 4, 9.

Now we find an equation whose roots are 1, -4, -9 ie., to find an equation whose roots are the
roots of (1) but the signs are changed. Hence in (1) we have to change the sign of odd powers of
X.

Hence the required equation is

—x¥—12x*—23x4+36=0
ie., x¥4+12x2423x—36=0

This gives the required equation.

Problem:

Multiply the roots of the equation x* + 2x® + 4x* + 6x+ 8 =0 by% :

Solution:

Givenx* 4+ 2x¥ 4+ 4x? L 6x L 8=0 = - (1)
To multiply the roots of (1) by% , we have to multiply the successive coefficients beginning with
2 3 4
the second by 3 {1) . (1) ; (3)
1n? 1)3 1y#
et () or () om0
4 3 2,13 1_
i FxtFox =0
i.e., dx* +4x  +4x* +3x+2=0

which is the required equation.

Problem:

Remove the fractional coefficients from the equation x* — % X% + % x-1=0.



Solution:

Given x3—%x2+%x_1:o _________ 1)

Multiply by the roots of (1) by m, we get

If m =12 (L.C.M. of 4 and 3), the fractions will be removed. Put m =12 in (2), we get
ie., x?—3x%+48x— 1728 =0.

Problem:

Solve the equation 6x° —11x* —3x + 2 = 0given that its roots are in H.P.

Solution:

Given 6x°-11x*-3x+2=0 = -----ee- (1)
Its roots are in H.P. x to 1 in (1), we get
X
3 2
(2] o] Ao
X X X
= 2x3 -3x? -11x+6=0  ————— ¢

Now the roots of (2) are in A.P. (Since H.P. is a reciprocal of A.P.). Let the roots of (2) be
a—d, a, a+d.

Sum of the roots

a—d+a+a+d:§

Product of the roots taken 3 at the time is (x —d) x arx (e +d) =_Tll

.
2



Case(i) :

When d = gand e = %,the rootsof € “are

N |-
N | o1
N |-
N |-
+
N | ol

ie.,—2, E 3.
2 -.
. The roots of the given equation are the reciprocal of the rootsof €

e, — 1,2,5 are rootsof €
2 3 )

Case (ii) :

When d = _75and @ = %,the rootsof € are

N~
+
N | ol
N |~
N |-
|
N | ol

ie.,3 l -2.
2

.. Theroots of the given equation are the reciprocal of the roots of Q

ie. X2~ L are rootsof C
3 2 ]

Problem:
Diminish the roots of x* —5x°® + 7x* —4x+5=0 by 2and find the transformed equation.

Solution :
Diminishing the roots by 2, we get

2 1 -5 7 -4 5
0 2 -6 2 -4
2 1 -3 1 -2 1 (constant term of the
0 2 -2 -2 transformed equation)
2 1 -1 -1 -4 (coefficient of x)
0 2 2
2 1 1 1 (coefficient of x°)
0 2
2 1 3 (coefficient of x°)
0
1 (coefficient of x* in the transformed equation)

The transformed equation whose roots are less by 2 of the given equation is
x* +3x% +x* —4x+1=0



Problem:
Increase by 7 the roots of the equation 3x* + 7x* —15x* + x — 2 = 0and find the transformed

equation.
Solution :
Increasing by 7 the roots of the given equation is the same as diminishing the roots by -7.
-7 3 7 -15 1 -2
0 -21 98 -581 4060
-7 3 -14 83 -580 | 4058 (constant term of the
0 -21 245 -2296 transformed equation)
-7 3 -35 328 | -2876  (coefficient of x)
0 -21 392
7|3 56 | 720  (coefficient of x?)
0 -21
-7 3 77 (coefficient of x°)
0
3 (coefficient of x* in the transformed equation)

The transformed equation is 3x* —77x°® + 720x* — 2876x + 4058 =0

Problem:

Find the equation whose roots are the roots of x* — x® —10x* + 4x + 24 = O increased by 2.
Solution :

-2 1 -1 -10 4 24
0 -2 6 8 24
-2 1 -3 -4 12 0 (constant term of the
0 -2 10 -12 transformed equation)
-2 1 -5 6 0 (coefficient of x)
0 -2 14
-2 1 -7 | 20 (coefficient of x?)
0 -2
-2 1 -9 (coefficient of x°)
0
1 (coefficient of x* in the transformed equation)

The transformed equation is x* —9x® +20x =0.



Problem:
If «, 8,y are the roots of the equation x* —6x* +12x -8 =0, find an equation whose roots are

a—2,5-2,y—2.

Solution :

2 1 -6 12 -8
0 2 -8 8

2 1 -4 4 0
0 2 -4

2 1 -2 0
0 2

2 1 0
0
1

The transformed equation is x* = 0.

i.e., the roots are = 0, 0, 0.

ie, @-2=0p-2=0,y-2=0

e, =2 8=2y=2.

Problem:

Find the transformed equation with sign changed x° +6x* +6x% —7x* +2x-1=0.
Solution:

Given that x° +6x* +6x® —7x?+2x-1=0

Givensign = + + + - + -
+ - + - + -
+ - + + + +

Now the transformed equation x> —6x* +6x® + 7x? + 2x +1 = 0 which is the required equation.



Special Cases

If a and B aretherootsof ax2+bx +c=0, (a#0), then a’+,8=_—b and aﬂ=£
a a

If a and B and y are the roots of ax3+ bx2+cx +d =0, (@#0),then a+f+y=—o,
a

and a,[>’+[>’y+ay=§ and aﬂyz%.

Illustrative Examples:

1. If the roots of the equation x3 + px2 + qx + r = 0 are in arithmetic progression,
show that 2p%-9pq+27r=0.
Solution:

Let the roots of the given equationbe a-d, a, a+d.

Then S1=a-d+a+a+d=3a=-p = a=_?

Since a is a root, it satisfies the given polynomial

:(_ %)3 + p.(' %jz +q.(' %)H =0

On simplification, we obtain ~ 2p3 - 9pq + 27r = 0.
2. Solve 27x3 +42x2 - 28x - 8 =0, given that its roots are in geometric progression.

Solution:
a

Let the roots be —,a,ar
r

Then, E.a.ar :aszija:g
r 27 3

) 2 . 2) . .
Since a= 5 is a root, (X—§j is a factor. On division, the other factor of the

polynomial is 27x? + 60x + 12.

_ 2 _ _
Its roots are 601\/60 4x27x12=—2 or -2
2x27 9

Hence the roots of the given polynomial eqution are _?2 -2, %

3. Solve the equation 15x3 - 23x2 + 9x - 1 = 0 whose roots are in harmonic

progression.



Solution:
[Recall that if a, b, c are in harmonic progression, then /4, 1/p, 1/ are in arithmetic

2ac
atc

]

progression and hence b=

Let a,B,y be the roots of the given polynomial.

Then af+By+ 0(y=3 ........... (1)
15
1
aBy=— ... 2
By =1 (2)
) . . ) _ 2ay
Since a, 3,y are in harmonic progression, [ = N
aty

= ap + Py =2ay

9 9
Substitute in (1), 2ay +ay =-— = 3ay=—
ubstitute in (1), 2ay +ay T % 5
:>a'y:i
15°
. . .3 1
Substitute in (2), we obtain — = —
15° 15

= p= % is a root of the given polynomial.

Proceeding as in the above problem, we find that the roots are %, 1 é .

4. Show that the roots of the equation ax3+bx?+ cx+ d =0 are in geometric
progression, then c3a = b3d.

Solution:

Suppose the roots are E, k, kr
r

Then S kkr=_9
r a

ie, k° _~d
a

Since k is a root, it satisfies the polynomial equation,

ak3 +bk?+ck+d=0

a(_—dj+bk2+ck+dzo
a



=bk®’+ck=0 = bk®=-ck

= (bk?)® = (-ck)® ie, b%k®=—ck®

= b3 d_2 = _Cg(_—dj

a’ a

3
M:c3 = b?d=c’a.
a

5. Solve the equation x3-9x2+14x +24 =0, given that two of whose roots are in
the ratio 3: 2.

Solution:

Let the roots be 3a,2a,
Then, a+2a+=5a+F=9 .. (1)
30.2a+2a.4+3a.=14
ie, 6a°+5aB=14................. (2)
and 3a.2a.B=6a*L=-24
=Sa’f=-4 (3)
From (1), B=9-5a. Substituting this in (2), we obtain
6a” +5a(9-5a) =14

ie, 19a°-450+14=0. Onsolvingweget a=2 or %

When a = %, from (1), we get £ = % . But these values do not satisfy (3).

So, a =2, then from (1), we get f=-1

Therefore, the roots are 4, 6, -1.

1.3. Symmetric Functions of the Roots

Consider the expressions like a” + B> + ) (B-y)* +(y-a)’ +(a - B)?,
(B+y)(y+a)(a-p). Each of these expressions is a function of a, 5,y with the
property that if any two of a, 8,y are interchanged, the function remains

unchanged.

Such functions are called symmetric functions.



a,,a,,....,a, if it remains unchanged by interchanging any two of a,,a,,.....,a,.
Remark:
The expressions Si, Sy, ....., Sn where S; is the sum of the products of

a,,q,,....,a, taken r at a time, are symmetric functions. These are called elementary

symmetric functions.
Now we discuss some results about the sums of powers of the roots of a given
polynomial equation.
1.3.1. Theorem
The sum of the rth powers of the roots of the equation f(x) =0 is the
()

) in descending powers of x.

coefficient of x in the expansion of

Proof:

Let f(x)=0 be the given nth degree equation and let its roots be
a,,q,,.....a, then, f(x) = a,(x-a,)(X-a,)...(x—a,) where a, is some constant.
Taking logarithm, we obtain

log f(x)=loga, +log(x—a;) +....+log(x—a,)

Differentiating w.r.t. x, we have:

fl(x): 1 1
f(x) x-a X—a,

Multiplying by x,

1
Xf~(x) = X +o X

f(x) x-a; X—a,

a, )\ a )7
o) e
_ X X

2 2
a, o o, a
1+—1+—12+.... Foenn e e
X X X X

_n+(Ea )+ (Sa K 4t

Therefore Za’ir is the coefficient of x* in the expansion of

descending powers of x.



1.3.2. Theorem (Newton’s Theorem on the Sum of the Powers of the Roots)
If a,,a,,....,a, are the roots of the equation X" +Px"*+P,x"?+...+P, =0,
and S =a, +...+a,. Then, S +S _R+...+SP_ +rP. =0, if r<n
and S +S_ P+S_,P+..+S_P,=0if r>n.
Proof:

Wehave X" +PXx" +Px"?+...+P, =(x-a,)(x-a,)..(x-a,)

Put X=1
y
- 2B Ry s =diad-a).d-ay,
y y y y y y

and then multiplying by y», we obtain:
1+Ry+Ry’ +..+Ry" = (1-ay)1-a,Y)....(1~a,y)
Taking logarithm and differentiating w.r.t y, we get

P+2Py 3Py +...*nPY™ _-a, -a, = -aq,

1+Py+Py’ +...+Py"  1-a,y 1-a,y 1-a,y

Cross - multiplying, we get

P+ 2Py +3Py’ +....+nPy " = —(1+Py+Py*+...+Py")

[Sl +82y+ """ +Sr+1yr *o.. ]

Equating coefficients of like powers of y, we see that
P=-S = S§+1R =0
2P, =-S,-SP, = S,+SPR+2P,=0
3p,=-5,-S,P-SP, = S, +S,AR+SP,+3P,=0,andsoon.
If r < n, equating coefficients of y™! on both sides,

P =-S -S P -S P ~...-SP,



S +S4P SR +. +SP,+rR =0
=

If r>n, then r-1> n-1.

Equating coefficients of y™! on both sides,

ie, S +S_P+S_P+...+S_P =0

Remark:

To find the sum of the negative powers of the roots of f(x) =0, put x = 1

and find the sums of the corresponding positive powers of the roots of the new

equation.

Ilustrative Examples

1. If a,B,y are the roots of the equation x3 + px2 + gx + r = 0, find the value of the

following in terms of the coefficients.

HELGis L (i zap
By a

Solution:

Here a+B+y=-p, aB+By+ay=q, aBy =-r

g oyl oo t,l,1 _a+Bty _-p _p
By aB By ay aBy -r r
(ii) 1 _ 1 1.1 _af+py+ay _ 9 __Qq
a a B vy apy -r r

(i) Xa’B=a’B+p’a+y’a+yP+ay+ply
= (aB+py+ay)a+p+y)-3aBy =(q.-p) -3 (-r)=3r-pq .

2.If a is an imaginary root of the equation X’ -1=0 form the equation whose
rootsare o+a°,a’+a’,a’+a’.
Solution:

Let a=a+a°® b=a?+a’® c=a®*+a*’



The required equationis (x-a) (x-b)(x-c)=0
ie., x3-(atb+tc)x2+ (abtbctac)x-abc=0 ............... (1)

6 7
- a'-a _1-a
atb+cza+a’+a’+at+a®+af =MD = =

a-1 a-1 ao-1

-1

(Since a isarootof x”-1=0, wehave a7=1)
Similarly we can find that ab + bc +ac=-2, abc=1.
Thus from (1), the required equation is
x3+x2-2x-1=0
3.If a,B, y aretherootsof x3+3x2+2x+1=0,find Ya® andzaz.
Solution:
Here a +B+y=-3, apf+By+ay=2 afy=-1

Using the identity a3+b3+c3 - 3abc = (a+b+c) (a2+ b2+ c2 - ab - be - ac ), we find that
dYad = (a+B+y) o2 + B2 +y% = (@B + By + ay)|+ 3aBy
= (@+B+y) [[(a+ﬁ+y)2 —2 (aB+By+ay)-(af+ By + ay)} +3afy
=-3(9-4)-2-3

=-9-3=-12

o 1 1 1 B 'BZVZ +a2y2 +ﬂ2a2
Also, zaz__2+_2+_2 - 202, 2
a* p° vy a“py

_(ap+By+ay)’ -2Xa’By
GZBZVZ

We have:
YaBy=(a+B+y)apy=-3.-1=3

4-23

-
D= Xa = 1

=-2

4. Find the sum of the 4t powers of the roots of the equation x4 - 5x3+ x -1 =0.
Solution:

Let f(x)=x*-5x3+x-1=0
Then f!(x)=4x3-15x>+1



can be evaluated as follows :

Now, M
f(x)
4+5+25+122 + 609 +.....
1-5+0+1-1)4-15+0+1+0
4-20+0+4-4
5+H0-3+4
5-25+0+5-5
25-3-1+5
25-125+0+25-25
122-1-20+25
122-610+0+122-122
609-20-97+122
609 — 3045+ 0+ 609 — 609
Therefore,
m:4+§+§+%+@+ ......
f (x) x x? x> x*

Sum of the fourth powers of the roots = coefficient of x-.
= 609.
5.If a+B+y=La’+pR*+y* =2, a®*+B°*+y’=3.Finda*+B* +vy*.
Solution:
Let x3+ P1x2 + P2x + P3 = 0 be the equation whose roots are a,f3,y, then
a+B+y=-P =P =-1
By Newton’s theorem,
S2+S1P1+2P2=0
ie, 2+1.(-1)+2P2=0 = P= -1/,
Again, by Newton’s theorem
Sz + SoP1 + S1P2 + 3P3 =0
ie, 3+2.-1+1.-1/,+3.P3=0
= P3=-1/¢
Also Sy + S3P1+ SP2 +51P3 =0 (By Newton’s theorem for the case r < n)
Substituting and simplifying, we obtain Ss= 25/

Thus a4+,84+y4= %

6. Calculate the sum of the cubes of the roots of x4+2x+3=0



Solution:
Let the given equation be
x4+ P1x3 + Pox2 + Psx + P4 =0
Here P1=P>=0, P3=2 and P1=3
By Newton’s theorem, Sz + SoP1+ 5P, +3P3=0
ie, S3+0+0+3.2=0
= S3=-6

i.e., sum of the cubes of the roots of x4 +2x +3 =0, is - 6.

1.4. Transformations of Equations

Let f(x) = 0 be a polynomial equation. Without explicitly knowing the roots of
f(x) = 0, we can often transform the given equation into another equation whose
roots are related to the roots of the first equation in some way. Now we discuss some
important such transformations.
1. To form an equation whose roots are k-times the roots of a given equation.

Let f(x)=ax"+ax " +..+a, - (1)

Suppose that a,,0,,......,a,, are the roots of f(x) =0
Then f(x)=a,(x-a,)(X=-0a,)........ (X=0) e (2)

Put y=kx in (2), we obtain:

f(L)=a2-0)(L-ar ). {2-a,)

Thus the roots of f(y/k)=0, are kay,......ka

Therefore the required equation is

n n-1
f[%jzao(%j +a1[%j +...+ta, =0

ie, ay"+kay"t+k’ay"’+...+k"a, =
Thus; to obtain the equation whose roots are k times the roots of a given equation,
we have to multiply the coefficients of x",x"™,.....,x and the constant term by 1, k,

k2,...... kr-land k» respectively.



Remark:

To form an equation whose roots are the negatives of the roots of a given
equation of degree n, multiply the coefficients of x», x»1, .... by 1,-1,1,-1, ...
respectively.

2. To form an equation whose roots are the reciprocals of the roots of a given

equation.
Consider, f(x)=ax"+ax " +...+a,=0 ............ (1)
Let a,,0,,....... ,0,, be the roots of the equation. Then,
f(x)=a,(x—-a,)(x—0,)....x=-a,) ... (2)
1. 1
In(1),put y==— ie, x=—
n (1), put y » y
Then f(EJ:a{l—alj(i—azJ ........ (E—an]
y y y y
The roots of this equation are i ,i ....... i
al aZ an
1 1 n 1 n-1
But from (1), f[—j =a, [—j + a{—j +...+ta, =0
y y y

ie, a,tay+ay’+...+tay"=
Therefore, the required equationis a y"+a _y" " +...+ay+a, =
3. To form an equation whose roots are less by ‘h’ then the roots of a given
equation. (i.e., Diminishing the roots by h)

Let f(x)=ax"+ax" ' +...+a, =0 ... (1)
Suppose that a,,d,,.....,a, are the roots of f(x) =0
Therefore, f(x)=a,(x—a,)(x =) {Xx=0,) cccverr... @)
Put y=x-h sothat x=y+h
From (2), f(y+hy=a,(y+h-a,)(y+h-a,)....(y+h-a,)

=a, (y - (a, ~)(y - (@, =h))...[y - (@, - h))
The rootsof f(y+h)=0 are a,-h,...,a,-h.
By (1), we obtain,
a,(y+h)" +a(y+h)"*+...+a, =0



Expanding using binomial theorem and combining like terms, we get an equation of

the form

Replacing y =x -h, we get
b,(x-h)"+b,(x=h)""+.....+b =0 ... (4)
Now, equation (1) and (4) represents the same equation.

Dividing equation (4) continuously by (x - h), we obtain the remainders as

(o JA IR b

nsMn-1
Substituting these in (3), we obtain the required equation.
Remark:
Increasing the roots by h is equivalent to decreasing the roots by -h.
4. To form an equation in which certain specified terms of the given equation are

absent.

Consider the equation ax"+ax"*+....+a, =0 ... (1)

Suppose it is required to remove the second term of the equation (1). Diminish the
roots of the given equation by h.

For this, put y=x-h ie., x=y + hin (1), we obtain the new equation as
a,(y+h)" +a(y+h) ™ +...+a,=0
ie ay"+(nah+a)y"* +...+a, =0
Now to remove the second term of the equation (1), we must have na,h+a, =0

. _-a
i.e., wemust have h na, -

Thus to remove the second term of the equation (1), we have to diminish its roots by

=
"=,

Remarks:
If o0, ,0, are the roots of the polynomial equation f(x) = O.
Formation of an equation whose roots are @a,),®(a,),........ ,@(a,) is known as a

general transformation of the given equation.
In this case, the relation between a root x of f(x) = 0 and a root y of the

transformed equation is that y = ¢(x). Also, to obtain this new equation we have to

eliminate x between f(x) =0 and y =¢(x).




Solved Problems

1. Form an equation whose roots are three times those of the equation

x> -x*+x+1=0,
Solution:
To obtain the required equation, we have to multiply the coefficients of x3, x2,
x,and 1 by 1,3, 32, and 33 respectively.
Thus x°-3x?+9x +27 =0 is the desired equation.
2. Form an equation whose roots are the negatives of the roots of the equation
Solution:
By multiplying the coefficients successively by 1, -1, 1, -1 we obtain the required
equationas x°+6x°+8x+9=0.
3. Form an equation whose roots are the reciprocals of the roots of
x*=5x*+7x? -4x+5=0.
Solution:
We obtain the required equation, by replacing the coefficients in the reverse
order, as 5x* —4x®+7x?-5x+1=0
4. Find the equation whose roots are less by 2, than the roots of the equation
x° =3x* -2x% +15x* + 20x +15=0.
Solution:
To find the desired equation, divide the given equation successively by x - 2.
2 (1 -3 -2 +15 +20 +15
2 2 -8 +14 68
1 -1 -4 +7 +34|83
2 +2 4 +6

1 +1 -2 +3 | +40

+2 +6 +8

1 +3 +4 |+11
2 +10

1 +5|+14
+2

1 |+7




Thus the required equation is
X° +7x* +14x° +11x* + 40x +83=0
5. Solve the equation x* -8x®—x?+68x+60=0 by removing its second term.
Solution:

To remove the second term, we have to diminish the roots of the given

equation by h "8 2

Dividing the given equation successively by x - 2, we obtain the new equation as
x* —25x*+144=0

On solving, we get x= -4,4,-3,3.

Thus the roots of the original equation are -2, 6, -1 and 5.

6.If a,B,y are the roots of the equation x°* +ax” + bx + ¢ = 0. Form the equation

whose roots are af3, By, ya .
Solution:
—¢

Note that af =a_[>’y =
4 4

_C —
Put = — = X=—
y " y

Hence the given equation becomes

S e

ie, y®-by®+acy-c® =0, which is the required equation.

l+a 1+B 1+y_,
l1-a 1-B 1-y

7.1f a,B,y are the roots of x°>—x+1=0, show that

Solution:
We have to form the equation whose roots are 1+a ,1+ B , Lty .
1-a 1-B 1-vy
+ —
For this, put y = 1—X ie, X= y_l
1-x y+1

3
Therefore the required equation is y-1p _fy-d +1=0
y+1 y+1

On simplifying, we obtain y®-y? +7y+1=0



1+a 1+B _ 1+y -1
1-a 1-B 1-y

The sum of the roots of this equationis 1. i.e.,

1.5. Reciprocal Equations

Let f(x) =0 be an equation with roots a,,a,,......,0,.
1 1 1 . .
If —,—,..,— arealso roots of the same equation, then such equations are
a 1 a 2 a n

called reciprocal equations.

Suppose that a x" +ax"* +...+a, =0 .....(1) isa reciprocal equation with
roots a,,d,,......,0,
1 : . .
Then —,—,.....,— arealso roots of the same equation. The equation with roots
a
1 2 n

11 .
— —ry— is: A x"+a X" +...+a,=0 ... 2)
a 1 a 2 a n

. : o - A _ &y
Since (1) and (2) represents the same equation, we must have =——=—"=Kk

Taking the first and last terms in the above equality, we obtain k?=1 ie, k=+1
when k=1, we have apo=an, a1 = ani....

Such equations are called reciprocal equations of first type.
When k=-1, wehave a, =-an, a1 = -an, ...... These type of equations are called
reciprocal equations of second type.

A reciprocal equation of first type and even degree is called a standard
reciprocal equation.
Note:

1. If f(x) = 0 is a reciprocal equation of first type and odd degree, the x = -1 is
always a root. If we remove the factor x + 1 corresponding to this root, we
obtain a standard reciprocal equation.

2. Iff(x) = 0is a reciprocal equation of second type and odd degree, then x =1 is
always a roots. If we remove the factor x -1 corresponding to this root, we

obtain a standard reciprocal equation.



3. It f(x) =0 is areciprocal equation of second type and even degree, then x =1
and x =-1 areroots. If we remove the factor x2-1 corresponding to these

roots, we obtain a standard reciprocal equation.

Solved Problems

1. Solve the equation 60x* —736x° +a433x* —736x +60 =0
Solution:
The given equation is a standard reciprocal equation. Dividing throughout by x?2,

we obtain,

60x° — 736X +1433—@+6—? =0
X X

eso(x2 + iz) - 736(X+1) +1433=0
X X

Putting y =x+ %( and simplifying, we obtain

60y? — 736y +1313=0

101 13
On solving, we get =—or—
g g y 0% %6
When y=g,x+£=gz>loxz—101x+10=0
10 x 10
ie., X=1O,i
10

o _13 _3
Similarly when y = Y we get X = E%

Thus the roots of the given equation are 10,1—]6 g %
2. Solve:

x? =5x* +9x3 —-9x? +5x -1=0
Solution:

This is a second type reciprocal equation of odd degree. So x =1 is a root.
On division by the corresponding factor x - 1, we obtain the other factor as
x* —4x® +5x* —4x +1=0, which is a standard reciprocal equation.

Proceeding exactly as in the above problem, we may find that

1+i/3 3+./5

or X=
2 2




1+iJ/3 3%45
2 2

Hence the roots of the given equation are 1,
3. Show that on diminishing the roots of the equation
6x* —43x°® +76x* + 25x =100 =0
by 2, it becomes a reciprocal equation and hence solve it.
Solution:
To diminish the roots of the given equation by 2, divide it successively by (x -
2), we obtain:
2|6 -43 +76 +25 -100
+12 62 +28 +106
6 -31 +14 +53 |+6
+12 38 48
6 -19 -24 |45

+12  -14
6 -7 -38
+12
6 | +5

6
= 6x* +5x° —38x” +5x + 6 =0 is the required equation, which is a standard

reciprocal equation.

It can be written as
1
G(XZ +Fj+5(x+%()—38=0
-10 5

Putting X+ 1 y and solving for y, we get y = TorE
X

When y=%,wehave X+% =g. On solving we get: X =2, %

_-10 2 _ — _2qr—
When y—T,wehave 3x“+10x +3=0 or x =-3or %

Thus the roots of the original equation are 4, V ,—1 % ( by adding 2 to each of the

above roots)




UNIT-4
TRIGNOMETRY

Expansions of Cosn® And Sinn0 in Powers of Sin® and Cos0
By Demoivre's theorem,

(0056 +1sin G)n =cosnO+1isinnd

By Binomial theorem,
(cos@+isin®)" =cos" 0+nC, cos"" O(isin0)
+nC, cos" 0(isin0)’
+nC, cos" > 0(isin0)’ +..
ie. cosnB+isinnd=cos"O+incos"" Bsin®—nC, cos" > Osin> O
—inC,cos"*0sin’0+nC, cos" * Osin* 0 +...
Equating real and imaginary parts,

cosnd = cosnd—nC, cos" > Bsin” O +nC, cos™ * Osin* O —.....

&sinn® = nC, cos" ' Bsin®—nC, cos" Osin’ 0 +nC, cos" > Osin’ O — ...

Expansion of tann0 interms of tan0

sinn® nC, cos"" Osin®—nC,cos" > Osin’ O +....
tann0 = =

cosnb cos” 0—nC, cos" > Osin’ O +...

Divide Nr. and Dr. by cosnf

nC, tan®—nC, tan’ 0 +nC, tan’ 0 —....
1-nC, tan’ 0+nC, tan* 0 +...

tann0 =
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Expansion of tan (0 +0,+....+0 )
S, —=S;+8, -5, +...
1-S,+S, —S,

Where S, = Z:tanﬂ1 S, = Z:tanG1 tano,......

tan(6, +6,+..+6,) =

Problems:

1) Prove that cos40=8cos*'0—8cos’0+1
Proof:

cosnd = cos" 0—nC, cos" > Bsin” 0 +nC, cos"* Osin* 0 —...

c0s40 = cos* 0 —4C, cos” Bsin> 0+ 4C, cos’ Bsin* 0

zcos46—4X3

cos’ 6(1 —cos’ 6) +1- (1 —cos’ 9)2

1x2
=cos*0—6cos’ 0+ 6cos? 9+[1 —2cos*0+cos? 9]
cos40=8cos*0—8cos>0+1

Hence the proof.

2) Prove that cos70=64cos’ 6—112cos’ 0+56cos’ 0—7cos0

Proof:
cos70 =cos’ 0 —7C, cos’ Bsin” 0+ 7C, cos’ Osin* 6 — 7C, cosOsin® 0

=cos’ 0—21cos’ 9(1—0052 6)+3500s3 6(l—cos2 9)2 —70036(1 —cos? 9)3

=cos’ 0—21cos’ 9(1 —cos? 9)+3500$3 9[1+cos4 0—2cos’ 9]
—7cos9[1—cos6 0—3cos’* 0+ 3cos? 9]
=cos’ 0—21cos’0+21cos’ 0+35¢cos’0+24cos’ 0—70cos’ 0

—7cos0+7cos’ 0+21cos’0—21cos’ O

=64cos’ 0—112cos’ 0+ 56cos’0—7cosO

3) Find cos80 interms of sin0 Nov'l5

Solution:
Cos80 = cos’ —8C, cos’ Osin” 0+ 8C, cos* Osin*

—8C, cos’ 0sin® 0 +8C,sin"0

Y
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= (1-sin®6)" ~28(1-sin’0) sin’ 6+ 70(1 —sin’ ) sin* 0
- 28(1 —sin? 9)5in6 0+sin®0
=1-4sin’0+6sin* 0 —4sin® 0 +sin® 0 —28sin’ O + 84sin* 0—84sin° O
+28sin® 0+ 70sin* 0 —140sin® 0+ 70sin® 0 — 28sin® 0 + 28sin® 0 +sin® O

Cos80=1-32sin’ 0+160sin* 0 —256sin® 0 +128sin® 0

4) Prove that ssi;l66 =32c0s’ 0—32cos’ 0+ 6cos0 Apr'18
Proof:
sin60 = 6C, cos’ Bsin® — 6C, cos’ Osin’ @ + 6C,cosOsin’ O
sin 60 = cos’ Bsin @ —20cos’ Osin’ O+ 6cosOsin’ O
SiTl 66 =cos’ 0—20cos’ Bsin’ O+ 6¢cosOsin” O
sin O
=cos’ 0—20cos’ 6(1 —cos’ 6) + 6c059(1 —cos’ 6)2
=32c0s’0—32cos’0+6cos0
1) Show that cos80=128cos®0—256cos’0+160cos’0—32cos’0+1 Nov'l5
Proof:

We know that,

cosnf = cos" 0 —nC, cos" > Osin’ 0 +nC, cos"* Bsin* O
n-6 s 6 n-8 - 8
—nC,cos" " Osin” 0+nCycos™ " Osin” O
Put n=8
c0s80 = cos® 0—8C, cos® > Osin’ 0 +8C, cos* * Osin* 0

—8C, cos** 0sin® 0+8C, cos” " Osin® 0

= cosgé)—Mcos%sin2 9+Mcos4esin49
x2 1x2x3x
_8><7><6><5><4><3 8xTx6x5x4x3x2x1

cos’ 0sin® 0+ cos’ Bsin® O

1x2x3x4x5%6 1x2x3x4x5x6x7%x8
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=cos® 0 —28cos’ Osin® O+ 70cos” Osin* 8 —28cos” Osin® 6 +sin® O
8 6 2 4 2 02
=co0s" 0—28cos 6(1—c0s 6)+70c0s 6(1—cos 9)
—28cos’ 9(1 —cos? 6)3 + (1 —cos? 6)4
=cos® 0 —28cos’ 0+ 28cos® 6+ 70cos* 6(1 —2cos*0+cos? 9)
—2800529(1—300526+3cos49—cos69)3+(1—4cos29+6cos49—4c0s69+cos89)
=cos’ 0[1+28+70+28+1]+cos® 0[-28 —140—84 —4]
+cos’ 0[70+84 +6]+cos” 0[-28 —4]+1

cos80 =128cos® 0 —256¢cos’ 0 +160cos* 0—32cos>0+1
cos® 0 =128cos*0—256c0s’* 0 +160cos* 0—32cos’ 0 +1

Hence the Proof.

c0s90

4)  Prove that — "= 256¢co0s’ 0—576cos’ 0+432cos* 6—120cos’ 0+9 Apr' 17.
cos
Proof:
cosn = cos" 0 —nC, cos" > Osin” 0 +nC, cos"* Osin* O
—nC, cos"* 0sin® 0 +nC, cos™* Osin® O
Put n=9,
c0s90 = cos’ 0—9C, cos’ > 0Bsin* 0+9C, cos’* Osin* O
—9C, cos’* Bsin® 0+9C, cos’* Bsin® O
—cos” -8 057 0sin? 0+ 28X 7X0 s hsint 0
1x2 Ix2x3x4
- 9><8>(7X6X5X4c0s39sin69+ 9X8X7X6X5X4X3X2cosesin89
Ix2%x3x4x5%6 Ix2x3x4x5x6%x7x8
c0s90 = cos’ @ —36¢os’ Osin’ @ +126cos’ Osin* O
—84cos’ 0sin® 0+ 9cosHsin® O
Now,
c0s96 g 6n - 2 4 o 4
———=co0s"0—36co0s’ Osin” 0 +126cos” Osin” O
cos9

—84cos’0sin®0+9sin® 0
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3) Express

=cos’ 0 —36cos’ 6(1 —cos’ 9) +126¢co0s* 9(1 —cos’ 6)2
—84cos’ 9(1 —cos’ 9)3 + 9(1 —cos’ 9)4
=cos® 0—36cos’ 0+ 36cos’ O+126cos* 9(1 —2cos” 0+ cos* 9)
—84cos’ 6(1 —3cos>0+3cos* B —cos’ 6)
+ 9(1 —4cos” 0+ 6cos’ O—4cos’ 0+ cos® 6)
=cos’ 0[1+36+126+84+9]+cos’ 0[-36 —252 — 252 - 36]
+cos’ 0126+ 252 + 54]+ cos® O] -84 - 36]+9

c0s 960
cos0

=256¢0s* 0 —576c0s’ 0+432cos* 0—120cos’ O +9

Hence the proof.

sin76 in a series of power of sin0 Apr' 16.

.

sin©
Solution:
We know that
sinn® = nC, cos"”' 0sin®—nC, cos" Osin’ O
+nC;cos" 0sin’ 0 —nC, cos" Osin’ O +....
Put =n=7
sin70 =7C, cos’ ' Bsin®—7C, cos’ > Osin’ O
+7C,cos’ > 0sin’0—7C, cos’ Osin’ 0
sin70 =7 cos® Osin© —35cos* Osin® @ +21cos” Osin’ O —sin’ O

sin70

sin©

=7cos® 0 —35cos* Osin’ 0+ 21cos’ Osin* 0 —sin® O

cos’0=1-sin’0; cos’ 0= (1 —sin? 6)2 ; cos®O= (1 —sin? 6)3

g Ssiijee = 7(1 —sin’ 9)3 —35sin’ 9(1 —sin’ 9)2 + 21(1 —sin” O)Sin4 0—sin’0
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= 7[1—3sin2 0+ 3sin* 0 —sin® 9}—3SSin2 9[1 —2sin’ 0 +sin* 9]
+21sin* O(l—sin2 9)—sin6 0
=7-21sin’ 6+ 21sin* 0—7sin® 06— 35sin’ 0+ 70sin* 0
—35sin° 0+ 21sin* @ —21sin® 6 —sin 60
=—64sin° 0+112sin* 0—56sin’ 0+ 7

cos50
cos0

=1-12sin’0+16sin*0 Nov'16

5) Prove that

Proof:
cosn = cos" 0 —nC, cos" > Osin> 0 +nC, cos"* Osin* O
0850 = cos’ 0—5C, cos’ > Bsin* 0+ 5C, cos” * Osin* O

c0s50 =cos’ 0—10cos’ Osin’ 0 + 5cosOsin* O

M:cos49—10005295in29+55in49
cos0
2 .2 4 . 24)2
cos"0=1-sin"0; cos 9=(1—sm 6)
=1-2sin’0+sin* 0
cos560 ) .4 ) ) .4
’, =1-2sin“O+sin” 0 —10sin 6(1—sm 6)+551n 0
cos0

=1-2sin’0+sin*0—10sin’ 0+ 10sin* 0 + 5sin* O
=1-12sin’0+16sin* 0
Hence the proof.

Expansion of sin"0 and cos"0 interms of multiples of 0.

Let
X =cosO+isin6 x" =cosnO+isinnd
1 . 1 ..
— =co0s0—isinO — =cosnH—isinnd
X x"
L 2coso ny
X+—=2co0s x" +—=2cosn0
X X
1 ..
X ——=2isin0 x" ——=2isinnH
n

X X
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(x +lj = (2c0s9)n =2"cos" 0

X

(x —lj =(2isin®)" =2"i"sin" 0

X

Problem:

1) Expand cos®0 in a series of cosines of multiples of 0.

Solution:
Let
X =cosB+isin6 x" =cosnO+isinnd
1 .. 1 o
—=cosf—isin® — =cosn0—isinnO
X Xn
L 2c0s0 a1
X+——-=200s x" +—=2cosnb
X <" 1
1 1
X ——=2isin® X" —— =2isinnd 121
X x" 13 3 1
1 4 6 4 1
To find cos®0, 1510 10 5 1

16 15 20 15 6 1
BY ¢ 17 21 35 35 21 7 1
Consider X+; =(2cose) 1 8 28 56 70 56 28 8 1

2 3 4
ie. 28c0589=x8+8x7(lj+28x6(l) +56x5(lj +7Ox4(l)
X X X X
5 6 7 8
+56x3(lj +28x2(1] +8x(l] +(1j
X X X X

S6x 28 8 1
ot —t+—

x> x' x* X

= [xg +i8}+8{x6 +i6}+28{x4 +i4}+56{x2 +L2}+70
X X X X

alinaiiiginaiaEs ( 0)+ ( 0)+ ( 0)+

=x%+8x° +28x* +56x> +70+

cos® 0 =22—7[c0s89+800s66+28cos49+56c0s26+35]

( x" + Lﬂ = ZCosnej

X
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2) Expand sin®0 in a series of sines of multiples of 0.

Solution:

x+l=2cose x“+%=200sn6

X X 1 2 1
1 .. 1 .. 1331
X ——=2isin® x" —— =2isinn0 1 4 6 4 1
X X 1 =5 10 -10 5 -1
To find sin°0, . ;
fi ’ For sin expansion change
1Y S signs alternatively in the
consider (x——j =(2isin@) =2"1"sin’ O last step
X
i2:7
| ;1 , 1 .
ie. 2’isin’0=x"-5x"-—+10x" - ——10x".— 1*=+1
X X X o
11 o
+5X—4——5
X" X

= |:X5 —%}—5{){3 —%} + 10|:X —l}
X X X
2°isin’ = 2isin 50 — 5[2isin36]+ 10| 2isin 6]
.sin’ 0= %[sinSG —55in30+10sin 6]
2
3) Expand sin’0cos®0 in a series of sines of multiples of 0.

Solution:

x+l=2cos9 X“+Ln=2cosn9

X X 1
1 1 3
X ——=2isin® x" ——=2isinn0 1 =2
X X 11 2
1 0 -3
To find sin*@cos*0, 11 3 -3
1 2 2 6

Power

3 1 —3
2 -1 —4
21 -1 —5

0 3 0 -1 —6

33 -1 -1 —7
0 6 2 2 -1 —8

3 5
consider (x—lj (x+lj =(2cos(3)5(25in6)3
X

sin’Ocos’ 0 = ﬁ[(x %)3 (X + %)5}

Write the Pascal triangle upto 3
steps (for sine), change the sign
alternatively and continue the
triangle upto 5 steps (for cosine).
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A

) —112* HX _%}2{)‘6 _%}_2[X4 _%}_6[)‘2 _xiﬂ

.123 [ 2isin86—2(2isin66)—2(2isin46)—6(2isin26) |
-1

sin®0cos’ O = 2—17[sin86 +2sin 60 —2sin40 —6sin 29]

4) Express sin*0cos’0 in a series of cosines of multiples of 0.

Solution:
1 |
X+—=2co0s0 X +—n:2cosn6
X X
1 .. i ..
X ——=2isin0 X ——n:2lsmn6
X X
To find sin*Ocos’0 1
11
. 1 ! 1 2 sin b2
consider | x—— | | Xx+— Changesign power | 3 3 1
X X alternatively 41 4 6 4 1
\ . M- 1 32 2 3 1
:(2isin6) (ZCOSG) @1 2 0 4 1 2 1

4:4~2 - 4 2
=2"1"2"sin" Ocos” 0

4 2
~.sin*0cos’ 0 = i{(x —l) (x +lj }
26 X X

| )(6—2x51—1x4lz+4x3i3
X X X
T 2° 1 11
—1x* - 2x— 41—
X4 X5 X6

1] 1 1 1
=F_(X6 +Fj—2(x4 +FJ—I(X2 +Fj+4i|
:%[200566—2(200549)—1(2cos26)+4]

=%[cos69—2cos46—cos29+2]
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5) Prove that 64cos’0=cos70+7co0s50+21co0s30+35cos0

6) Express cos’0 in a series of cosines of multiples of 0.

Ans: %[cos% +9¢0s70+35c0850 + 84 cos 30+ 126 cos 6]
7) Prove that cos®0sin*0= %[cos 96+ cos 70— 4 cos 50— 4cos 30+ 6.cos 6]

8) Prove that cos” Osin’ 0= ;—}[sin 80 +sin60—2sin40—6sin 26]

9) Prove that cos’0sin’ 6= ——
2 +5sin40— 20sin 20

1

1 |:sin 120—2sin100—4sin80+10sin 69}

10)  Expand cos®0

Expansions of sin0, cos® & tan0 interms of 0

0° o' o°
cosf=1——+———+...
12 14 |6
o' o o
smf=0-—+—-—+
3 5 7
3 5
tan9:9+e—+£+...
3 15
Problems:
1) If sin6 = 2165 show that ezi radians.
0 2166 19
Proof:
0 o
-t ...
sin@ 3 |5 _l_e_2+e_4_ 2165
0 0 3 4 & 2166

Neglecting power of 0 higher than 67

0’ 2165 1

6 2166 2166
2_ 6 1
2166 361

0= iradian
19



A

2 Ifcose—@ﬁ d 0 in radi
) = 1682 nd 0 in radians.

Solution:
0 o
cosO=1-—+—-—
2[4
Neglecting powers of 0 higher than 6%,
B 9_2 1681
2 1682

0 _, 1681 _ 1
2 1682 1682

0% = 2 = RS
1682 841
0 = —radian
29

3) Find 0 if 2n0_ 2524
0 2523

Solution:

0> 20 2524
=l+—+—+..=—
3 15 2523

Neglecting powers of 0 higher than 62,

0> 2524

32523
0> 2524 o1

32523 2523
oo 3 1

T 2523 841
0= Lradian.
29
4) Find 0 when SN0 _ 5045

0 5046
Ans: Lradian
29

Trignometry 4.11
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Nov'17

Nov'l5
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5) Find 0 if S0 _ 19493 Nov'15
19494
6) Find 1t ——X
x—>0 X

Solution:
X—| x=—"+
X —sinx ( ERS

Consider — = -
X X
X3 X5
X—X——————
_ 3 |5
X3

tanx —sinx
7) Find It ——=——
x—>0 sin” X

Solution:

tanx —sinx (

. 3 - 3
sin” X X x°
X+——+——..
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)/1 2x° X’
7+7_7_
tanx —sinx _ 2 15 |5
sin’ x x2 x4 ’
)(3/ I-——+——..
3 15
)/l 2x° x°
g 25 5
| tanx 3smx ~ 1t

. 3
2 4
x>0 8In” X x—0 x? x
-+ —..

O
8) Prove that lim>-X—~SMX _ 4

x—>0 X3

tan2x — 2sinx
. _3
9) Prove that 11_1)13—4)(3 A

¢ 5sinx —sinSx ~0
10) Prove that 5[cosx —cos5x| B

Proof:

X (5x)  (5x)
5sinx —sin 5x S{X_BJFI—S_“}_[SX_ 3 ' 5 +}

5[c0sx—cos5x]: 2yt )V (5x)°
{(IQ+E...J[1<Q> ) ﬂ

557 5°x°
K58 -ty

Consider

1 5sinx —sin 5x
x>0 5[cos X — cos 5x |
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HYPERBOLIC FUNCTIONS

Forall values ofx, real or complex the functions ¢ and © are called respectively
hyperbolic cosine and hyperbolic sine of x. 2 2

X -X X —-X

e —

We write
X —X X =X
. e" —e e +e
sinhx =—, coshx =
2 2
Similarly
X —X X —X
e"—e e +e
tanhx = " > sechx=ﬁ
e +e e +e
X —-X
e +e 2
cothx=——— &  cosechx=—
e"—e¢ e"—e

Difference between Circular and Hyperbolic Functions:

Circular Functions Hyperbolic Functions
. 1X _e—IX . eX _e—X
sinx = - sinhx =
21
e“+e™ e +e "
COsX = coshx=—
2 2
1X _e—lX eX _e—X
tanx = ———— tanhx = ———
e” +e e +e
e"+e™ e +e "
COtX =—F——- cothx =———
e’ —e e’ —e
2
SeCX = ———— sechx = ——
e” +e e’ +e
2i 2
COSECX = ———— cosechx = —
e’ —e e’ —e
Problems:
1) Prove that cosix=coshx.
Proof:
elx +e—1x
CoOSX=———
2
Put x=ix
) ei(ix) +e—i(ix) e—x + ex
Cosix = = =coshx

2
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A

cosix=coshx

Hence the proof.

2) Prove that sinix=isinhx

Proof:
) ix _ e—ix
sinx = -
21
Put x=ix
o i(ix) _ -i(ix) e X _e¥xi
sinix = = -
2 21 X1
e —e"
=1
-2
- -
e —e ..
=i| ——— |=1sinhx
2

sinix = isinhx

3) Prove that tanix=itanhx

Proof:
. sinix isinhx .
tanix = — =———=1itanhx
cosix  coshx
4) Prove that secix=sechx
Proof:
. 1 1
secix = —=———=sechx
cosix coshx
.. secix = sechx
5) Prove that cosecix= —icosechx
Proof:
. 1 1 .
cosecix = =——— =—icosechx

sinix 1isinhx

.. cosecix = —icosechx
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6) Prove that cotix=—icothx

Proof:

. 1 1 .
cotix = — =- = —icothx
tanix itanhx

.. cotix = —icothx
7) Prove that cosh’x—sinh?x=1

Proof:
cos’x +sin’x =1

Put X:iX’ 2. L2 2 2. 2
€OS” 1X + sin 1X:1:>(coshx) +1 (smhx) =1

i.e. cosh’x —sinh’x =1
8) Prove that Sech’x=1-tanh’x
Hint: Sec’x=I+tan’x Replace x by ix
9) Prove that cosech’x=—coth*x—1
Hint: I+cofx=cosec’x. Replace x by ix.
10) sinh2x= 2sinhxcoshx (sin20 = 2sin0cos0)

11) cosh2x= cosh*x+sinh’x  (c0s?0 — sin’0 = c0s20)

2tan A
1+tan’ A

2tanhx

12) tanh2x=———
1+tanh” x

(tan 2A =

13) Resolve into real and imaginary parts of sin (a+p).

Solution:

sin( o +iB) = sino.cosiP + cosasinif sin(A+B)=sinAcosB+cosAsinB - — (1)
sin(A—B) sinAcosB—cosAsinB — (2)

=sino.cosP +icosasinhf

(2]

) ) ) os(A+B)=cosAcosB—sinAsinB —>(3)
Re. partof sin (o +iB) =sino.cosh3 (A-B)

cos(A—B)=cosAcosB+sinAsinB  —(4)

Im. partof sin (a.+iB) = cosasinh B (1)+(2) = sin A cos B = %[sin(AwL B) +sin(A—B)]

(I)-(2)=cosAsinB= %[sin(A + B) —sin(A — B)]
(3)+(4)=>cosAcosB= %[COS(A + B) + cos(A - B)]

(3)—(4) =sinAsinB= —%[COS(A+ B)-cos(A —B)]

Y
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14) Cos(a+ip)
cos(a+if) = cosacosif —sinasinip

= cosacoshf —isinasinhf3
R.P =cosacosf

ILP =—sinasinhf
15) tan(o+ip)

sin(oc+iB) y cos(oc—iB)
cos(a+ip) cos(a—if)

_ sin2a.+sin2if

tan(oc+iB) =

cos2a +cos2if
_ sin2o+isinh 23
cos2a + cosh2f3

sin2o i sinh 23
cos2a+cosh2f3  cos2a+cosh2f3

tan(oc+iB) =

sin2o
cos2a +cosh2f3

sinh 23
cos2a +cosh2f3

R.P=

Im.P=

3 5 2 4
16) Show that sinhx = — + -+~ + R coshx=1+—+X 4+..

35" 2 |4

Proof:

2X+——+—+

2 |4

17) If sin(e + i¢) =tana +iseca prove that cos26cosh2¢=3

ef+e " 1{ 2x* 2x* } x> x*
coshx =

2[4

Proof:

sin(6+i¢) =sinBcosh¢d+icosOsinh ¢ =tana +iseca

=l4+—+—+...

3>
>
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.. sinBcosh ¢ =tana

cosBsinhd =seca
But sec’a—tan’o=1

. cos’ Osinh” ¢ —sin’ Ocosh” p=1

)
g ).

1| (1+c0s20)(cosh2¢—1)
Al _(1-c0s20)(1+cosh26)

i.e. cosh2¢p—1+cos20cosh2¢—cos26

—[1+cosh2¢—cos26 —cos20cosh2¢] = 4

—2+2co0s20cosh2¢p=4
2cos26cosh2p=06
..c0s20cosh2¢ =3

Hence the proof.

18) If sin(x + iy) = r(c0s9+ isin 9)
Prove that

(i) r’= %(cosh 2y —cos 2x)
(ii) tan 0 = cotx tanhy

Proof:
Given sin(x +iy) =r(cos0+isin0) =re”
(1) sin(x - iy) =re

sin(x + iy) sin(x - iy) =r’

(i.e.)‘%[cos(x+iy+x —iy)—cos(x +iy —x +iy)] =T

c0s20=1-2sin’0
:MZ sin® 6
cos20=2cos*0—1

- 1+c;)sZe — 050

cosh2¢ =1+ 2sinh* ¢
- cosh2¢—1 _sinh®¢
cosh2¢ =2cosh” ¢—1

3%: osh2¢

2

Y
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. 2
—%[COSZX —cos2iy]=r
i.e. cosh2y —cos2x =r?
(i1) sin(x +1iy) =rcos+irsin®
1.e. sinxcoshy+icosxsinhy =rcos0+irsin0

=sinxcoshy =rcos6 —(1)

& cosxsinhy =rsin 0 —>(2)

@3 rsinO cosxsinhy
(I) rcos® sinxcoshy

l.e. tan® =cotx tanhYy.

19) If cos(x+iy) = cosO+isin0
Prove that cos2x+cosh2y =2

Proof:

cosX cosiy —sinxsiniy = cos0+isin0

cosxcoshy =cos6 -1

—sinxsinhy =sin 0 - (2)
Squaring and adding (1) & (2)

2 s 2 2 2 2 : 2
cos” 0+sin” 0 =cos” xcosh” y+sin” xsinh” y

- 1+cos2x \( 14+cosh2y N 1—-cos2x \( cosh2y—1
2 2 2 2

1
1= Z[(l + cost)(l +cosh? y) + (1 - cos2x)(cosh2y - 1)}

/1/ +cosh2y+cos2x + cos2xgoshﬂ§
+cosh2y A —cos7x cosh2y +cos2x

4 =2cosh2y+2cos2x

4=

s.cosh2y+cos2x =2

Hence the Proof.

>
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20) If sin(A+iB)=> x+iy then show that

(i) x=sinAcoshB

2 2
.. X
(i) — = y2 =
sin"A cos” A
2 2
X y
iii + =
( )costh sinh’B
Proff:
Given that

X +1y =sin AcosiB+cos AsiniB

=sin AcoshB+icosAsinh B
.. x =sinAcosh B - ()
y =cosAsinh B —(2)

(1)=coshB=—>—  (2)=sinhB=—2
sin A COosA

2 2
using Cosh’ B—sinh* B =1, .XZ -~ y2 =1
sin“A cos”A

()= sinA=———  (2)=>cosA=—2
coshB sinh B

2 2

X y

Using sin® A +cos’ A =1, + =1

cosh’B  sinh’B

21) If tan% = tanh% show that cosxcoshx=1

Proof:

l—tan’X

COSX = —2?
1+tan 5

Replace x by ix,
2
— 1 X _ 2 2 X
1 (tanl ) 1—1" tanh A

COSiX =

o %

1+(taniX )2 - 1+i2tanh2%

Y

Nov'17
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A

2x 2x
:1+tanh A:1+tané
_ 2x _ 2x
1 tanhé 1 tané
1
COSX
;. cosixcosx =1

i.e. coshxcosx =1

o~ . _1 sin(x-a)
22) If cos(x+ly) l‘(COSOH‘lSanl) Prove that ¥ 210g|:sin x+a)}'

23) Separate real and imaginary parts of Nov'l6
(a) coth(x +iy) (b) sech(x +iy)
Solution:

cotix = —icothx

=cothx =icotix
coth(x + iy) = icoti(x + iy)

=icoti(ix—y)

| cos(ix—y) sin(ix+y)
=1 X
sin(ix - y) sin(ix + y)

cosAsinB = lz[sin(a + B)—sin(A—B)]

sinAsinB = —%[COS(A+B)—COS(A—B)]

.'.coth(x+iy)i{ %[Sin(ix—erix+y)—sin(ix—y—ix—y)] ]

—%[cos(ix—yﬂx+y)—cos(ix—y—ix—y)]

[sm 2ix — sm ]
[cos 2IX — cos ]

sin(—0) = —sin® and cos(—6) = cosO

coth(x+1y) {1s1nh2x+s1n2y}

cosh2x —cos2y
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sinh2x i sin2y
cosh2x —cos2y  cosh2x —cos2y

RP — sinh 2x P —sin2y
cosh2x —cos2y cosh2x —cos2y
S Marks
2 y2 2 2
1) If cos(A+iB)=x+iy then show that =1 and y

- + =1
cos’A sin’A cosh’A  sinh’A

Proof:

Given co0s(A+iB)=x+iy
cosAcosiB+sinAsiniB =x +1y
cosAcoshB+isinAsinhB=x+1y

Equation RP, IP,
cosAcoshB=x;sinAsinhB=y

= =coshB  —(l); =>—2=sinhB  —(2);
CosA sin A
and =CosA —>(3) and— =sinA - (4);
coshB sinh B
X2 2
consider Y —cosh’B-sinh®B=1 (By(l) & (2))

2 .
cos’ A sin®

2 2

. X
consider ——+ _y2
cos"B sinh“B

=cos’ A+sin’A =1 (By(3) & (4))

Hence the proof.
8) If tan(0+i¢p)=x-+iy, prove that x* +y* +2xcot20=1 Apr' 17
Proof:

Given tan(0+i¢)=x +iy
sin(0+iq)
cos(B+iq)

sin (6 +1i¢) x cos(6—i¢)
cos(0+id)

=X +1y

X+1iy =
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A

1/[sin26+ sin2i¢)]
- % [cos 20+ cos 2i(l)]

sin26 i sinh2¢
cos20+cosh2¢  cos20+cosh2¢

X+1iy =

‘= sin20 o sinh2¢
c0s20+cosh260’ Y co0s20+cosh2¢

Consider,
sin® 20 . sin® h2¢ " sin20 c0s20
[c0s26+cosh 2(1)]2 [cos29+cosh2¢]2 c0s20+cosh2¢ sin20

x* +y* +2xcot20 =

_ sin®20+sinh® 2¢+2cos’ 20+ 2cos 20 cosh 2¢
(cos26+ cosh2(1))2

1+ sinh® 2+ cos® 20+ 2cos20cosh 2¢
(cos26+cosh2(1))2

sin® 20 +cos* 20 =1
cosh® ¢ —sinh” ¢ =1=>1+sinh’ ¢ = cosh’ ¢

cosh”2¢+cos> 20+ 2 cos 20 cosh 2¢
(cos 20+ cosh 2(|))2

LHS =

(c0s26+cosh 2(1))2 B

=1
(c0s26+ cosh 2(|))2

Hence proved.

Inverse Hyperbolic Functions:

If sinhx=y then x=sinh'y
& if coshx=y then x=coshy

The values sinh'y, cosh'y, ... are called inverse hyperbolic functions.
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Problems:
1) Prove that sinh™ x = log(x +Vx+ 1)
Proof:
Let sinh'x =y
X =sinhy

2x=¢” —e™”

-2xe’-1=0
2
(20 x) -4 ()
2x1
g 2xEVAXT 44 2x£24x7 +]
c = =

2

¥ =x+x*+1
But e lies between 0 and o
+x>+1
= y—log(x+\/x2+l)

ie. sinh'x= log( +Vx +1)
2) Prove that cosh™ x= ilog(x +x? —1)

Proof:
Let cosh'x=y

y -y
x =coshy = cre
2x =¢’ +i
ey
—2xe’+1=0
2
. —(=2x)+/(-2x)" —4(1)(1)
2(1)

_ 2x% 4x* -4 _2x%2 x> =1
2

Y

Apr' 17
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A

e =x+Vx* -1

2
consider x—mzx_mX£
x+/x>—1

e ) PR S AP v

B x+\/x2—1 B x+\/x2—1
se’ =(x+\/ﬁ)+1
yzlog(x+\/ﬁ)+1
y=i10g(x+\/ﬁ)
(i.e.) cosh ' x = ilog(x +\/ﬁ)

- 1 1+
3) Prove that tanh 1X=510g(1 xj Nov'17
—X

Proof:
Let tanh'x =y

Y _e¥
X =tanhy = -
el +e”?

1

y

e _——
ey ezy_l
X = 1 = 2y l
eV +— e’ +

ey

X(ezy+1)—ezy+1:0
xe¥ +x-e? +1=0

(X—l)ezy+(x+1):O
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tanh ™' x =%10g(1+x)

1-x

4) Separate real and imaginary parts of tan™' (X + iy) .
Solution:
Let tan  (x+iy)=a+ib a=RP; b=Imp
X +iy = tan(a +ib)

x —iy = tan(a —ib)
(a) To Find Real part, take 2a=(a+ib) + (a—ib)

tan2a = tan((a + ib) + (a —ib))

_ tan((a +ib)+(a- ib))
1- tan(a + ib)tan(a - ib)

_ (x+iy)+(x—iy) _ 2x
1-(x+iy)(x—iy) 1—(x2—i2y2)
2x
tan2a=——+——+
e 1—(x2+y2)

a=Re par‘[=ltan’l X
' 2 1- (X2 + yz)

(b) To find the Im.Part,
take, 2ib = (a + ib) - (a - ib)
tan 2ib = tan((a +ib)—(a- ib))

~ tan(a+ib)—tan(a—ib)
1+ tan(a+ib)tan(a—ib)

_ (X+iy)—(x—iy)
1+(x +iy)(x—iy)
B 21y o 2iy

1+(x2—i2y2) - 1+x> +y?

itanh2b = 221y >
1+x"+y
tanh2b=2—y

1+x° +y?

Y
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A

b= Impart=ltanh’1 %
2 1+x"+y

Note:

But tanh'x = llog(lJr Xj
2 1-x

e
11 1+Xx" +y
202 71 %y
1+x>+y°

—
VR
—
+
>
S}
+
<
[N}
+
[\
<

1+x2+y2—2yj

Problems:

1) If tan(e + i¢) =cosa +isina, then show that

nmw 7=
i) o="2,T
@ 2 4

1 T o
ii =—logtan| —+—
(ii) ¢ 5108 [4 2]

Proof:

Given tan(6+i¢)=cosa+isina

But, If tan(9+i¢)=x+iy,: 0+ip=tan"' (x+iy)

2 2
Gzltan’l—ix ~& q):llog Sl s +(y+1)2
2 1—( +y) 4 x*+(y+1)

(i) Here x=cosa, y=sina

| 2coso
0=—tan > —
2 1—(cos o+ sin oc)

1, _,2cosa
:>Etan _—
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:>%tan_loo:%(nn+%):n%+%
9=n%+%

(ii) d):%log(cos 0c+(sina+l) ]

cos’ oL+ (sino— 1)2

=—log

1 cos® o +sin’ o+ 2sino +1
cos’ ou+sin’ o —2sino+1

4

1-sina

/+0c
2sin®
= llog tan’ (E + gj
+a 4 4 2
2cos’ [/ J

1 I
=—logtan| —+—
2 (4 2]

u
2) If tanh; = tan% then show that u =log tan(% + %)

1 1+sinaj llog[1+cos(%+a)}

=Zlog ) 1—cos(%+a)

=—log

Proof:
Gi _L = o
iven tanh 5 tan /

% =tan"' (tan%)
u=tan"’ (tan%)

1 1+tan® B 1
=2[510g{WH ('.‘tan IX:%log(lizD
=log{ tan%+tan%} (‘.'tan%:l)

—tan T o
1—tan 4tané

= logtan(%Jr%)

Y
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Logarithm of a Complex Number
Principal and general value of logarithm
Let z=re"
logz = log(reie)

=logr +loge®

logz=logr+i9|

log z is known as principal value of logarithm.

Let z=re%™™ (e*™ =cos2nm +isin2nw

logz = re’e*™ =1+0=1)

=logr +loge" +loge®™
logz =logr +10+ 2nmi (n=0,%£1,%2,...)

log z is known as general value of logarithm.

Problems:

1) Find logi

Solution:

i=cos%+isin% (‘.'cos%=0
:ei% sin%zl)
logizlogei% :i%

logi = i%

2) Find logi

i= ei%
_ ei%.lemi (.., e21’17[i — 1)
- ei%um
logizin2+2nni n=0,+1,+2,...

:i%(4n+1)
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3) Find log+/i

Vi = (o054 +isin®4) * cos™] +isin/ e
—e e n=0,41,+2,...
_ (0am)
1og\ﬁ=i(%+2nn), n=0,%1,..

4) Find real and imaginary part of Log(a+ib)

Solution:

a+ib=rc®  where r=+a’>+b> b=tan" (%)

i0  2nmi

=1c €

_ . i(6++2nm)
re
log(a+ib) =logr +log el(0+2m)
=logr+i(6+2nn)
log(a + ib) =log+a® +b” +itan™’ (%) +i2nm
R.P of log(a +ib) = logva® + b’
Im.P of log(a +ib) = tan™" (%) +2n7
5) Separate log(l +i) into real time parts.
Let (1 + i) =re"
log(l + i) =logr +loge®

log(1+1) = logr +i6 r="r+2  0=tan" (Y]
=log~/2 +itan™" (1)
log(1+i)=%log2+i% ('.'tan%:l)
R.P =élog2
Im.p= %
6) Write Log(1-i)
7) Find Log(1+2i)
8) Show that 1og[a+fb] = 2itan™" (%)

a—ib

Y
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Proof:

Let (a+ib)=re” =r=+a’+b’ 6=tan’1(%)

: 0
10g[ a+ 1bj _ log( re_ie j ~ loge™®
a—ib re
= 2i0 = 2itan"' (%)
. a+lb A -1 b
1.e.log(a —ib) =2itan (A)

8) Find real and ima part of (x+iy)*™

Solution:

x+iy)a+ib

(x+ iy)inb = elog'

_ e(a+ib)log(x+iy)

2 2 . 1y .
_ ea“b[log\/x +y~ +itan 144—21171:1}

_ ea+ib[10g r+i(9+2nrt)}

- log r—b(9+2nn)ei(b10gr+a(9+2nn))

logr—b(6+2
_ gtloer (6+2nm)

+isin(blogr—a(9+2nfc))

R Part = ¢* e (%) cos(blogr +a(0+ Znn))

I.Part = ¢*°¢" (02 sin(blogr +a(0+ 2n7c))

9) Find i

Solution:
i' =elogi'

=elogi' = ei[i%J = e_% ('.'logi = i%)From problem (1)

cos(blogr -a(0+ 2nn))

>



UNIT- 5
DIFFERENTIAL CALCULUS

Introduction:

The mathematical study of change like motion, growth or decay is calculus. The Rate of change

of given function is derivative or differential.

The concept of derivative is essential in day to day life. Also applicable in Engineering,

Science, Economics, Medicine etc.

Successive Differentiation:

Let y = f(x) --(1) be a real valued function.
The first order derivative of ldenoted by dx gior yjor Al
The Second order derivative of y denoted by uor y”or ysor A2
Similarly differentiating the function (1) n-times, successwely,
the n th order derivative of y exists denoted by% Or y" or yn or A"

The process of finding 21 and higher order derivatives is known as Successive Differentiation.

nth derivative of some standard functions:

1. y= gax
Sol : y1=aex
Y2 = a2 eax

Differentiating Successively
yn = an eaX
je. Dn[eax] = g" eax

For,a=1  DreX] = ex




2 v = log (ax +b )

a
Solution : ¥ =

Cax+b
_ (Daa —D'a’
C(ax+b)?' (ax+b)

_ DD e CDPO@E DT G-D

¥,

Y by (ax+b)’ (ax+b)
e | .
i (- (m-Dla
D [logiax + b)] = =
[log( =y, (b
Similarly 5 (— l)n_1 (n-1)!
D [logx]=p, = 5
X
5 i
3 y=(ax+b)
_ m-1
Solution: J'?f =77 (c?:f +h ) a
_ m-2 2
y,=m(m-I)(ax+b) a
m-3 3
¥, = m(m-1)m-2)(ax +b ) a
Similarly

H-F

x= m(m-1)(m-2)....... (m-n+1)(ax+b) a

()




Case () -t m=mn in(*)
D'[(ax +b)'] = n(n-1) (n-2)...... 321.d
=nld

Dixt =

Case (1) =-It m=>n in(*)
mim—1)...(m—n+D)(m-nm)(m-n-1)..321

Dl(er+b)"1= (m—nm)(m-n-1)..321 S
D'(ax+5)" = —" _(ax+b)""a"
(m—mn)!
m' H-n _n
D'[x"]= - n)’x
Caseiil :--If m <n in (%)
D'[(ax+b)"] =0

Caseiv :-If m=-1in (¥

D’{ 1 } D). )+ By g = DT

(ax +b)

D{ 1 }_(—l)np(p—l—l) ......... (p+n-1d"

(ax +b)*"

D{ 1 } 1y (p+n-D! 4"
(p-D! (ax+5)"™

a1, o] L]-cop e ]
(p-DI =




4. _}‘:COS (ax +b)

} =-Sin(ax +b). a = a Cos (ax+b+7rf2)
y,=-Sin (ax +b+1/2).a’ = a’ Cos (ax+b+27/2)

¥ = D" [Cos (ax+b)]= a" Cos (ax+b+nm/2)
Ifa=1, b=0

D" [Cosx]= Cos (x +nn/2)
5. y=Sin(ax+b)

A D" [Sin (ax+b)]= a" Sin (ax+b+nm/2)
Ifa=1, b=0
D" [Sinx]= Sin(x+ nn/2)

6. y=e"Sin(bx +c)
y,=a e”" Sin (bx +¢) +b e" Cos (bx +c)

e™ [a Sin (bx +c ) +b Cos (bx +c)] y
Puta=rcos @ b=rSin® then r=N&+F 6=tan” -

Vv, e” [rcos@S:n(bt:ﬂ-c)+rSm5CﬂS(b¥+C')]
v, =re [Sin(bx+c+86)]

;. =r[e" aSin(bx +c+6)+e“ bCos(bx +c+ 0)]
)
Pura=rcosé’ b=rSin0 then r=~N&+b 0= tanla

yg :rem:[ ?’CGSQSI'??CbX 0l 6) +rSint9C03(bx +C+9)]
¥~ - e”[Sin (bx +c + 20) ]




Similarly,

Yo=1 r“”e “[Sin( bx +c + nb) ]
y = D" [¢¥Sin (bx +¢ )] = (a2+b? )7 e [Sin (bx ¢ tn b )]
For a=b=1,c=0. o

_ v+
D" [eSinx] =(2)

2

e [S:?r(x+??T/4)]
7.y =€ [Cos (bx +e) ] Y -
y =D [ Cos(bx ¢)]=(@b?)? & [Cos (br e n_ )]
Fora=b=lc=0 v ot 2

D' [¢5Sinx] =(2)"" €" [Sin (x +nw /4) ]

3. = am_
}’,J — a??'D‘.- ( ] m) — amx (’?? ]Og ‘)
w = a (mlog a)

Differentiating Successi eh

s —a imloo a)’

3 :

For m=1, D'[a'] =a (loga)"




Leibnitz’s Theorem :

It provides a useful formula for computing the nth derivative of a product of two functions.
Statement : If v and v are any two functions of x with u, and v, as their nth derivative. Then the nth

derivative of uv is
(UV)n = UgVy + "Cq UgVn g + "CoUaVio + ... +"Chy qUnqVi+UnVg

Note : We can interchange u & v (uv), = (vu)n,
nCi=n, "Cy=n(n-1) /2!, "Cs=n(n-1)(n-2) /3! ...

1. Find the n® derivations of e cos(bx + ¢)

Solution: y1 =e2 - b sin (bx +c) + a e cos (b x + ¢), by product rule.
ie,y1= ex[acos(bx +c)—bsin(bx +c)]
Letusputa=rcos O,andb=rsin 0.

. a’+b*=r?andtan 6=h/a
e, r= W and 0 =tan"' (b/a)
Now, y, =e™[rcos @ cos(bx +c) —rsin 8sin(bx +c)]
le., y1=rexcos (0+bx+c)
where we have used the formula cos A cos B —sin A sin B = cos (A + B)
Differentiating again and simplifying as before,
y2=12e%cos (20 + bx +c).
Similarly ys =r3e @ cos (30 +bx +c).

Thus y, = r"e™ cos(n@ + bx +c)

Where r =+/a® +b* and 0 =tan"' (b/a).

Thus Dn [e2xcos (b x + ¢]

- W7y cosfotan /) bx o]




2. Find the nth derivative of log v4x* + 8x +3
Solution : Lety=log v4x*+8x +3 =log (4x2 + 8x +3)

e,y =% log (4x2 + 8x +3) - log X7 = n log x
y =% log { (2x + 3) (2x+1)}, by factorization.

oy :% flog (2x + 3) + log (2x + 1)}

1[0 -t (1) (-2

Now yn—z{ (2x+3) + (2x+1)"
=201 (1) n-1 (n- 1 -

e, yo =20 (1) 1(”1)!{(2x+3)“+(2><+1)”}

3. Find the nth derivative of log 10 {(1-2x)3 (8x+1)5}
Solution : Lety =log 10 {1-2x)3 (8x+1)3}

It is important to note that we have to convert the logarithm to the base e by the property:

log, X
| — e
0G0 % log, 10
Thus y = ogle T Ioge{(1—2x)3(8x +1)5}
le., y= ™ 1 {3log(1—2x)+5log(8x +1)}
n-1 n n-1 n
T N S
log, 10 (1-2x) (8x+1)

log, 10 (1-2x)"  (8x+1)

e. yn:(—l)”‘l(n—l)!Z”{ 31 | 54y }




4. Find the nt derivative of e2x cos? x sin x

. . 1+cos2x | .
Solution : >> let y = €2x cos? x sin x = e [ sin x

2X

ie.,, y= e2 (sin x + sin x cos 2x)

e 1. :

== smx+§[sm3x+sm(—x)]
e2x

= = (2sin x +sin3x —sin x)-." sin (-x) = -sin x
4

e2x

Ly= 2 (sin x + sin 3x)

Now vy, :%{D” (e?sin x)+ D" (e>* sin 3x )}

Thus y, = % {(\/g)P e? sinntan(1/2)+ x|+ (\/ET e? sin|ntan(3/2)+ 3x]}

Y, = ej: {(\/5)” sinfn tan(1/2)+ x|+ (\/E)n sinfntan(3/2)+ 3X]}

5. Find the nth derivative of e2x cos 3x

Solution : Let y=e2 cos® x = e . % (3 cos x + cos 3x)
le., y= % (3 €2xcos x + e2¢ cos 3X)
Y, =% {3Dr (e2* cos x) + D (e2* cos 3x)}

y, = 1{(3\/3)“ e?* cos|ntan *(1/2)+ x|+ (\/E)n e? cos|ntan *(3/2)+ 3x]}

I

2Xx

Thus y, = - {3(J§ ' cos|ntan(1/2) + x|+ (v13) cos|n tan*(3/2)+ 3x]}




2

6. Find the nth derivative of X
(2x +1)(2x +3)

X2

2x +1)(2x +3)

Solution : y= ( is an improper fraction because; the degree of the

numerator being 2 is equal to the degree of the denominator. Hence we must divide and
rewrite the fraction.
x? 1 4x?

=— =—— for convenience.
4x°+8x+3 4 4x°+8x+3

y

1
4x*
4X° +8x+3
—-8x-3

4x2 +8x +3

1 —8x-3
y="l1l+————
4 4X° +8X+3
1 1 8x+3
le, y=—"-~| ————
4 4| 4x° +8x+3

The algebraic fraction involved is a proper fraction.

4 4X° +8X+3

8x+3 _ A B
(2x+1)2x+3) 2x+1 2x+3

Multiplying by (2x + 1) (2x + 3) we have, 8x + 3=A (2x + 3) + B (2x + 1)

Let

By setting 2x+1=0, 2x + 3 =0 we get x = -1/2, x = -3/2.
Putx=-12in(1):-1-1+A(2) = A=-1/2
Putx=-3/2in(1):-9=B(-2) = B=9/2

yoo -t o L], 8 p
4|1 2 2x+1| 2 2X+3




8

_ 1{(_1)' (A G }

RN CE T

. (~1)"*ni2" 1 9
€., yn = n+1 + n+1
8 (2x+1)™  (2x+3)

X4

7. Find the nth derivative of ——————
(x+1)(x+2)

4

. X L .
Solution : y = —————— is an improper fraction.
(x+D)(x+2)

(deg of nr. =4 > deg. of dr. = 2)

On dividing x* by x2+ 3 x + 2, We get

—-15x-14
=(X2-3X+T7)+|—0
y=1 ) [x2+3x+2}

15x -14
2 = D0 (2-3x+7)-Dn | 22X 2%
y ( ) [xz +3x+2}

ButD=(x2-3x+7)=2x-3,D2(x2-3x+7)=2
D3(x2-3x+7)=0..... Dn(x2-3x+7)=0ifn>2

Hence LD{ 15x +14 }

(x+1)(x+2)

Now. let D" 15x+14 A B

X 13x+2  (x+1)  (x+2)
=>15x+ 14 = A(x+2) + B(x+ 1)
Put x=-1;-1=A(1) or A=-1
Put x=-2;-16=B(-1)or B=16

e o2 oo ]




G G
(X+1)r‘|+1 (X+2)n+l

) 1 16
yn:(_l) n! {(X+1)n+l_(x+2)n+l}n>2

8. Show that

n _ I"II
d [Iong:( 1)ln {Iogx 1_3_3_1}
dx"\ x X" 2 3 n

logx

Solution: Lety= =log x.1 andletu=log x, v =
X

X |~

We have Leibnitz theorem,

(U =UVa+ N UV, +Nc UV, +ont UV

D" (n=1
Now, u = log x .'.UﬁLgnl)'
X
—1)" n!
Vzl .'.Vn=( 1) n:
X X

n+1
Using these in (1) by taking appropriate values for n we get,

Dr= 129X ctog . 0ty 2, D00
X

Xn+1 X Xn

. n(n—1) (_izj (-1)"*(n-2)!
X

1. 2 X"t
n-1
G A L)
X X
_1\n | _ n-1 1
le.. =logx ( 1n)+1n.+( 1)n+1 -
X X
(-)"*n! ( 1)"*(n-1)!
— +. -
2Xn+1 Xn+l
n-2 _1\2 N n=_1
—( L logx(-1)™" — ( ;) +....+( 1) (ln oL
n

Note : (-1) =i1 C1(-1)2 =




(n—l)!: (n-1r 1

Also -
n! n(n-1)! n
n _ n |
d [Iogx}:( 1)ln'{logx—1—£—1...—l}
dx"| X x"" 2 3 n

9. If yn=Dr(x"logx)

Prove that yn = n yn-1+(n-1)! and hence deduce that

y=n[|ogx+l+l+l+ +£j
" 23 7"'n

Solution : y, = D"(x" log x) = D™ {D (x" log x}
n 1 n-1
= Dn-1 {x .;+ nx"" log x}

= D(xm1) + nD™* (x™' log x}
2. ¥n = (n-1)! +nyq.1. This proves the first part.
Now Putting the values forn =1, 2, 3...we get
y1=0l+1 yo=1+logx=1'(logx+1)
y2 =11+ 2y1 =142 (I + log X)

ie., y2=210g x + 3 =2(log x + 3/2) = 2! (Iogx+1+%j
y3=2!+3y; =2+ 3(2log x + 3)

ie., y3=610g x+ll =6 (log x + 11/6) = 3! [Iog x+1+%+%]

y, = n!(logx+1+£+1+...+1)
2 3 n

10. If y = a cos (log x) + b sin ( log x), show that
x2y2+ xy1 +y = 0. Then apply Leibnitz theorem to differentiate this result n times.
or
If y = a cos (log x) + b sin (log x ), show that
X2yn+2 + (2n+)Xyn + H(N2+1)yn = 0. [July-03]




Solution : y = a cos (log x) + b sin (log x)

Differentiate w.r.t x
o 1 1
~.y1=-asin(logx) —+b cos(logx). =
X X

(we avoid quotient rule to find y2) .
=>xy1 =-asin (log x) + b cos (log x)

Differentiating again w.r.t x we have,
Xy2+1 ys=-acos (log x) + b sin ( log x) 1
X

or X2y +xys=-[acos (logx) +bsin (log x) ] = -y

S X2yotxy1+ty =0

Now we have to differentiate this result n times.

ie., Dn(x2y2) + Dn(xy1) +Dn (y) =0

We have to employ Leibnitz theoreom for the first two terms.

Hence we have,

n(n—-1)

{xz. D"(y,)+n.2x.D" " (y,) + .2 .D”‘Z(yz’)}

{x. D"(y,)+n. 1.D n’1(y1)}+ y, =0
ie., {X%Yn+2+2nXYn+1+ N0 (0= 1)y} + {Xynr1tnyn}tyn =0
i€, X2yn+2+ 2N X Yn + 1+ N2Yy - NYn + Xyne1nyntyn =0

€., X2yn+2+ (2n+H)XY nat + (N2+)y, = 0

11. If cos™ (y/b ) = log (x/n)", then show that
X2yn+2 + (2n+) Xy ne + 202y, = 0

Solution :By data, cos™' (y/b) =nlog (x/n) ..log(a™) =mloga
=> % = cos [nlog (x/n )]

or y=b . cos[nlog (x/n)]

Differentiating w.r.t x we get,




y1=-bsin [nlog (x/n)] -n ST

orxy1 =-nbsin[nlog (x/n)]
Differentiating w.r.t x again we get,
1

+1. =-n .bcos[nlog(x/n)] n .
Xy2 Yi [nlog (x/n)] X/’

or X (xy2ty1) = n2b cos [n log (x/n) ] =-n2y, by using (1).
or X2yp +xy;+n2y =0
Differentiating each term n times we have,
D(x?y2) + D(xy1) + n2D"(y) = 0
Applying Leibnitz theorem to the product terms we have,

{Xzyn+2 +n. 2X' yn+l + n(n_l)' 2 ' yn}

1.2
+{xy,,,+Nn. 1.y, }+n?y, =0
ie X2Yns2+ 2 X Ynet + N2Yn + XY o1+ NYn + N2yn=0

Or X2 Yn+2 + (20 + 1) Xyn+1 + 202y, =0

12. If y = sin( log (x2 + 2 x + 1)),
or [Feb-03]
If sin'? y=2log (x + 1), show that
(x+)2yn+2 + (2n+1)(X+1)yn+ + (N2 + 4)yn = 0

Solution: Bydatay=sinlog (x2+2x+1)

o y1=coslog (x2+2x+1) 2X+2

(x+1)°

ie., yl =coslog (x2+2x+1) 2(x+1)

x> +2x+1
_ 2cos log(x® +2x +1)

ie.,
e Y1 (x+1)

or(x+1)yl =2coslog(x2+2x+1)

Differentiating w.r.t x again we get




(x+1)y2+1 y1=-2sinlog (x2 + 2x + 1) ( ! 2(x+1)
X

+1)2
or (x + 1)2y2 + (x+1) y1 = -4y
or (x+ )2y2 + (x+) y1 +4y =0,
Differentiating each term n times we have,
D7 {(x + 1)2y2] +D" [(x+ 1)ys] + D" [y] = 0

Applying Leibnitz theorem to the product terms we have,

{(x+1)2 Yoo +1 20¢+D). Y, + ”(1” ‘21) 2 .yn}

+{(x+) yn+1tn. 1 .yn}+4yn=0
ie.,  (XH)2yn+2+2n (X+1)yn+
+ N2yp-nyn + (XH)Yn+ + Nyn + 4yn =0
e,  (Xt)2yns2+t (2n+1) (X+ 1) yne1+ (N2 +4)yn=0

13. If = log (x +14+x? ) prove that

(1+X2) yne2 + (20 + 1) Xyne1 + 02y =0

>> By data, y = log (x+ V1+x? )

A 1 1+ ! 2X
A .
(X ++/1+ x%) 241+ x?

ey 1 Viext+x_ 1
’ 1(x+\/1+x2) \/1+x2 V1+x°

or V1+x’y, =1

Differentiating w.r.t.x again we get
1

JIF XY, 4 ————

N x?)

or (1+x2)y2 + xy1 =0
Now Dn [(I+x2)y2] + Dn[xy] = 0

Applying Leibnitz theorem to each term we get,

2%y, =0




{(1+ Xz)yn+2 +0N. 2X 'yn+1 +%2 yn}

+[X.yn+1tn 1y]=0
le., (1+X2) Yn+2 + 2N X Yn+1+N2yn = Nyn + Xynst+ NYp =0

or (+X2)yn+2 + (2n + )Xyn+1+n2yn = 0

14. If x = sin t and y = cos mt, prove that

(I-X2)yn + 2-(2n+1)Xyns+ + (M2-n2)y, = 0. [Feb-04]

Solution : By data x =sint and y = cos mt

x=sint => t=sin! xandy = cos mtbecomes
y = cos [ m sin-'x)

Differentiating w.r.t.x we get

y1 = - sin (m sin-'x)

1-x?
or 1+ x?y, =-msin (m sin-'x)

Differentiating again w.r.f .x we get,

1 . m
J1-X%y, + (-2x)y, =—m cos(msin " x).
©21-x ' 1-x?

or (1-x2)y2-xy| = -m2y

or (1-x2)y2 —xys +m2y =0
Thus (1-X2)yn+2-(2n+1)Xyn+1+(M2-n2)y,=0

15. If x = tan (log y), find the value of

(+x2)yn+1 + (2nx-1) yntn(n-1)yn-1 [July-04]

Solution : By datax =tan(logy)=> tan'x=logy or y=et+x Since the desired relation involves

Yn+1, Yn and yn-1 we can find y1 and differentiate n times the result associated with y1 and y.

tan~1x . _ atantx 1
- LY. =€ iy

Consider y=e
1+ X

or (1+x2)y1=y

Differentiating n times we have




Do[(1+x2)y1]=Dny]
Anplying Leibnitz theorem onto L.H.S, we have,
{(I+x2)Dn(y4) + n .2x .Dn" (y1)

n(n_l) n-2 _
T 2 D" (y)}=vy,

le., (14X2)yn+1+2n X Yn + n (n-1) Yn1-yn=0
Or (H+x2)yn+1+ (2nx-l)yn + n(n-l)yn-1 =0
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1 i |
6) If 2X=y%“+y Yo Prove that
(i) (Xz _l)yz +xy, —m’y =0

(i) (x*=1)y,,, +(20+1)xy,, +(n*-m’)y, =0

Proof:
2x:y%‘1+y_%1
1 _1/
Diff, 2:iy%n 1y —Ly mly
m m
| _1
et
:_Y_Y1__y Y1
m y m 'y
| |
2_YI |:y41_y mjl

! T | 2
Squ.  4m7y” =y, Y%n_y m} =y,{(4y%‘1+y A’) —4:|

Diff, m’ (2yy1) =y; (2x) +(X2 - 1)(2y,y2)

+ 2y, (x2 —l)y2 +Xy,—m’y =0

Diff n times, [(x2 - l)yz}n +[xy, ], —[mzy]n =0

o (P=DYuo+20xy,, +(n’—n)y, +xy, +1+ny, —m’y, =0

(x2 —l)yn+2 +(2n+1)xyn+1 +(n2 —mz)yn =0
Hence the Proof.

Jacobians:

If (ul,uz,...,un) are funs of n variables, (Xl,sz--»Xn) .

6]'11 aul aul

ox, ox, T ax,

s (uuy,.u,) = O,y 4,) |2 4 Ou,
T 0(X), XX, ) |OX, 0K, ox,

aun aun aun

o0x, 0X, 0x,
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Problems:
o(x,
1) If x=rcos0, y=rsin0 find J(x,y) or a((i’g))
Solution:
ax ox
or 00| |cos® —rsin®
J(x,y)= =\ .
@ 8_y sin® rcosH
or 00

= r(cos2 0+ sin’ 6) =r

2) If x=u(1+v), y=v(1+u) find J(x, y).

Solution:
x ox
ou ovl [1+v u
J(X’y): =
6_x @ v 1l+u
ou ov

=(1+u) 1+V)—uv
=l+u+v

3) u=xyz, v=xy+yz+zx, w=x+y+z find J(u, v, w)

Solution:

ou Ou  Ou
ox 0Oy 0z

J (u,v,w)z N NN
ox o0y 0z
ow ow  ow
ox o0y 0z
yz XZ Xy

=ly+z Xx+z y+X
1 1 1

Y

Nov'15, 16, Apr'l7

=yz[x+z—(y+x)]-xz[(y+2z)—(y+x)]+xy[ (y+2) - (x +2) ]

=yz[z—y]—xz[z—x]+xy[y—x]

=72’y -y’ z—xz2* + X’z +xy’ —x’y
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4) u=x+ty+z, uv=y+z, uvw=z find J(x,y, z) Nov'18
Solution:
U=x+y+z uv=y+z uvw =z
u=x+uv uv =y+uvw
X=u—-uv uv—uvw =y Z=UVW
x x
ou ov  ow 1-v -u 0
J(x,y,z)zg & ﬂzv—vw u-uw uv
ou Ov Ow
0z 0z Oz vw uweow
du ov ow

= uv[u(l—v)+uv] =u’v

a(x,y,z)
6(u,v,w)

6) x=u+v+w, y=u+v-w, z=u-v+w find J(x,y,z)

5) x=2uy=3v’ z=4w’ find

o(x,
7) Ifx=e"secH, y=e"tan0 find M

9(r,9)

8) Prove that J(x,y)xJ(u,v)=1 if x=uv, y=u+v.

o(r.0)

8) If x=rcos0O,y=rsin0 find
a(x,y)

Solution:
To find J(r,0). let us find r and 6.
X =r1cos0 —> () y=rsin0 —>(2)

Squaring and adding (1) and (2), we get

x> =1"cos’ 0 o I(Zx) X
y* =r1’sin’ 0 aX_,Z\/x2+y2_r
X +y* =1’ (cosze+sin26) or 12y) _y

¥ 2fcey ot

ie. x*+y’ =1’

r=+x’+y’
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Dividing (2) by (1)
Z:rsiHG or I(Z/X) X
X rcos0 a—x—m—?
:tanez% y
- o _ 12y _y
o=tan 4 0y 2yx*+y* T
o ol |x oy
5 2 X
J(I‘,e)— X 8}’ T T
H B -y x
ox oyl |t r?
Xy _x¥+y 1
oo r ror

Maxima and Minima of funs if two variables:
Working Rules:
(1) Take the fun as f(x, y)
(i) Findf,f, f =r, f =t, f =s.
(iii) Equate f & f to zero, & solve those eqns for x & y.
(iv) The pt (x,y) is critical pt or stationary point.
(v) Find rt—S?at critical pt.
If rt—S* >0 and r > 0, f is minimum at (x, y).
If rt—S* >0 and r <0, f is maximum (x, y).
If t—S* <0, f & (x,y) is saddle point neither min nor max at (x, y).

If rt — S? =0, we cannot say fis max or min at (X, y).
Problems:

1) Find the maximum and minimum values of
f(x,y) = Z(X2 —yz)—x4 +y*
Solution:

f(x,y)=2x2 —2y* —x*+y*

Y



A
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f, =§=4x—4x3
Ox
3
f,=—=-4y+4y
’f

2
f =t=£=—4+12y2

yy 2

2
fsaf

X = :0
y axay

To find maxima and minima, Put £ =0 & fy=0
4x —4x> =0 A4y +4y’ =0
4x(1-x7)=0 4y[-i+y*]=0

x=0,x"=1=>x==I y=0,y" =1

x=0,1,-1 y=0,y=+1,-1.

Sx=0,£1
y=0, £l
The critical points are (0,0)(£1,0),(%1,£1),(0,%1).

P

At (0, 0)

[rt—Szlo,o) = [(4— 12x)(-4+12y?) —0}(0’0)

=-16<0

. (0, 0) 1s a saddle pt. fis neither min nor max at (0, 0).

At (0, £1)

[rt—Szlo,ﬂ) = [(4— 12x7)(-4+12y?) _0}@;1)

= (4)(—4+12(1))
=4(8)=32>0

[0 =4~ 12x2J(0,ﬂ) =4>0

>
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<

rt—s*>0&r>0 at (0, £1)

|fis min at (0, £1)| f(0,%1)=—1 (min value)

At (£1, 0)
2
[rt—8] HO (4-12x7)(-4+12y7) - O:|(il,0)
=[ ))(—4+12(0))]
= (- 8)( ) 32>0
[r] (+1,0) :[4 ]+10
=4-12(1)=-8<0
t—-S°>0 & r<0 at (£1,0)
- |f is maximum at (£1,0)| f(+1,0)=1 (max value)
At (21, £1)
[rt—Sz](iLﬂ) =[4-12(1)[-4+12(1)]=(-8)(8) =64

rt—S° <0
- (%1, £1)is a saddle point.
. fis neither minimum nor maximum at (+1, +1)
2) Investigate maxima of the function.
f(x,y) = x3y2(6—x—y)
Solution:
f(x,y) =x’y’ (6 —X— y) =6x’y’ —x'y? = x’y’
£ =18x"y’ —4x’y’ - 3x’y’
f, = 12x°y —2x*y - 3x’y?
£ =r=236xy’ —12x’y’ —6xy"
. 3 4 3
f,, =t=12x"-2x" -6x"y
f,=s= 36x°y —8x’y - 9x*y’

To find maxima,

Put £ =0, fy=0

Y
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18x%y” —4x’y’ +3x%y’ =0
x’y*[18—-4x-3y]=0
x=0,y=0, 4x+3y =18

Solving
4x +3y =+18
2x+3y=+12
x=3y=2
The critical pts are (0,0), (3,2)
At (0, 0)
2 _
I:rt -S ](070) =0
.. We cannot say f is max or min at (0, 0)
At (3, 2)

[rt —g? ](3,2) = +ve, [r](ﬂ) <0

.. fattains maximam at (3, 2)

9) Find maximum and minimum of xy(a — x — y).

Solution:
Let f(x, y) = xy(a—x—y)
= Xya—Xx’y—xy>
f =ay — 2xy-y?
f = ax—x>-2xy
fa=1="2y
f =t=-2x

To find max & min value

Put f =0, fy=0
ay —2xy—y*=0 ax—x2-2xy=0
y[a—2x—y]=0 x[a—x-2y]=0
y=0 2x+y=ta x=0 2y+tx=+a

12x’y —2x*y - 3x’y* =0
x3y[12—2x—3y] =0
x=0,y=0, 2x+3y=12

Max value
£(3,2)=32(6-3)
=27x4=108
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Y

x=0, y=0, solving 2xty=+aforx &y,

x+2y=+a

x=35y=%

If x=0, 2x+2y=a = y=a
If y=0, 2ytx=a = X=a
L If X=O,y=a&y=0:>x=a,x=%:>y=y,x=0,y=0

The critical pts are (0,a), (a,0), (%,%) & (0,0
At (0, 0)
[rt —s ](0’0) =-a’<0

. (0, 0) is a saddle pt.

f is neither min nor maximum at (0, 0)

At (0, a)
[rt -5’ ](O’a) =-a’<0

. (0, a) is a saddle pt.

f is neither min nor maximum at (0, a)

At (a, 0)
[rt -5’ ](a’o) =—a’<0

. (a, 0) is a saddle pt.

f is neither min nor maximum at (a, 0)

(95.3)
[H—SZJ(%’%):E‘%>O
[r // 2/<O

rt—s*>0 &r<0at(y,%)
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4)
)
6)
7)
8)

9)

10) x*+y’ $2.2
X

. f has maximum value at (%’ % )

Max. value
f(x, y) = xy(a—x-y)
aa a’ 3
f(%%)7-5("“%—%):3(%):%7
Max value is a%7
f(x, y) = x*+y*+4xy+1
f(x, y) = x>+5y>—6x+10y+12
u=x’y*(1—x—y) find max.
1 1

f(x,y) = xy+;+;

x*+y*+6x+12

x*+y’—4x-2y+10

y

11) x*+y*-3xy

12) f(x)=x’~2x+2, Find Min in[0,3]

>

1) Find the maximum and minimum values of the function f(x,y) = x*y>—x’-y?. Nov' 15

Solution:

fx, y) = x’y*=x>-y?

of 2

—=f =2xy —-2x

x> y

%:fy:2x2y—2y
2

r= Oty =2y* -2
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<

Step:1
of of

—=0and —=0
Put ox oy

=2xy° -2x=0
2x(y2—1)=0
2x=0,y* =1

=>x=0,=>y==1

Critical point are (0,0), (0,£1), (1, 0), (=1, £1)

Step:2
rt—s” = (2y’ -2)(2x* - 2) - (4xy)’
=(2y* -2)(2x* -2)-16x°y*
=4x’y’ -4y’ —4x* +4- 16Xy’
rt—s = —12x*y’ —4y* —4x° +4
Step:3
At(0,0)

2 = = =
[rt—s ](O’O) =4>0, [r],,=-2<0
r is negative .. f(x,y) is maximum at (0, 0).

Maximum value
[f](o’ 0) = 0'

maximum value of f'is 0.
At [0, £1] and [£1, 0]
2 _
[rt -8 ](0,11) =0

I:I‘t N SZ ](il,O) =0

Further investigation is needed at these points

Y
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At [£1, £1]

[rt—s" ](ﬂ’ﬂ) =(0)(0)-4=-4<0

Since rt—s? is negative

(x1, £1) is a saddle point.

4) Find the maximum and minimum values of

f(x,y)=xz+y2+3+E

Xy
Solution:
f(x,y)=x2+y2+—+—
Xy
§=fx=2X——2
Ox X
§=fy:2y—%
oy y
o*f 4
f ox> x°
2
S S
oy y
o*f o*f
= or =f_ =
0x0y  Oyox Y
Step:1
Put £f=0, fy=0
2 2
2x——=0 2y-—=0
X2 y y2

S-1=0

y—l)(y2+y+l)=0
=1

ke
w
|
e
Il
]
—_

>
I
—_

<«

x> +x+1=0and y* +y+1=0 given imaginary roots.
Omitting those imaginary roots, the only critical point is (1, 1)

Step:1

>

Apr'17.
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<

Step: 2

At (1,1)
[rt—sz](u) =(2+4)(2+4)=36>0

t—s>>0

4
r =|2+— =6>0
[ ](1,1) [ X3 }(1,1)

. f(x, y) attains minimum value at (1, 1)

Minimum value:

2 2
[f](l’l) =1>+1° +T+T:6

Minimum value of f(x, y) is 6.

Method of Lagrange's Multipliers:

(Subject to the constraints)

Working rule:
(i) Form a new function f(x,y, z)
Where F(x,y,A)=f(x,y)—-2g(x.y)
(i) Find F, Fy, F, and equate them to zero.

(i11) Solve those eqns for x, y, A.
Problems:

1) Find the maxima and minima of f(x,y) =3x"+4y’ —xy if 2x+y=21.
Solution:
f(x,y) = 3x*+4y>—xy

Let g(x,y)=2x+y-21
Let F(x,y,A)=1(X,y)—Ag(Xx,y)

F=3x" +4y’ —Xy—?»(2x+y—21)

F =6x—-y=2\A
F, =8y—x-21
E = —(2x+y—21)

Y
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A

To find max & min,

Put F=0, F=0, F=0
X y A

6x—-y—21=0 - (1)
8y—x—-A=0 —>(2)
—(2x+y—21)=0 -3

Solving (1) & (2) for x, y by eliminating A.

(H+(2)x2 =8x—-17y=0
(3)x4 =>8x+4y=84
—2ly=-84

y=4

y=4 = x:l%
At (17,4)

f(IV 4) - 3(2%9}4(16)—34 :94ﬁ

Consider the constraint 2x+y=21
Put x=0 = y=21
. (0, 21) satisfies the constraint 2x+y=21.

At (0, 21)
£(0, 21) = 4 (441) =1764

£(0,21) > f(l%,4)
. fis minimum at (17,4)

. . 987
& the min value is Ve

2) Find the max & min of f(x, y)=2xy—3y’—x’ subject to x+y=16
Solution:

f(x, y) = 12xy — 3y*—x?
Let g (x,y) = xty-16

F(x,y, A) = 12xy-3y? —x> — M(x+y—16=0)

>
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F =12y - 2x —A

F =12x-6y—A

F,= - (x+ty-16)=0
To fin max & min,

PutF =0, F =0 & F,=0

12y-2x-A=0 - ()
12x-6y—-A=0 —>(2)
x+y—-16=0 —>(3)
2)-(1)=>14x-18y =0
re. 7x-9y=0
B)x7 = Tx+Ty=112
= x=9,y=7

At (9, 7)
£(9, 7) = 12(63) — 3(49) — 81 = 528

Consider the constraint x+y=16
Put x=0 =y=16
. (0, 16) satisfies x+y=16

At (0, 16)
£(0, 16) = —3(256) = 768

- 9, 7)> (0, 16)
fis max at (9, 7) & the max value is 528.
3
3) Show that the maximum value of x>y?z2 subject to x* +y’+2z" =a’ is (a%)
Proof:
Let f(x,y, 2)=x%7
& g(x,y, z) = x*+y*+z>—a’
F(Xn Y, )L) = f(X’ Y, Z) - Xg(X, y’Z)

— Xzyzzz_7L (X2+y2+22—a2)

Nov'l7

Y
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3>
>

A

F =0 = 2xy’z*-2kx = 0
2x(y*z*-1) =0
x=0 & A=y’Z’

F=0= 2yx?72>-2hy =0
2y(x*z>-L) =0
y=0 & A=x?7
Fz=0 = 2zx’2*>-2Az=0 FA=0 = x*t+y*tz’=a’
n7z=0 & X’y*=)
A =xy*=y’z?= 7°x?
Xy =y’z’ = x> =7
vz =x" =y =x’
xi=y'=7
Consider the constraint,
x*+y +z’=a’
x> +x>+x* =a’ (.'.yzzxz; zzzxz)
3x* =

a
2az
3

b

.'.x2=y2=22:a%

The max value of fis

(N 7))

. . . .. 11 1
4) Find min of a’x*+b’*y*+c’2? with the condition —+—+—=1
X y Z
Solution:
Let
f(X,y,Z) — a3X2 +b3y2 + C3Z2
&g(xy,z) =414l
X y z

F=a’x’+b’y’ +c3z2—7{l+l+l—lj
X y z
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FX:O:233X+%2:0:>7\,:—233X3
Fy=o:>2b3y+%2=o:>x=—2b3y3
Fz=o:2c3z+%2=0:>x=—2c3z3

FK=O:1+1+1=1
X y z

L=-2ax’=—-2by’ =--2c’7’
ie. a'x’ =b’y’ =¢’z°
ax=by=cz
ax = by by =cz
- -b
:x—Ay =z=7y
111 11 1

—+—+—=1 +—+ =1
b b
x'y z  biyy by
i+l+i:1
by y by
l[3+1+£}:1
y|Lb b
_a+b+c
b
X_E(a+b+cj_a+b+c
a c a

ZZ%Y:%(a—FE—FCj:a—FE—FC

(a+b+c a+b+c a+b+c]
At

9 b
a b c

Y

2 2 2
£(x,y,2) _ (a+‘:2+ c) N (a+l;2+ c) e (a+122+c)

=a(a+b+c)2+b(a+b+c)2+c(a+b+c)2
:(a+b+c)2(a+b+c)
:(a+b+c)3

The min value of fis (a+b+c)’.



CURVATURE

1. 1 Curvature and radius of curvature

The curvedness of a curve at a point p on it is measured by the rate of change of ¥

with respect to s, where W is the angle made by the tangent at p with the x-axis and s is the

arcual distance of p from a fixed point Q on the curve, that is by d¥/ds.

This rate is called the curvature of the curve at p.

Curvature of a circle

Consider a circle as in the figure whose centre is C and radius a. Let ¥ be the angle

made by the tangent at any point p with the x-axis. If the arcual distance of p from O is s,

then s = aW¥. This is the intrinsic eqn of the circle.

Differentiating this w.r.t ‘s’, we get

1-a9%
ds
cdy 1

Tds a

So, in the case of circle, the curvature is a constant which is the reciprocal of the

radius.




1.2 Radius of curvature

The reciprocal of Curvature of a curve at a point is called the radius of curvature of

the curve at the point. So it is E
d¥

The radius of Curvature of a circle is its radius.
Notation
Radius of Curvature is denoted by p.

Remark :1

In the case of a straight line the change of ¥ is zero and hence ?j—lf =0,p= (;j—;, =

Remark : 2

. . ) dy . .
If the curve is such that, as ‘s’ increases, ¥ increases, then d_ is +ve and, so p is +ve.
S

ie) if the curve is concave, p is +ve otherwise is —ve In general, p is given as its absolute

value, namely |p].

1.3. Cartesian formula for the radius of curvature

We know that % =tan¥

2
-8 Y —sec? p IY e dF O
dx dx ds dx




~ds  sec®? __dx
L= —as—=cos¥
dvy d ds

dx?

(+tan?¥)”
d’y
dx?

Examples:

1. What is the radius of curvature of the curve x* + y* = 2 at the point (1,1)?

Soln:
Giventhe curve x* + y*=2

Differentiating the above equation, we get

453 +4y° o,
dx

4x° = —4y3ﬂ.
dx




Differentiating this once again, we get

dy
I xPL—x?
d?y _ ( dx yj

dXZ y4

d?y _
dx?

At the point (1,1), % =—1,and —6.

_@+n* V2
P=""% 3

: . X.
2. Show that the radius of curvature at any point of the catenary y = ccoshE is equal to the
length of the portion of the normal intercepted between the curve and the axis of x.
Soln:

. X
Given y =ccosh—
c

Differentiating the above equation, we get




cosh®* = NI
Here p=- =ccosh® = =2-
~cosh—
c C

Again at any point (X,y)
dy )’ & X y?
the normal = y{lJ{—yj } — ycoshX =¥
dx cC ¢C

.. Radius of curvature = length of the normal.

If a curve is defined by the parametric equation x=f (8) and y=¢(60), prove that the

1 xXy'"-y'x"
curvature Is — =-———=—o
P (x2+y2)"

Soln:

where dashes denote differentiation with respect to 6.

dy _dy dx_y
dx do do x

d’y :i(l') :i(L'j%
dx* dx\x') de\x')dx

B ynxl_yx i

XIZ Xl

e A
:T




1 dx? y' X' -y x"
- % %
p 2 12
(Y] o]
dx X
_ X'y"-y'x"
(x2+y?)"

4. Prove that the radius of curvature at any point of the cycloid x =a (6 + sin6) and
. 0
y=a(l-cosO)is4acos —.

Soln:
From the given equations ,
X =a (0 + sind)

differentiation with respect to 6.

%:a(ﬂcos@)

de

2
d_e): =-asind
y=a (1 - cosb)

differentiation with respect to 6.

d_y =asiné
do
2
y_ acosd.

0>




Substituting the values in the formula obtained in the previous example, we get

1 _a(l+cosd)acos #—asind(—asinb)
P [a? @+ cos )2 +a2sin 6]

_a’(l+coso)
a®[2(1+coso)]"

_2cos?@0l2 1
alacos?0/2]* 4acos”

0
.p=4acos—.
p 2

5. Find p at the point ‘t’ of the curve x =a (cost+tsint); y =a (sint—1t cost)
Soln:
Given the curve

Xx=a(cost+tsint); y =a(sint-tcost)

X . .
% =a(-sint+sint+tcost)=atcost.

% =a(cost—cost+tsint)=at sint.

<Y tant.

dx

Differentiating with respect to x,




2
d Z:i(tant)ﬂzseczt
dx° dt dx

11
atcost atcos’t

a2
1+(yj 1+tan?t)”
L I
L p= = =a
r diy atcos®t
dx?

(The formula of Ex.3 can also be employed)
Exercise 1:

1. Find the radius of curvature for the curves

(a) y = €* at the point where it crosses the y — axis
(b) Vx+4Jy =1at(1/4,1/4)

(c)y? = x* + 8 at the point (-2, 0).

(d) xy = 30 at the point (3,10)

(e) (¢ + y?)? = a? (y*— x°) at the point (0, a)

Polar form.
Let r = f(0) be the given curve in polar coordinates.

- X=rcos0andy=rsin 6, may be regarded as the parametric equations of the

given curve the parameter being 6.

% = cos@ﬂ— rsiné
dée dée

and d—y=sin6?£+ rcosd
de do




2 2
d )2( =cosed—r2—25in ei—rcoseand
do de de
2 2
d Zzsined 2—2cos€£—rsim9
do deo deo

Substituting these values in the formula for p in parametric from and simplifying we

get

3
2 2y2 2
:—z(r +£1 ) where riz—dr andr, _dr 2
r’+2r" —rr, do do




