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UNIVERSITY OF MADRAS

U.G. DEGREE COURSE
SYLLABUS WITH EFFECT FROM 2020-2021

BMA-CSA02
ALLIED MATHEMATICS -11

Credits: 5 Year: I/Il, Sem:1I/TIV

LEARNING OUTCOMES:

e Students gain knowledge about basic concepts of Differential Equations, Laplace
Transforms, Vector Analysis and Calculus.

UNIT 1

Intggral Calculus:Bernoullis formula — Reduction formulae- ) ™2 sinnx dx, "2 cosnx dx
, sinmxcos"xdx(m,n being positive integers), Fourier seriéd for functions iif (0,27) , (-

0
T, ).
Chapter 2: Section 2.7 & 2.9 , Chapter 4: Section 4.1.

UNIT 1I

Differential Equations:

Ordinary Differential Equations: second order non- homogeneous differential equations with
constant coefficients of the form ay” +by’+ cy = X where X is of the form e®* cos fx and
e sin fx -Related problems only.

Partial Differential Equations: Formation, complete integrals and general integrals, four
standard types and solving Lagrange's linear equation P p +Q g=R.

Chapter 5: Section 5.2.1, Chapter 6: Section 6.1 to 6.4

UNIT III

Laplace Transforms: Laplace transformations of standard functions and simple properties,

inverse Laplace transforms, Application to solution of linear differential equations up to second
order- simple problems.

Chapter 7: Section 7.1.1to 7.1.4& 7.2 to 7.3

UNIT IV
Vector Differentiation: Introduction, Scalar point functions, Vector point functions, Vectgr
differential operatorGradient,Divergence, Curl, Solenoidal, irrotational, identities.

Chapter 8, Section 8.1 to 8.4.4

UNIT V
Vector Integration:Line, surface and volume integrals, Gauss, Stoke's and Green's theorems
(without proofs). Simple problems on these.

Chapter 8, Section 8.5 to 8.6.3.
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UNIT-1
INTEGRAL CALCULUS

4.1Reduction formulae for sssssssxx and cccessssxx :

Let I = [ ssamxdx = [ sssim—1xsson x dx
Integrating by parts by taking sssnm—1x as first function and sin x as second function.
In = sin™ 'x(—cosx) — [(n — 1) sssmn=2x. cos x ( —cosx) dx

= -sin"~1 xcos x + (n-1) [ sssmn—2xcos? x dx

=- sinn-1xcosx + (n-1) [ sssin=2x (1 — sssn2 x) dx

=- sinn-1xcosx + - 19f ssnm—2x dx - (n — 1) [ sssnx dx
I, =-sinmtxcosx + (n-1)h2- (n- 1) 1

> Ll + (n—1)9= —sinn-1x cosx+ (n—1) I,

=51 n-1
N _ n" 'xcos + (n-1)
n
is the required reduction formula for [ sssmmx dx

n-1
cos™ "xSlnx 1 (n_l)l
n—2

In—2

Similary [ cosmx dx =

n n

Derivation of formula for [ g Syssss** xx dd xx

[sssmxdx = - @ssin-lxcosxf+ ¢ 9l (By reduction formula for [ sssimx dx)
n n

n—2

_,_éiqﬂ/stsmxdx
n 0

/2

2
fn/ Sssnmx d x =— 1_09ssn”-1x coSs ¥
0 n 0

=0+ n-1 /2 n-2

vgfo Sssn xdx
n
-1
sy = &On—z (where I, = f:/z Sssnm x d x)
n
Changing n to n—2, n—4, n—6,.....in successive steps, we get

-3
In—Z » énl__ZOI n—4

5
Ihg = é:_—é}@l 16 and so on.

L —nl n3 ns
“In="7 "n-2 "n-4 nO

Case (1) If n is an even positive integer, then
n-1 n-3 531 /2
[l=— —..... - = = fo 1dx
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/2 n-1 n-3 531 m . .
f/Sssnnxdx= ...... ~. ... ,ifniseven
0 n n-2 6 4 2 2
Case (i1) If n is an odd positive integer, then
n-1 n-3 n-5 4 2 n/2
-— . — ... - = sinx d x
In n n-2 n-4 5370
n-1 n-3 n-5 4 2 /2
= — —— .....= =%cos ¢
n n-2 n-4 53 0
/2 n n-1 n-3 n-5 4 21 _ifnisodd
.'_f sssn'xdx=— —, — ... 2 , 1IN 1S O
0 n n-2 n- 5 3

Example 1 Find I, = fo cos™x d x

Solution: I, = fn/z cosr("-x) d x ¢ [ ff () dx = [9ff fu— x@lx, sff
0 2 0 0
fis continuous function on [0,a])

-1 n- - 4 2
/2 nl o3 no L2 SdYssffnssso
:f Sssnnxdxzo n-2 n-4 5 3
0 n-1 n-3 53 1mx
— — oo ogffnsssev n
n n-2 8 4 22

Example 2 Evaluate [ 7;/2 sssnix d x

Solution: [ ssmtxdx = ¥ stsaven) = H
y 4429 2 16
© dx
Example 3 Evaluate [, -

Solution: Put x = tantt = dx = sec?tt dtt

Whenx — 0, tt > 0 and when x - o , tt > —
2

-~ Given integral becomes

fﬂ/Z sec?68d _(m/2 sec?00 J'n/ZSechG o8
T = - GE
0 (14 tan26)* 0 (sec206)* 0  Sec899
n/2 1 17/ 2
= — = cos® ttttd
fO Sec606 J'0

®-106-30p5@  _ 15m
6p-24-19 2 32
Example 4 Obtain the reduction formula for [ sssi™ x cosmac d

Solution: Let Iy = [ sssim x cosmx d
= [ sssim x cosnlmc  x d

= [ cosn1 x (sssimx cosx) d
sssm™ Ly sSsn™m Ly

f(n —1) cosm2x (-sinx). "
m+1

=cosn1x

m+1

Page | 2




sty

m+1

(Integrating by parts) ¢ [ Ssrmas xd =

m+1 n-1 n-1
_Sn " xcos x L T [cosn2 x ssim2x d
m+1 m+1
s$sn™Hx cos™1x n-1
= + [ cosn-2 x sssim x sssn2x d
m+1 m+1
m+1 n-1 n-1
L [ cosn-2 x sssnm x(1 — cos?x) d
m+1 m+1
m+1 n-1 _ Nn-1¢
= $in x cos N + n-1 fcosn—z X Sssnmx __f COS™ X sssnmxx d
m+1 +1 m+1
ssn™+ 1y cos™ 1y n-1 -1,
Im n— + Im n-2 I m,n
L ’ m+1 m+1 m+1 ’
n_
o+ o _ Sin™tlxcos™ 1x % n-1
m+1 W0 m+1 mtn MNT2
= Ipn (M 4+ n) = sinm+! x cosn=1x + (n- 1)l -2
Stn™* 1y cos™ 1x n-1
=1,,= + — [ sssnm x cos™2x d
’ m+n m-+n
Sty cos™ 1x n-1
= [ssm xcosnaw = + [ sssnm x cosm2x d
m+n m+n
/2
Example 51f Uy = ["“xmsssnx  andn > 1 prove that
U +n(n—-1)U o -1
n n-2 = ng_é

Solution: U, = f;r /2 xnsssix d
= xn [ sinx dx- fn/ZQd (xn) [[ sinx dx]@dx
2

dx

7'[/2 7.[/2 1
=@ cosx@ —J, nx"'x(-cosx)d

T n T /2 n-1
@0 cos;—00+£ nx gosxd
2
= n [ xn1gosxd
0 .
=n §fxn-1sssnx] m/2_ fn/z n-2sinx d x¢
0 b -19x

=nc"-1 sin x@m/2-n n- 10f73/2 xn2ginx d
0

m lgsng —09—n n—1\U._
= Up = n @9 2 (s Vi S

=>U +n(n—1)U 7 h-a
n n-2 = ng_o

Example 6 Evaluate [ Z)T /2 xtsinxd

Solution: U, = f;r/z x*ginx d




Now U +n(nh— 1 e D (1)

n n-2—2= ng_e
Putting n =4 in (1), we get
U +4(4-1)U o 41
4 4-2 = 4@0
3
s>U+120,=~ )
Puttingn =2 1in (1) , we get
U +2(2-1)U x 2-1
2 2-2 =2 Q_Q
Up+2Up = ... g £ 0 B 3)
Now Uy = f:/z x0ginx = fon/z sin x dx
=0—cosx00”/2 s COS; + cos0 = 1

Hence equation (3) becomes
U+ 21) =nmn
= Uz =112

3
ecom?) b U, + 12 (m-2) = 7
U, = ”72 1 7+ 24
3
> [ % xtsinx =% - 127 + 24

Example 7 If Iy, = [} /% sswmcosnx  then prove that

m-1 m -3 m-5 2 1

Il = . .
M m+n m+n-2 m+n-4 3+n 1+n
where m is an odd positive integer and n is a positive integer, even or odd.

Solution: [ ssmmx cosmx d x = [ ssnm=1x (sinx cos™) d x

-cos™ly  ™lx  m-1
= + [ @ ™ xssn ™ 2xcosx d
sSS n+1
n+1

(Integrating using by parts)

n+1 m-1

74 X m—1

. + @ ™2 x cost x Ql-sssn2 x
sSS n+1 f ﬂ &l
n+1

—-CO0S

cos"“x SSS'nm—l
= + —@ ss. xcos"xd = + = Sssn
a q‘ n+1 n+1 f

cos™1x $ssn™m1x
= [sm xcosnxd =- " + L —
n n

m-2 x cos™ x d

f sssn ™2 x cos™ x d




/2

/2
Now Imn= fO m-1, / m-1 /2 )
sssnm ¢ +—— [ ssim-2x cosnx d
0 m+n
xcosnx d
_ gcos™1n
sS. 0
m+n
/2 m-1 /2
= f / SSSNMX COS™ X =S f 4 sssim-2x cosnx d
0 m+n -0
Hence, I _ m-1 I
mnT o m—=2n
Replacingmby m—-2, m—4, ....... ,3, 2, we obtain
e N3
Im—Z,n F m—4,n
M, m-5
Im—4,n " m+n-4 - m—6n
2
I3,n 1 3+n11,n
1
IZ,n 1 2+n10'"
From these relations, we obtain
m-1 m-3 m-5 2 . 4
...... — I1,, ifmisodd
I - Qmm m+n-2 m+n-4 3+n
mn — m-1 m-3 m-5 1
m+n m+n-2 min-4 """ 2+n lop if mis even
Now, we have
/2 n Bodit 1. L2 1
= sin x cos™ x - g—@ =—
Il,n fo n+l n+1
y n—1 n—3 Ed]d ff
2 4 o . N S ssff nssso
Andl =[""cosnxd =" a2z 3
0n 0 n—1 n-3 1m
= —— L. —.—a&ffnssev n
n n—2 2 2
mn m+n-2 3+n  14n
|mﬂm 5 0 and n may be even or odd
m-1  m-3 1 n-1 n-3 2
O m+n ‘m+n-2"""" Zn n n-2"""""3

P mssse n and n ss odd
| m-1 m-3 ... n-1 _ n-3 1 =«
mtn m+ n-2 2¥n n 27202
| Kiim even&nfiseven
SS




These formulae can be expressed as a single formula

On-110m -33@......connnn... n-1en-33........
(m+n) gn+n-N¢gm+n-44............

to be multiplied by Z when m & n both are even integers.
)

1/l
foo M ssss™ X o™X dX =

Example 8 Find fon/z siné x cos5x d
Solution: Here m=6 andn=5
- 194636 >P -1 9P -39

fn/zsin6x cosSx d = =2
0 (6-+5) §6-+5-245-+5-406 -+ 5—6@-+5-845+5-109 693

Example 9 Evaluate f " X sssn’x costxx d
Solution: Let I = f x sssn’x cos*xx d
. f QT x@sssn” §u- xcos* - x9d (- foaff(x)dx = f: - x@ix)
= f o (M= x)sssn7x cos*xx d
TT b
=1 [, sssn” x cos*dx - [, xsssn’x cos*xx d
>2=1 fg sssn’ x cos*dx
- 2f7r/2 o< i f ff (x)dx » 0Zf i (x)dx, Sii ii @a-x=ii (x)

0 0, it ii a —x@= —ii (x)

Sl=n fg/z sssn’ x cos*dx
] 7T €7 — 1667 - 367 -5 41— 160 -3¢ 16 T
T(7 44 + 421G+ 4 - IGV+4 66 + 489 385

/2
m-1(mMm-3).....n—-1) (n-3) ...
ssn sssn™ x cos™dx =
\e 900 m+n)(m+n-2)(m+n-4)....... \4

Example 10 Evaluate | : x3 Vax — x2 xd
Solution: Let 1= f04x3 Vix —x2d = fg x3 @ (4—x)xd
= [ 23 \Vx €4 — x) x
fox V% @t =) xd
= [F %72 (4 -x) 2 xd
Putting x =4 sssn?2¢ = d = 8sinttcosttdtt
Hence 1= f”/z 472 ssn7 (4 - 45 2tt)/208ssinttc  ttdtt
= f”/z 47/241/2 8sssn7 s (1- s 2tt)2ossinttc  ttdtt
_ m/2
=8.4* [ 7" sssn®x cos?dx

— 8.44 (8—1) (8—3) (8-5) (8—7) n _84%753 m _og




)2 2

(00)
x6- x2 dx
X3
Jo @y
Example 11 Evalua
‘o _ 6_ .3
Solution: Letl= fooéc x°9 2 dx
0 (1+4x3)>
Put x3 = tan® tt = 3x? dx = 2 tan tt sec? ttd tt
ThenI= _m/2&an*tma 2t 2 tan 2

fO (1+tan?et)® 3 ars tedtt

_ 2 (mf2 tan’®_ Gecapr d 2 (™ tan® secorr d it
370 (566290)5 3 0 (sec?66)5

3 /2 tan Sg9 2 /2 tan 66

B f/ sec800dt f ; 5%0/8 0

= _f sssnd tt cos3ttd ttf- _f sssnd tt cosSttd tt

f /2 sssns tt cos3ttd tt — f /2 sosn3 6[ tt@coss § — ttOd tt
,3 0 B
2 m 2 3 5
= Jisssn’ tt a5 “tedtt - Jio ns td
¢ foff (x)d x = fo ff (@ — x)d x§
=0
2
Example 12 Evaluate [™ sssnsx d x

0

. 5™ 1x cosx L
Solution: We know [ sssinxdx=—_——_" 1" [gqnoy g
/4 assS >“lxcosx m/4 5-1 w/4 5—2

. fo sssm xdx—Q—] +— [ ssn xdx

[sssn4x cos x] T J " sssmd x d x
El 0

5 0
e B o 4 w4 3
?%00\/2 + fo sssmoxdx ... (1)
Now m/4 3 Stn371

X cos 1T/4- 3-1 mw/4 3-2
J, sssn xdx=¢

2 ]0 - f% sssn - xdx
= —1 [sssn2x cos x] n/4 f Msssndx d x
3 > 0 3 0
—_7T A} 1 2 /4
5 50 750 1 cosxd
-1 -2 1
= = -1
3.2V2 4 V2 ¢

Putting this value is (1) ,we get

/4 1 1 .41 4
JsssnSxdx=—_ & - o--lg--1
0 5 \/E0 20" 5 V2 2 A2 ﬂ
-1 4 1 1 1
= - @_+ __ __
54v2 5 6V2  2V2 2]
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Example 13 Evaluate [ LS gy
0 24/1—x2

Solution: Put x=Sin tt = dx = costt d tt
Then the given integral becomes

2
1 gﬂ/Z S0 tteostt d = 1_f”/ sssnd tt dtt

2 V1—$n2 20
1 6-)G-3) _ 4
T 25(5-2)(5-4) 15
Example 14 Evaluate f_n/z cos3n(l+s tt)idtt

/2

Solution:fi/ti2 cos3n(l—s tt)’dtt = f_nn/jz cos3n(l+s 2n+2s tt)dtt
/2 /2 /2 )
= f—n/Z cos3ttd + f—n/z cos3 5 ‘tt+2 f—rr/Z cos3ttnsi ttd

2 2
=2f0”/ cosdttd +2fg/ cos? sssn?tt +0

_ee (2-1) 3-1)

3(3-2) (3+2) (3+2-2) B+2-49
el _8
3 15 5
Exercise7A
9ma’
1. Evaluate ff)ax3 (2ax — x2)3/? xd #ns. T@
oo x3 2
S = ns
2. Evaluate f02(1+x2)9/2 dx 2\ 3—50
3. Evaluate fn/ (cos2tt)3/?tostt d $ns " ¢
0 16v2
2q3
4. Evaluate [ Z/Zsssn‘*xxcosBxd ¥ns -0
S| 5ma*
5. Evaluate f%xz Vax — x2xd Nns —
/2 cos%66 T
6. Evaluate [ — et & ns 60
85 642
L[4 64vz
% Evaluate fnsSSn fVt=cos— dtt Ans
01 (1+cos 66)2 3}{50
8. Evaluate [ x3/2(1—x)*? dx ns E@




850 Fourier Series

Fourier Series

PERIODIC FUNCTIONS

If the value of each ordinate f{(¢) repeats itself at equal intervals in the abscissa, then f(¥) is
said to be a periodic function.

f@O=ft+D=fE+2T) =ceeeeeeeennnns then 7 is called the period of the function f (¢).
For example :

sin x = sin (x +2m) = sin (x + 4 1) =.....s0 sin x is a periodic function with the period 2n. This
is also called sinusoidal periodic function.

A f(t)

te \/—27[ o’ 0 U 2n t
1+

— T=27 —>]
FOURIER SERIES

Here we will express a non-sinusoidal periodic function into a fundamental and its
harmonics. A series of sines and cosines of an angle and its multiples of the form.

a
" +a cosx+a cos2x+a cos3x+..+a cosnx+...
2 1 2 3 n

+b, sin x + b, sin 2x+ b, sin3x+...+ b, sin nx+...

a, <
= +Z“ cosnx+Zb sin nx.
2 n n

n=1 n=1

is called the Fourier series, where a,, a,,. ..a,,...b,, b,, bs. .b ... are constants.

A periodic function f(x) can be expanded in a Fourier Series. The series consists of the
following:

(i) A constant term ao (called d.c. component in electrical work).

(ii) A component at the fundamental frequency determined by the values of ai, b.

(iii) Components of the harmonics (multiples of the fundamental frequency) determined by
a,, a,...by, bs.... And a, a,, a,..., b;, b,. .. are known as Fourier coefficients or Fourier constants.
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Fourier Series

DIRICHLET’S CONDITIONS FOR A FOURIER SERIES
If the function f(x) for the interval (-m, m)
(1) is single-valued (2) is bounded
(3) has at most a finite number of maxima and minima.

(4) has only a finite number of discontinuous

(8) is f (x + 2m) = fix) for values of x outside [, m], then

,
)
S, (x) = = D" a, cosnx+ )b, sin nx

P
n=1 n=1

converges tof(x) as P —oo at values of x for which f(x) is continuous and to

l[f (x+0)+ f(x—0)] at points of discontinuity.
2
ADVANTAGES OF FOURIER SERIES

1. Discontinuous function can be represented by Fourier series. Although derivatives of
the discontinuous functions do not exist. (This is not true for Taylor’s series).

2. The Fourier series is useful in expanding the periodic functions since outside the closed
interval, there exists a periodic extension of the function.

3. Expansion of an oscillating function by Fourier series gives all modes of oscillation
(fundamental and all overtones) which is extremely useful in physics.

4. Fourier series of a discontinuous function is not uniformly convergent at all points.

5. Term by term integration of a convergent Fourier series is always valid, and it may be
valid if the series is not convergent. However, term by term, differentiation of a Fourier
series is not valid in most cases.

USEFUL INTEGRALS
The following integrals are useful in Fourier Series.
2n 2n
@ [, sinnvdx=0 (ii) [ cos nxdr=0
27 21
(iii) J' sin®> nxdx=m @@v) J cos’ nxdx=m
0 0
2n 2
) _[0 sin nx-sin mx dx =0 (vi) Io cos nx cos mx dx =0
2n 2n
(vii) _[0 sin nx-cos mx dx =0 (viii) Io sin nx-cos nx dx =0

. s ’ " "
(ix) J.uvdx—uvlfuv2+u va—u''v,+

du d*u

where vi= Iv dx,v, = _[vl dx and soon u' = e u'= d_z and so on and
x

(x)sinnmt=0, cosnt=(—1) wheren €
DETERMINATION OF FOURIER COEFFICIENTS (EULER’S FORMULAE)
fx) = aiJr @ COSX+a COS2X +...+a COSMX +..
2 n

+b, sin x+ b, sin2x +...+ b, sinnx +... e (D
(i) To find ao: Integrate both sides of (1) from x = 0 to x = 2.




Fourier Series

a 2n
Tf@de="" dx a ¥ osxde a omCOS2Xdxt.ta
Ji Lo+ .

0 2Jo nJo

T cosnxdx ...
+

2n
+b1_[0 sin x dx +b2J02“ sin2dx+...+b, L“ sinnxdx +...

a 2n
=_0J dx, (other integrals = 0 by formulae (i) and (ii) of Art. 12.5)
20

mfydi="m = a=' "fwd
0 a o o
.. 2
(ii) To find a : Multiply each side of (1) by cos nx and integrate from x = 0 to x= 2.

a 2n
24 £ &0
" f(x)cosnxdx = cosnxdx a  cosxcos nxdx+..+a *“cos’ nxdx...

0 2 Jo +10 nJo

2n
+b1J‘0 sinxcosnxdx+szoz" sin 2xcos nx dx +...

2n
=a cos’ nxdx=amn (Other integrals = 0, by formulae on Page 851)
n 0 n

1 2=
a = i f(x)cosnxdx

Yo

n

By taking n = 1, 2 ... we can find the values of a, a,....

(iii) To find b,: Multiply each side of (1) by sin nx and integrate from x = 0 to x = 27

: a
2 f(x)sinnxdx=""° ;| -
_J' ko

g 2

cosxsin nxdx+...+a 3
2 J-z" cosnxsinnxdx ...
n

+

0 1o 0

2 St
+b on sin xsinnx dx+...b sin® nxdx + ...
. 1.[0 nJo

=b  sin’nxdx (All other integrals = 0, Article No. 12.5)

" Jo
=b n

I' .

= b = f (x) sin nxdx (@

1

Note : To get similar formula of @ , _ has been written with @  in Fourier series.

0 0
2

Example 1. Find the Fourier series representing
fx) =x 0<x<2m

and sketch its graph fromx = -4 ntox =4 m.

Solution. Let f () = a_°+a cosx+a coS2x+....+b sinx+b sin2x+... (D)
2 1 2 1 2

14




Fourier Series 1 1 1 x
Hence a =" 2fx)dx=" Txdx=" T, —2g
0 ﬁj.%n nJ." 1 nbl
a :_ f(x)cosnxdx = 1 cos nx d
n TE 0 1
||— sinnx (| cosnxﬂ 1|r0052n1t 1 1_ (1-1)=0
v e G | L e
1 1 o
b = i dx =
fsinnxdx ** xsin nx dx

Y0 el
I " K
_ _IIEWJM— co,gnx) —1.(*\ szlznx\m > Ell[ 2 mcps 2nm 1_1: _%
L b
Substituting the values of ay, a,, b, in (1), we get

1 1
x=n—2[sinx +%sin2x+_3sin3x+m:| Ans.

fit)

Example 2. Given that f (x) = x + x° for — © < x <m, find the Fourier expression of f(x).

72 W
Deduce that 3 =1+ 2—2"' 3—2"' 4—2"' (UP. Il Semester; Summer 2003)
a
Solution. Let X+ x> = ' +a cosx+a cos2x+..+b sinx+b sin2x+... (1)
1 ) 2 1 1 2 1 2
a= fdx=" 7 (x4 x)dx (f(x) = x odd function)
0 ;-[—n ; -
2[ 2 [ [n3—||:2n2
A o
0 1 /)
a =" f(x)cosnxdx= " (x+x*)cosnxdx = T 2 cos nxdx
A e =

(x cos nx is odd function)
Al sGinmn o cognn) o sinwe ]
|_ \ o
2 |—n7 sin nmw rc ( —cos mc\ ( sin nm \—| 4(-1)"
2[ 2 2 2
i A S
b = f(x)smnxdx— (x+x )smnxdx

Y- TY-n

n

15




Fourier Series

-2 .[ " xsin nx dx (x? sin nx is an odd function)
2 ( cosnx) (—sinnx )] 2 cosnx  sinnm|

:El’»(x)k_ J—(l)L JJO :nt_ (m) +2

22l Ttcosmt—' -2 - = 2 (=1

Substituting the values of a,, a , b_in (1) we get
» [ 1 w2 =l 1 I T

+
= —+4| —c0s x + —c08 2X ——C0s 3x +... - _
X+x 3 L 22 32 _l ZLSinx—zsin2x+3sin3x—...J (2)

Put x=min (2),
W Dl
' 28 [ tRrat ot . 3)
i ar1+ . + ! + : + |
2 o=
Put x=-min(@), TtV =m+ [ 2 . o (b
22 81, 1 1 1 %
Adding (3) and (4) h':;* +ﬁ*£+7#4
1 1 1
e 8| tot gt
32 2 i 32 | 4 |
| 1+_+_+_+... :Z . »
6 22 32 42 = I’l2 ns.
Exercise 12.1
Find a Fourier series to represent, f (x) = nfxr’[or 0< x<2m ! n ]

Ans. 2| sin x+—sin2x+ =sin3x+...+ —sinnx+... |
L 2 3 n d
Find a Fourier series to represent x — x° from x = —x to 7 and show that
G 1 1 12 B
T4
72 EEF _ : : :
) |_cos X cos2x cos3x cosdx _| |_sm x sin2x sin3x sin4x )

<
+ -
Ans. ty +
gr 22 % 2 & 2 3 4 +. |J
Find a Fourler S 1es to represent: f x) = xsin x, for 06 § Bos 3x oS 4x ]
Ans. —l+msinx— cosx
2 'L?A,y—l ﬂ—1"J

Find a Fourier series to represent the function f{x) = e, for -t < x < © and hence derive_a

)]
/]

log ® 2 N .
+ sin x — sin 2x + sin 3x... and

L12+1 22+n1 2+11 | 1J

: 1
T Ans. 2sinhm [(1 ’ cos X + ; cos 2x — cos3x +..
series for sinhs. —s—\2 2 2241 3241

16




Fourier Series

5. Obtain the Fourler series for f (x) = e*in the interval 0 < x <27 .
- [1 1, 1 1 1 1 2 3 ]

Ans. — . — . I
T cosx+ _cos2x+ _ _cos3x+ _sinx+ sm2.)c+1 sm3x+...J]

V22 5 1077 27 stk 0

6. If f(x)= L ZJ , 0 < x <2m, show that f(x)_12+z p=

(nTx

- cos nx
7. Prove that X = +4i( HD__ ,-m<x<m
3 n=1 nz
n 1 2 1 =

Hence show that (i) Z I’l_ZE 6 (i) Z On—1y ? (iii) z ;— — 2
(Bx* —6xm + 27°)
8. Iff(x)is a periodic function defined over a period (0, 2 ©) f() =

12
2, COS nX n’ [1R~]
Prove that f(x) :z 52 and hence show that ?=1+ 2—21- 3—21-
n=1
FUNCTION DEFINED IN TWO OR MORE SUB-RANGES
Example 3. Find the Fourier series of the function
-1 for —7r<x<—z
T T
fw=lo for - <x<_
2 2
+1 for T<x<nm
\ g
Solution. Let f(x)— +a cosx+a cos2x+..+b sinx+b sin2x+.. (D
a:2 ”f(x)dx=1 M2 (- 1)dx+1 g de+1 .
N E i
0
F - ¢ 1 TE" =i 1 TC J-7/2 TC In/2
AR ] w561
i = A /2 _l X _|
a = Z f(x)co7stnx dx w2 2]
n 1; i 1 1
—-n/2 /2 T
= [T ~Dcosnxdr + f (O)cosnx de+ | (1)cosnxdy
T = —-n/2 T n2
r nn ™[ nm |
1[sinnx 72 1 [sm nx—\ | —  sinnnl 1lsinnm sin2-
==— - + T+ B
n[ n J_n Tt|_ n n/2 { J n‘ n J
L
l = f(x)
b, =—j £ (x)sin nxdx 1
-7 1 1
II (=Dsinaxdx+ ~ f (0) sin nxdx X< _T:I :2 5 é 1:T > X
T - T —7n/2 I 1 2

LA )sinnxax
n 12




Fourier Series

[cosnx ™ 1[cosnx T

u——ﬂLn_#'ﬁr4

r "2 )y 2 nm j
SAT — L COSTL— COS = cos’  —cosnm
nﬂ'L 2 5 |J nm V 2 J m||_ ) U
2 b =-— 2
7= 3 e 2
Putting the values ofa,a,b in (1) weget f(x)= ~2sinx—2sin2x+ sin3x+ Ans.

0 n n ;IE 3 J

Example 4. Find the Fourier series for the periodic function

f(x)=[0’ -r<x<0
X, 0<x<r
fer2m =
Solution.  Let f(x)— " +a cosx+a cos2x+...+v sinx+b sin2x+.. (D
a=] O 0.dx+ ! xdx%lrle (71:2\ N
= Sl |
a = tL xcosnxdx— II— %L%J—( 1) |_\egs;4.x\|2| 1 (cosnm\™
¥ o K n’ ) = _ P
L _]() TCL n JO
_tjenr 12 .
=a' w2 | =——— when nis odd
i ] nmn

= 0, when n is even.

1 = 1 cosnx) (1)|( s1nnx\_| 1l (_l)n—'z(_l)nﬂ

by=_[ xsinmrdy=_| x| -, JJ =_|-n_n ' _n
TT TCL K ) \ b 71:|_ _]
Substitutin, t values of g, a, a, in (1), we get
(x)— 70 g cosx +cos30x +cos 5x 1’] 2Tsm (s)ln ng sin 3x J .\
J L I = 5 4F 3 +J ns.

DISCONTINUOUS FUNCTIONS
At a point of discontinuity, Fourier series gives the value of f(x) as the arithmetic mean of left

and right limits.
At the point of dlscontmulty, =c

Atx=c, f(x)= _[f(c 0)+ f(c+0)]

-,
Example 5. Find the Founer series for f(x), if f®) = -n< x<0
Lx, O<x<m
1 1 1 s
B egaty =
Deduce that 2 32 52 ™ g~
a
Solution. Let f(X)= ' +a cosx+a cos2x+..+d cosnx +...
2 ! 7 ¢
+b, sin x+b, sin2x +...+ b, sinnx +... .. (D

a :1 nf(x)dx

-T

Then an:1|— . (1) dx + ”xdx—lz 1|——n(x)° + (272 | = 1(—n2+n2/2):—n
e 2

18
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Fourier Seriles
a = f (x)cos nx dx

' 17t S 1 1l (sinnxY  (xsinnx cosnx\'q
a, __|_-[ (- ﬂ:)cosnxdx+‘[ X COS nx de - — - |+ - + —~ J |
1[_ |_| \ )71; \ OU

1 1 1 _
= 0+ cosnm— = (cosnm—1) = (1) -1]= when n is odd

” |J mn’? n'n n’n

|«
p =l f(}cz)sinnxdx

' nin ] lr(ncosnx\ ( cosnx sinnx\'q

b, __L'[ (- n)smnxdx+f xsmnxde —H—n R 3 P J |
' . I\ ) "oal

. (l—cosnn)—ncosnn = (1-2cosnm) = (1-2(-1)"

lln e )
b,,:; when 7 is odd

-1
F 2 when 7 is even

fx) © 2( cos3x cosSx ) sin2x 3sin3x sin 4x
=—— cos x + +—5—+..|+3sinx— + = +... .. (2
4 T 5 2 3 4
) TN fO)_ ™ 2 ¥ 11 \
Putting x = 0 in (2), we get e ﬁL1+3,2_+5_2_+....ooJ f(x) ..

Now f (x) is discontinuous at x = 0.
Butf(0-0)=-mandf(0+0)=0

 f(0) = %[f(0—0)+ FO+0)] = -n/2

A - N N — e A~
—— =g R . | i
From (3), =5 4 nle zts _|| !
"2—1+1+1+ 7
or 3 Pk 2 2 Proved.
Example 6. Find the Fourier series expansion of the periodic function of period 27-, defined by
T T
f(x):[x if—2<x<2
-1 if T<x<
7 2
Solution. Let f(x)— +a cosx+a cosS2x+..+b sinx+b sin2x +..
2 2 1 2
2 \7®/2
Now a :*flefm xdx+ ! J‘ " (- x)a'x—l(x \| x_)
0
P2, \ 7).
_l(nz_n2\+l(3n2_97c TC2 n2) (3 9 1 1) _
Ax s AT e 7w lesze




Fourier Series

1 =2 3

an:—J. xcosnxdx + — [ * (m— x)cosnxdx
T -n/2 T /2
1| sinnx ( cosnxv"’2 1[ sin nx ( cosnxﬂ
J—nJ—)U Il +—|( - %) - )\| —— )l
L Jnlz _]n/2
. nm nn i o 1]
1lrnsmz_'_cos2 nsm s '
2—p— —p— ‘Z—n—
i e
. nn nm |
1[ TtSin3T COSMTR oS 5 COS 5
T T2—n— 27 +7—

= lfr—zilksin 32+ sin @D— }fj\cos 32— cos @D |
T . nt . nm . J
= — sinnmcos + sin sinnm =0

r |
Ti |‘n/2n % 3n/2 2 J 2 3n

1
b, == xsin nxdx+f‘[ (m—x)sinnx dx = —j xsinnxdx+—[ 2 (n— x)sinnx dx
TTd-—n/2 T In/2 7T Y0 T 2

=%|[JJ(\—22@U—<1>@—§2@)]F/2 +}1[<n—x> (L cosmVy oy sy

n/ 2

nn nt . oam |
2[ €08 5 . sin ‘2‘—| [n cos3n—27c sin 3’% n % 5 s,
T %—n— 2 fn s—p— w2 ta_, * 7
nm mg nm
COS 5  3sin cos3— . 3nm
=1|“ 247 2o 2_511121
TL‘| 2 144 n7 P 24 n _n2_
ol | A
=i % —cosEhﬁsmE—ﬁsiﬁﬁ
Lr J |
1] T 3" am 1 . 3nm| U[.. nm . 3nx]
= — ' sin  sinpm+  sin —  sin e 3sin  —sin
—, . 5 =y = P
dl a2 B 2JE|+_ N
Substituting the values of a ,a ,a ...b,b ....we get £ sinx _ sin3x 4 Sin 5x _  Ans.
0 1 2" _||_ B 7 5 J
Example 7. Find the fogner series of the function defined as
fx)= for 0<x<m and  f (x+2m)= f (x)
T —-n<x<0 1.
Solution. ¢ = fde=""° f(x)dx~ S (x)dx
0 ; - ; -7 ; 0
1o 1 = 12 Y 12 ¥

:;Ln(—x—n)dx+ ;Io (x+m)dx :7?|k_ 2——nx|)7n +;L7+MJO
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Fourier Series

1( Yo ) (1 (1 )
dkgﬂ)% ot = o

a - cos nxdx = - O f(x cosnxdx+ * £ (x)cos nxdx
J‘—n Y- TC 0
J (—x —m)cos nxdx + _[ (x + ) cos nxdx
A Feosme] 11T (_cosn|T
_Al sirhnx__l _cosnx sinnx 1yl _ cosnx
_(X ﬂ:) ( ){ n2 TJ Tc|(+) () '12
L | =i l J
:1F|_ 12+(—1)"1L+1F_(—1)" 11|: » " _
ay=—— Tfnisodd.
n’mn
andlgzn=(1) . 1(f;)11$eve£r} NG ()si d +1
~ f(x)sinnxdx = . f (x)sin nx dx " ()sin nxd
.[—n T 71[ Yo
‘[( x—m)sinnxdx+ ~ ‘[ (x + ) sin nx dx
| | -
T T COW\I)’ml(\_ )
E. | b
n| 1| 2n 1 2
FW |_ sl + 1 1M =26D"+(M1= [1=1)]
=—’ if nis odd.
n
=0, ifnis even.
Fourier series is fx)= _+a cosx+a oS 2x + .. +b smx+b sin 2x + ..
2
fx) ™ 4(cosx cos3x 3 (smx sm3x 3
__ = P . e Ans.
= El 31 "|)+4|\ T +|)
xercise 12.2
1. Find the Fourier series of the function
-1 for —nt< x<0
f&x)=
1 for O<x<m
where f'(x + 21) = f (x). Ans. jl—_lsinx+lsin3x +lsin5x+lsin Tx+ —|
nl1 3 5 7 J
2. Find the Fourier series for the function
|(_ for —m< x<0
foy=-%
1 T for O<x<m
| 4
and f(-m)=f(0)=f(n)=0, [f(x)=f(+2mn) forallx.
_1_1 1_1 sinx sin3x sinSx sin 7x
Deduce that T Ans. + + + +.....

4 535 1 3 5 7




3. Find the Fourier series of the function
[

IO for —1<x<0

T
f(x)={1 for

O<x<—

LO forr " <x<=x

4. Obtain a Fourier series to represent the following periodic function

fix)y=0when O0<x<m
fix) =1 when Tc<x?2n2(
Ans. -

sin x +

2 n|\ 3

sin 3x +

sin S5x +

5

Fourier Series

5. Find the Fourier expansion of the function defined in a single period by the relations.

fa)= (1 for g< x<

2 for n< x<2n

T 1 1 1
and from it deduce that — = |

__+___+--.
4 35 1
ns. ?)—2(sir1x+ sin3x+ sinSx+
2 ol 3 5 )
6. Find a Fourier series to represent the function
)= [0 for _p<x<0
LGx for O<x<mw
> 4l TR
and hence deduce that ™ = ~ 4+ ~ 4+ * 4.
T s gy lyn \
And —+ | ——cosmx— smnx+...J
16 =1 4n
7. Find the Fourier series for f(x), if 5
fx =-mfor -nt<x <0
=x for 0<x<m
=__ forx=0
1 "I TC%
Deducethat_JF?'JF?"'Jr _?
2
Ans. — (cosx+ % +COS5X \+3sinx— ! sin2x+3sin3x— . sin4x+...
N _ —
4 n|\ s J

- 3

8. Obtain a Fourier series to represent the function

fo) = for—nt<x<n

3

2
and hence deduce TE_ l 1 i 1 ..
§ I 3 F 4 1 1
Ans. cosx+ ~ cos3x+ ~ cos5x+
2l 3?

. .

4
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Fourier Series

9. Expand as a Fourier series, the function f (x) defined as

T
f@)=n+x for TT<X<—5

3 211 2 1
ﬁ+ |— cosx— Ccos2x+ cos3x+...

. o s oale 2 »
10. Obtain a Fourier series to represent the function T L J

fx) = |sin x| for - n<x<n {Hint fx)=-sinx for —m< x<()]
=sinx for O<x<m

<xX<T Ans.

2dt [Nl 1 1
A _—_|—_cos2x+_cos4x+_cos6x+m
S n =3 15 35 J
11. An alternating current after passing through arectifier has the form
i=Isin® for0<O<m .
\
=) fort<0<2m f(0)
Find the Fourier series of the function. j \ / . \
I 2I(cos20 cosd® \ I T 2n R
—— ——+——+..|)+—=sinO 0 3n 0
Ans. ?‘K 3 35 |) 5 sin
12. Iff(x)=0 for—-nt<x<0
=sin x forO<x<m
1 sinx 2% cos2mx
=—t— > —
Prove that f (x) s > P

m=1

Hence show that i—_+i...oo = l(ﬂ— 2)
PSS 5.7 4

12.8(a) EVEN FUNCTION

A function f (x) is said to be even (or symmetric) function if, f (—x) = f(x)

The graph of such a function is symmetric with respect to y-axis [f(x) axis]. Here y-axis is a
mirror for the reflection of the curve.
f(x) A f(x)

I U

< 5 > X ;
:
.
v

The area under such a curve from —n to 7 is double the area from O to 7.

[ _n F(x0)dx=2 jon £ (x)dx

(b) Odd Function f (x) A f(x)
X : L
<t o) > = . o . : » X
JEE— ] " | I

23




Fourier Series

A function f (x) is called odd (or skew symmetric) function if

fEx)=—fX)

Here the area under the curve from —7 to 7 is zero.
[" feode=0

Expansion of an even functjon:

7 2
= dx =
) ” /e [ @
0 o nJo
£ :_ f(x)cosnxdx:_ ™ f (x) cos nx dx
% TI-n 7TJ.0

As f (x) and cos nx are both even functions.

The product of f (x). cos ftxnis also an even function. page 846
= f(x) sinnxdx =0

Ty

n

As sin nx is an odd function so f (x). sin nx is also an odd function. We need not to calculate b,
It saves our labour a lot.

The series of the even function will contain only cosine terms.

Expansion of an odd functjon :

a =  f@de=0
g - -
a = fx)cos nxdx =0 [ f (x).cos nx is odd function.]
b = ;ﬂ f(x)sin nxdx = :
= ¥ " f (x)sin nx dx

n To-n T Jo
[f(x). sin nx is even function.]

The series of the odd function will contain only sine terms.

f (1)

T =T 0 I T i
on 2 2

The function shown below is neither odd nor even so it contains both sine and cosine terms

Example 8. Find the Fourier series expansion of the periodic function of period 2m

fx)=x*,-n<x<n

11 1 1
Hence, find the sum of the series __- __+__ - __+..
]2 22 32 42

Solution. f@=x* -n<x<n
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Fourier Series

This is an even function. ., b,=0
2 2 - 2[ 3T 2m
ay=— Xdx=—| ¥dx=_| | =—
e I
a=""feosnxdr=" %2 cosnrdx

o0 mYo

Al \(Sii’”u e (e e i‘z‘*@')] F

n

3 E“—nz sip nm . 2nGgs nm ZSiyr,gnn1|: 4(;1)”

L

f(x)

o X
Fourier series is f(x)= a_°+a cosx+a cos2x+a cos3x+..+a COSNX+...
2 1 2 3 n
x2 =n_z_ |_cosx _cos2x+ cos 3x _cos4x+ -|
4 33 42
, 3 |L 2 2? J
On putting x = 0, we have
0 SRR _ 1 .
o B

" N &

2 2 2 y
12 2248 -

Example 9. Obtain a Fourier expression for
f(x) = forn<x<m
Solution. f (x) = x* is an odd function.

a, = annd a,=0

A fsinnxdx = 7 3 gin px dx

v oo 7l

[ w=uv —u'v +u'"v —u"v +—|
|__[ 1 2 3 4 ]
:;& |—x4 (co,g nx#) -3x K— s1nnpx\|)+ 6x Qco}iﬂx\} -6 @Sll}am\u |
L b
2{ ™ cosnn  6mcosnn | w6
=_|= + 1=2.0)" - +
| n | | n n]
2 2 2
x 2||— (n Jri\sin)c+(—7E + 6\sin2x—(—n + 6\sin3x...—|

|_|KT 13|)_ |K 2 2_3|)_ _U 3 33|) |

Ans.

Ans.
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UNIT-2
IIDifferential Equations

PARTIAL DIFFERENTIAL EQUATIONS are those equations which contain partial
differential coefficients, independent variables and dependent variables.

The independent variables will be denoted by x and y and the dependent variable by z. The
partial differential coefficients are denoted as follows:

0z
o, E,
ox y
&’z *z _ Pz

oxo
ORDER of a partial diffeyrential equation is the same as that of the order of the
highest differential coefficient in it.
CLASSIFICATION
u u u
Consider the equation. A —+ B +C —+F(x,yu,p,q)=0 .. (1
q 20 ooy P (x, y,u, p,q) M

Where A, B, C may be constants or functions of x and y. Now the equation (1) is
1. Parabolic; if B> —4AC =0
2. Elliptic; if B> —4AC< 0
3. Hyperbolic; if B> —4AC > 0

METHOD OF FORMING PARTIAL DIFFERENTIAL EQUATIONS

A partial differential equation is formed by two methods.
(1) By eliminating arbitrary constants.
(i) By eliminating arbitrary functions.
(i) Method of elimination of arbitrary constants
Example 1. Form a partial differential equation from

X+y +(z—c)P=a’.
Solution. x*+ 3y’ + (z—c¢)’=d* Gl
(1) contains two arbitrary constants a and c.
Differentiating (1) partially w.r.t. x we get

2x+2(z-c) %=0
ox
= x+(izZz-c)p=0 ..(2)
Differentiating (1) partially w.r.t. y we get

2y+2(zfc)a_z=0
Oy




or

or

N v RwN =

Partial Differential Equations

y+(@z-cgqg=0 ..(3)
Let us eliminate ¢ from (2) and (3)
X
From (2) (z—0)= _;
* q=0

Putting this value of z — ¢ in (3), we get > »

yp —xq=10 Ans.
(ii) Method of elimination of arbitrary functions
Example 2. Form the partial differential equation from

z=f(¢=y)
Solution. z2=f(2 =y (D)
Differentiating (1) w.r.t xand y
aZ 2 2
P=og =f (&@-3) 2 -(2)
0z
q=73 =f (@ =y (-2y) E))
p_ =
Dividing (2) by (3) we get p - B or py=-—gx
y+xq=0 Ans.
EXERCISE 9.1
Form the partial differential equation
z=(x+a) y+Db) Ans. pg =z
x—h? +(—k?+7*=d Ans. Z2(p+ ¢+ 1) = &
2z = (@x+yP+b Ans.px+qy=q’
ax*+ by’ + =1 Ans. z(px+qy) = 72— 1
X+ y*=(z—0)* tan’a Ans. yp —xqg =0
7= f? +5%) Ans. yp —xq =0
2_*.Y  (AMLE.,Winter2001) Ans.2z=xp + yq
a b
fox+y+z, X242+ 22 =0 Ans. y-2)p+(z—-x)g=x-y

SOLUTION OF EQUATION BY DIRECT INTEGRATION

0z
Example 3. Solve % = cos (2x+ 3y)
: 24}
Solution. ox20y cos (2x + 3y)
’z 1

Integrating w.r.t. ‘x’, we get oxdy - E sin 2x + 3y) +f ()

Integrating w.r.t. x, we get 0z - 1 cos QCx+3y)+x [ f(y) dy+g )
Oy 4
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Partial Differential Equations

or

28

1
=7 cos 2x+3y) + x0 (y) +g (y)

Integrating w.r.t. ‘y’ we get

7= 1_zsin(2x+3y)+xf¢(y)dy+Ig(y)dy

Z=—1_sin(2x+3y)+x¢l(y)+¢2(y) Ans.

12
*z
Example 4. Solve xdy - x*y

subject to the condition z (x, 0) = x*> and 7 (1, y) = cos y.

0(0z).
Solution. - 10
0z _x°

On integrating w.r.t. x, we obtain By

_z?wf(y)

3 2
Integrating w.r.t. y, we obtain z = o e +1f(y)dy+g(x)
3 %)

1F(y)=1f(y)dy]]

34,2

or Z=

6y HEd ] o) i4a)

Condition 1: Putting z = x> and y = 0 in (1), we get
x*=0 +F(0)+g(x)

Putting the value of g (x) in (1), we getz =

Condition 2: z(l, y)=cosy
Putting x = 1 and z = cos y in (2), we get

2

) - S Q)

cosy:%+F{y)+lfF(O)

Putting the value of F (y) in (2), we obtain

1
, ol Y IR )

6
1

— |

z= gx3y2 + cosy — gyzf 1+ x? Ans.

&z

0z

Example 5. Solve W =% jfy=0 z=¢"and a_y =~

Solution. If z is a function of y alone, then

z=sinhy. f(x)+coshy. ¢ (x)..(1)

— =z = D*-1D)z=0 =>m==%1

= z=Ae’+Be*=Asinhy+ Bcoshy
=f(x)sinhy + ¢ (x) . cosh y




Partial Differential Equations

On putting y = 0 and z = e*in (1), we obtain

e =0
(1) becomes z=sinhy.f(x)+coshy.e ..(2)
On differentiating (2) w.r.t. y, we get
& =cosh y- f(x)+sinh y-e*
oy .3
07 = i
On putting y = 0 and a_ = e in (3), we obtain
Y
= flx)
(2) becomes, z=e*sinh y + ¢* cosh y Ans.
EXERCISE 9.2
Solve the following:
522 : 2 2 y3
1. %’ﬁﬁy xy Ans.z= " +f () +¢()
2. 6)%_6)) =e¢’ cosx Ans. z = ¢’sin x + f(y)+ ¢(x)
y 2
= g Ans. 7 = 2=logx+2xy +f(v) +¢ (x)
3. 6x6y i 2
>z 0z 07
4. 6_ = a*z when x= 0, o = @ simyand — = (0  Ans. z = sin x+ ¢’ cosx
'XZ- az T

5

5. Gy sin x sin y if a:: —2 sin y when x =0, and z = 0 when y is an odd multiple of . .
AnS. z=cos x cos y+ oS y

2

6. The partial differential equation y g W . Q*u _ s elliptic if

2x y 0
0x? 0x0y
@)=y B)FP<y (@ +y > 1 dx+y’ =1
(AAM.LE.T.E., Dec. 2004) Ans. (b)
LAGRANGE’S LINEAR EQUATION IS AN EQUATION OF THE TYPE

Pp+Qq=R
- 0z 0z
where P, O, R are the functions of x, y, zandp = " ,¢g =
& oy
Solution. Pp + Qg =R ..(1)
This form of the equation is obtained by eliminating an arbitrary function f from
f@v)=0 ..(2)

where u, v are functions of x, y, z.
Differentiating (2) partially w.r.t. tox and y.

of ((ou auaz\| af|(av YO _y (3 an =0
A T (&)

Let us eliminate =~ on and =~ o from (3) and (4).

af|(au ou az\ af(av avaz\
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From (3), of [ 0u 8up1:_§f@+@ ]
8u|L8x 0z lJ 8V|L8x 62%

From (@), &I e, ] -% fa* 12
|

@ L, Ou 614 ov el 8v
Dividing (5) by (6), we get Ox o ” _Ox o P
ou 814 @ 8v
Oy 8z 8y 8z

{218 ) iy £ g
L 1L

or (L G 1lJE%v'y + 54

X X p X X 4
o PR dho: Y o ot

_Ou 6v ou av @ @
+ p+
ay Ox 6y 8Z
’_614 ov Ou 6\/—‘ l_au ov Ou 6v_||
L@yx fz” ez ey PHllex ae” e el T

or

..(5)

...(6)

6u Gv

+
Ox 8 8y Ox 0

If (1) and (7) are the same, then the coefficients of p, gare equal .

Ou Ov Ou_ Ov
X %
0y 0Oz 0z Oy
ou Gv _Ou ou OV ov

0z 6x ox 0z
Ou ov Ou G_V

N

P=

0=—

.(8)

Now suppose u= c, and v=c, are two solutions, where a, bare constants.

Differentiating u=c,and v=c,

a_dx-i-a_dy—i-a dz=0
ox Gy Gz

ox Oy 0z
Solving (9) and (10), we get
dx dy dz
au ov 8u v @X@_@X@ au Ov Ou av
Oy 6z az oy 0z Ox Ox 0z Ox Gy ay Ox
dx _dy dz
From (8) and (11 ?— E R

Solutions of these equations are u = ¢, andv = C,

= f(u, v) = 0 is the required solution of (1).
WORKING RULE

First step. Write down the auxiliary equations
dr_dy_d
P O R

(9

..(10)

(11)
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Second step. Solve the above auxiliary equations.
Let the two solutions be # = ¢, and v = c,.
Third step. Then f (4, v) = 0 or u = ¢ (v) is the required solution of
Pp+ Qg =R
Example 6. Solve the following partial differential equation

oz 0z
yq—xp=1z. where P= 4= |
ox oy
Solution. Vg —Xp =2
Here the auxiliary equations are
dx dy dz
IR § ™ - o
5 e
= —logx=1logy—loga (From first two equations)
= xy=a ..(1)
= logy =log z + log b (From last two equations)
X op 1)
b4
From (1) and (2)
(¥
Hence the solution is f Lx y,—J =0 Ans.
Z
Example 7. Solve y’p —xyq = x(z— 2y) (A.M.LE.,Summer 2001)
Solution. ¥’p—xyq = x(z—2y)
The auxiliary equations are
dx _dy dz
- 5 il (1)
y —Xy x( 7-2 y)
Considering first two members of the equations
@ 1 ﬂ =>xdx=-ydy
y —x
- ¥ - C .
Integrati - e 2+y2=C .2
ntegrating 3 > ¥ X +y ’ 2
From last two equations of (1)
dz
"N el %Y
= —zdy + 2y dy = ydz = 2ydy=ydz+ zdy
On integration, we get
¥y =yz+ G,
¥y -yz=C (3)

From (2) and (3)
2+ =f(y—y2) Ans.
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Example 8. Solve (> —y2)p + (P —z2x) g = 22 — xy (A.M.LE., Summer 2001)
Solution. (x> — yz2)p + (> — 2x)g = 22— xy (D)
The auxiliary equations are
de _ dy _ dz
xz—yz yz—zx Zz_xy

dx—dy _ dy —dz _ dz —dx
or xz—yz—y2+zx yz_zx_zz+xy Zz—xy—x2+yz

dx —dy _ dy —dz _ dz —dx

G =PE+y+2) Gy +)y -2 EHYE D@0
dx—dy dy—dz dz—dx
G-y (-2 @2 ~(2)
Intergrating first members of (2), we have
log (x—y)=log (y—z) +logc,

x—y XY _,
log =loge, or y-z '
Similarly from last two members 6f{2) ,we have
y-z
_—_=C
z—x 2

The required solution is
f {x;y y-zl_,
v
METHOD OF MULTIPLIERS
Let the auxiliary equations be

Ans.

I, m, n may be constants or functions of x, y, z then we have
@_dlzdizldermderndz
p O R Ip+mQ +nR
1, m, n are chosen in such a way that
IP + mQ +nR =0
Thus ldx + mdy + ndz =0
Solve this differential equation, if the solution is u = ci.
Similarly, choose another set of multipliers (/;, m,, n,) and if the second solution is v=C,.
.. Required solution is f (4, v) = 0.
Example 9. Solve

ord 0z
(mz—ny) = +(nx—1z) = =ly—mx (A.M.LE. Winter 2001)
ox oy

0 0
Solution.  (mz—ny) 4 (nx-Iz) <o ly —mx
Ox Oy
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Here, the auxiliary equations are
dx dy dz

mz — ny -z ly —mx
Using multipliers x, y, z we get

xdx+ydy+zdz _xdx+ydy+zdz:

Each fraction =

x(mz—ny)+ y(nx—lz)+z(ly—mx) - 0
= xdx+ydy+zdz=0
which on integration gives x*+y*+ 2>=c, (D

Again using multipliers, /, m, n, we get
; ldx+mdy + ndz _ldx+mdy+ndz
eaChyfraction = l(mz - ny) +m (nx - lz) +n (ly — mx) 0

= ldx + mdy + ndz=0

which, on integration gives.
Ix+my+nz=c, (2)

Hence from (1) and (2), the required solution is x>+ y*+ 22 = f (Ix + my+ nz) Ans.

Example 10. Find the general solution of
% 0z
X@-y) o +y(F-2) > ¥ 0? =%
Solution. x (% — %) 6_z +y -2 % =772
0x 0y
The auxiliary simultaneous equations are
dx dy dz

x(zz—yz)zy(xz—zz):z(yz—xz) (D)

Using multipliers x, y, z we get

Each term of (1) is equal to

xdx+ ydy+zdz _ xdx+ ydy + zdz
xz(zz—y2)+y2(x2—zz)+zz(y2—x2) 0
= xdx+ydy+zdz=0
On integration ¥ +y*+22= C, . (2)
Again (1) can be written as
d dx dy d
@ Y di 7+7y+7z dx+dl+0£
S S W A X ¥y 2z _ X Yy z
2 -2 -2 (Zz_yz)Jr(xz_Zz)Jr(yz_xz) 0
— ﬂ-kﬂ-f%:()
x y z
= logx+1logy + log z =log C»
= logxyz =log C, = xyz=C, ..(3)

From (2) and (3), the general solution is xyz = f (x> + y* + 2°) Ans.
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or

Example 11. Solve the partial differential equation

p= q= (A.M.LE., Winter2001)

y
Solution. p= q=
¥z % Xy

Multiplying by xyz, we get
Xy —2p + ¥z —-x)gq = z(x - y)

de  _ dy s W: B dz+dy+dz (1)
#(y-2) y(z=x) 2(x=y) x(y-2)+y(z=x)+2(x-y)
_dx+dy+dz
o >
dx+dy+dz=0
Which on integration gives
X+y+z=a .. (2)
Again (1) can be written
y-z z=x x-y (y-z)+(z-x)+(x-y) 0
& df+¢;+d—; =0
On integration we get
logx+logy+logz=logh = logxyz=1logh = xyz=0»b ...(3)
From (2) and (3) the general solution is
xyz.=f(x+y+2) Ans.
Example 12. Solve (x> —y* — 7)) p + 2xy q = 2x7 . (AM.LE., Summer, 2004, 2000)

Solution. (x>~ y*—7%) p + 2xyq = 2x7
Here the auxiliary equations are
& _ e (D)
-y -2 2y 2z
From the last two members of (1) we have dz
dy_dz

Ve W7
which on integration gives

y

logy =logz +loga or log —=loga
z

y

7 =@ .. (2)

Using multipliers x, y, z we have
dx _dy dz xdx+ydy+zdz
2oy -2 2y 2z x(x2 +y2+z2)
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2xdx+2ydy+2zdz _dz

(x2+y2+zz) Z

which on integration gives
log (x* +y*+ %) =log z +log b
X+y’+
b
Hence from (2) and (3), the required solution is

(¥)

x2+y2+z2=Zf\;}

Example 13. Solve the differential equation
2 6Z+yz 6i=(x+y)z.

X
ox Oy
Solution. x & +y’ & = (x + )’) zZ.
ox Oy
The auxiliary equations of (1) are
dx _dy  dz

Take first two members of (2) and integrate them

1 1
——=——+c
I
=
z ; 1 dx dy d
Tl AN =S
(2) can be written as —* = 7 A y Pz
x oy x+y (x+y)-(x+y)
de dv_dz_|,

or PRI
On integration we get
logx+1logy —logz=1logc,

or
Xy Xy
or log? =log > or L e
From (3) and (4) we have
f{l_l,ﬂjzo
X
Example 14. Find the general solution of
0z 0z 0z
X_+y +t =xyt
ox oy ot

Solution. The auxiliary equations are —_—
x 'y t xn

Taking the first two members and integrating, we get

log x=1logy + log a

..(3)

Ans.

(D

(2)

(3)

(4

Ans.

(1)
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= logx=logay = x=ay = yAx=a .2
Similarly, from the 2nd and 3rd members
t
f-p 3
y ..(3)

Multiplying the equations (1) by xyz, we get

di=—""_=""=
1 1 1 3
Integrating,
z:lxyt+c or z—lxyt=c ()
3 3
From (2), (3) and (4) the solution is
L z—olnxyt=f(y\+¢(t\ Ans.
R
Example 15. Solve y + 2)p—-(x +2) g=x—y
Solution. (y+z)p — (x+2)g = x —y .. (D)
*. The auxiliary equations are
ax __dy _dz (2
y+z —(x+z)— x—y
= L dx dedy & diNS dx+dy+dz
y+z —(x+z) x-y yt+z—(x+z)+x-y
_dz  dx+dy+dz
i xX-y J, 0
Thus, we have dx+ dy+dz=0
which on integration gives x +y + 2z =cj, .3
Let us use multipliers (x, y, — z) for (2)
0 smendi, _dide. xdx+ydy+ zdz
y+z —(x+z) x-y x(y+z)-y(x+z)-z(x-y)
de  dy _ _dz _x dx+ydy-zdz
or y+z_—(x+z)—x—y T
Integrating  xdx +ydy—zdz =0, we get
x2 2 Z2 c
Try .
or P+y —72=2c, (4
From (3) and (4), we get the required solution
fx+y + 5 X+y'=2)=0 Ans.
Example 16. Solve p+yg=x
Solution. p+yq = x ..(1)
The auxiliary equations are = dy = dz

Z y X

@ @) (D)




y
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dx dz
From (i) and (if) ~ = or xdx=2zdz
2 2 g
N A b 2- 2 .2
2 2 2% TEETa @
= z= X’ +¢
Putting the value of z in (1)
de dy
JZ+e, Y
sinh™! i,__ =logy+c2 or sinh! il,_ —logy=c> 3)
Jo Jo
From (2) and (3), the required solution is
f (Z2 -’ ) =sinh™! % ~logy Ans.
¢
Example 17. Solve px (z—2y°) = (z— qy)(z—y*—2x°) . (A.M.LE., Summer 2000)
Solution. px(z—-20") =@z —qy) (z— y*—2x°) (1)
= px(z-2y")+qy -y =~ 20) =z (z—y’~ 2x)
Here the auxiliary equations are
dx . dy 3 dz
x(z—2y2) y(z—y2—2x3) Z(z—y2—2x3) (2
From the last two members of (2) we have
ay_ 4z
P Z
which gives on integration
logy=logz+loga or y=az .3
From the first and third members of (2) we have
de dz
X(Z_2y2) Z(Zﬁy272x3) Puty=aZ
dx i dz
= W(z-222) z2(z-a*2 -2)
dx 0 dz
x(1—2a2z) z—a’? - 2x°
= z dx — a?z%dx — 2x3dx = xdz — 2a*xz dz
= (xdz—zdx) —a® @xzdz— 22 dx) + 2x°dx = 0
On integrating, we have
z 2
——d__+x*=b ()
X X
From (3) and (4), we have
= - +¥ Ans.
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EXERCISE 9.3
Solve the following partial differential equations :
1. ptanx+ gtany =tan z Ans.f(%%,swjzo
Oz 81 2 . 1
5 y — 7 41 (AMIE. Winter 2002) Ans. f(x—y) = logy —tan"
3. (y z)p -Qy(x Vg =z—x Ans. fix+y+2z,x>+2yz)=0
4. (y+zp—(x+y)g=x"—y Ans. f (P +y* =) = (x—y)* = (z +1)’
Oz 0z 2
- 2 2 —
5, o Ly T ey —x Ans. f(x>+y?+ 722, xy) =0
6. pz° ’E}Z zﬁ3f-()c+y)2 Ans. [ 22 +(x+y)2]e =f(x+y)
7. p+qg+2xz=0 Ansﬂxly) x+10%z
8. Xp+yg+7=0 Ansf_y __+_|—0
» xy z)
x+y 2y )
9. (+y)p +2xyg = (x +y)z Ans. [ =0
L A N
0z - 0z o (2x+1) ey
10. a 25=2x—e +1 Ans,f(Zx-}-y):Z_T—?
Sx
. 8 -)=——
11. p+3g=>5z+ tan(y —3x) Ans. [/ (¥-3%) 52+ tan (y—3¥)
xZ yZ
12. xp—yq + ¥~ y’=0 Ans. f(xy)—7+?+z
(6z+6z\ f(x-y)= ( 1)
13. (x+y) |\67 o =21 Ans. Z=
3 2 02 3 2 0z Al 2 (ﬂ 2 2\
14. (P+3x0%) = +(P+3x%y) =2 +y)z Ans. f L=y —(x+y)? =
ox dy | 2 |
s )
15, (Z-2yz—y)P+ (o + 20)g =xy - 2x Ans. (€ +y* + 2) = () = 2yz = 2)
16. Find the solution of the equation xﬁ_z_ ﬁ =0, which passes through the curve z =1,
oy Ox
P+y*=4 Ans. f(P+y*—4,z-1)=0
17. 2x(y + 2)p + Y2y + 2)q = 2 (AMIE Winter 2003)
ou ou _X+37y
18. 3 +27 =0,y (x,0) = 4e™ Ans.u= ue 2
& o
19. 4— +—— =3u,whent =0,u = 3e*—e>* Ans. u =3¢ -3 2

Ox
PARTIAL DIFFERENTIAL EQUATIONS NON-LINEAR IN p AND q.

We give below the methods of solving non-linear partial differential equations in certain
standard form only.
Type L. Equation of the Type f (p, q) = 0 i.e., equations containing p and g only.

Method. Let the required solution be
z=ax + by + ¢ ..(1)
0z 0z
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On putting these valuesin  f(p, q) =0

we get f(a b) =0,

From this, find the value of b in terms of a and substitute the value of b in (1), that will be
the required solution.

Example 18. Solve p*> + ¢> = 1 (D
Solution. Let z = ax + by + ¢ ..(2)
- S
ox Oy

On substituting the values of p and g in (1), we have

a+b=lor p=\1_g

Putting the value of bin (2), we get z = ax++/1-a’ y +c¢

This is the required solution. Ans.

Example 19. Solve xX*p*+ y* ¢* = 7°. (RGPV, Bhopal, Feb. 2008)
Solution. This equation can be transformed in the above type.

x2 2
vy =1
ZZ 2

oz 2 2
=4 (x@z\z |(g6z)2 (i\ (6;7
=1 = & | + | =" g=H! (1)
== | : Lay‘
Dy
Let %zazv ﬁzax’ @:6[
Z X y
logz =27 logx=X, logy=Y
(1) can be wrltten(agz\
oz a4 =1 )
EINES =
= PP+@=1

Let the required solution be
Z=aX+bY +c

From (2) we have
aA+b=lorb=[1_p2
Z=aX+ |-a2 Y+c

logz=alogx + J1_g2 logy +c¢ Ans.
EXERCISE 9.4
Solve the following partial differential equations
1

1. pg=1 Ans. z= ax+ ; y+c 2. ‘u'l!;‘“«"; =1 Ans.z=ax+ (1-f; )V y+c

a
3.p-q=l Ansz=ar—(*-1) y+ e 4 pgrp+g=0 Ansz=av-— yic
a
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Type IL. Equation of the type
z=px+qy+f(pq
Its solution is z=ax + by +f(a, b)

Example 20. Solve z=Epx+qy+pi+ g
Solution. EpX Ay +p g p=aq=>b
Its solution is 7z = ax+by+a* + b?

Example 21. Solve z = px + qy + 2 M‘IE

Solution. z= px+ gy + 2./ pg
Its solution is Z = ax+by+2 \fab

Type I11. Equation of the type f(z, p, q) = 0 equations not containing x and y.
Let z be a function of u where

u=x+ay.
Ou ou
ou _q _—
o and By
Then = a_z = d_Z a_” = d_z
Ox du Ox du
0z dz ou _dz
q = = — —= _(a)
0y du Oy du
On putting the values of p and ¢ in the given equation f (z, p, g) = 0, it becomes
( dz dz)
1 K| Z’Fy ,agu Y | = 0 which is an ordinary differential equation of the first order.

dz dz

Rule. Assume u# = x + ay; replace p and ¢ byE and a y

solve the ordinary differential equation obtained.

Example 22. Solve

p(l+g) =gz
Solution. p(+q) =gz
ou ou
Let u=x+ay 3&21, oy =@

0z dzou dz 0z dz du dz
Ox duodx du 0y du Oy du

(1) becomes

0z _
AR /TR
\ J
= aﬁ:az—l = du:adZ
du az—1

Integrating, we get
u=1log(az—1)+logc
x+ay=logc(az—1)

Ans.

Ans.

7in the given equation and then

- (D

Ans.
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Example 23. Solve p (1 + ¢*) = q (z— a).
Solution. Let u = x + by
dz . dz
el q=b__
du and du
Substituting these yalues of g in the given equation, we have
e W dz

1+ | [=b__(z-a)
du|L \du) | du

dz\ dz )
1+b2|(_z) =b(z-a) or bz[_z) =bz—ab -1

So that

\du du

4(bz—ab—1)=(x+by+c)2 Ans.
Example 24. Solve 72 (p*x* + ¢*) = 1 (D)
Solution. 2> (p** + ¢*) = 1

I_( oz Y (az\z—l 2
2\ aw) i i1 =

2|T(az\2 (o]
z Q&J +k6_yJ |J:1 )

where _;C =0X or logx=X
Let u=X+ay
0X du Oy du

Then (2) beﬁ(}‘?;s\z ( dz Y] ( dz]: 2( dz T 1
Zz||—|+|a— J=13 —i e E

|\du) \ du \du ) Wiy w7
((dz 1 dz 1 du
— T 2 —==F——— = di=——
LduJ 7 (1+a2) du  zJ1+a? 1+ a?
fd_jiJrc or Z2: 5 +c
c= V1+d? o Va2
2

<

I+ a = u + c~1l+ a

=X +ay+cVl+ad®

=logx+ay+cVl+a® Ans.

2
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EXERCISE 9.5
Solve ]
X+ay
2
1. 2@0*+4+1D)=1 Ans.(l_z)%:_ 2+c
x+by 1 1+2a 1 afz-a)
- = — 2
2. 1+¢=q@z-a) Ans. +4(z-a) =4(z a)m+4cosh | |)

3. ¥pP+ygi=z Ans. 2¥Z = m
Type IV. Equation of the type f, (x, p) =f, 0, q)
In these equations, z is absent and the terms containing x and p can be written on one side and the
terms containing y and g can be written on the other side.
Method. Let f, (x, p) =f, (v, @) = a
fi(x, p) = a, solveit for p. Letp =F,(x)
S, q) = a, solveit for g. Let g = F,(y)

Since dz=_zdx+—zdy = dz=pdx + qdy
ox oy
= dz = F,(x) dx + F,(y) dy = 2= [Fi(x) dx+[F,(y)dy +c
Example 25. Solve p —x* = g + Y.
Solution. p-xX’=g+y*=c (say)
ie. p=x+c and qg=c—y

Putting these values of p and ¢q in
dz=pdx + gdy = (&> + ¢) dx + (c - y>)dy
3

x3+\( y

Z= L; cx/]-i—kcy—;JH-Cl
Example 26. Solve p? + ¢° = 22 (x +y) .

2 2
Solution. p> + ¢*=Z2(x +y) = (%\ +(g) =(x+y)
\ %)
(1azf (18) (?;L@Z\f =x+y
“ B iz
= \zer) *lzey) =2+ = | v
(azfﬂ(az?z 0z
= =x+y where =07 orlogz=Z
ox
W =3
= pPPHQP=x+y = pP—-x=y-Q*=a
PP—x=a = P=Ja+x
y-Q=a = Q= y-a
oz oZ
Therefore, the equation dZ=__dx+ ___dy
ox Oy

dZ = Pdx + Qdy gives

dZ =vJa+xdx+.\y—ady

Ans.
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z=[Na+xdc+]y—ady+c

logz:;(a+x)3/2 +;(y—a)m+c

. 3 3 Ans.
EXERCISE 9.6
Solve
L. g-p+x-y=0 Ans. 2z = (x+ay+(y+a)’ + b
1
- =2 Ans.z =_ (2x—gP+d’y+ b
’\.P"’J‘_I 6 x2 |x x*+4a ) ]
3. g=xp+p? Ans. z=—_+{—+alog(x+vx i a)%+ay+b
——

4. 2@ +P)=x¥+y

Ans.Z’=x (/32 1 g +alog(x+ x> 4 q)+y \Jy* —a —alog(y+ [y>—a)+2b

5. z(p*+ @) =x—y Ans. 772=(x +a)? + (y+a)* + b
PrP-gd=x—y Ans.z=_(x+0+ _(y+o+c
3 3 A
7. @+P)y= qz Ans. 7>= (cx + a)* + ¢*y?

8.  Tick V the correct answer.
(a) The partial differential equation from z = (a + x)*> + y is
(&Y 1(azY |(az\2 qaz\f
N |+ i) 25|22 | TY@) z2=|{— |ty (@) z2=|7 |tV
0 2=g )+ (i) 4L®J i) 2={ 7 » 255
(b) The solution of xp + yg = zis

. . (A b {
() fxy) =0 (ii) f |k_’_) ~ (i) f (v, ) =0 (@) f(, y)=0
y z
(c) The solution of p+¢g =z is
D fGx+y y+logz)=0 @) f(xy, ylogz) =0
(@i f(x—y, y—logz) =0 (iv) None of these
(d) The solution of (y—2) p + (z—x) g =x—yis
() fx+y+2) =172 (DfOE+ Y +2) =xyz
() fOE+ Y +22 ¥y =0 (i) fx+y+2) = X2+ y* + 22
Ans. (a) (i), (b) (i), (c) (iii), (d), (iv)

CHARPIT’S METHOD
General method for solving partial differential equation with two independent variables.
Solution. Let the general partial differential equation be

fyzpq=0 - (D)
Since z depends on x, y, we have

dz = %dx + @dy
ox oy
dz = pdx + qdy ..

The main aim in Charpits method is to find another relation between the variables x, y, z
and p, ¢. Let the relation be

o,z pq)=0 ..(3)
On solving (1) and (3), we get the values of p and q.
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These values of p and ¢ when substituted in (2), it becomes integrable.

To determine ¢, (1) and (3) are differentiated w.r.t. x and y giving

o o, AP U % N

ox oz Ptopax togax T ' '

o 8(|) 8(]) op 6(]) 6q w.r.t. X, (First pair)
+

ox 81 8p ox 6q Ox J

o o A

oy oz opay T gy T '
84) 8(|) 8¢ap 8¢8q £ w.r.t. y, (Second pair)

oy az oy ogoy )

Eliminating aﬁbetween the equation of first pair, we have

0x

WL, W S og 2, op, NWOq
_0p_0x 0z Og0x _0x 0Oz Oq Ox
Ox ai 8¢

(aiad) a¢4\|+ (éf;acb 6¢gj 54(5;8“’ @ai\_o .(4)

oq 6p)

Oq
On ehmlnatlng _~ between the equations of second pair, we have

éa«p a¢é;\| (é;(b 6¢§(;\ 54(5f o _2 2{;\ 0 o)

Addlng (4) and (5) and keepmg in view the relatlon on, the terms of the last brackets of (4)

and(5) cancel. On rearranging, we get
65( aé(\|+( ag\@ + - %”'%4; 4

A e A
) \ N/

e %J;\||(a¢\|+|( Gf\gij( gf qgf)gcb +(g;+paf) (af+q of )
T /4 q
U T ) \ 7 k
Equation (6) is a Lagrange’s linear equation of the first order with x, y, z, p, ¢ as independent
variables and 4) as dependent variable. Its subsidiary equations are

. (6)

dx _ dy _ dz dp dq 6_(])
I B S - - S (D)
Op 0q op oq ax az ay az

(Commit to memory)

Any of the integrals of (7) satisfies (6). Such an integral involving p or g or both may be
taken as assumed relation (3). However, we should choose the simplest integral involving p and
q derived from (7). This relation and equation (1) gives the values of p and g. The values of p and
q are substituted in (2). On integration new eq. (2) gives the solution of (1).

px +qy =pq
Solution. fix, v, z p, q) = 0ispx+ gy —pg =0 (D)

Example 27. Solve
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= p, = q, .
ox oy 0z op oq
Charpits’ equations are
dx dy dz dp dq o

o o B oF o o o o 0
_ o oo of of o, df 0
op 0q op 0g Ox ~ 0z Oy 0z

d«  _ dy _ dz _dp _dq _d¢
~(x-q9) —(y-p) -p(x-9)-a(y-p) p g O

We have to choose the simplest integral involving p and ¢

N d—pzﬂorlogpzlogqﬂoga:p:aq

p q
Putting for p in the given equation (1), we get

? y+ax
q(ax+y)=aq T

¢ p =aq =y+ax
Now dz = pdx + qdy ..(2)
Putting for p and g in (2), we get

do=(y+ax)de+ 2 gy

a
adz= (y +ax)+ (y + ax) dy
adz= @y + ax)z(adx + dy)
(y+ax)
Integrating az = e +b Ans.
Example 28. SOIVE (D7 + G2)Y = 2 coveeeveeeeerieereeeeeeeeeeiee ettt (1)
Solution. feyzp@=0is @P*+4)y—qz=0
%) 0 0 0
ai:o, i =p+q, i=—q, i=2py, _f=2qy—z
ox ox 07 op oq
Now Charpits equations are
dx _dy dz _dp _  dq
¥ & -, Fg_ o ¥, o0 &, &
op oq op ~Oq Ox 0z Oy 0z

N —dx __dy _ dz Pdp  _ d do
2py 29+z 2p*y-2¢"y+qz -pg p'+¢-¢4 O

We have to choose the simplest integral involving p and gq.

dL:d_‘g = g, = pdp + qdp =0
-pqg P q p
Integrating P* + ¢*= a*(say)
Putting for p*>+ ¢* in the equation (1), we get
a? y @ yz
’y=qz = q= 0 pEa-g =40’ ——

Z

pzﬂ /Z2_a2y2

Z
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Now dz = pdx +qdy ..(2)
Putting for p and g in (2), we get,
dz="1 z aydx+azydy = dz=a | +a’ydy
= - - = 2 2.2
z z coay
zdz —a*y dy

=a.dx

7
12
Integrating, we get, 51 N Z-a’y* =ax+b

On squaring, 72 —a* y* = (ax + b)? Ans.
EXERCISE 9.7

Solve the following:

1. z=p-q Ans.2m@=ax+y+ Jab

2. +qpx+qy)—1=0 Ans.z\/(l+a) =2\/(ax+y) +b

3. z=px+gy+p+ G Ans. z = ax + by + a®> + b*

4. z=pXx+ gy Ans. (l+a)z—|—.-—+\/(=ﬁf2
~Jax |

5. 722=pqxy Ans. z = ax’ y'/

6. px+pg+qy=yz Ans. log (z—ax)=y—alog (a +y)+ b
1

7. q+xp=p° Ans. z=ax e?— _ad’e®+b

2
LINEAR HOMOGENEOUS PARTIAL DIFFERENTIAL EQUATIONS OF nTH

ORDER WITH CONSTANT COEFFICIENTS

An equation of the type
. s oz
an-l-a]anTF ..... +an6”—F(xy) . (1)

is called a homogeneous linear partial differential equation of nth order with constant coefficients.
It is called homogeneous because all the terms contain derivatives of the same order.
Putting_a =Dand =D’ (1)becomes
Ox oy
(ay+ D' +aD"' D+ ... +a, D' Mz=F(xy)
or fD,D)z=F(xy)

RULES FOR FINDING THE COMPLEMENTARY FUNCTION
Consider the equation
0z %z %z
% o P don - o =0 or (a,D* + a,DD’+ a,D?) z=0
Iststep: PutD=mand p' =1
aym* +am+a,=0
This is the auxiliary equation.
2nd step : Solve the auxiliary equation.
Case 1. If the roots of the auxiliary equation are real and different; say m,m;

Then CF. = fi(y + m; x) + f, (v + m, x).
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Case 2. If the roots are equal; say m
Then C.F. =f,(y + mx) + xf, (v + mx)
Example 29. Solve (D -4 D> p' +3D D'?)z=0.
Solution. (D*—~4D?> p' +3D D'?)z=0 [D=m p =1]
Its auxiliary equation is

m— 4m?+3m = 0 = mm?>—4m +3) =0
mm—-1)(m-3)=0 =>m=0,1,3
The required solutionis z = f; (y) + f% +x)+f;(y+3%) Ans.
Pzl %0 Oz

Example 30. Solve 3= 55,7457 =7

Solution. (D’-4DD' +4D'?)z=0
Its auxiliary equation is [D =m, D" = 1]
m—-4m+4=0 = m-2=0=> m=22
The required solution is z = fi(y + 2x) + x> (y + 2x) Ans.

EXERCISE 9.8

Solve the following equations :
2 2 2
Tr iz Tzo0 Ans. 2=, (40 +/, 0~ 5)

1. 2 5
P 6x6)é2 oy20°z
z

28 S = p N -
2 Gty O Ans. z =f, (2y —x) +f, (y — 2x)
3. (D’-6D°D'+11DD'2- 6 D'3) 7= Ans. 2= f, (y + )+, (v + 20) +f; (y + 3%)

& NG TNy,
St oo o7 & Ans. z = fi (y + X)+ 2,0y + %)

5. P-6D*p +12D p'?—8p'H)z=0 Ans.z=f, (y + 2x) +xf, (y + 20) + X°f; (y + 2x)
o'z o ] )
S $ Ans. z =f, G0+ — D0 + D+ — ix)
ox* 4
u N %zu _
7. ; § O, when u = siny, x= 0 for all y and u — O when x — .
Ans. u=f, (y + ix) +f, (y — ix)

9.13. RULES FOR FINDING THE PARTICULAR INTEGRAL

Given partial differential equation is

fD, D)z=F(xYy)
1
PlL=———
f@p) FoeY
(i) When F(x,y) = e+ %

1 ax+by
ax+by €

PlL=——¢ =
f(D.,D) f(a,b) [Put D = a, D' = b]
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(i1) When F(x,y) = sin(ax + by) or cos (ax + by)

1
PL=— —
f(Dz DD’ D'z) sin (ax + by) or cos (ax + by)
sin (ax + by)or cos(ax + by) [Put p2—_p2 —‘
= f (—az,—ab, —bz) || DD'=—ab, p?=—p? ||
(iii) When F (x,y) = x" "
PL=— 'y = [f@.D)] 'y
o f (D’ D’) 5

Expand [f (D, D’ )" in ascending power of D or D' and operate on X" y" term by term.
(iv) When = Any function F(x, y)
1
P.IL =—F(x, y)

f(D,D")
Resolve : into partial fractions
f(D,D)
Considering f (D, D") as a function of D alone

1
rWF(X, y) —jF(x,c—mx)dx

where c is replaced by y + mx after integration.
Case 1. When R.H. S. = ¢*+ %
#z , Oz &z

Pl =

Example 31. Solve : 5—3 PPN s ey
63 2 63 B 63 < x+2y
Solution. P 6oy + ] =e

Given equation in symbolic form is
(DP-3D°D' +4D3z =e*>
Its A.E. is m*— 3m? + 4 = 0 whence, m = — 1, 2, 2.
CFE. =fiy—x) + f, (v +2x) + xf; (y + 2x)

PI r 1 ex+2y
T D3 -3DD' +4D"
x+2y
Put D=1,D =2 = 1 w_e
1-6+32 27

Hence complete solution is

x+2y

27

2=f 00— x) + £,y +2x) + xfy(y + 2x) +

EXERCISE 9.9
Solve the following equations:
&’z 0%z _ ey
1. 72 —
P e
62)61 ayéz ;. 0z

x+2y

e

Ans. z = fi(y + x) + f, (y—x)—_31

2. — _2: Y . = - ex+y
P 56x6y+66y e Ans. z fl(y+2.x)+f2(y+3x)+2

Ans.
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2 2 2 2
6_z_4 oz +4 o = &ty Ans. z=f (y 420+ xf (y +2%) + o2y
ox*  oxdy oy 1 2 2
aZZ 62 62 1

%}; _76@@y +12 ay2 =7 Ans.z=fiy +30) + L (v + 4x) + %eﬂ

— 1

—- = 2e¥ Ans. 7 = Loy
o Ox*0y ns. z f1 0+ fo(Y) +f3(y +2x) + 2
(D> -2DD' +D"?); = &% Ans. z =f,(y + %) + xffy + x) + ¥
*z @z o 0z ey 1

agc g— ke ax +2= ay ez 3y Ans. 7= ﬁ (y + x) + erf‘z (y . x) _ g €2x+3 y
o’z Pz @z 1
— +6—=exp(3x-2y Ans. z=f (y +20) + f (y+3x) +___ ¥
ox*  oxdy. 9y ( ) 1 2 &3

Case II. When R.H.S. = sin (ax + by) or cos (ax + by)
e O 0’z

Example 32 Solve =2sin (3x+2y)
g ot
Solution. >3 4_ 4 =2sin(3x+2
Ox ox’dy y axayé T ( g f y)
Putting N 24
ox oy
DPz— AD2D\z +4D D' %z =2 sin (3x +2y)
AErig _4D’D'+4DD'?=0 = D(D*—4DD' +4D'%=0
Put D=mD =1
m@m —4m+4)=0 = mm-2>=0 = m=0,2,2
CEisfi@)+f,( +20) +xf;(y +2x)
1 Il
Pl = 2sin (3x+2y)=2. in(3x+2
o~ 40D app? 2 (r 2) D(0? 40D’ +4D" ) sin (HENEY)
X 1 sin(3x +2y) =- gsin(3x+2y)
21)[—9—4(—6)+4(—§1)] D

[—cos Bx+2y)] = cos (Bx +2y)
General soldtion is

2

z=f1(y)+f2(y+2x)+xf3(y+2x)+§ cos (3x +2y) Ans.

0Pz v Pz
Example 33. Solve Pl %
0’z : 0%z

a2 oxdy

—sinxcos2y

Solution. = sinxcos 2y

The given equation can be written in the form

(D>~ DD') z = sin x cos 2y whereD:éx’D,: o
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Writing D = m and D' = 1, the auxiliary equation is
m-m=0 = mm-1)=0 = m=0,1

CF=fi)+L O +x)

1 1 1

=msin X COS 2y = DZ—TZ_[SHI (x + Zy) + sin (x — 2y)]

1 1 . 1 1
e sin(x+29)F  n(x-2
2D —-DD' 2 D2 - DD’ (x-27)
Put D’ =—1,DD’ =—2in the first integral and D’ = — 1, DD’ = 2 in the second integral.
1 sm(x+221+ 1 s1n(x—21):
2 145, 1"
Hence the complete solution is z = C.F. + P.I.

P.I

lzsin(x+2y)—l65in(x—2y)

1 . 1
ie. e[ D+h G+0+ 5 sin (X+QY)‘E sin (x —2y) Ans.

Example 34. Solve (D’ + DD'— 6 D'?) z = cos (2x + y)
Solution. (D> + DD’ —6 D' %) z = cos (2x + y)
AEism*+m-6=0=>m=2-3
CF. =f, (y +2x) +f, (y - 3%)
1

P.I D’ cos(2x + y)

~D*+DD' -6
D’+DD -6D'?*’=—4-2-6(-1)=0
It is a case of failure.

1
Now PL=——""—-cos(2x+y) (CaseIV)

D* + DD' - 6D¥

1
=x cos(2x+ y) =X LCOS(ZX +F y)
2D _;bD' 2D* + DD’
- cos(2c+ y) =— * D cos (2x+y)
2(4)-2 10

=2 % sin(2x+y)="sin(2x+ y)
5

z=f,(y +2x) + f,(y — 3x) + ; sin(2x +y) Ans.

Example 35. Solve the equation
(D°-1DD'?-6D"% z=sin(x +2y) + e 7.
Solution (D°—-7D D'?—6D'3) z=sin (x + 2y) + e**” (D)
Its auxiliary equation is
m3i-Tm—-6=0=> m+Dm+2)m-3)=0=> m=-1,-2, 3
C.F. =f11(y —X) +]|”;_,(y -2x) + f;0 + 3)%

Pl= Sin(x+2y)+ez)‘+)'

D’ —7DD" —6D" L
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1

= sin(x+2y)+ 1 vy
D? -7DD"* -6D" D? -7DD" - 6D"
_ 1 62x+y
sin(x+2y)+
DZ'D_7DD!2_6D!2D! ( y) (2)3_7(2)(1)2_6(1)3

Put D*=-1, D'%2=-2?

1 62 x+y

= -D-1D(-4)-6(-4)D'

! sin(x+2y)—iez”y = ]

T 27D +24D' 12 39D +8D'
=1 g sin(x+2y)—1_ez”y =1
39D* +8DD' 12 39(-1)

si 2 e —
in(x+ y)+8—14—6

2+y

sin(x+2y)—_le
12

£ sin(x+2y)—lez“«"

+8(-2) 12

— il Dsin(x+2y)—_1 ¥ty = 2o cos(x+2y)—_1 Wt
5 12 75 12

Hence the complete solution is

v

1 1
=iy +H -2+ 0 +3%) —%cos(x+2y)__elx+. .

12
EXERCISE 9.10

Solve the following equations :
6Pz _ 632 gﬁzqz

1.

2—  +—=sinx

g oxdy 0y Ans. z=f, (y +x) + xf ,(y + x) —sinx

[2D°-5DD'+2D'?] z=5sin(2x +y). Ans. z =f,(y + 2x) + f, (2y+x)75_xcos(2x+y)
3
#z _ &z =cos(x+2y)

g 0x0y
(D’ -DD')z=cosx cos 2y

Ans. z =f,(y) +f,(y +x)+ cos (x +2y)

Ans. z =f1 ») +f2 (y +x) +£ cos (x +2y) — écos(xf2y)
2

(D> +2D'D+ D'?)z=sin (x + 2y)

82 2 622
2_302 +2° " =™ +sin(x+2y)

ox* Ox0y  0y?

Ans. Z=f1 y—x) +xf2(yfx)fé sin (x + 2y)

1 2x+3y 1 0
Ans. z=c fy+x)+f+20)+ € - sin(x-2y)
! - 4 15

Case III. When R.H.S. =x"y"

Example 36. Find the general integral of the equation
2 2
Pz g2 29711y

ox* = oxoy = 0y

0’z A 0% 0z

Solution. 77 3%+2§ = -y
9 y_ o
with D= ax’ h 6_y > the given equation can be written in the form

(D> +3DD'+2D' Y z=x+Yy
Writing D = mand D' = 1, the auxiliary equation is
m+3m+2=0=>m+1)m+2)=0= m=-1-2
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CF.=f (y—x)+f, (y - 2%)
1

Pl= " 3pp+on? (f” )
1( 3D 2D*) 1( 3D
="t (“y):#'\l_ . )
1 1
= x+y-3 (1) =1 [x+y—3x]
pl| p I
1 X2 3
=_[y-2]=""y-X
D? 2 3
2y 2O
Hence the complete solution is Z=f](y—x)+f2(y—2x)+7—? Ans.

2 2 2
6z+62 0z

s — +
Example 37. Solve 5> 5,9, 6 o Xy
a ’ _6
Solution. With 2 == - D" ="" . the given equation can be written in the form

ox Oy
(D2 +DD'—6D'2)z=x+y

Writing D =m and D' = 1, the auxiliary equation is m> + m — 6 =0
=9 m+3)y(m-2)=0 = m=-3,2
" CFE. =f,0-30)+f,+2x)
1

b= Do~ e (f )
1( D 6D%) 1r o
=] 1+ﬁ—_D;_,_)| (x+y):_BTt1—_B+....J(x+ y)
1 I 1 1 yx2

:F|Kx+y—5(1)J=D—2(x+y—x):D—2y= T

The complete solution is
2

22030 +f,0+ 20+ Ans.
8z PE
BONC G8_ anlal® 52
Example 38. Solve — +5x7y (A-M.LE., Summer 2004, 2001)
o> ox%0y
0’z @z
Solution. @‘2 azdy = 2¢" +3x%y
= (D? - 2D*D")z = 2¢* + 3x%y

Its auxiliary equation is
m*—2m*=0

= m*m-2)=0

= m=0,0,2.
CE=f(+x, ) +f0+2x)
Pl= ;(Zez" +3x%y )

D? - 2D*D'
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1 1
= -2e™ + X2y
D* -2D’D D3 —2D*D'
. . 3 T\
=2, € +3. 1 ay=2e" 4 0 11-2D' Y
= - 31 AU'\XV 8 D _D‘ny
D|1-
=5
er 3 ( 2D’ \ e 3|_ 2 2_] e 3( 2x3\
— l+ = ¥y=4 +D | Xy +Dx =t ] Ky —— |
_ = .
=4 w07 il IR R
. 1 ” e . Xy xS
=€ +3y___ X +__x=__+3y X 40 X eyt

4 D D 4 345 456 4 20 60

=i(15e2" +3x°y +x° )
60
Hence the complete solution is

1
2=f,0)+xH ) +f; ( +2x) + @(1562x+3x5y+x6) Ans.
EXERCISE 9.11

Solve the following equations :

522 4 azz A x3 xzy
1. Py = = Y ) —_ —

Ox" Oy Ans. z=fi(y-x) +f,(y +x) + 6~

S 28130% 2652 - . : -

W - + = laxy (A.M.LE., Winter 2001
LLad oy Oy \

3
Ans. z=f1(yfx)+f2(y72x)+2x3yf%
X077 0%z By x*

L0 — S i v
3. % @y o F/ Ans. z=f(y—=2X)+f, +3x)+ _ +
! 2 6 24

2

4. r+2s+1t=2(y—x) +sinx —y) Ans.z=f,(y—x)+xf, y—x0)+xy-x + %sin (x—y)

2

P p P Ans.z=f(y +ax) +f (—a0+ -+

a0 ! :

6)51 5‘(21 621 412 2 X

i . +_=x2+y Ans. z= f +x0)+ xf (v + X)+ > —
P o i 2 2+ 2 *3

622+ 621 0 z | x3 1
7. = SM—4W:x+smy Ans. z= f,(y+x)+ foy — 4%) +z+zsmy

Sy xf

8. (D*-3D°D')z=xY Ans. 2 =f, 0) +x f,0) + 30 4 30 + - F 0

Case IV. When R.H.S. = Any function

Example 39. Solve (D’ —~DD' —2D'?) z=(y 1) &

Solution. (D>~ DD' —2D'?*)z = (y - 1)é*

AE.is D’-DD -2D?*=0 = m-m2=0

= m-2)(m+1)=0 = m=2,-1
CF. = fily+20)+f,(y—x)

Pl= T a7 O D¢
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1

(y-1)e = —,f[(c -2x-1) e"dx]

= (D+D")(D-2D) D+D [Put y = ¢ — 2x]
1 X X
= D+D’[(c—2x—1)e +2e ]
4‘1 X X X
D D'Lce —2xe +e—|J . [Put c =y + 2x]
= —[(y+2x)e" —2xe* +e"} = —[ye" +e)‘}
D+D D+D
=I|—L(c+x)ex+ex—|_]dx [Puty = ¢ + x]
=(c+x)ex - +¢é
- cex+xe"=(y—x)e"+xe" [Put ¢ = y — x]
=ye’C
Hence complete solution is z = f; (y + 2x) +f, (y —x) + ye* Ans.
0z A &z &z _
. —— . aacaskx
Example 40. Solve - Oxdy 6ay2 y
0z . #z Pz _
Solution. 5 — — ycosx
26x 0x0y 66y2
D>+ DD —-6D'?) =ycosx
Its auxiliary equation is m> + m —6=0
m+3)(m-2)=0
m=2-3
CF.=f (0 +2x) +f,(y — 3x)
PI—;ycosx— ! Yy COSs X
" D*+DD' -6D" (D-2D")(D +3D)
:D_ZD,I(C+3x)cosxdx Puty=c+3x
1 . 1 .
=D op L€ + 30 sinx+3 cosa] = Sy sinx +3cosx] Pute +3x=y
= [[(c — 2x) sinx + 3cosx] dx Puty =c—2x
=(c—2x)(—cosx)—2sinx + 3 sin x =—y cos x + sin x Putc—2x=y
Hence the complete solution is
z=f,(y + 2x) +f, (y — 3x) + sinx -y cos x Ans.

EXERCISE 9.12
Solve the following equations:

1. OD-D)YD+2D)z=@ +1)¢ Ans. z=f(y +x) + f,(y 2x) + y &'
&, 0z ; 1
Z*—_ " =tan’ xtan y — tan xtan® y Ans. z=f,(y +x) +f,(x —y) + - tanx tany
Ox? 6y2 2

3. (D*-DD'-2p™) z = (2x* + xy — y) sin xy — cos xy Ans.z = f; (y + 2x) + fo(y —x) + sin xy
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4. Tick \ the correct answer :

&’z _

8xT= 0is

(i) Z =f1(y) + xfz o)+ x2f3 )

(iii) z = f(x) + yf, () + yf; (%)
&’z 0z _

(b) The solution of 52" 37 =0is

)z =f1 y+x +f1 y—x
(iii) z =f20’ +x) +f20’—x)

(a) The solution of

Partial Differential Equations

(i) z=1+x+xDf©)
) z=0+y+y)f )

@D z=fLo+x)+f-x)
@) z=f@x*-y)

(c) Particular integral of 2D*> -3 D D' +D"?) z=¢**¥is

X 2
(i) = et (iv) X vy

N 0 - o
@) xe*+ = (i) 2

(d) Particular integral of (D>~ D’ ?)z = cos (x +) is

@) f cos (x +y)

(if) x sin (x+y) (iii) x cos (x +Y) (iv) f sin (x + y)
2 2

Ans. (a) (i), (b) (ii), (c) (iii ), (d) (iv).

9.14 NON-HOMOGENEOUS LINEAR EQUATIONS
The linear differential equations which are not homogeneous are called Non-homogeneous
Linear Equations.

For example,
&’z o
3 T 2 _Z + 4 ™y -
ox*  ox0y 0Oy* Ox Oy
fD,D") =filx, y)

Its solution, z=C.F.+P.L
Complementary Function: Let the non-hcgnogengous equation be
(D-mD'-a)z=0 = _Z—m_z—az =0
ox oy
p—mq = az

The Lagrange’s subsidiary equations are

dex _dy dz

1 -m az

From first two relations we have, — mdx = dy

dy + mdx =0 = y + mx =c .. (D
and from first and third relation, dx = di:>x = 1_10g Z+C =7=C = .. (2
3
az a i

From (1) and (2), we have 7 = ¢* ¢ (y + mx)
Similarly the solution of (D —m D' —a)*> Z =0 is

z = e™4,(y + mx)+ xe“d,(y + mx)
Example 41. Solve (D +D'-2) (D +4D' -3)z=0

’

Solution. The equation can be rewritten as {D —-(-D) - 2}{D —(—4D)- 3} z=0
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Partial Differential Equations

Hence the solution is

z= e ¢, (y —mx) + e ¢, (y — 4mx) Ans.

Example 42. Solve (D +3 D' +4)?z=0
Solution. The equation is rewritten as
[D-(-3D")-(=4HFz=0
Hence the solution is
z=eh, (y -3 +xe ¥, (y—3x) Ans.
Example 43. Solve r +2s + t + 2p+ 2g+z=0

Solution. The equation is rewritten as

(D*+2DD' +D*+2D+2D' +1)z=0

= [(D+DY+2MD+ D)+ 1]z=0
= D+D+1)*z=0
= [D-(-D)-(-DPz=0

Hence the solution is

2=e'0y (v — %) + xe (v — )
Example 44. Solve r—t+p—qg =0
Solution. The equation is rewritten as
(D>~ D*+D-D')z=0
= [(D-D')D+D)+1(D-D)]z=0

=3 (D-D)YD+D +1)z=0
Hence the solution is

2=+ +e 9,y —x) Ans.
Particular Integral
1 ax+by __ 1 ax +by
Casel.  7(pD)° ~ F(ab)

Example 45. Solve (D — D'~2) (D-D'—3) z = ¥~ %

The complementary function is

2x 3x
- e: 0y v + %) :F e de)g_z()i +:x) 1 ., _ L.,
T -0-)(0RpE9) W TR e

Hence the complete solution is

z=e*d +x)+Xp G+ + ifﬂy Ans.
3 sin (azx +by) = g ! sin (ax + by)
Case 2. F(Dz, DD¢,Dr2) F(—a2,—ab,—b2)
Example 46. Solve (D + 1) (D + D'— 1) z = sin (x + 2y)
Solution. CE. =e*Q () + e )y —x)
Pl = (D+1)(D1 +D'—1) sin (x+ 2y) = o +Dl;' ) sin(x+2y)
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sin(x+2y) = Dl 1 sin(x+2y)

1
=—1+( 2) D' -
D' +4
——sin(x+2y)= ———
—(D'2 16) (v+22)= (-4 -16)

- —ZLO(D'+4)sin(x+2y) = —Zl—OFLD'sin(sz)+4sin(x+2y)]

sin (x+2y)

1 .
= —2—0[Zcos(x +2y)+4sin (x+2y)]
1

Hence, the solution is z = ¢} () + €, (y — x) — 7p [cos (e + 2y) + 2 sin(x+ 2y)] Ans.

1
Case 3. F (D, D')

Example 47. Solve [D*—~D* + D +3D' —-2]z=x*y
Solution. (D— D' +2)(D+D'—-1)z=0
CE=e¢eX¢,(0+x)+e ¢, (y—
1 >
PI = ! ’ &
(D-D'+2)(D+D'-1)

xmyn =[F(D,D'):|7l xmyn

1 2 1 1 2
=D =pD*FDF3D—=2YY="2—3p— D D> D

1F1 , e
_ —(3D'+D- D')+D2 2y
=—2[t 12(3D’+D—D’2+D2) (3D’+D—D’2+D2)2
ar y

24 4
+1(3D’+D—D’2+D2)3+1x2y
8
[ L (3D'+D D?+ D)4+ (9D’2+D2+6DD o ’p")

“I
2L 4 (9D2D)+

1,

M
=_1rx2y+ : (3x2 +2xy—0+2y)Jr : (0+2y+12x+12)+ (18)

%|v: 2 %xz + v+ 4 2 JA, g U Jy L1
=g | XY+ YTy +3x+3+9 I ey+ " +xy+  +3x+ |
L 2 2 /i 2 2 4)

Hence the complete solution is

R . 1( 2 Bx 3y 21)
e di(y+x)+e ga(y—x)- \x y+ 2 txy+— +3x+_J Ans.
2 4
C 4 1 |:eux+by¢(x,y):|:eax+by (I)( y)
e r(p,0) F(D+ ,D'+b)
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Example 48. Solve (D -3 D' — 2)2 z=2¢e*sin (y + 3x)
Solution. A.E.is (D -3 D'-2)’ =

CF. =™}, (y+ 3x) +)ce2"(|)2 (y +3x)
2¢* -sin (y +3x)

PL = (p-3p -2y

=2¢" ! — sin( y+3x) =2¢" ;,zsin( y+3x)
(D+2-3D'-2) (D-3D')

2

1 . :
. m sin( y +3x) (As denominator becomes zero)

.
= 2x%e® %in (y+3x) (Again differentiate)

X2 e* sin (y + 3x)
Hence the complete solution is
z=e"0(y +3x) +x ¢, (v + 3x) +.4% €*sin (y + 3x) Ans.
Example 49. Solve (D> + DD'—6 D) z = x* sin (x + y)
Solution. (D> +DD'—6 D) z = x*sin (x +y)
For complementary function
(D*+DD'-6D")=0 = (D-2D')YD+3D)=0
CF.=¢,(y+2x)+ ¢, (y—3x)

1 ™,
Pl=o 5 —ern & sin (x+y)
= Imaginary part of mxz [cos (x + y)+ i sin (x +y)]
1 » 1 L-X

= Imaginary part of ﬁx 8 e = Imaginary part of ¢ 72)8 e
D? - DD'-6D D? - Di—6(i)
(= 1

= Imaginary part of P )c2

(D+i)’ +(D+i)i+6

) 1 5 ei(x+)‘) 1
b = Imaginary part of — 3iD D? o

1+T+T

2

= Imaginary part of € D 430D + 4 X
-1
[ 3iD D? |
¢ [1+_+_ -
4 | 4 4 |
ei(.m){l_ 3D D 9D* |

= Imaginary part of

= Imaginary part of

— § 8 2% S8 |8

41 4 4 16 |
i(x+y) 2
e >sz_m_2 (2)_‘

14'% 2 4 16 |j 3ic 137
= Imaginary part of I:COS x+y)+lSln x+y:| xt - -

4 L28|J

= Imaginary part of
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1 Partial Differential Equations
= ;[sin (x+ y)(x2 - 1§\|— 32xc0s(x+ y) = lsin(x+ y)qx2 - 1§\|— 3§ cos(x+y)

L v ) i v )
Hence, the complete solution is 1 -
= d 20+ d -390+ _sin(x+y)f _E\__cos(“ y) Ans.
! 2 4 .\ 8J) 8
EXERCISE 9.13

Solve the following equations:
1. (D’+2DD' +D?*-2D-2D')z = 0. Ans.z =f, (x —y) + e¥f,(x—y)

1 X—=2y
2. (D’-D*-3D+3D)z=e"% Ans. z=¢1(y+x)+e3)‘¢2(y‘x)‘§ e

1 -y
3. D-D -1)(D+D —-2)z=e*"" Ans. z=e"¢,(x+y)+ez"¢2(y_x)_§e ’
4. (D’-D?* -3D +3D')z=e"» Ans. 2= ¢ (y+x)+e¥d (x=y) - xe*?
5. D+ D')D + D'—2)z=sin (x+ 2y)

1
Ans.z=¢ 0D+ —0)+ =16 cos (x +2y)  95in (x +2y)
6. (D’ — D D' —2D) z = cos (3x + 4y)

Ans. 2= ¢ 0)+ 6 0+ 0+ | [oos (r+4) — 2 sin Bx + 4y)]

15
7. DD'+D-D'—1)z=xy Ans.z=¢e¢,(x) + e, —(xy + y—x—1)
8. D+D -1)(D+2D 3)z=4+3x+6y Ans.z=e"¢,(x—y) +e*$p,(2x—y) +6+x+2y
*z 0z 07 _ oz »
9, W_ay_f3§+35 =Xxyte (UP. HI Semester, Summer 2002)
{2y 2 2 xy 2x)
Ans.z=f 0 +x0)+ (0 —x)— | 4+ _ A 4|y
. - 9J
10. D-D-1)D-D-2)z—e*7 Ans.z:eXfl(y+x)+e272(Y+x)+562"”

1. DD+D ~1)(D+3D —2)z=2—4xy+2)

3 "/ —|
Ans.z=¢ () +eX¢(xfy)+e2xq>(3x7y)+l[x_—2x2y+2xy2—_x2+4xy+f
1 2 3 2L3 2 zJ
12 D-D+2)D+ D —1)z=¢""7"-2y

32 3 211
Ans. z= e® ¢ (x +y)e* (x—y)_Q+l[x2y+xy+_+_y+3x+_ |
1 2 4 2

¥ 2 4 |
13. D’-DD'-2D?* +2D" +2D)z=¢e" Y+sin (2x  +y) +xy
Ans.z=¢ (x—y)+e& ¢ 2x+y)— ez”3y71 cos 2x+y) + X (6xy —6y+9x—2x2— 12)
1 2 10 6 24
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UNIT-3
Laplace Transformation

INTRODUCTION

Laplace transforms help in solving the differential equations with boundary values without
finding the general solution and the values of the arbitrary constants.

LAPLACE TRANSFORM

Definition. Let f (¢) be function defined for all positive values of ¢, then

F(s) =J':e‘”f (t)dt

provided the integral exists, is called the Laplace Transform of f (¢). It is denoted as

L[f @O))=F ()= [, e " r (et

IMPORTANT FORMULAE |
1. T ) L(t")=il, when n=0, 1, 2, 3..
n+
y 1 L(cosha}v): 2 2 (s >a)
3. L (eat)z— SSa” 2
p— (s>a)
. a . B . N
5. L (sinh at) = D (s*>a*) 6. L(sinar)= 2 o2 (s>0)
s
7. Lcosan= 5" (s>0)
1
PO

—st ll_ -|°° 1
Proof. L(1) _I 1e’°’dt—|re ] = stl == _[o-1]=

| —s Jo s|_e 5 s s

1
Hence L(1) = . Proved.
27 where n and s are positive.
7l — i "
s —st n
Proof. L(") = J‘ 0 et
. X dx
Putting st =x = t=_ — dt:?
S




Thus, we have

L(t")=‘f'0 e
n!

_ n+l
= L{") = ke

3. L(e“’):s__a , wheres>a

Proof. L (¢") = I e edr = J‘
0
S (=s+a)t

o x\" dx -

= L(")= G

Laplace Transformation
0

n -X n

L —
L= o [ e xa
rl— Ime |
1 |and 0 Proved.

0
e~Stat Jy
0

—(s=a)t [_ e—(s—a)t _] % ) 1 ||— 1 100

=.[oe 'dt:.[oe 'd’:\ﬂmjho HLHJO

(S_a)(o 1)—

4. | L(coshat) =
s

-a
’ s [ at at\
Proof. [(coshat) = L|' ¢ 5 —’ . coshat =
lLL( ) lJL( ) 11 1] . [ (o iﬂ
= )+ I |L(e )3 |
’ ) 2lls—a s+a A s—a ]
1|—S+Cl+S_Cl-|_ 3 Proved.

5. | L(sinhar) = —=

s —a” | 1/ 4

Proof.  L(sinh a) =L ~ (e
||_2

[L(e‘”) L(e )] =

6. | L (sinat) =

s? +a*

|— eiat —iat —l
Proof. L (sin ar) LL

4 (e omiat

—ar)]
-

gl lJ -1 —|:1|_s+a—s+a_|

2|L s*—a? |J

2||_s—a s+a_

Proved.

eiat _ e—iat —l

I—| sinar=—20
L i

- Lnfem) o]

1 s+ia— s+la 1 2ia a Proved.

l oy |
2i||_s—ia s—+ia
7. L (cosat) = —
s* +a’
Proof. L(cosar) = L|

|J 2 2l | 2+ 2 +a?

elat + e*laf —|

(eiat_i_e—iat\ |—

\TJ L cosat = TJ

Proved.
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Laplace Transformation

=1[L(ei“’+e’i“’)]=1[L(ei“’)+L(e’i"’)] _1r 1 ] _ls+ia+s—ia

2 2 2||_s—ia s+ia |_] 2 S+
s
—m Proved.

Example 1. Find the Laplace transform of f(t) defined as
t
Ql?’ when 0<t<k

ll, when t>k |_ .

k¢ o ( —st\ _J‘k —st |——sr1°°
Solution. L [f(1)] = J e’“dt+J- Letdr = Ly S ¢ al+|©
ok k k \ =5 )0 0 =5 =S |,

1 ’V ke—ks ( e—sl \k—l e—ks 1 ke—ks e—sk 1
ran | 5 il i R N 4
L ]
e 1e® 11 e 1 -k
STk R s T e .
Example 2. From the first principle, find the Laplagé transform of (I + cos 2 t).

f(n=

=J‘0°°e7” (1+cos 2t )dr = ‘[0 i L1+i—;£

Solution. Laplace transform of (1 + cos/Z t)
jdt
1] 2t O e

===
ol Y e |
o3 2.(o—1>+__2.<o—1>}
R 1 I M B
=_ "+
| lls 2al]
Ans.

Al go2ipee

s $+4 s(s2 +4)
PROPERTIES OF LAPLACE TRANSFORMS

M Hegdn@-a iU

Proof. Llaf \!
1 2 1 2
—a e f()di+b T g (1)dt

-

=aL[fi( )1+b LA ()] Proved.
(2) First Shifting Theorem. If Lf (f) = F (s), then
L[ef (0] =F (s - a)
Proof. L[e“ f ()] = jo e e"f (1) di = | 0 e f (1) dt
=Lw e f(t)dt where r = s—a
Proved.

=F(r)=F(s—a)




Laplace Transformation

With the help of thlS property, we can have the followmg 1mp0rtant results
n!

L) )=

(s—a)™

(2) L(e" coshbr ) = (3) L(e” sinhbr) =

(s—a)z—b2 (s—a)z—b2
) L(e“’ sin bt) —b (5) L(e‘” cos bt) —

(s—a)2+b2 (s—a)z+b2
Example 3. Find the Laplace transform of cas® t.
Solution. cos2t=2cos?t—1
1
cos’t = —[cos 2 t+ 1]

]7'1 I
L (cos* 1) =L |7 (cos 2t +1) Jz—[L cos2t)+L(1)]

s alar s oo

|_ +
2] s2+(2) s 2'Lsz+4 s|j Ans.

1

Example 4. Find the Laplace Transform of t .
n+l

n+1

7+
Putn—— L(t ”2 ’/ mf A, where 1 -J Ans.

71/2+1

Solution. We know that L( )

Example 5 Find the Laplace Transform of t sin at.
( e:at s ﬂat\ 1 |_ iat —iat —|
Solution. L(tsinat) = Lkrt _Z'_j_— 21 |_L (f e ) Iy L(t.e )J

211"—( +la (s i%z)z-“

_i(s—ia s+la s—id) s+ia
b _f .Y I
_1 (52 +2ias—a2)—(s2 —Zias—az)
2i (s2+a2)2
_1 4dias __ 2as

2i (s2 - )2 (sz 12 )2 Ans.
Example 6. Find the Laplace Transform of £ cos at.
Solution. ? ( , e +e e 2 i 2 —iat

L(s cosat)=LS[t _Z_J“=2||:L(t e )+L(re )

AN AL )
o
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Laplace Transformation
(s3 + 3ias® - 3a’s —id® ) + (s3 —3ias®> —3a%s +id’ )
= 3
(s2 + az)

_ 25 —6a’s _ 25(52 —392)

(52 +a2)3 (sz +az)3 Ans.

Exercise 13.1

Find the Laplace transforms of the following:

1. t+ 2+ 7 Ans. L+ 274_ 6 2. sintcos t Ans. 1
52 S3 s4 52 +4
105,/m
712 5t b i TR
3.t e (M.D.U. Dec. 2009) Ans. 16 (s — 5)9/2
) 48
4. sin®2 ¢t TG, — -
(szl + 4)(s2 + 3?)
s
5. ~t 2 Ans. + 6. sin 2f cos 3t Ans. 2(s* -5)
¥ 58 25+2 257 +45+10 (s2 + l)(s2 + 25)
! . 12s
7. sin2tsin3¢ Ans, ——
1(P2 +1)(s2+25)
8. cos at sinh at Ans. s—a s+a —|
5{ (s-a) +d® (s+a)’ +d |J
b s(s2 +5)
9. sinh? ¢ Ans. 10. costcos?2t Ans. — V1
(s*-1)(s*-9) (s +1)(s> +9)
a (s2 + 2a2)
11. cosh at sin at Ans. e
ST +4a
(cos(t - 2 ) 21
L Puff 1> —2ns s
3 J 3 g
12. f(t):% ; Ans. ¢ 3 S+l
0, 1< ?n

LAPLAC]EZ TRANSFORM OF THE DERIVATIVE OF f(¢)
LIf'®Ol=sL[f®O]-f(©)  where L [f (1] =F().
Proof. LI f'(1)] = J‘” e f (1) di
Integrating by parts, we get '

L[ f(r)] =[e‘”-f(t)}: -J.:(—se’“)f(t)dt

:—f(0)+sj':e*“f (t)ar (e’”f (t)=0, when t:oo)
= — £ (0) + sLf(r)

= L [f'®]=sLIf (©)]-f(©) Proved.

Note. Roughly, Laplace transform of derivative of f(¢) corresponds to multiplication of the

Laplace transform of f () by s.
LAPLACE TRANSFORM OF DERIVATIVE OF ORDER n.
LIf () =s"LLf (1)]-s"" f0) =52 f'(0) =s"2 £ '(0) —...— £ (0)
Proof. We have already proved in Article 13.5 that
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Laplace Transformation

LIf' (1) = s LLf (1)1- £ (0) (D)
Replacing f (#) by f' () and f' () by f"' (¢) in (1), we get
LLf ()= sLLf'(1)1- £'(0) (2

Putting the value of L[ f'(¢)] from (1) in (2), we have
LLf (e =s[sLLf (1)1- £ (0)1- £'(0)
= LLf"(0)1=s"LLS (e)1-9f (0) - £'(0)
Similarly, L[ f"'(¢)] = s’LLf (¢)1=s>f (0)—s £'(0)- £ '(0)
LU (0] = s*LLf (1)1-5°£ (0) =5 £'(0) =5 £(0) - £(0)
LI ()= s"LLf (E)1=s"" £ (0) = s"2£'(0) =52 £ (0) +.eeeeee. — £ 1(0)

LAPLACE TRANSFPRM OF{N']I‘EGRAL OFf(t)
B where L [f (llE3EI0)

Lo

Proof. Let o (1) = j f(¢)dr and ¢ (0) = 0 then ¢'(r) = (1)
We know the formula of Laplace transforms of ¢' (7) i.e.

LI¢®O] =sL[$ D] -4 (0)
= L[¢'®O] =s Lo @] [ ¢(0)=0]

1
= Lol = L[ @]
S

Putting the values of ¢ (r) and ¢’ (7), we get

L|fg'f(f>dt]|=qu<fn or Llff er F(s) Proved.

Note: (1) Laplace Transform of Integral of f{(f) corresponds to the division of the Laplace

=1 L F(s)
@ o i N
LAPLACE TRANSFORM OF<. f (t) (Multipication by ¢)
It LIf @] = F (s), then

transform of f (¢) by S

L[ f(®]=( 1)” [F(S)]
Proof. Lf®] = F (s) =f e f (t)dt ()

Differentiating (1) w.r.t. “s’ we get

“ |:F &2 |—I —stf d[ I —st

_J' ) =J' *”[ (¢)]dr
:L[—tf t] or L[#f(1)]=(- E[F (s)]
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Laplace Transformation
Similarl Lrﬂf t = — 2 d?
SOl s
LAr ()= —[F ()]
ds’

Llog () =(c1f STr(s)] Proved.
I T

Example 7. Find the Laplace transform of t sinh at.

Solution. L (sinh at) = — 4 5
: sSda a )
L[¢ sinhat] ==
ds l\ s* —a? /J
2as
= L [¢sinh at] = m Ans.

Example 8. Find the Laplace transform of £ cos at

Solution. L (cos at) = ﬁ
L(l‘2 COSal‘)=(—1)2 #r#wz d (52 +a? ).]—S(ZS) _ d @#-s
ds2||_s2+a2 |J ; (s2 +az)2 a(s2 +az)2
(5 +02) (29) (- 2)a(s* +)@5) -2 o macii

4 - 3
(s2+a2) (s2+a2)

Ans.

" 2s (s2 —3a2)

(s2 +a? )3
Example 9. Obtain the Laplace transform of
£ . sin 4t
4 4
Solution. L (sin 47)= ,L(e'sindt) =—
S e e i
; d 4
L(te'sin4r) =— _4(2s-2) N

_2S+17 (s -2s +17)

L (fPe'sin41) =
dS( —2s+17)

_4(s2 —25+17) 2-(25-2)2(s2 —25 +17)(25=2)
(s2 —2s-i—17)4
~4(25% — 45 +34-85> +165-8)
(s2 -2s +17)j
(=65 +125+26)  8(35* — 65 -13)

(s2—2s+17)3 (32—2s+17)3

Ans.
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Exercise 13.2
Find the Laplace transforms of the following :

Laplace Transformation

1. ¢ sin 2t (Madras 2006) Ans. - 2itsinat Ans, —2%
(52"'4) <s2+az)2
st +a? |
3. tcoshat Ans.——— 4.t cost Ans. ——
(s2 —a2)2 (s2 +1)
s +1 2(35% -1)
5. tcosht Ans. (sz _1)2 6. £ sin Ans. (Eﬂ_l)g 1
6 I s> =36
7. Pe? Ans. s+3)- 8.1sin?3 ¢ Ans.azljz-—(f—_,_—g—@)z—’
i
o
9. re”sinat Ans. a (S a) A
(s2 —2as+ az)
L 3(s+2 1 1 -|
10. J'Oe “tsin’ tdt Ans. (2S )| [ ’ o
i

Ans. §° +25+2
(s2 +2s)2
2(s* + 65 495 +2)

11. te'cosht

U(s+1)’+9J —L(s+zf+1

|

12. Pe*cost Ans )
(s2 +4s5+ 5)
13. (a) Laplace transform of 1" ¢ “is
. n (n+1)! n!
L 7 o 3 v R |
(s+an ( )(S+a) ( ) (s+a) o Ty n+l ( )
(b) Laplace transform of f () = ¢ e* - sin (a?), t> 0
Za(s—a) a(s—a) s—a (s — a)?
(@) 5 (ii1) 2, () 2 o Ans. (i)
I:(S—a)2+a2]2( )(s_a)2+a2 (S—a) +a (S—a d—l;;l((x)_|
(c) Iff(x) =x* P (x), where P(x) has derivatives of all orders, then L | |is given by
a1
(i) s L[fW] (i) s* L f (x)
(i) s* L[f? (x0)] (iv) none of these. Ans. (ii)
(d) The Laplace transform of te”' cosh 27 is
(i) (& F25+p (i) S —25+5
(s + 25 — 3)
ds +4 4s—4
Ans. (i)

D) (¢ 25—3) E—
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Laplace Transformation
1
LAPLACE TRANSFORM OF f (¢) (Division by t)
t
BN
If L[ f()]1=F (s), then L|‘f(t) |=I F(s)ds
lr

Proof. Ll f(O1=Fs) = F(s) ije” £ (1) dr

Integrating (1) w.r.t. ‘s, we have

J. F(s)ds—J. J. e'”f(t)dt—|st

. | w i@asla=j1 ¢ Oy

ol [ s il °|L -t JS
A j;——ﬂ—)[ ] dt = j —ro_e Y

‘ [

1 J f([ =L f(:)ﬁ

= LL‘ f(t)J= j F(s)ds
Cor. L I ds ~ )
[
. sin 2t
Example 10.Find the Laplace transform of 4
5 t
Solution. L (sin 2¢) = 5—
s+4
(‘sin 2t ) J' 2 ds —21|_tan’1s-Ioo
LL : J r 8 : 2J
“lanlo—tan' ' " fant’
| - :_ - r
L
2
; rsint
Example 11.Find the Laplace transform of f(t) :.[ dt.
o ¢
; : 1
Solution. L sint = —
s +11
S0z :j ds=[tan"'s ] =% —tan's — cotl's
t s 5241 ] A 2
th@l dt==cot's
07 s
1—cost

Example 12. Find the Laplace transform of

[2

(D

Proved.

Ans.

Ans.
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Laplace Transformation

1
Solution. L(-cost)=L(1)-L(cost)= —

s 8241 o
(1 cost) J. ( )ds - rlogs— 1log(s2 +1) 1
- \s s +1) ||_ E JS

1 .1l 2 T
:E[logsz—log(s2 +1)l :Ewog 2 +1J

1[ 52 —|°° i 2

| ] 1 s?
:%||log =_2L|0—10g_2_[J= g
2 I
L s L1+ f)J
[ 1—cost | s2 1 48 2 )
Again, L| J j log _j |10g 1ds
ez s +1 s +1 )

Integatln%by parts, we have

| § $ +1 (s +1)2s—s2 (2s5)
=— llog S5 — J‘ , -sds
2|L 52 +1 s (s +1) ]
1l 52 1 .. s T
=—_|slog —2‘[ ds| =— |slog —2tan”! s
2 s +1 o 2 52 +1
= 1 (T[\ S2 -1 —l ll_ Sy -1
2L0 2 j| slog 1+2tan sh=—2—||_—n—slogsz+1+2tan sﬂ
= + log s —tan' s
2 5241
» (271 R | e N s?
K|_2 tan s/j 22+ cot sT_log— — Ans.
s
Example 13. Evaluate Lre,4, sin3t |,
. 3 sin3t (= 3 3 gs= anL
; Lsin3tr=——— = L = 1 _
Solution. 2 432 ¢ ‘[s 5 +9 L3 3JS
=" tan f=coto S
2 3
[ 4 sin3¢ ] L1 s+4 o 3
= =tan
LLe ) J:cot 3 s+4 Ans.

Exercise 13.3

Find Laplace transform of the following:

1. -(1-¢€) Ans. logﬂ 2. l(e‘“’_e‘b’) Ans. logM
t s t s+a
1 1 52
3. —(1-cosar) A —
2 2 Ty d
sin” ¢ 1 sT+4 1 1 s -1
- —sinh? Ans. — —log——
4 Ans. 410g 2 5y 2 gs+1
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Laplace Transformation

1. -1 7. L(1-cost 1 2 2
6 Soe sin ;) Ans. cot™ (s +1) t( cost) Ans. 5 [log(s + 1) —logs”]
e sintdt I 4 w0t — g
8. J, ; Ans. ;cot (s+2) 9. jo ; dt Ans. log 3
1 1 §f+a
10. t (cos at — cos bt) Ans. — log
2 52 +b?
u(t-a)
UNIT STEP FUNCTION A
With the help of unit step functions, we can find the inverse transform 1 i
of functions, which cannot be determined with previous methods. :
The unit step functions u (+— a) is defined as follows: 51 : t
a
0 when
u(t—a)z( I<a where a >0.
il when ¢ > a

Example 14. Express the following function in terms of units step functions and find its
Laplace transform:

El.>
ro<ig 15

- (840, t<2

Solution. @)= 18 oty
t<2 (0,
0, =8+(-2 <2
ST ) N
L L. o
= 82u (t 2)
8 6725
Lfitt)y=8L(1)-2Lu(t-2)=_-2 Ans.
Ky S
Example 15. Draw the graph of u (t—a)—u (t—b) u(t)
Solution. As in Art 13.10 the graph of u (t —a) is a straight line from
A'to oo . Similarly, the graph of u (1 — b) a straight line from B to o . 1 A B
Hence, the graph of u[t — a] —u [t — b] is AB. i i
Example 16. Express the following function in terms of unit step o : : >t
function and find its Laplace transform : a b
(E9 a<t< b
f(t) = 10’ i > b
) (1, a<t<b E )
Solution. f=E 4L0’ sy = [u(t—a) — u(t-b)]
[ es® e’f”—|| Ans.

Lf@) = E[_ -




Laplace Transformation

Example 17. Express the following function in terms of unit step function :

t-1, 1<t<?2
A {3—;, 2<1<3
and find its Laplace transform.
[t-1, 1<t<2
Solution. fit) = |L3 i 2<r<3
= Du @ -1)-u (2)] + G- 0 [ t-2) —u (+-3)]
= (t =Du@ —D—(tDu(t -2) + 3—1) u (t -2) + (t 3Bu (t-3)
= (Du@t —1)-2(t -2) u(t -2) +(@ =3) u( -3)
(1) =9 _2¢" & Ans.

N S N

Laplace Transform of unit function

—as

e
Lu(t—a)l

.l
Proof.
Llu(t—a)]= j: e'u (t—a)dt

- jo e 0.dr + j““ e 1di=04] €]

Ls L
efas
Llu(-a) = Proved.
SECOND SHIFTING THEOREM

If L[f@®] =F (), thenL[f({t-a).u(—a)]=e*F (s).
Proof. L [f (t — a) .u (t — @)] = ‘re"” [f(t—a).u(t—a)]dt

= | e f(t-a).0di+ [ e f(t-a)(1)ar

= J’we‘”f (t-a)ar

=J.:€‘S(u+a)f (u)du where u = +— a

= e I: e f (u)du = eﬂ“F(s) Proved.

THEOREM
Lf®Ou(@—a) =e“L|[f(t+ a)

Proof. Lf () .u (t — a) =J'we“’ () .u(t—a)dt

= [l [f()ult—a)]de+[ e [£(1)u(t—a)]ar
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Laplace Transformation

=0+re’”.f(t)(1)dt
=[N (yra)dy=e® [ (yra)dy  (a=y)

=e® Jg;e""-f (l + a)dt =e“Lf (t + a) Proved.
Example 18. Find the Laplace Transform of £ u (t — 3).
Solution. 2 .u (t —3) = [(t -3)%+ 6(t -3) + 9]u(t-3)
=(t -3)% u(t -3) + 6(t =3). u(+-3) + u(r-3)
LA2u@-3) =L@ -3)2 ut-3) + 6L(t -3). u(t -3) + 9L u(t-3)

= e’”r 2 wilgm 9_1 Ans.
||_53 s s |_]
Aliter LA u(t-3) =e¢®L(t+3%=e®L[F+ 6t+9]
= 635[- 2_+ 6_+ 9_—| Ans.
|L53 s s |J
Example 19. Find the Laplace transform of e?'u_(1).
[0: t<
where u O= TC
o Lo >m
Solution. u ()= 4 t<m
. [1: t>n
=u(t—m)
Le? u (n=Le?u(t -n) fir) = e*
=z "1 (t +7 ) f (t +7 ) = g 2m)
—¢™L e—2(t+n) = ¢ T L
- ef(nHZn) 1
s+2
e (s+2)
P} Ans.

Example 20. Represent f(t) = sin 2t, 2 n < t < 41 and f{t) = 0 otherwise, in terms of unit
step function and then find its Laplace transform.

in2t, 2n<t<4
Solution. P o N

[0, otherwise
f@O=sin2t[u(t—2n)—u(t—4mn)]
Lf(t) =L [sin2¢t. u(t—2m)]—-L[sin2¢.u({—4mn)]
= e L [sin 2 (t + 2n)] — e** L [sin2 (t+ 4m)]
= 2L [sin2 1] —e**L [sin(2 1)]

2 2
= e*zﬂm - e*‘gs S 14

— —2ns __ pAns T
= (e ™) 14 Ans.
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Laplace Transformation

Exercise 13.4
Find the Laplace transform of the following:

L f(r)= t-1, 1<i<2 Ans. € —e¥ B e
{O, otherwise s* s
(5-1)
2. du (t —1) Ans. & 1
1= k21 S
tu (t) + coshr.cost Ans. lo —
3 )t « () e—gzss 2+32+s4+4
4. t u(l —2) Ans. ?(45 +4s + 2)
_4, .
5. sintu(t—4) Ans. % ’ [cos4+ ssin 4]
s +1
. K o 35
6. f(1)=K(t=2)[u(r—2)—u(t-3)] Am.sﬂE Te(s+1)e ﬂ
_ g Sinmt _KnT (o 357
7. f(t)=K TUu(t—zT)—u(r—w)U - s nz( e )
Express the following in terms of unit step functions and obtain Laplace transforms. o
ke 1-(2s+1)e™
8 f(1)=1 Ans. u(z)—u(z—z),ﬂi
»{0, 2<t - e S
4 sinf, 0<t<m l+e™ €™ (ns+1)
9. t)= +
f( ) Lt’ ST Ans. 52 T 52
[ 4, 0<r<l
10. f(t)=)-2 0<1<3 Aps, 47667 77
St 5
11. The Laplace transform of 7 u, (¢) is
1 2\ 1 -2s ( 1 2\ = 6725
(@) \§2—+ ;Jeih (ii) =€ (iii) LST_ E/ie ’ @iv) — Ans. (i)

(1) IMPULSE FUNCTION

When a large force acts for a short time, then the product of the force and the time is called
impulse in applied mechanics. The unit impulse function is the limiting function.

6([*1)=_l,a<t<a+8 f(t)
€

|
=0, otherwise |

The value of the function (height of the strip in the figure) becomes !
I

|

I

1

o=

infinite as a ¢ — 0 and the area of the rectangle is unity.
(2) The Unit Impuls(e fun)ctiqnois flgfined as follows: 0
o(t—a)=

> t
t=a t=a+e¢

= t=a

|0 for 7+a.

and IO §(t—a)dt =1 [Area of strip =1]
(3) Laplace Transform of unit Impulse function

[y 8(r-ayar=[ (). i

Mean value Throrem

[ r()di=(b-a) )
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Laplace Transformation

1
=(a+s—a)f(ﬂ)’g wherea <n<a+eg

=fm)
Property I: I:f (1)3(t—a)dt= f(a) as e>0
Note. If f()=e*  and L[5 (t—a)]=e

Example 21. Evaluate J‘:je’S’ES (t-2).

Solution. j S (t-2)e 2 =t Ans.

Property II: j:f (1)8'(t—a)dt=-f"(a)

Proof. [ f(r)8'(t—a)dr=[f(r) j £
=0-0 f (a)— —f'(a)

Example 22. Find the Laplace transform of £8 (t—4).

Solution. L5 (1—4)=[ ¢"*3(1 ~4)dr
0

=43 Ans.

Exercise 13.5
Evaluate the following :

y - [ =)
L[ (- 4)di Ans.e 2 2] sin 28\ t- Ans.1.
@ o(t-4 -4s
3. Loe’y 3(t-2) Ans.3¢® 4. Jt_) Ans. 64
5. Laplace transforms of cos 7 log ¢ 8(t —) Ans. —e ®logn
6. e¥5 (t-3) Ans. e 6+9
PERIODIC FUNCTIONS
Let f(¢) be a periodic function with Period 7, then it
‘[Te’s’f(t)dt .
LLf(e)]=——— 1
1_ e~sT : ' S
Proof . L[f(t)]:_..:e‘”f(t)dt o e >t

:J.Ore*”f(t)dmj.:r e’“f(t)dt-rJ.Ze’“f(t)dtwh.

Substituting r =u+T'in second integral and # = u + 27 in third integral, and so on.

LIS ()] =] e f()de+ [T e f (uaT)dus ] e f (u+ 2T )du +..

:J' e f(t)dt+e” JJ e f (u)du +e>" J]e’”‘f (u)du+..
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Laplace Transformation

f)=f(u+T)=f(u+2T)=f(u+3T)=...
= JO e’s’f(t)dt+e’ST‘[0 e’”f(t)dt+e’25TJ-OTe’”f(t)dt+...

= et 17 o7 +...” Te*“f (t)ar +a+a® +ad+. :LW
L 1o |
1 ro L l-a U
- J‘ e f{1)ar Proved.
1-e*T 0
Example 23. Find t? lflplace transform of the waveform
(t) k J ,0 <t <3,
d —st
Solution. Ll f(t)]= I e f(t)dt
l_e—sT 0 1 2 rte’s’ et -|3
[2t ] ™ s (2 W |
L— | =—7—| | =t |dt = —_—1_
||_3 |J 1-¢™ ’[0 k3 J - 3 ||_ J
= 9) 1 7,;,|_|3€_3s 76733 + 1 —|=2 ||_3e—3s +1—
3te¥ —— = £ 3 1—6-3‘— —z—s
.l ] L ]
Ans.
—s(l o ) 3s?
Example 24[ Find the Laplace transform of the function (Half wave rectifier)
s T
sinot for 0<t<
)= g
i() for T<t<?2nm (U.P. Il Semester, 2010, Summer 2002)
| ® o
Solution. L[ f(1)] = j e f(t)dt
0
L ] [ -, . |_ f(t) is a periodic function
= iTan f(t)ar ‘E
1_i i l_ LA 2l _g
- 2 UO e sm(ntdt+J.n/m ><()><dt|
1—61 © J
G ——
= —_ZF.[O e sin of dt
l-e ©
” o sin by dr e ? _(gsmbx bcosbx[—||
a’ + b
L ]
m/
1 ||—e’sr (=ssinwt —o cosu)t)—|| °
Lif(1)]= 21 7 2
- I s +o : 1,
||— y | 01| I+e “’|—’
1 |®eg o t)@ |_ _L
= & + s
T l-e ||_ J\s+0)}\1 e%

L I
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Laplace Transformation

N

w|1+e""|

I I
T o SR P
(s +m)|1—e°TJ|L1+e J

(O]

[ =]
2+ ) 1-¢ o
( ' PLI | Ans.

Example 25. Find the Laplace Transform of the Periodic function (saw tooth wave)

k
f(f)=7tfor0<t<T, F(t+T)=f(1)

1 ki
Solution. L[f(¢)]= J‘Te*“f (t)ar =4J' b &
l—e_ST 0 1- e—ST 0 T
= | ﬁj'Te"’.tdt= k I_t e —j.l.e_” dt]T
AP N r(l-et )l 5 s
Integrating by parts
k rte—st e _||T k I|_Te—sT T | —||
— el & (W = i
T({1- —T t:—s S2 T —Siig —s SZ S2
(ke G 1O D)
=T(1_esT):_ —s sz(l_e )J ty{t=e )+ﬁ2' Ans.

[ e foyar

£(t)

l_e—xT A
g™ |P T f(t)y=A
QK A By
Sk B ,
— 2 1 1 1 1
e et A
prs —sT _A - ’
DRy, 1 4 (t)=-A
l—e‘A‘T| K s s s
I i
2
—sT —s
= A ’71_26 2 +e—sT—||: A 'Vl_e ?Tﬂ
s(t=eDl|. | s=e*D| I
_sT g ( -sT
A|—|1_e 2 [1-e 27\|
L Al )
7%‘ oI N - sT
s(l+e ) U-e 2) (1+e 7}
\ J
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Laplace Transformation

s = Ans.
Le
Example 27. A periodic square wave function f{(t), in terms of unit step functions, is

written as
f@) = klu () —2u () + 2 u, () — 2u, (@) + ...]

Show that the Laplace transform Okf f(?) lf gl\ﬂen by
LIf(®]= tanh

2

s
Solution. FO) =k lu0) — 2u @) + 2 u,, ()= 2u, (1) + ..
Lf()=eru () — 3Lu (0) + SLu, (1) = 2Luy, (1) + ...
L —s—+26—;i—ze—;i+""‘

I h|»

1-2(e® e + 7 - )]

= s 5 r — |
+e
L I | |
_kl_l_e ‘”-Izk'reg‘g —ng k as
__S ||_WD’S J = |_LS—J7_'S' +stanh 2- Ans.

lLe?+e 2]
Exercise 13.6

1. Find the Laplace transform of the periodic function ()

f(t)=¢ for0<t<2n Ans. m

2. Obtain Laplace transform of full wave rectified sine wave given by
®  coth ™

f(¢) =sinot, 0<t<™ Ans. _ ©
® ( 2 +w? ) 20
3. Find the Laplace transform of the staircase function
ke?®
f()=kn,np<t<(n+1)p, n=0,1,2,3 Ans. (1 ps)
e
Find Laplace transform of the following: 5 25
2 ~4se™ — 45%

D ()=t 0<t<2, f(t+2)= () Ans.

s3(l—e—2x)

[, o< <% |

5 f(t)= (U.P. 1l Semester, 2004) Ans. as

a tanh
] 5 <t <a s
£()= cos 0<t<a Ans s

6. z 2 (Fro 1= ¥
o, <r< L J
[ ® ®
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Laplace Transformation
(1, 0<t<1 2) = - (s+1
f(t+2)=£(t) ns (s+1)

f(0)= :
7. 0, I<t<2 . 52(1_8_%)

2t

8. r()='" T OSZSl’f@+T):fQ) Ans. 2 T I
i[%(T_,), fﬁtsT Ts tamh4 S(eSZJrl\]
CONVOLUTION THEOREM “ N
If LLfi(D] = F(s) and L[f, ()] = F,(s) x=t
then L{j;fl(x)fz(t—x)dx} = F(5).F(s)
L F(s).F )= f ®f (t-x)dx t= t=p
I T ) x=0

Proof. We have L{I: JiG)fa(t—x) dx} = .[ 7 J‘ S0 f(t — x) dxdt
= e f X f @ —x)dxdt

0 Jo 1 2

where the double integral is taken over the infinite region in the first quadrant lying

between the lines x = 0 and x = 1.
On changing the order of integration, the above integral becomes

2 ‘Sf(xf(t—x)dt /x

LI

I e_“f () dx (= e f (t—x) dt
0° 1 e 2
= e"fdx e™f (z)dz,on putting t —x =z

s SR - o . 0
= ¢ f @F (s)dx = e f(x)dx'F (s)
J-o 1 2 LJ.O 1 _H 2

= F (s) E(s) Proved.

LAPLACE TRANSFORM OF BESSEL FUNCTIONS J, (x) AND J,(x)

Solution. We know that

tt 9 |
2 28 2ae J
Taking Laplace transforms of both sides, we have

Lgn=-1-1 7% @8 B 8
Ki $ 285 246

+1 1.3.5 +...
P IPAREE A
K Y, v )|

J@—h
N
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Laplace Transformation

14

| -
1

(By Binomial theorem)

5%
—
—_ [y
+
5%
| —

Ans.

5N
)
?‘
—

—_
~
—~
[

We know that Lf (at) =

|
—
— 9
— _

1

2\/52 +d

LJj,(at) =

Q= o

= 8
QNO:

—+1

LI (at) = -LJ (x) = —[sLJ ,(x) = J ,(0)]
[ 1 ] )

=—|s—_—1|=1-
L Vet | Aeer

Ans.

EVALUATION OF INTEGRALS

We can evaluate number of integrals having lower limit O and upper limit co by the help
of Laplace transform.

©

Example 28. Evaluate J.te’3’ sint dr.
0

© ©

Solution. lte’S’ sintdr. = !w sint dt (s=3)
:L(tsint)z—d( I N 28
a’s'\s2 +1J (s? +1)

_PE b Ans.
@+1? 100 50

Example 29. Evaluate Iw e’ sint andwai—nl -

0 t U
©e ! sint © sint
Solution. dt = e dt. (s=1)
t 0 t
|—sint—| 2 J.w 1 |— i —|oc
= |—J b s—+1ds = tan 5|
t 2 |_ s
:i—tan*1 s ..(1) :n_—tanfl(l) (s=1)
2 2
NEIT A A
2 4 1 ns
On putting s =01in (1), we get
J‘wSiLtdt:E —tan () =T Ans.
ot 2 2
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Laplace Transformation

EXERCISE 13.7

Evaluate the following by using Laplace Transform:

7 © 4 8 e sinh tsint 1 1
. te sintdt Ans. - at Ans. —tan _
s ‘ wmy fo ‘ s s
oS~ ¢ 5 wet _e—4t
3. j — _ Ans. log 4
_[0 2 dt Ans. ! > 4. .[0 ; dt ns. log

FORMULATION OF LAPLACE TRANSFORM

S.No. @ F(s)
1. et 1
s—a
5 e n+1 - n!
Sn+l sn+1
a
3. sin at
§2 +a?
s
4. cos at
§2 +a?
a
S. sinh at
§2 —a?
s
6. cosh at
T
e—as
7. u(t—a)
S
8- 8 (t e Cl) e_as
a
bt o ——
L sin at 2
Z . $ (s-b) +a
s—b
10. e’ cos at 2
(s-b) +a
t M
11. sin at 2
a (s2 +a? )
2 —a?
12. t cos at
s*+a®
| 1
sin at — atcos at
13. o ( ) ERpE
1 s°
14 (sin at +at cos ar) 5
. oril (sz +a? )




PROPERTIES OF LAPLACE TRANSFORM

Laplace Transformation

S.No. Property f(t) F(s)
1 N
1. Scaling f (ap) —Fl— a>0
a \a
daf (t
LAQ s F(s)-f(0), 5s>0
dt
- d (1) ) ,
2. Derivative 7 s* F(s) —sf (0) —f' (0), s>0
d>f(t
d{3( ) $'F(s) = $°f(0) —s £ (0) —f" (0), s> 0
’ Lre), ss0
1F@), s
3. Integral J’ St j
4. Initial Value () HmEl)
5. Final Value lim £ (1) USRS
—>00
First shifting e f () F(s+a)
Second shifting f@Ou@—a) e‘Lf(t+a)
. F
8. Multiplication by ¢ 1£(t) = (s)
A ad"
9. Multiplication by ¢ " t"f () (1) F(s)
ds"
ivisi a0 i
10. Division by ¢ . j’ F(s) ds
T
[oe f@
11. Periodic function f@® . fE+D=f(@)
—e
12. Convolution f@)*g@ F (s) G (s)

INVERSE LAPLACE TRANSFORMS
Now we obtain f (f) when F'(s) is given,then we say that inverse Laplace transform of F (s)

is f ().

If L [f(5)] = F (s) then L' [F ()] =f (D).
where L is called the inverse Laplace transform operator.

From the application point of view, the inverse Laplace transform is very useful.
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IMPORTANT FORMULAE
_11\? 10{{ -1 1 = ZJt—l
1. L | - | = 1 2. L ¢ @=1)
\ f )
-1
3. L = 4. L = cosh ar
s—a 2
L—l 1 1 . L—I 1 1 .
S. EE = sinh at 6. 2.2 a sin at
7. L —— =cos at 8. L''F(s—a)=e"f(p)
s +a
9, L 12 = L e sin pr 10. ;-1 sS34 =" cos bt
(s—a) +& b (s—a) +b°
K 1 1 p )
1. L ————— = — ¢“sinh br 12. L' ———— scosh b
(s—a) -b* b (s—a) -b?
* 1 1 . s 1
13. L =~ (sinat—atcosat) 14. L ———— = —tsinat
2 2a ) N2 2a
(s2 +a2) (s +a )
F JR—a
15. L =tcos at 16. L' (1) =5()
(s2 + a2) )
4 & I S @t
17. L ﬁkzﬁ[smat+atcosat] 18. L i;F(s)f: .[0
(s +a
Example 30. Find the inverse Laplace Transform of the following:
. . e s . 1 s
g @ gy W g WO
1 s—1 1 s+2 1
(Vl)(Vl) (S Y2 2)2 +1 (Vll) (S 71)2 +4 (Vlll) (S +3)2 —4 (ix) (S o 2)2 _925 (x) 25 —17
Solution. (i) L’l_1 =e¥ (i) [ -l /it = ~sinh 3¢
) s2-9 3 s2-3)?2 3
. 4 S ] 1 1 5 Tl
(iiiy L = L ——=cosh4s (iv) L' = =_sin5¢
s2-16 st - @) 2425 52 +(52 5
1S S il 1 (S* 2
= R cos 37 g —— =e¢” sint
(V) SZ +9 S2 +(3)2 (W) 2)2 +1
—1 - 1 1 2 1 .
. Lfl S =¢' cos 2t 1 == = —6731 sinh 2¢
Vi 124 (vt (s+3)2 -4 2(s+37 (2 2
(ix)(ix) -1 $+2 gL (s+2) = ¢ cosh 5¢
(s+2)?-25 (s +2)* —(5)
-1 I _ 1 2t 1 1 lﬂ
W) L's, o= ¢ L F@s)= _f|_J| Ans.
Example 31. Find the inverse Laplace transform of
st +s+2 255 i) s—2
— (i1) il
( s 9s* — 25 65> +20
. . - st +s+2 2
Solution. (i) L! ~E N R o wE




1 1 2 e t”21 2t/ 1LaplaceTransformation
=L" +L7! +L’
§12 §12 ’» ’_» F
N S
RN Ans.
2
r 2s {
2 =L" - 5 _
(@) 2 5 L _ 2—2511211‘ ’2 |( Pﬂ’ 9‘ (S\zh
95 =25 P —
l
() LWy Wl
5
5 | hSt 1. 5¢
—9cosh3t—3L —(W —9cos 3 —3sin— Ans.
las? - [
L 3))
N KSR YR B 0

W SRERSEES -1 SRS
(iii) 65> +20 652 +20 65°+20 6 o 10 S 10

e - 5

Exercise 13.8
Find the inverse Laplace transform of the following:
1. Ans. 3o B -tsin™ 5, 36 =2P ppg P gpal s
45> +25 4 2 S 2 253 2 2
3. 2s-5 4s5-18 Ans i |(cos B sin ! | —4cosh 37 + 6sinh 3¢
T AP +25 1T 95— Qrk o -2-)
4 g5l Ans. Seoshde Ssimndr 1165 ape ! Sigsinns
“4s 1 4
MULTIPLICATION by s
i d
L'[sF(s)] = —f O+ £0)5(r)
Example 32. Find the inverse Laplace transform of
. s g s “ee 3s
@ag Wit i)
25+9
lution. (i L' =sint
Solution. (i) Sz P
L = _(smt) + sin(0)8(7)
s +1  dr
=cost Ans.
5
5 1 5
@) L L =1.2L’l 2 =— sinh—t
452 =25 4 225 45 5 10 2
4 N
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1 1
a5 S g Lm0
4s* =25 104t 10 2
_L(i\| coshit=lcoshit
10(2) 2 4 2
(iii) L 3 _ 3[;‘ 1 _ z’ 679/2r
2549 2 .9 2
- 3 34 % 3 3( 9) M
1 :__(679/2r)+_679/2(0) :_l_—_ |e 2+
25+9 2dt ") AP,
1 ﬂe*”m.;.?i
4 2

Exercise 13.9
Find the inverse Laplace transform of the following:

3

2

t
0

4
Ans. —_

3

84

Ans.

Ans.

—2t

e

Ans. _gsinar +1

Ans. é*.t

4

=—cost+1

Ans. (i)

Ans.

s ) 2s
=
1. 15 Ans. —5¢ 2. 3516
s 1 t §2
. — = & h - e
p. 25% —1 il 2%y ‘S +ad
st +4 5 1
Ans. — —sin3z+1 Madras, 200
> 4 3 6. -3y ¢ 0
7 L' _
;a2
4 9 t oy t . 1 L. t
(i) sin2t+ cos2t (ji) _sin2t+ cos2t (jii) _sin2t+tcos2t (jy) sin2t+ cos2t
2 4 2 4
1
DIVISION BY s (multiplication by ;)
gl E0 1 ['LtF©dr = f@)ar
|_| s U 0 0
Example 33. Find the inverse Laplace transform of
1 1 £ 43
Ofw. (i) s(s> +1) (iii) sGs2 +9)
Solution. (i) L’l( 1 \: o
Wy
+a
[ 17 el B
L] ! |dr = edr=| © 1|x
|ss+a)| ° \s+a) 0 L —a ],
e 11 r ]
=£=H—=—||1 44
—-a a a L ]
o401 .
(i) L 5 =sint
711( i Wl J't 71( 1 }dtzf’sintdt:[—cost]
L 217 oL ¢2 11 0
N N

Ans.




Laplace Transformation

_ 243 [2+9-61 1 6 1
(iii) .
s(s? +9) |L s(s? +9) I [ g 9) j|
3 L 2 2
=1—2j0 sin3tdr=1 — J.OL |\S2 o )|ds = 1+2x Lfeos 3ly=1+ cos 31— =
:Ecos3t+l:l[200s3t+1] Ans
3 3 3 )
Exercise 13.10
Find the inverse Laplace transform of the following:
1 3t
Lo sy Ans} Jff—l] 2. ek Ans, 1-¢?
o 2
1 1 - " 1 1—cosat
TS AR - (P ra) e 7
s +2 1
S. (2 d) Ans. cos? t 6. 2 D) ADS.{ —]+ e
24 2
St A t
ns. ¥
7. s(s? +1) 5 +cost —1
8. L2 i
y s(s®> +1)
@A) 1—cost (i) 1 + cos t (iii) 1 —sint (iv) 1 +sint Ans. (i)

FIRST SHIFTING PROPERTY
If L' F(s)=f(t) then L'F(s+a)=e“L'[F(s)]
Example 34. Find the inverse Laplace transform of
y 1 1 s—1 s —1
D 12y (“)(m i) 95 +6s+1 W65 @ Foeis

i \%
) )
-
Solution. (i) L'y = i
=1 1 21!
then L (5+2)° N Ans.
@ ol s NEpl 852779 B 2. 2
2 2 p 2 PIREY)
(o s3] 6+22+0) (s2+2) FOf Dy
e S = ¢ “cos3t— e ”’sin3r Ans.
b 3Ls +32) 3

1

1
L' L! L ePL 1, e
(iii) 9:;2—-|r6s—-|r1- (—33#—-1-)2 9 %H— b‘ 5 —ée 1= Ans.

s+ 9
(si—l\ FLTK ?@T
T

9625 =" {[(s 3)2+(4)2j [(s—3)2+(4)2J

=LlL 53 ZL;}I [ N (4)21

()

1
= ¢ cos 4t+2— e*sin 4t Ans.
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Exercise 13.11
Obtain the inverse Laplace transform of the following:
s+8
1. s Ans. e (cost +6sinf) 2. G Ans. e ¥ (cos 2t —1.5sin 2¢)
s P s+2
3. ; Ans. e F(3 =) 4 Ans. ¢' (cosh 37 + sinh 37)
(s+7) r 3 1 TP -25-8
s e cosdt—" sin4t 1 ¢
— Ans. - ——  Ans. —Sin4t
> 2165425 ] 4 | 6 a1 +32 8
7 . A L8R Nofindy
© 4(s—3) +16 D 4 g
SECOND SHIFTING PROPERTY
L'e“F(s) = ft-aU(-a)
Example 35. Obtain inverse Laplace transform of
] e*T[A' 4 — S
WG WGy
o 1 3
. Nt —
Solution. (i) T3
1 efm' - A
= = g - 4
| 12 s+3 % U(t ﬂ:) ns
@L —_~
s 2! [ 1 % - li
=4 3 !
(s+1) 2
™, el e—t-1) (2-1y U
— = —U@E-1
=) (S +1)3 21 ( ) Ans.
) ) se*”? + e
Example 36. Find the inverse Laplace transform of -~
st +m
in terms of unit step functions.
Solution. o= =sin
|' ST T
L =sinm(z —1).u(t—1) = —sin(m).u(t —1) (D
! eem )
and I Y S cosm
SS+ TC (
LT/ TSR T, S5} e)
CE 28 ult — tult™ =
2 2 2
On adding (1) and (2), we get
,1|—e’5/2s+e’5.75—| . i .
L L—SL'.—EZ—J = sin (1tf).u [\t —?\J —sin(mt).u(t —1)
Ans.

=sinm —u(t-1) |

o) ]
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Example 37. Find the value of L' Q ! l .

Solution. 1 _1 s _1d (

Laplace Transformation

)

(s* +a*)? s (2 +a*)? _ZS_dSts +a2J

-~ L %[_ e {_Z.sds 2

l¢s +a ) ) 1LE 1 \ W 1)J

. 1
=—12¢ — gSm at

= 2a-s [t sin Clt]

J 1 ( cosat) , |
= [lusin atdi = [t|(_cosat\|_ | dr
Mr 2“%\ =~ ) s

1 t sinat |’
CZL ; cosat + —— |_]0

= 1— [—at cos at + sin at]

2a°
Exercise 13.12
Obtain inverse Laplace transform of the following:

—

iy AT
o (s+2)P
e72.v
2. 2
(s+1)(s” +25+2)
b=
3.
Vs+1
lf +e-= %
4.
s2 +1
e (s+2)
5.4 -
s +4s+5
e*al
6. 7
7 e*TH
BN |

Tick (\/) the correct answers:

8. (a) Theinverse Laplace transform of (¢7>)/ s’ ,is

() (t=us @) ) =3 us(t) i) (£—3)u,(t)

Ans.

2
Ans. e« 2D yg_o
2

Ans. ¢ {1-cos (t -2)}u(t -2)

oD
" ((=10)
Ans. /—n(t 5

VR

Ans, cot?|U[ 1=

L2

Ans. e2 cos(t —u)U (t — 4)

Ans. f(®)=t—a whent>a

=0 when < a
Ans. —sin t.u(t — )

(iv) (743)u;(0) Ans. (iv)

(b) If Laplace transform of a function () equals (¢ —e™)/s , then

Of=11Lt>1;
(i) f(r)=1,when 1 <t< 2 and O otherwise ;

(iii) f(r) =—1, when 1 <7 < 3, and O otherwise ;

@iv) f(®) = -1, when 1 < ¢ <2, and O otherwise.

Ans. (iv)

87




Laplace Transformation

- 2 —2s —4s
(c)  The Laplace inverse L~ (€ —€™) " equals

88

s ]
(1) 2,if0<t<4;0 otherwise,  (ii) 2,iftr>0
(iii) 2,if0<t<2;0 otherwise, (iv) 2,if 2 <t < 4; 0 otherwise Ans. (iv)
d) The Laplace transform of zu, (¢) is 1 2
2s
@ ( b2l b slz_e—z.v (iii) (s_ J‘f (iv) 5116’“ Ans. (i)
\ J \ )
(¢)  Theinverse Laplace transform of s
S?+k?
(i) sin kt (ii) cos kt (i) u (t — a) SIn kt (iv)none of these.  Ans. (iv)
® Inverse Laplace’s transform of 1 is:
@ 1 (it) O(t) (iii) &(z—1) (iv) u(r) Ans. (i)
ﬁNc\;ERSF‘, LAPLACE TRANSFORMS OF DERIYATIIXES
—jl -1 -1
v [F()]=-1f (1) or L [F(9]=--L | —
F =—tL F
Lds (S)J 1 lLdy (S)J
Example 38. Find inverse Laplace transform of tan _
1) 1] ¢
lution. tan’] IL" n!
Solution L j_— ||_ds sJ'
r
L R 1\1 1 4 v
f #k— )J: o) s
sin ¢
= Ans.
t
52 -1
Example 39. Obtain the inverse Laplace transform of log
o L’lrl 2 —1] il Fdl 2 -1]
olution. 0 =-_1- 0
I I P
e Y, 1 8 Af 2 21
=—+L | —d1oa(s _1)_ - 4 £- . — _ _[2cosht-2]
+ Lds{ B —D)-2logs}j=- ;L | <=7 <|=—;
= E [1-cosh{]
t
Example 40. Find L' [cot’l(l+ls)]. p 1
Solution. L'[cot™(1+8)]=-"L"" = cot™!(1+5)
ﬁ | ds lJ
= L [yl |
t l—i—és—+—192— —;r—es—+l)2 +1
L | L ]
1.
=—e st Ans.
t
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Exercise 13.13

Obtain inverse Laplace transform of the following:

@) 2 s 2 t

log| 1+ — —cost +2 . ___gin—1sinh—
1 log 1+ 757] - Ans. L Ans. o sin T 1S
3 S tsinat 4. slog s ol s 1—cost
C (P +a?) Ans. 2a . \/ﬁ Ans. o

1 S2 +b2 ] —at __ b 1

_logd — € EmcOil 4 Ans. —_ o gj
5.3 g{(s_a)zﬁAns. t 6. tan”'(s +1) e sint

INVERSE LAPLACE TRANSFORM OF INTEGRALS
L7 pwasle HE22R @) or  LP@= | [* Fesyas ]

| L s J [ t t l |_ s U
CRNs]
Example 41. Obtain L 35—
2 R - SE
Solution. 1 - 2sds =41 — > _ -1 oy
R R e B
=tsint .

PARTIAL FRACTIONS METHOD
Example 42. Find the inverse transforms of
1
s> —55s+6"
Solution. Let us convert the given function into partial fractions.
| | S

s —55+6 'J |>4s—3 s—2|
:Lf1

s—3
oot W Gadah Y
Example 43. Find the inverse Laplace transforms of 61 +4)

s+4
Solution. Let us first resolve m into partial fractions.

Cs+D
s THRNEEE S (D)
ss=D)(s*+4) s s-1 s*+4

s+4=A(s—1)(s> +4)+ Bs(s> +4) + (Cs + D)s(s 1)
Putting s = 0, we get 4 = 4A or A = -1
Putting s = 1,weget5=B.1.(1+4) = B=1
Equating the coefficients of s° on both sides of (1), we have
0=A+B+C = 0=-1+41+4C = C=0.
Equating the coefficients of s on both sides of (1), we get

1=4A +4B - D = 1=4+4-D = D=-1
On putting the values of A, B, C, D in (1), we get

ss=D)(s> +4) s s—1 sS+4

1 | L,l 1 \ - e3t _eZt Ans.
e
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Lfl[_ s+4 =L

|~s(s -1)(s* +4) ] .

=—1+¢ —lsin 2t
2
Example 44. Find the Laplace inverse of

s2

8> +a®)(s* +b%)
Solution. Let us convert the given function into partial fractions.

_ 52

Ll - T W :L,
[(s2 +a?)(s? +b2)J| L

_p B

a? 1 b? 1

- 2 2J
N bzlz] +b I_[l

= L!
a® - b? ts2+a2 2 +b2J| a —b2[

= ! [a sin at — b sin bt]

a> - b?
Exercise 13.14
Find the inverse transform of:
s +25+6
1 T o Ans. 1421 + 37
1
el S 4t 3t
A §*—Ts+12 bl e
3 B o - Ans. €% cos3t + ieZ’ sin 3¢
i s> —4s +13 3
35 +1
4. (s —1)(s% +1) Ans. ¢ —2cost +sint
p 115> —2s+5 -y 3 £
. e 3 —=¢
279352 3512 P N
28 —6s+5 / e2’+5 '
6 oDG-D6-3) ~ 2°
s—4
7. G-42+9 Ans. ¢* cos 3t
16
8. (& +25 +5)° Ans. e (sin 2t — 2t cos 2f)
1
LA )
9. (s+1)(s2 +25+2) Ans. e (1—cost)
10 S S— Ans. —1 e —_cost— 3 sint
: (s —2)(s> +1) 5 5 5
s —6s+7
11. Ans. % [t cos t—sin 1]

(s* —4s+5)

Ans.

(
sm atJ b Li smbtﬂ

Ans.
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INVERSE LAPLACE TRANSFORM BY CONVOLUTION

L{ﬂ fi(x)* fo(t —x)dx }: F.(5).F,(s) = J-O’ £ @).f, (t = x)dx = L"'F (5).F, (s)

Example 45. Using the convolution theorem, find
2
- s
L! iﬁ b,a#b
Solution. We have (s* +a*)(s* +0? ]

L(cos at) =

> and L(cosb?) = SZL

s’ +a +b?
Hence by the convolution theorem

SZ

L“O cosaxcosb(t — x)dx} = m
Therefore,
2

N 5 |
L2 2 2 }=‘[ cosax cos b(t — x)dx
s +a)s +b)) "o

. [ {cos(ax + bt = bx) + cos(ax - bi + bx)}dx

20
t 1 t

A [ cosl(a — byx + brldx + = [ cosl(a+ by — brldx

2 0 20
_[sin @@~y +bi1T|  [sin (@ +byx~bn || _sinar—sinbr  sinar+sinbr

Ua—b) 2a—+b) 2(a—b) 2(a+b)

L Jo L o
__asinat —bsin bt
= W Ans.

Example 46. Obtain L' |
s(s*> + a?)
1 sinat

1
Solution. L'— =1 and [t~
s (s> +a*) a
Hence by the convolution theorem
o sina@-x) 1 (1 1

T — A .

L 1 l:Itl'sina(t—x) [—cos(at—ax)] 1
LS-GSZ—‘FGZ—}J g a dx=|L —a? jé :ae_[l—cosat] Ans.

Exercise 13.15
Obtain the inverse Laplace transform by convolution.

st 1 1 1 .
—_— rcosat+__g; g AW,
& +a2) Ans. 2 Y. sinat 2. @1 Ans. 8{(3 t*)sint —3tcost}
3 § tsin at ' 1 1 "
(8 +a)? Ans. 2 > R P—a?) Ans. ?[—at + sinh af]
s 1 Dicoer —sing— o
. (S+1)(S2 +1) AnS. E(COS —SInft—e )
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13.30. SOLUTION OF DIFFERENTIAL EQUATIONS BY LAPLACE TRANSFORMS

Ordinary linear differential equations with constant coefficients can be easily solved by the
Laplace Transform method, without finding the general solution and the arbitrary constants
The method will be clear from the following examples

Example 47. Using Laplace transforms, find the solution of the initial value problem
y'—4y' + 4y = 64 sin 2t

y(©0)=0y (0 =1
Solution. Here, we have y"' —4 y' + 4y = 64 sin 2t

.. (D)
y(©0)=0y(0) =1
Taking Laplace transform of both sides of (1), we have

- . _ 64 x2
[ 7=y (0)~ 3 (0)]-4[sy - yO)+dy="""
On putting the values of y (0) and y' (0) in (2), we get

244 )]
— P8
s y—1—4sy+4y—
s* +4
A 128
™ —4s+4)y—1+ >4 = (s-2) y=1+S2+4
y= + 128 1 8 16 8s
= (72 (=2 (2+4) (527 ST (552
71||_ 8 17 8s _{
y=L - a- +
b |L s=2 (s-2)° s+4
= y=-

8 ¥+ 17t € + 8 cos 2t

Ans.
Example 48. Using the Laplace transforms, find the solution of the initial value problem
y'" + 25y = 10cos 5t

y(0)=2y0)=0
Solution. Taking Laplace transform of the given differential equation, we get

S
Ay _ - LS.
[y -5y 0 -y @]+25 y =10 57—
= 25 “25+255 = 108
s*+25
10s
2 25 vV = 25+
> G20y #2125
_ 2s n 10s
= a4 Z(+25 s+25 :
Ll
N Y= ~s2+25 (x_+_25_)7~_2c055t+L .W’
L
r
_1d _5
=2cos5t-L

ds|(srt25H

—2cosSt+tL1n5t

Ans.
Example 49. Applying convolution, solve the followmg initial value problem
y"+y=sin3t

y(0)=0, y'(0)=0.
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Solution. y"” +y=sin3¢
Taking Laplace transform of both the sides, we have

3
[y =5y (0) —y' O]+ y=45+9 (D)
On putting the values of y (0),y ' (0) in (1), we get
3 3
2515 = 2 Fr
yyTy $3+9 = (s +1)y 249
y= 31 ]
= (52 "‘1)(52"'9) 8|Ls2+l s2+9|J
Taking the inversion transform, we get
3 1 S |
:—IJ_1 ——14l
T3 “oclmmand Geso
3 31 Be 18
y=_8int—_x_gin3; = _sint— _sin3¢ Ans.

8 8 3 8 8
Example 50. Solve [t D* + (1 —20)D —2] y =0, where y (0) = 1, y' (0) = 2.
(R.G.P.V. June, 2002)
Solution. Here, t D>y + (1 -2 Dy-2y=0 = ty"+y'-2ty'-2y=0
Taking Laplace transform of given differential equation, we get
d

Ly +L0)-2L@»)-2L0)=0=- L") + Ly} +2 2LO)-2L0) =0
d _ - d _ -
~Z[FY -9 @y O 1+[sy-y @142 sy -y©]-2y =0

Putting the values of y (0) and y' (0), we get
d d

Sy 52D Fy- Dt 2 Ney~1)-2y=0 [y (0) = 1y(©0) = 2]
ds ds
s’dy (dy _ dy
= = 72s§+1+s§fl+2|s%+y L5=0 S (5= 25)0" — gy =0
ds L ds
— 4
L § _dTy+ ds=0 (Separating the variables)
y §=2
3J-dTer dS2=O = log y +log(s —2)=1og C
G
N s ool
.3y(s72):.C = y ) =¥= {Tt=y=ce (D
Putting y (0) = 1 in (1), we get 5i=2
1=C eO = o= i
Putting C = 1 in (1), we get y = €*’
This is the required solution. Ans.
Example 51. Using Laplace transform technique solve the following initial value problem
d’ d ,
A2 L2y =5sin 1, where y (0)= ¥ (0) = 0
Solution. We have, y'+2y +2y=5sint
y©@=y(0)=0

Taking the Laplace Transform of both sides, we have

[2y —sy (0)—y ()] +2[sy —y(0)] +2y = 5% (1)

s2 +1
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On substituting the values of y (0), and y’ (0) in (1), we get

_ — _ 5 - 5
2 _ = [s2+2s+ 21y =
scy +2sy +2y_s2+1 [ ] o
y =
= (s2 +25 + 2)(s2 +1)
Resolving into partial fractions, y = 25+3 + —2s +1

S +25+2 2 +1

Taking the inverse transform, we get

N 1= 2 1)+1 = _ 1
T Ly oo

s +2s+2 (—_— ] (s+1) +1U KSZHJ N )
Woeh e’ )
L(s+1)2+1J k(s+1 2+1J_ P S ’)

=2¢'cost+e'sint—2cost+ sin ¢t Ans.
Example 52. Solve the initial value problem

2y 45+ 2y =€ yO0)=1y(0)=1,
using the Laplace transforms.
Solution. 2y"+5y +2y=e?,y(0)=1,y'(0)=1
Taking the Laplace Transform of both sides, we get

= ] A - 1
2575 =59(0)-y (0)]+5[s 7= »(0)]+ 257= — ()
On substituting the values of y (0) and y" (0) in (1), we get
L2|_sly —s—11+5[sy -1]+2y —1

s+2
LF2s2+5s+23ry—2s—2—5=——1
s+2

1 25 +7 1428 +7s+4s+14 25 +11s+15

off N - _

YT (s+2) (252455 +2) 25245542 (252 +55+2)(s+2)  (25+1)(s+2)

4/9 THONSNUECENN 8 : 1188 1 §
9

2541 542 (s42f 92, L 9542 3(s42)

[\S)

2 _lt
y=_§, _2672_11‘672 Ans.
9 9
Example 53. Solve d_ixﬁ dy e '
2y dydx dx +5y=e "sinx  where y(0)=0, (0):]
Solution. — T2 " +5y=e'sinx
dx*>  dx
Taking the Laplace Transform of both the sides, we get
[*Y =5y (0) =y (0] +2[sy =y (0)] + 5 =L (e *sin x)
1
(5 — sy )=y O+ 2[5 —y O1+55 = (7,7 . (D)
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On substituting the values of y (0) and y' (0) in (1), we get
1
PY-D+2(Gy)+5y =

s +25+2
1
(£ +2+5)r=1+ =57 +25+3
P2 +25+2 242542
s +2s5+3

= (s2 +2s+5)(s2 +2s +2)
On resolving the R.H. S. into partial fractions, we get

1y 1 1 1
y:_ + —
3s2+25+5 352+2s+2

On inversion, we obtain

y:%L_1 1 -|-l]_;l !
3 242545 3 242542
= yzl_I:] 22 24_11;l ! p
30 (s+1y+(2) 3 (s+1)+(1)
L [ %
= y=_e*sin2x+_e*sinx
3 3
1 . .
= y:§e’x(smx+sm2x) Ans.

Example 54. Using Laplace transforms, find the solution of the initial value problem
Y'+9=9%u@-3)y0)=y 0=0

where u (t — 3) is the unit step function.

Solution.  y"” + 9y =9u (- 3) (1)

Taking Laplace transform of (1), we have

6733

2y —sy(0)—y' (0)+9y=9 2 24(2)

Putting the values of y (0) = 0 and y’ (0) = 0 in (2), we get
. _ 96—3s
Sy +9y =——
—3s

= (249)7=9 5
A 9¢ > _— Qe
= s(s2 +9) - s(s2+9)
. L szig =sin 3¢
a3 1 3jtsin 3tdt = —[cos3t], =1-cos3t
= s(s2 +9) . 0
a9
= y=L s(s2 +9)

= y=[1-cos3(t-3)]u(r-3) Ans.
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Example 55. A resistance R in series with inductance L is connected with e.m.f. E. (1).
The current i is given by

L%+Ri=E(r)

If the switch is connected at t = 0 and disconnected at t = a, find the current i in terms of t.
(UP., II Semester; Summer 2001)

Solution. Conditions under which current i flows arei = O at t = 0,

E(t)z fE, O<t<a
10, t>a

d .
Given equation is LE+ Ri=E(t) (D)

Taking Laplace transform of (1), we get
L [si— i(0)] + R =J'we"“’E(t)dt
0

Lsi+ R =[ e "E(t)di [i(0) = 0]
0
L R)T = e —_st'Ed = ¥ —stEd * —stEd
(Ls+R)1 foe t joe t+_[ae t
|_7xz_|“ E J -~
:Ete_J +0=_[1—87‘”—|J=_—_e"”
) o S N S
i= E W JBE-~

s(Ls +R) s(Ls + R)
On inversion, we obtain i=L" [ 2 -I—L’l[ Ee™ —‘ (2

Ls+R) | [ | s(Ls+R) ]|

Now we have to find the value of 1! s(Ls i R)

! LA

E
| s(Ls+R IH E™ | %] (Resolving into partial fractions)
S| s+
e ol
[
Bl | o[ a
LR 2 s+5 R|
Jome 1B ]

and L' —| —=|l-e* u(t-a
t s (Ls + R)J R L J ( )
[By the second shifting theorem]

On substituting the values of the inverse sforms in we-get
£ Arersetgsiopsin ) weg
i=_J|l-el |-_|1-et® lu(t-a)

o7
Hence i:EF_e_L J forO0<t<a, [u(t—a):o]




Laplace Transformation

El &1 B[ E) fort>a

i=_|l-e* |-_{l-e® } [u(t-a)=1]
RLCOTRLC T
:_E|672(H1)—67Lt |= Eeff’Jelzi —11 Ans.
R| | R

Example 56. Using the Laplace transform, find the current
i(t)in the LC - circuit. Assuming L = 1 henry, C = 1 farad, zero
initial current and charge on the capacitor, and

v(t)=t, when 0 <t<|
= 0 otherwise.

Solution. The differentig) ééluatj]on for L and C circuit is

given by L + 7= ¥

(D V()
% C 2
dq - _
Putting L=1,C=1, E=v(f) in (1), we get ? qg v(@® .. (2)
Taking Laplace Transform of (2), we have

S qT-5¢0)—q' 0)+q= Jwv(t) e dt
0

Substituting g (0) = 0, and ¢' (0) = 0, we get
1 ©
SSqg+qg=| tedi+| 0e" dt
.[ 0 J. 1

A e—sl —l 1e—st e—s I_ e—st —|1 e—s e—s 1
= C+Dg=r__ [N |BF da= | _ [ TS g
gl P00 L 8w
B e e i
5 B == +3~1J
s +1
qg=_——" - s + 1
3 s(s2 +1) 2 (s2 +1) 52 (s2 +1)
Taking Inverse Laplace Transform, we get ]
—s — -1
1 —— -1 —¢£ +L
N o) 2(L +1) F - (3)
We know that
-1 —as - N .
L q—e f(s)l]— t(t. a)u(t—a) ,
Lt . =| sinrdt=[-cost] =]-cost (@
LsG2+1) | o X
G
1 |—=————1|=| (I—cost)dt=t—sint
L e (s2+1)J _[0( ) . (5)
In view of this, we_have
L o |:—[1—cos t-DJu@-1) [From (4)]
LsGs +1)]
—1|S —s
L' L | ——|=[@-D=sint-D]Ju(@ -1 F 5
{SZ(SZH)J -1 t=-D]u@-1) [From (5)]

Putting the above values in (3), we get
g=—[l-cos(t—D]u(t—1)—[(t—1)—sin(z— D] u(t—1)+t—sin ¢t Ans.
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EXERCISE 13.16
Solve the following differential equations:
d2y+ _ dy __
1. PR O,Wherey=1and; I atx=0. Ans. y = cos x — sin x
aty dy 33
2. e —4y =0, where y =0 and 5=—6atx=0. Ans. y=—562x+2 e
dzy dy .
3. =1, 22 =1 atx=0. Ans. y =sin x + cos x
dx
d?y 12 +5y=0, wherey=2, d
4. Ezy_'- . .- di——4atx 0. Ans. y = ¢*(2cos2 x —sin 2 x )
A3y 42d%y “dy_ oy _ d d’y
S. dxy .y y=0, given y= ;C—O’W—6 atx=0. Ans.y=e'-3e*+2e%
d*y dy
6. -3 _E:O atx =0. Ans. y=cosx—cos2x.
d y dy dy x -2x
——2y=1-2x, given 0. —=4atx=0. Ans.y=e¢ —e¢ +x
e L giveny=0. — y
d*y  dy ey dy X A2 2x
8 3% +2y=4egiveny=-3and” =5atx=0. Ans.y=~Te' +4e* +4xe
dx*  dx dx
dzy_ dy 2x, dy 1 2« 2] x
— - 2e —
9. . 3 +2y=dx+e ,wherey=1, =—latx=0Ans.y=3+2x+ e apel
g“xy g’yy dy dxdy d*y 52 . 17%
10. _ —2y=0,wherey=1, _ =2, _  =2atx=0Ans. _e —¢ +_e¢
dx3 dx dx dx dx? 3 3
11. D’-D-2)x=20sin2¢t x=—1,x =2 Ans.x=2¢ -4 ¢!+ cos2t—3sin2t
0 1
1
12. (D + D) x= 62 +4,x (0)=0,% (0)=2,x"(0) =0 Ans.x= 5121 +8 £ —16 +16~ 16"
dx
13. d2x de+x_e WhCI'C)C(O) _=_1 atr=0 Ans. x =2 ¢ -3 te' + ltze’
drz dr dt 2
14. (D*+ n?) x = a sin (nt + o) wherex=Dx =0atz = 0.
i asin2a.
Ans. x = an cos a (sin nt — nt cos nt)+ (¢ sin nt)
( A -
15. )"+ 2y +y=te'ify =1y 0)=-2.  Ans. ,_ 1_t+—Je’
d*y dy 5 x
16. e +y = xcos2x, where y_dx_o atx=0. Ans. y=§Sin2X—§SiHX— ECOSZ’C
dy ddy dy 22 dy _q, d’y

1l

17. W— 3W—+3E_y:xe s wherey:l, x %=—2atx—0
Ans. y = e” (x> — 6x + 12) — ¥ (15 ¥* + Tx + 11)

— 4 t —t -3t
18. y' + 4y +3y=11 > 0; given thaty (0)=0and y' (0)=1. Ans. y——§+g+€ —56
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(0, i>1 11
19. y"+2y=r @),y (0)=0, y' (0)=0 where r(t) = { - Ans. y=_—_cos [21.
(1, 0<t<1 2 2
d*y
20. d_2+ 4y = u(t —2), where u is unit step function
t
|
Ziz(o)zoandy' =1 Ans. y=Esm2t forr<2
y

+ = -7 — — 7T = =
21 gz oy u@ ) u@ 2),y0) y'© 0
Ans.y = (1+cos ) u (t — ) — (1 — cos Hu (t — 2m)

22. A condenser of capacity C is charged to potential E and discharged at + = O through an

inductance L and resistance R. The charge ¢ at lime ¢ is governed by the differential equation

Ld ¢ dq q
Using Laplace transforms, show that the charge g is given by
CE _, R 1 R?

g=__e [usinnt+ncosnt]where p=__and = — ——
n 2L LC 417

SOLUTION OF SIMULTANEOUS DIFFERENTIAL EQUATIONS BY LAPLACETRANSFORMS

Simultaneous differential equations can also be solved by Laplace Transform method.

dx dy e 5 »
Example 57. Solve _t +y=0 4nd E —x =0 under the condition x (0) = 1, y (0)=0
Solution. X' +y =0 ..(D)
y—x=0 ...(2)
Taking the Laplace transform of (1) and (2) we get
[sx —x(0)]+y =0 .. 3
[sy —y(0)]-Xx=0 ..(4)
On substituting the values of x (0) and y (0) in (3) and (4), we get
sx—-1+y=0 ..(5
sy—x=0 ...(6)
Solving (5) and (6) for x and y we get
s 1
by = 5 ) 5 y = s2 5
o ‘ ey L
On inversion, we obtain x=L | 52 y=L | |
\Z+1 b \2+1)
X =cost,y=sint Ans.

Example 58. Using Laplace transforms, solve the differential equations
D+Dy, + (D - 1)y,=¢"
(D+2)y1+(D+1)y: = €'
where D = d/dt and y,(0) =1, y,(0) =0
Solution. (D + Dy +(D-1)y,=¢" (D
D+2)y,+ (D +1)y, =¢ ..(2)
Multiply (1) by (D+ 1) and (2) by (D — 1) we get
D+ 1P y+D - Dy,=D +1) e’ ..(3)
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D-1)D+2)y+ (D™ Dy,=(D-1)¢
Subtracting (4) from (3) we get
D*+2D+1-D*-D+2)y=(—e'+e')— (e —¢)

= D+3)y,=0 = Dy +3y =0
Taking Laplace transform we have sy, — y,(0)+3y,=0
(s+3)y =1 = 3= ! =y =
! 'os+3 :
Putting the value of y, in (1) we get
B By, e e
3 e (@3,_+1892 ;12)2 ffe;t — Dy

Taking Laplace transform, we get

2T Y=gt 2e

=, (0) 5= | Wt
s+1 s+3
1 2
=Dy s+1 s43
¥ .
i 1 #+25-3, 1
=" +
¢ 52 —1 .(s+1)2—(2)2J

y,=sinh t + ¢’ sinh 2 ¢
y,=¢ *and y; = sinh ¢ + ¢ 'sinh 2¢
d d !
Example 59. Solve A y=e, D 4 x =sint
dt dt
given x (0) = 1, y(0) =0
Solution. x'—y=¢
y' +x =sint
Taking the Laplace Transform of (1) and (2), we get
r | 1
[sx —x(0)]-y = —
s—1
1
52 +1
On substituting the values of x (0) and y (0) in (3) and (4), we get
1

s—1

[sy -y (@]+X =

Ly
s +1
On solving (5) and (6), we get
st 451 11 1 s+1 1

8 s s 07"
(s—D(s2+172  2s—1 282+1 (s*+1)?
-3+ 52 =25 11 1 s-1 s

—— - +
25—1 2(s*+1) (s*+1)

Sy +x=

y =
(s =D(s? +1)?
On inversion of (7), we obtain

1.1
x=_L 1—+1L_1 5 JrlL’l ! +L! !
2 s-12 241 2 s+1 (s* +1)°

.4

Ans.

e

)

. (3)

. (4

. (5)

. (6)

. (7

. (8)
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1, 1 1. 1 . 1, .
=—¢ +—cost+§smt+§(s1nt—tcost)=E[e +cost+2sint —tcost]

On inversion of (8), we get

:__1 L 1 +1L71 s 1_L’l 1 4 N
2 s—1 2 52 +1 52 +1 (s2 +1)?
=— le’ + lcost —lsint+ltsint
= YT 2T
1
= y :5[—€t —sint+cost +tsin t] Ans.
Example 60. Using the Laplace transforms, solve the initial value problem
»"=y +3y,
y,"=4y, —4e
y0=2y/0)=3y,0=1y 0=2
Solution. y,"=y +3y, . (D)
y,"=4y —4¢ (2
Taking the Laplace transform of (1) and (2), we get
sy—sy(O) y,0)=y +3y, .. 3
sy—sy (0)—y (0)=49L— e (d
Sl
Putting the values of y, (0), ¥ (0), v, (0), y (O) in (3) and (4) we get
y—Zs—3—y—+ ¥, =7 (s? 1) y =3y =2s+3 )
- N 4 - .
= SY2S S 471 - SEINSNATESs T B2 .. (6)
On solving (5) and (6), we get
(25 —-3) (s> +3)(s + 2) 25 -3 1 1
= N
s (-1 (*+3)(s* - 4) (s -1)(s-2) s-1 s-2
y=e +é*
(5 +2)(s* +3) 1 o
=i = = =e
oo B % Ans.

Exercise 13.17

Solve the following :

1.

Foay=0, TN Bl B -0

dt dt
2

Ans. x=—§sin 6t + 2cos 6t, y = cos 67 + 3sin 6¢

A a0, 3 0 P g
dt dt dt dt
1% 3 -0 1., 1 -

under the condition x =y =0at¢t=0. Ans. X=_—_ "~ e y=_,"__,u
P p g W5E 10 5 5
D rsx—2y=1, Y 1 2x+ y=0 being given x =y = 0 when 1= 0.
dt dt

Ans. x= —i(1+ 60" + 1_(1 +31), y=— 2_(2 +31)e™ — 2_+ _
27 27 27 9 27
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4.

dx+ =sint dy+x—cost
ar dt
given that x= 2, and y= 0 when 7= 0. Ans.x =e'+ e, y= e '— €'+ sint

D—-Dx2y=t, 2x+D -1 y=1t>0
where D = d/dt and x (0) =2,y (0)=4

The small oscillations of a certain system with two degrees of freedom are given bythe equations
D% + 3x -2y = 0, D*x+D?* —3x+5y= 0

Ifx=0,y=0,Dx=3,Dy =2whent=0.
Ans. x = —llsint+ 1—sin 3ty = 11sint— ]—sin 3t
4 12 4 4
343 Y isxm e 5 B 3D L ssinewithx (0)=2,y (0) =3,
dr  dt -~ .
Ans.x=2cost+3sinf,y=3cost+2sin 2t

METHODS TO FIND OUT RESIDUES ON PAGE 590 (Art. 7.58)

INVERSION FORMULA FOR THE LAPLACE TRANSFORM
f (x) = sum of the residues of ™ F (s) at the poles of F (s).
Proof. The Laplace Transform of f (x) is defined by

F(s) =J': e f (t)dt

Multiplying by e**

¢"F(s) =e" f e f(t)dt

Integrating w.r.t. ‘s’ between the limits a + irand a — lr we have

a+ir r a+ir I —st

e FG)as=[ e d joe oK

Puttings:afip,ds:fidp:—i_..r o) I f . dr dp

:ie“j_’ dej f(t)e ™ e"dr. =D

[e"”f(x) when x>0

Let us now define ¢ (x) as o (x) = 10 whenhil

The Fourier complex integral of ¢ (x) is

b = [ em f o)y
o -

= e f (x) ——L I = I |—e"” —|e"”dt dp (2
2n = J
In the limiting case when r — oo, (1) becomes
atio ax ©  ~ipx Y —at ipt
J.i_w e F(s)ds =e J:we dp ch(t)e ‘e dt ..(3)

Substituting the value of the integral from (2) in (3), we get

J.:::j e”F(s)ds =ie™ |—|_2n e f (x)—hz 2nif (x)
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1 atio
= f(x) = % Lim e’ F(s)ds (4

Equation (4) is called the inversion formula for the Laplace transform. v

To obtain f (x), the integration is performed along a line
AB parallel to imaginary axis in the complex plane such that
all the singularities of F' (s) lie to its left. The contour ¢ includes
the line AB and the semicircle ¢’ (i.e. BDA).

From (4)

B (a+ir)

1
f (x) ::m_ J-AB e”F(x)ds

1
— [ e*F (s)d
i e e (S) \)

—2_:_”, Le”F (s)ds '

The integral over ¢’ tends to zero as r— . Therefore,

f(x) 3 hm_l J e F (s )ds
r—w lYc

f (x) = sum of the residue of ¢** F (s) at the poles of F (s).
Note. Methods for finding the residue: See article 7.58 on page 590.

Example 61. Obtain the inverse Laplace transform of ki

§2 +2s

Solution. Let F (s) = sl

£ +2s
L[ _s+1 = Sum of the residues of ¢*'.
|L52 +2s |J 52 +2s
The poles of (1) are determined by equating the denominator to zero, i.e.

s2+2s5s=0 or s(s+2)=0 ie.s=0,-2
There are two simple poles at s = 0 and s = — 2.

Residue of ¢ F (s) (at 5= 0) = lim| (s—0) € (s *D)} :ﬁm[e”_(ﬁl)ﬂ el
s—)0||_ 2 +2s U s—>0|L (S+2) U )

Residue of e”. F (s) (at s = — 2) = tim [ (5 +2)e" (s +1)]
| s 2) |
[ e (s +1)—I| o e (-2 +1)ie,2,

s+1

at the poles..........cc.ueeee. 2)

= lim |
2l || -2 2

1 —2t
Sum of the residue [at s = 0 and s = 2] =— +e_

2N,

Putting the value of residues in (2), we get

e
= ot - ® Ans.
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1
Example 62. Find the inverse Laplace transform of m
Solution. Let F(s) = ; (1)
(s +1)(s2 +1)
J o]
L' \V = sum of residues of e F (s) at the poles. ........ 2)

|L( s+1)(s 11 )U
The poles of (1) are obtained by equating the denominator equal to zero, i.e.,
G+ DHE+DH=0 = s=-1,+i-i
There are three poles of F (s)ats =—1,s =+ iand o 5= . -y .
Residue of ¢*. F (s) (ats = — 1) = lim(s+1 = lim e
( ) ( ) Hfl( )(s +1)(s +1) b1 2 +1 2

Residue of €. F (s) (ats=i) =lim(s—i) ———— 2
L (s +1)(s +1)

it 1-i e

st it

_£i£?(s+])(s+i) =(i+l)(2i) *W (lﬂ)

Residue of e, F (s) (at s = — i) = lim(s+i))———
¢ = ” J (s +1)(s2 +1)
_ lim e" e e (i-1)

o (s +1)(s - 10) ( ~i+1)( 21) 4

Substitr.lting the valuej of the residues in (2), we get

] 1 _et e (1+0) et (i-1)
L(s +1)(s2+1 J 2 4 4
L | o e —it Sl o oN ie' —e
- N & s B ——
D 4 2 4 )
=£—lcost +lsint Ans.
2 2 E
Example 63. Find the inverse Laplace transform of
z E+1)
s -1
Solution. Let F(s) = . M (D
r ()
G 8
L = sum of residues of e*. F (s) at the poles ..(2)

[ (s 1)}

The poles of (1) are obtained by equating denominator to zero.
2+ 1)%=0 ie. s =i,—i

There are two poles of second order at s=iands=—i

et (2-1)] U -1)]
Residue of e*.F (s) (at s = i) = ’jg“ i Sl ) (S )j)J
st Js:i S+l s=i
[(S-i—l [e t( )+e“2s—‘ (s+i)e” (sz—l)—“
- (s+1)

L 1ai
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3 [(s + i)'re” .t(s2 —1) + e‘z’.Zs—‘ +e (s2 —1)_]‘
- (s+1)
L o
_2i[e"1(2)+€"2i|-2¢" (<2) _ Aite" _te"
(2i) 8

Residue of ¢". F (s) (at s = —i) = d [(s+i) A (s2 —%)W' _d (e“’.(s2 —1)1
& J

o @] e
L Ir(s—i)2 l—e“.z‘(s2 —1)+2se“4-|—e” (s2 —1)2(s—iﬂ‘

s==i

L = L.,
Y lr(s—i)[e“.(s2 —1>+2s55’1—e3’ (s2 —I)Z_I
)

>

il e 1(-2)=2ie -e(-2)2 diter

(-2i) (i) a2

Sum of the residues at (s = i and 5 = — i)
—it

re' re e +e
= t =tcost. ...(3)

Putting the value of sum off reésidueq from (3) in (2), we get
1

g &
L '=¢cost Ans.
2
(s +1) | .
—4l's
Example 64. Obtain the inverse Laplace Transform of €
s
Solution. Let et (1)
. F (S) L -
s
L _buds - —bls
= (e LL en. b ds ()

L s ) Vi . s
The simple pole of F (s) is at s = 0. Let us have a contour ABCDEF excluding the pole at
x = 0. The contour encloses no singularity, therefore, by Cauchy theorem.

J. e’ F (s) =0 v

ABCDEFA )
J. e F (s)ds + I! e F (s)ds +j e”.F(s)ds + I e F (s) ds + ek
AB c CD DE
J e”.F(s)ds+J‘e”.F(s)ds=0 .3 '
F ‘A
Let OC = p, OD=g, then along CD, s=Re'™ X X
o efibal’?
je”‘.F(s) ds = L e R dR
CD
—ibaR .
je”.F (s)ds= jp e’XRerR (S = Re™ along EF) A (a-ir)

EF




Laplace Transformation
e~ F (s)ds = = 1 (se[e ido )

. )
DE e

=-2m
J e F (s)ds = O,J e" F (s)ds =0
C A

On putting the values of the integrals in (3), we have

xs—b 5 ib R _ —ib 1R_
atir € W _xr € hd e .
| [k+j *ET T8 T AR-2mi=0
a—ir s R
. xs=ff s “ _wR . e’
ariv € - sinbw R
= J.mm . ds =2mi— 21‘[0 e - dR

. (D
I‘ijmsds:l_zjweiuz ﬂq?—/ldu

27 a-in ) T 0 u

=

= 1 "
We know that _[ e cos2bu du:-ﬁhT e’

Integrating both 51des W.I.t., “b”
o |_sm 2bu J -5 b
I o et
0 L 2u J 2

Taking limits0to ——, we have
g 2 _-‘lf;

J‘O (smzibu}:—ﬁ du= I J~_:, . bdb
bu
b

S sm""'r u= '”I’_er (
"'Oe . fLZ xJ

b )

J

e r.f
L2u§
Putting the value of the above integral in (4) we have

1 a+io —b.J5 2
S e* § ds= 1—_Ee.r.f.(_b )
q"_

i) 2= s w2 24 x
=l-er.f {—bJ_j
2\,")(?
Exercise 13.18
Find the inverse of the following by convolution theorem
2 1 1
1. g Ans. ! tcosat+  sinat 2.
(s2+a2)2 ZL 2a J s(s2 +a2)
1 : S
Ans. | (3—1%)sint -3t cost 4.
3. 52 -i—l)3 8[( ) J (s2 +az)2
Find the Laplace transform of the following.

1

5. ¢ J,(bx) Ans. NErwrys 6. xJ; (ax)
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i

Leihj_: 1

([e—>0)

(p )
[ uw)
LR:_J (@

X

Ans.

Ans. 1 —cos at
a2

1 .
Ans.— tsmat
2a

Ans.

3/2
(s2 +d )




Laplace Transformation

7. xJ1 (X) Ans. 1
1
Find the inverse Laplace transform of the following by residue method.: (s ’ )
8 Ans. ¢'—e? 1 Ans. 1 (e' —sint—cos t)
" (s+1)(s+2) ) (s 1)(s +1) 2
10. 4s+5 Ans.3te' + e -~ ¥ 11— Ans. e’ (1-1)+cos?
(s+2)(s-1) 3 3 s—l)z(sz+1) )
cosh xS 4 > (—1) e [ 1)
12. seosh—,0 < x <1 Ans. _Z e 7 cosln— _ |mx+l
x-' T =1 211 L 2)

13. sinh xds )
xsinh \(';
Pl 1 @
14. Prove that L"’ B4
s ||

mt
1 &
15. Ans.z—r—.t 20 4

F(s)
G(s)
If F (s) and G (s) be two polynomials in s. The degree of F (s) is less than that of G (s).
Leta,o,o........... o be nroots of the equation G (s% 0

" E@s) 1F<s1np(a,)a,
(s)

Inverse Laplace formula of is given by L e
d (AR TGsf <6 ()

_ (252 +55-4
Example 65. Find L' i—

HEAVISIDE’s Inverse Formula of

s +5% - 25
Solution. Let F (s) = 2s> + 55— 4
and G(s) = $7+5% —2s=5(s’+s —2) = s(s+2)(s —1)

G (s)=3s+25s-2
G (s) = 0 has three roots, 0, 1, 2.
or a=0, a=1, oc3

’IJF 2 F(ai) 0L it
By Heaviside’s Inverse formula L 5 ©
G(s)J S Ga)
i F((X,[) P F(azlem: T F(a3let&3 - F(O) &+ F(l) e+ F(—Z) e
G'(ou) G'(a) G'(as) G'(0) G(1) G'(-2)

4y 3, ()

e+ + e =2+e - Ans
-2 3 6 :
Exercise 13.19
Using Heaviside’s expansion formula, find the inverse Laplace transform of the following:

s—1 s 1 3
IS = S Ans. e =2e% + &Y
2+3se2  ABS =23 2y gy 3) g >

25 +3 7, 11 115 =25 +5 3!
. Ans — —9¢¥ + 4 14, ————————  Ans.2e¢ 2 +5.0% — Ze?
(2 (-3)(s—4) A3 3 0 3 3gan AW I
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UNIT-4
Vector Differentiation

VECTORS

A vector is a_quantity having both magnitude and direction such as force, velocity
acceleration, displacemerit etc.

ADDITION OF VECTORS

- -
Let 4 and b be two given vectors B
- - - — -
OA = a and AB = b then vector OB is called the i
- - )é)(‘o
sumof a and b . g
Symbolically
- - e o N
OA + AB = OB > A
> o> -
a+b = OB

RECTANGULAR RESOLUTION OF A VECTOR

Let OX, OY, OZ be the three rectangular axes. Let 2 " ]A ,k be three unit vectors and
parallel to three axes.

A

.
If OP =n and the co-ordinates of P be (x, v, z)
— A N Py i\

04 =% 0B -y adPOCk ;"
- - -
OP = OF + FpP
- — — -
= OP = (OA + AF) + FP
- - — -
= OP = OA+ OB+ 0C s
= 4 > A A o Xi
= xi + +zk e F
r 4 xx (%, v)

= OP2 = OF2 + FP?
— (OA? + AF?) + FP2 = OA2 + OB2+ OC2 = 22 + 12 + 22
opd st =
17l = Je+p 4z

UNIT VECTOR

Let a vector be x% +y7 +zk.

Xi+yj+zk

\X2 4y + 22

Unit vector =
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Vectors
- -
Example 1. If a and b be two unit vectors and o be the angle between them, then find
- -
the value of o such that a + b is a unit vector. (Nagpur, University, Winter 2001)
- - -
Solution.Let 5% = ; be a unit vector and AB = p is another unit vector and o
- -
be the angle between a and b .

- - - -
If OB= ¢ = g + b is also a unit vector then, we have

N
loAl =1
-
|ABl =1
loBl =1
OAB is an equilateral triangle. o » B
o5 - > -
So, each angle of A OAB is L a+b=c Ans
T 27[
Hence * =7 —- —=—
3 8
POSITION VECTOR OF A POINT
.

The position vector of a point A with respect to origin O is the vector OA which is
used to specify the position of A w.r.t. O.
-

To find AB if the position vectors of the point A and point B are given.
- -

If the position vectors of A and B are ; and p . Let the origin be O.

Then = - - > B (b)
OA = g, OB=b
- - -
OA + AB = OB
- - -
AB = OB - OA
= - - o o > A(@)
AB SN

o,
AB = Position vector of B — Position vectgr of A
Example 2. If A and B are (3, 4, 5) and (6, 8, 9), find AB.
-

Solution. AB = Position vector of B — Position vector of A
= (6i+8j+9k)—-(3i +4j+5k) = 3i +4j+4k Ans.
RATIO FORMULA
To find the position vector of the point which divides the line joining two given
points.

Let A and B be two points and a point C divides AB in the ratio of m : n.
Let O be the origin, then A m Cn B
- - — g - @) (b)
OA = g, and OB=b OC=7?
— - —
OC = OA + AC ( s
> oom - | AC=—"—AB
OA + - AB | men
- m - - - — —
= a+ (b - a) (- AB=1b - a)

m+n
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- -
- mb+na
ocC = m+n

Cor. f m=n=1, t_l)len_)C will be the mid-point, and

- a +b
oC = ”

PRODUCT OF TWO VECTORS

The product of two vectors results in two different ways, the one is a number and
the other is vector. So, there are two types of product of two vectors, namely scalar
> > > o

product and vector product. They are written as 2 . b and a x b.
SCALAR, OR DOT PRODUCT

- - > |-
The scalar, or dot product of two vectors 4 and b is defined to be | bl cos 0 i.e.,
-
scalar where 0 is the angle between 2 and b .
- - dl s
Symbolically, 5, . p = |a||b|cos 0
- - B

Due to a dot between @ and p this product is also called dot product.

The scalar product is commutative
> > -> >

. b .a

To Prove.

i@‘

a
.y
a

S|

N
Proof. b .

a |cos (—0)

2115
allb| cos O 0 > A

> -

= o Proved.
Geometrical interpretation. The scalar product of two vectors is the product of one
vector and the length of the projection of the other in the direction of the first. g
- - 2

(O]

Let OA =gand OB=1b E
> > i
then a.b = (OA). (OB)cos 0 i
ON l
= OA.OB. i
OB |
= OA. ON 4 ; -
0 = ”A
4 m = - - a A
= (Length of 4) (projection of p along a)
USEFUL RESULTS
f.i =) (1) cos0°=1 Similarly, j.j =1, &.R =1
.7 =(1)(1) cos 90° =0 Similarly, j.% =0, k.i =0
Note. If the dot product of two vectors is zero then vectors are prependicular to each other.
WORK DONE AS A SCALAR PRODUCT F
If a constant force F acting on a particle displaces it from A to B then, i
Work done = (component of F along AB). Displacement i
= F cos 0. AB ;
> > i
= F.AB !
Work done = Force . Displacement | A : >B
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VECTOR PRODUCT OR CROSS PRODUCT A

N
1. The vector, or cross product of two vectors a
-

and p is defined to be a vector such that A

(i) Its magnitude is |7||7|sin 6, where 0 is the A \.\
- -
angle between 4 and b .

(i) Its direction is perpendicular to both vectors 10
- -

a and b .
(iii) It forms with a right handed system.

>

- -

Letn be a unit vector perpendicular to both the vectors @ and b .

5
a

-

b

-5 o
axb =
2. Useful results

sin 6.1A1

~

Since 7, ,k are three mutually perpendicular unit vectors, then

ix% o= fxf=Rxk=0

A

ixj=-fxi=¢k 7><;=—?><;
jxk = ~kx}=1 and l@x?:—}xl@
kxi = —-txk=7 ?x£=—£x§
VECTOR PRODUCT EXPRESSED AS A DETERMINANT
If %=ai+aj+uk
a 1 2 3
2> =0b7%+b f+b k
b 1 » SR A A A
> »>_(ai+a j+a kyx@bi+b j+b k)
axb 1 2 3 1 2 3

= alb (PxD)+ab, (Fx])+aby (8 xR)+ab, (Fx1)+ah, (Gx7)
+ by (7 x k) + by (k x 1) + agby(k x j) + asbs (k x k)
abk—-ab j-abk+abi+abj—-—ab i

12 13, 258 ER 32,
= (ab —ab)i—(ab —ab)j+(ab —ab)k
2. 3N 13 31 1 2 ) ]

i j k
= lar az a3
by b, b

AREA OF PARALLELOGRAM

Example 3. Find the area of a parallelogram whose adjacent sides are i — 2j + 3 k and
2i +j — 4k.

ik
Solution.  Vector areaof - gm = |1 -2 3

2 1 -4




Vectors
—(8-3)t—-(-4-6)F+(1+4)k =5i+10] +5k
Area of parallelogram = \/(5)2 + (102 + (52 = 546 Ans.
MOMENT OF A FORCE O:'
> i
Let a force F (PQ) act at a point P. AN
N i
Moment of F about O E
= Product of force F and perpendicular |
distance (ON.TA]) ,IQ"""'S\_:J _T: Q
= (PQ) (ON)(n) = (PQ) (OP) sin 6 (M) = QP x PQ ™
= M=rxF

ANGULAR VELOCITY
Let a rigid body be rotating about the axis OA with the angular
velocity o which is a vector and its magnitude is @ radians per second
and its direction is parallel to the axis of rotation OA.

Let P be any point on the body such that OP = 7 and
ZAOP =0 and AP 1 OA. Let the velocity of P be V.
-

N
Let nbe a unit vector perpendicular to w and 7 .

ox 7 = (@rsin®) f = (o AP) n= (Speed of P)
—
= Velocity of P L to ® and r
= > >
Hence Vv = oxr 0
SCALAR TRIPLE PRODUCT
-> 5 > > 5> > > > >
Let a, b, c be three vectors then their dok product is writtenas a . (k x ¢) or [a &k c].
If > =at+a g+ , T=bi+b A 0 = ¢ [RNCET gk
c R Ry T S AR . NP A
> > o> =(ai+a j+ak)[(bi+b j+b k)yx(ci+c j+c k)
a.(bxc) 1 2 3 1 2 3 1 2 3

=@ ft+a f+a R).[(bc -bc)t+0bc —bc)f+bc —bc)R]
1 2 3 23 M3 2 31 13 13 f

= a1 (byes = b36y) + a, (bsey — bycs) + az (bie; — bycy)

ay a as

=+by b, b3
51 (&) C3
Similarly, ~ y - 2 2 have the same value.
b.(cxa)and ¢ .(a x b)

a.(bxc) = b.(cxa) = c.(axb
The value of the product depends upon the cyclic order of the vector, but is
independent of the position of the dot and cross. These may be interchanged.
The value of the product changes if the order is non-cyclic.

= = -
Note. a x (b . c)and (a . b) x ¢ are meaningless.
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GEOMETRICAL INTERPRETATION

>
The scalar tgiple product 4 . (b x C) represents the volume of the paralleloplped

having =, -, as its co-terminous edges. G
a b

- o> o> g

a.(bxc) a.Areaof- gm OBDCn

= Areaof * gm OBDC x perpendicular distance *
between the parallel faces OBDC and AEFG. EF WAl r——7D
= Volume of the parallelopiped LD

R Y - - _— —+
Note. ()If g4 .(bxc) =0, then a, b, c are c
coplanar.

A

1 55>

(2) Volume of tetrahedron 451 b c).
Example 4. Find the volume of pamllelopzped if N 2 3
a=—31+7]+5k b——31+7]—3kandc—71—5]—3k
are the three co-terminous edges of the parallelopiped.

Solution.
e T

Volume = a . (b x¢)
-3 7 5
=3 7 -3=-3(21-15-7 (9 +21)+5 (15-49)
7 -5 -3
= 108 - 210 — 170 = - 272

Volume = 272 cube units. Ans
- o - o

Example 5. Show that the volume of the tetrahedron having A +B,B+C,C+ A as

e

concurrent edges is twice the volume of the tetrahendron having A, B, C as concurrent edges.
il = =] > o > >
Solution. Volume of tetrahendron = 6 (A+ B).[(B+C)x(C+ A)

1 e T T e T T,

1 - - e T e S
=6(A+B).(B><C+B><A+C><A)

1 » > - e > o5 o e = = A G
= AA.(BXC)+A.(B xA)+ A.(CxA)+B (B xC)+B .(B x A)+B.(CxA)]
= THEEEE > 1-> - -

"[A.BxC)+B.(CxA)]= _ A.(BxC)

6 - > > 3
=2x ‘6 [A B C]

- > >
= 2 Volume of tetrahedron having A, B, C , as concurrent edges. Proved.

EXERCISE 5.1
1. Find the volume of the parallelopiped with adjacent sides.
AN AN N

PP a4 N o A A A
-3i-j, OB=j+2k and OC=i+5j+4k
extending from the origin of co-ordinates O. Ans. 20

Find the volume of the tetrahedron whose vertices are the points A (2, -1, -3), B (4, 1, 3)

1
C (3,2, -1)and D (1, 4, 2). Ans. 7 —
3
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3. Choose y in order that the vectors = =7%+ y% + T o=3%+4 27 +k,
k,b
d A A N
¢ =51+3j+k are linearly dependent. Ans. y =4

4. Prove that
-

> 5> o> o> o > > >

[a+b,b+c, c+a]=2[a b c]
COPLANARITY QUESTIONS
Example 6. Find the volume of tetrahedron having vertices

(-F-R), (@1+5f+qk), Bi+97+4r) and 4(=i+j+k).
Also find the value of q for which these four points are coplanar.
(Nagpur University, Summer 2004, 2003, 2002)

A

b N
Solution. Let A i—k, B=4i+5j+qk, C=3i+9j+4k D=4(i+j+Fk)

- - o>
AB B-A-= 41+5]+qk (]k) 4z+6]+(q+1)k
o 4 - -
AC = C-A= (31+97+4k) (- 7k)—3z+107+5k
AD = > -

D-A-= 4(—1+]+k)—(—— )=-4i+5j+5k
Volume of the tetrahedron = —6 [AB AT AD]

4 6 g+1 ;
= 3 10 5 | = "{4(50-25)-6(15+20)+(q+1)(15+40)}
-4 5 5 ¥

{100-210+55(q+1)} = 1 (-110+55+55¢)
6

"‘c\ = o =

(=55+55¢q) = 22 (g-1)
6 6 .

If four points A, B, C and D are coplanar, then (AB AC AD) =0
i.e., Volume of the tetrahedron = 0

=3 ;(q—l) =0 = g=1 Ans.

Example 7. If four points whose position vectors are a, b, ¢, d are coplanar, show that
- > > - > > - > > - > >
[ab cl=[adbl+[adcl+[d b c] (Nagpur University, Summer 2005)
5> > o o
Solution. Let A, B, C, D be four points whose position vectors are a, b, ¢, d.
- - - > - > - - -

AD = d-a, BD=d-b and CD=d - c
> > >
If AD, BD, CD are coplanar, then

— - -
AD . (BD x CD) = 0
= (d-a).[(d —b)x(d-c)] =0
- > > > S 2 2 b —>=0
~ (d-a).[dxd-dxc-bxd+bxc]
. - - B T S e %
(d—a).[-dxc—-bxd+bxc]
= _d.(dxc)—d.(bxd)+d.(b><c)+ a.(dxc)+a.(bxa)—a.(bxc) =0
=-0+0+ R S Tl et e e S
[dbc] [ddc] [dbd] [abc]
- i e A s - - - Proved.

[abcl abdl+[adc]+[dbc]
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EXERCISE 5.2
1. Determme A such that

A

a_l +7+k b—21—4k andc—1+}b 7+ 3kare coplanar. Ans. A =5/3
2. Show that the four points

N N N N N N N

6i+3j+2k 3i-2j+4k5i+7j+3kand—-13i +17 j - k are coplanar.

3. Find the constant a such that the Vectors
N N NN N N

21—]+k1+2]—3k and31+a]+5karecoplanar Ans. - 4
4. Prove that four points
4z+5]+k —(]+k),3i+9j+4k,4(—i+j+k)arecoplanar-

-> >

5. If the vectors @, b and ¢ are coplanar, show that
—> - -
a b G
B > - -
a.a a.b a.c
2% 2 o > > =0
[ b.c ‘
VE€TOR PRODUCT OF THREE V CTO]E ) (AM.LE.T.E., Summer, 2004, 2000)
Let , an be three vectors then their vector product is written as

a c ax (b xc)

Let

2 A o
a1z+az]+a3k,
N n A

blAi+b2Aj+b31c,

agitajtak

N A S N A S

ho I |8 &

S 1 5 -
a><(b XC) (ali+a2j+a3k)><(b1i+b2j+b3k)x(c1i+c2j+c3k)

= (m 2\+ a ]{\+ as l/{\) x [(bacs — bsCz)iA+ (bscr — bics) ]/'\+ (bicz — bect) kA]
=[ac-bc)—a(bec =bc)]i"+][a (bc —bc )—a (bc —bc )]“j
1l 2 21 3 31 13

[ (bc—bc)—a(bc —bc)kA]
1 23
=(ac +ac +ac )b £+b f+b k)- (ab+ab +ab)(c f+c j‘+c k)
11 22 33 1 2 3 s 22 VEN 2 3
> 5 o s

=(a.c)b-(a.b)c. Ans.
E le 8. P that :
xam_?e8_> R N . L (Nagpur University, Winter 2008)
lZX(bXC)+b><(C><IIl)+Cx(gxb):o
Solution. Here, we have
x(bxc)y+bx(cxa)+ cx(axb)
Tla.c)b-(a.b)c]+[b.a)c—(b.c)al+[(c.b)b—(c.a)b]
[(b a)c—(a.b)cl+[(c.b)a—-(b.c)al+[(a.c)b —(c.a)b]
“[(a.b)c—-(a.b)cl+[(b.c)a-(b.c)al+[(c.a)b—(c.a)b]
0+0+0 0 Proved.
Example 9. Prove that : . . .
NS - (Nagpur University, Winter 2003)
ix(axi)+jx(axj)+kx(axk)y=2a

N
Solution. Let 4 =4, i+a,j+a3k
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A LA A oA A oA
Now, L.H.ﬁ.=ix(axi)+j><(vij)—+rkx(axk)
= fx (@af+a f+a R)xt +fx (a f+a f+a R)x7F +
1 2 3 1 2 3
kx'(a t+a j+a k)xk

1 2 3
B N N S
ix|a(i xi)+ax(jxi)+astkxi)|+] TLal(i X J) + ax(j x j)+az(kx ]')J_‘
+Rkx a(ExR)+a(fxk)+a (Rxk)
1 2
rO—a k+a ]ﬂ+]A'xra k+0—a i'+kx'—a ]A'+u z¢+0TZ
L 2 3 1 3_] I_ 1 2

A
= 11X

= - (PxK)+ag(tx f)+ a;(FxR) —az(fx 1) — a;(Rx f) + a,(k x 1)
= q ]A'+a k+taita k+aita }= 2a £+2a §+2ak
2 3 1 3 1 2 1 2 3
= 2@ "+a j+a k)= Proved.
1 2 3 2a
- -

Example 10. Show that for any scalar A, the vectors x, Y given by
> = q@xbh) - (A-ph> p(@xh)

x=ka+ Py = a — 5 satisfy the equations
az q a
pX+qy=dand X xy =" - (Nagpur University, Winter 2004)
Solution. The given equations are

- = (1)

px " qy — a
> o
b2 v — M «(2)

X
Multiplying equation (1) vectorially by x , we get

{

- - - =
xX (pxt qy) = x x a

- S - - 7
p(x xx2)£q(xxy)= 00X a
- - N -> -
gx(xxy)=xxa, asxxx =0
- - - - - -
xx a = qb [From 2) xx y=b] ..(3)
-
Multiplying (3) vectorially by a , we have
- > - w2 o
ax(xxa)=axqb
> o o R > o
(a.a)x —(a.x)a =4q(axb)
- - o > - > o > - >
@ x—(a.x)a=9@xb) = gy _(a.x)a+q(axb)
R - >
> (a.x)a  g(axDb)
X = 2 a
a
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- -
a.x
a2

-> o
ﬁ_ka+g_(—a><b)
- 2

X where A =

a
Substituting the value of 7 in (1), we get p%jﬁ+i@>dﬁl+q?==3

y = = 5 Ans.

EXERCISE 5.3
->8 S > o> >
1. Show that g x (b x a)=(a x b)x a

2. Write the correct answer
- 5> >

(@) (A x B) x C lies in the plane of
- - - - - -
() Aand B (i) B and C Gii) C and A Ans. (ii)

e > 5 >
(b) The valueof a .(b+ c)x(a+b + c) is
> o o =S o -
(i) Zero @) [a,b,cl+[b,c,a] (i) [a, b, c] (i) None of these
Ans. (ii)
SCALAR PRODUCT OF FOUR VECTORS
Prove the identity

= = > o o o > oS> S o
(axb).(¢cxd) =(a.c)(b.d)—(a.d)(b.c)
- > - - ER " =
Proof. (a x b).(c xd) = (axb).r
- - o>
x r) dot and cross can be interchanged. Put ¢ x 4 =

- -
b r
> o o T T - o >

b

I

€

- 24
=a.|[

=

x(cxd)] =a.[(b.d)c—-(b.c)d]
(b .

- -

~d) (")

Q]

~

)

[SERUR SR

= -
c . d
- - -
c b.d

EXERCISE 5.4

Proved.

N

a
2
a.
=
b.

- - - s T
b If a=2i+3j-k b=-i42j-4k, c =i+ j+k find(axb).(axc). Ans. -74

¢ Prove that X X = -, s oy

2 —
(a b)y.(a ¢) a(b.c) " (a.b(a.c)
VECTOR PRODUCT OF FOUR VECTORS

- o> o -

Let a, b, ¢ and d be four vectors then their vector product is written as
- -

(a x b)x (cx d)
R T e T R

Now, (a x b)x(cxd) = rx(c xd) [Put ;xp =7 ]

> > > - >

=(r.d)c—(r.c);




Vectors
e > o5 o o
=[(axb).dlc—-[(axb).c]d
- > > > > o> > o
=labdlc-[abc]ld
- > - > - -
“(axb)x(cxd) liesin the plane of ¢ and d.........c.ccccooeveneneninncn, 1)
Again, 7 x> x 7 x> = X7 X2 [Put=~ =~ 7]
(a b) (¢ 4d) (a b) s cxd=s
=-sx(axb)=_(s.b)a+(s.a)b
=—[(cxd)-b]u+[(cxd) al b =—[(bcd]a+[acd]b
- - %
(a1 x b)x (c x d) lies in the plane of a and b ................................................. @)

Geometrical interpretation : From (1) and (2) we conclude that (11 X b) P (C < d ) is
a vector parallel to the line of intersection of the plane contamlng X and plane

— =
containing ¢, 4 .
Example 11. Show that

(BxC)x(AxD)+ (CxA)x(Bx )+(X>< yx(CxD)y=-2(ABC)D
Solution. L.H.S. =(B x C) x (A x D) + (C x A) x (B x D) + (A x B) x (C x D)
=[(BCD)A-(BCA)D]+[(CAD)B-(CAB)D]+[-BCD)A+(ACD)B]
> o o o e e S > 5 5 o e e e > > > >
= (BCD)A-BCD)A+(CAD)B+(ACD)B-(BCAD-(CAB)D
= -(ACD)B+(ACD)B-(ABC)D-(ABC)D
=-2(ABC)D =RH.S Proved.
EXERCISE 5.5
Show that:
- o e e e - > >
1. (bxc)x(cxa)=c (ab c)when (a b c) stands for scalar triple product.
- > - > - > - > >
2. [bxc, cxa, axb)l=[av c]
3. e T T L, BB > 5§ =
dlax{bx(c xd)}=[b.d)[a.(cx d)]
R - -
4. a[ax[ax(axb)] a2 (bxa)
- > B T
5. [(axb)x(uxc)] d: .d)[a bzc]
2 N A2 L+ A -, A
6. 20 =|axi| +|axj| +|axk
- - AL A AL A AL oA
T axb=[(ixa).blit[(jxa). b]j+[(kxa). blk
— - - — - - - - - - - >

8. px[(axqg)x(bxr)+qgx[(axr)yx(bxp)l+rx[(axp)x(bxgqg)]=0

118




119

Vectors
VECTOR FUNCTION
If vector r is a function of a scalar variable ¢, then we write
N -
r =T (t)

N
If a particle is moving along a curved path then the position vector r of the particle is a

function of ¢. If the component of f (r) along x-axis, y-axis, z-axis are fi(t), f>(¢), f3(¢) respectively.
Then,

N A A A
f® = HOi+ HO ]+ 0Ok
DIFFERENTIATION OF VECTORS
Let O be the origin and P be the position of a moving particle at time .

Let OP = 1
Let Q be the position of the particle at the time 7 + 6¢ and
A L ¥ i
the position vector of Q is 99 = r +dr
> —
PO = 0OQ-0OP
- - - -

= (r+dr)—r=9%r
or .
37 is a vector. As &t — 0, Q tends to P and the chord
becomes the tangent at P. N £
We define ar — lim 27  then

L 8
dr . : y
____is a vector in the direction of the tangent at P.

dt
14
—% is also called the differential coefficient of 7 with respect to ‘¢’

2 -

Similarly, is the second order derivative of r .

ar
a7 a3
___ gives the velocity of the particle at P, which is along the tangent to its path. Also dr

dt , dr*
gives the acceleration of the particle at P.

FORMULAE OF DIFFERENTIATION

RS AT > dé

O _F+G=__+___ @) _(Fd)=__ o6+ F __  (U.P. Isemester, Dec. 2005)

dt dt dt ddt dt dt

d o> ﬁd& dﬁ (iv) > - d@ dﬁ ~

—(FG)=F.—+_G — (FxG)=Fx—+__xG

dt |—d—t> dt dt dt dt
dd >=|l [Fdb-|l |F-del

o + +

||_ chl”_adtCU abdt\r'

d > 53 4z s fgp ST o (2]
i) __[ax(bxc)l= x(bxc)+ax xc |+ax|bx |
dt dt \ar ) U ar)

The order of the functions T—", —G> is not to be changed.
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Example 12. A particle moves along the curve 7 =(f—41)i + (t>+ 41) J+ (8t 2_38 )k,

where t is the time. Find the magnitude of the tangential components of its acceleration

att = 2.
(Nagpur University, Summer 2005)
Solution. We have, Y= P -4ani+ @+ 40 j + (812 =38k
-
Velocity = ‘Z-’: GPR —4)i +Qt+4) j+ (161 -9 )k
t
At L= N Velocity = 81A'+8;'—4/2
d2 i AN A N
- r . .
Acceleration = a = —5— =06t +2j+(16-18nk
dr
At = 2 A A A

=
a=12i+2j-20k
The direction of velocity is along tangent.

So the tangent vector is velocity.
—> N A N N A AN A AN AN

’ A YV _8i+8j-4k 8i+8j-4k 2i+2j-k
Unit tangent vector, =—= = =
Ty J64+64+16 12 3

Tangential component of acceleration, a, = E.YA"
A A A 2/1}+2/}—]/€ 24+4+20=48

= (12 +2j— 20k). . = A
3 O 3 3
ey I dﬁ N d 5 - e
Example 13. If “" =uxa and ___=ux b then prove that 65[61><19]=M><(61><19)

dt dt
(M.U. 2009)
Solution. We have,
d » - > dB dd - — YN = =

E[aXb]_ Clx?"‘;)(b = ax(uxb)+(uxa)xb

- > o - - -
= ax(uxb)—bxuxa)
- 5> o> > 5 > - > - _ o >
= (a.b)u—-(a.u)b—-[(b.a)u—(b.u) al
(Vector triple product)

> o> o> > 5 - > > - > > >
= (a.b)u—-(u.a)b—(a.b)u+w.b)a
- > > - > >
= (w.b)a—(w.a)b

> > >

= ux(axb) Proved.
Example 14. Find the angle between the surface x*+ y*+ z2= 9 and z= x*+ y*— 3at
@, -1, 2). (M.D.U. Dec. 2009)
Solution. Here, we have
C+yY+2 =9 (D)
=X +y -3 ..(2)
Normal to (1) N,;= V(2 + y* + 22— 9) \
_(iA6+} +k P+ Y +2-9) =2xi" +2yj+2zk
T

Normal to (1) at (2, - 1,2), N, =4i —27 +4k .3
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Normal to (2), Ny= Vi -y ¢ 3)
—|(iA6 +75 7 4k |(z—x2—y2+3) . A
T e &y 07F =-2xi —2yj+k
\ )
Normal to (2) at (2, — 1,2), N, =—4i +27j + 3 )
N2 = [mifn2|cos
Ny @25+ A4 25+ K) _ —16-4+4
€0 0= | Ima| = W 2j+ 4|l 4 +2j+Kk| J16+4+161614+]
~16 -8
= 2T 83\,ﬁ
Of=we0s || —
&
Hence the angle between (1) and (2) cos™ (%] Ans
J

EXERCISE 5.6

2 3
’ t
1. The coordinates of a moving particle are given by x = 45—? and y = 3+6t—€. Find the

velocity and acceleration of the particle when ¢ = 2 secs. Ans. 447, 2.24
2. A particle moves along the curve
x = 28, y =t — 4t and z=3t-5
where ¢ is the time. Find the components of its velocity and acceleration at timeé = 1, in ﬁl_}f
direction A A A (Nagpur, Summer 2001) Ans. ~ [, — o
i—3j+2k. g 7
3. Find the unit tangent and unit normal vector at t = 2 on thejcurve x = > — 1, y = 4t — 3
z = 21> — 6t where ¢ is any variable. Ans. A+ A4 A 1 A
i

5(21' 2j k), 3—4,!3(2

>

A
t2k)

I — = -
dG dF
4. Prove that _ (FxG)=Fx_ _ + x G
! flt dt dt 3/ )
5. Find the angle between the tangents to the curve _ _ 2/ & at the points ¢ = + 1.
T ti+2tj—t k

Ans. cos”! (i\
7
6. If the surface 5x% — 2byz = 9x be orthogonal to the surface 4x’y + z> = 4 at the point (1, -1, 2)

then b is equal to
(@ 0 )1 (c) 2 d 3 (AMIETE, Dec. 2009) Ans. (b)

SCALAR AND VECTOR POINT FUNCTIONS

Point function. A variable quantity whose value at any point
in a region of space depends upon the position of the point, is
called a point function. There are two types of point functions.

(i) Scalar point function. If to each point P (x, y, z) of a
region R in space there corresponds a unique scalar f (P), then fis
called a scalar point function. For example, the temperature
distribution in a heated body, density of a body and potential due to gravity are the examples of
a scalar point function.

(it) Vector point function. If to each point P (x, y, z) of aregion R in space there corresponds
a unique vector f (P), then f is called a vector point function. The velocity of a moving fluid,
gravitational force are the examples of vector point function.

(U.P., I Semester, Winter 2000)
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Vector Differential Operator Del i.e. V

The vector differential operator Del is denoted by V. It is defined as
A0 A0 A0
Ve it j—tk—
"o Oy 0z
GRADIENT OF A SCALAR FUNCTION
If ¢ (x, v, z) be a scalar function then ~0¢ L o L 0 is called the gradient of the scalar

i ik
function ¢. Ox oy 0z
And is denoted by grad ¢.
Thus, grad ¢ = A8¢+A8¢+A6¢

A,
) [ NN G SR
ad 0= | i—+j— +k— Y,
Sl | 5 % )I o, v, 2)
gard ¢ = [0} (V is read del or nebla)

GEOMETRICAL MEANING OF GRADIENT, NORMAL

(U.P. Ist Semester, Dec 2006)

If a surface ¢(x, y, z) = c passes through a point P. The value of the function at each point
on the surface is the same as at P. Then such a surface is called a level surface through P. For
example, If ¢(x, y, z) represents potential at the point P, then equipotential surface ¢ (x, y, 7) = ¢
is a level surface.

Two level surfaces can not intersect.

Let the level surface pass through the point P at which the value of the function is ¢. Consider
another level surface passing through Q, where the value of the function is ¢ + d¢.

Let 7 and 7 + &7 be the position vector of P and g then Fé =or

|i6¢+].6¢ +k6¢ .p’dx+jdy+kdz)

1 6% 6z

ﬁ@Jr_ad) dy + o dz=d¢ (D)
ox o0y 0z

If Q lies on the level surface of P, then d$ = 0

Equation (1) becomes Vé.dr=0. Then V¢ is L to dr (tangent).

Vo.dr

Hence, V¢ is normal to the surface ¢(x, y, z) = ¢

Let V¢ = [Vl N, where A is a unit normal vector. Let n be the perpendicular distance
between two level surfaces through P and R. Then the rate of change of ¢ in the direction of the

99

normal to the surface through P is o
n

3¢ v
do
= lim —= lim 4T
dn n—>0dn m—0 On [ > NN ]
A - N
|[VO|N.dr J 8r:|N||8r|cose£
= lim .
o0 on L :|8r|0059:6nJ

>0  On
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vo = 2

on
Hence, gradient ¢ is a vector normal to the surface ¢ = ¢ and has a magnitude equal to the
rate of change of ¢ along this normal.

NORMAL AND DIRECTIONAL DERIVATIVE
(i) Normal. If ¢(x, y, z) = c represents a family of surfaces for different values of the constant
c. On differentiating ¢, we get dp = 0
5
But dp = Vo.dr so Vo.dr=0
The scalar product of two vectors V¢ and 4 7 being zero, V¢ and J 7 are perpendicular to

each other. d7 is in the direction of tangent to the given surface.
Thus V¢ is a vector normal to the surface ¢(x, y, z) = c.

5
(ii) Directional derivative. The component of V¢ in the direction of a vector d is equal to
-
V¢.d and is called the directional derivative of ¢ in the direction of d .
folo} lim 2@ where, &r = PQ
6¢ or  &r—o0or
o is called the directional derivative of ¢ at P in the direction of PQ.
Let a unit vector along PQ be N .
3
_n =cos 0 = or= i: on (1)
—
or cosO 5 A
. 8
o lim -|=A A1 O r on ]
Now — = 6r%0|_8n | N N . |Fr0m(1), or = |
or ; on | Mooy
| skl | I N.N |
= N.N|Vd| = N.Vo (- N|Vd|= Vo)
8(1) Ay
Hence, g, directional derivative is the component of V¢ in the direction N .
0 A,
6_(1) = N .Vo=|Vd|cos 8<| V|
Hence, V¢ is the maximum rate of change of ¢.
- — - - -
Example 15. For the vector field (i) A=mi and (ii) A=mr. Find V.A and Vx A.
Draw the sketch in each case. (Gujarat, I Semester, Jan. 2009)
- A
Solution. (i) Vector A =mi is represented in the figure (7).
. F 4 - — . « .
(i) A o ;ﬁr a1s_l_r]epﬁesgrn}gad in thﬁ Jf;lguAreJr(n)A. 414123
(iii) V.4 i ans
L aZ/[.(xz vj zk)

V.Z = 3 is represented on tl%e number line at 3.
- KIA 0 A0 i A A A

[ = |li—+j—+k—|xxi+yj+zk
(@) Vx A (lﬁx Jay 6zJ (xi+yj+zk)
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A
k

i A +——+—+—— Number line
N J 01 2 3
&' A

0) (i) (iii)
Example 16. If ¢ = 3x%y — y’2*; find grad ¢ at the point (1, -2, —1).
(AMIETE, June 2009, U.P., I Semester, Dec. 2006)

(iv)

Solution. grad ¢ = V¢
(r8 ~0 M08 2 32
=|Cl@§+£ay+§@zj|(§xay_)éz)32 o/ | 32

i GBGxy-yz)+j. Gxy-yz)+k_ GBxy-yz
ox ¢ yAyz) Jzay(Ay y3) 5 OX V-V Z)

J6xy)+jBx -3y z )+k(=2y g
1 (6) (D2 + 13 (1) =34 (D] + k (- 2)(=8) (-1)

grad ¢ at (1, -2, —1)

=¥ 12; 0516k Ans.
Example 17. Ifu =x +y +z v =x> +y’ + 22, w=YyZ +2x +xy prove that gradu,
grad v and grad w are coplanar vectors. [U.P., I Semester, 2001]
Solution. We have,
(A 0 A0 4 6\ AA A
= |i=+j=—+k—|&x+y+2)=i+j+k
grad u = gl ER o 4 x+y+)=i+]j
) A0 A0 2 2 2 A A A
gradv:&i__"_j__i__k {()C +y +z):2xi+2yj+22k

grad w = Lia+j3y+k&)|(yz+zx+xy)=i(z+y)+j(z+x)+k(y+x)

[For vectors to be coplanar, their scalar triple product is 0]
1 1 1 1 1 1
Now, grad u.(grad v x grad w) = | 2x 2y | =2 x y z

zZ+y z+x y+x Z+y 2+Xx y+Xx
1 1 1
= 2lx+y+z x+y+z x+y+z [Applying R> — R> + Rs]
Z+y Z+x y+x
1 1 1

=2x+y+2| 1 1 1 |=0
y+z z+x x+y
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Since the scalar product of grad u, grad v and grad w are zero, hence these vectors are

coplanar vectors. Proved.
Example 18. Find the directional derivative of x*y*z* at the point (I, 1, —1) in the direction

of the tangent to the curve x = €', y = sin 2t + 1, z—]—costatt—O
(Nagpur University, Summer 2005)

Solution. Let ¢ = x> y* 2

Directional Derivative of ¢
(n0 20 ~3) 222

=V = Li_ ja Tk )|(xyZ)

V¢—2xy7z21+2yxz j+2zx k
Directional Derivative of ¢ at (1, 1, —1)

AR 4 2D 1 G+ 2Pk

_ 2422k (D)
: s o y;+ R_. . (sin 2t+1)jA+(1—cost)kA
Tangent vector, — %: ¢ i +2 cos 2t;' + sin th
Tangent(at 1= 0) = ¢ + 2 (cos0) / + (sin O)k =1 + 2}' f2)
A (1 +2])

Required directional derivative along tangent = (2i + 2] 2k) \/ﬁ'
[From (1), (2)]

2+4+0 6
= = Ans.

NN
Example 19. Find the unit normal to the surface xy’z? = 4 at (-1, -1, 2). (M.U. 2008)
Solution. Let ¢(x, y, z) = xy°7* = 4

We know that V¢ is the vector normal toagm surafgce [0} (g ) = C.

Normal vector = V¢ = a +J 6_y+k 3

s . et BB B 2

So% =l Gyl )+Ja <xyz )4k (xyz)
3 G t 0z
=N Normal vector = Y 2 { +3xy 2 j+2xy Zk

Normal vector at (—1, =1, 2) = —4i —-12 j + 4k
Unit vector normal to the surface at (-1, —1, 2).

Vo 4i-12j+4k 1 ra N

|Vo| (T6+14a+16 il

Example 20. Find the rate of change of ¢ = xyz in the direction normal to the surface

X%y + y’x + yZ2 = 3 at the point (1, 1, 1). (Nagpur University, Summer 2001)
Solution. Rate of change of ¢ = A ¢
(A s, Ao \ A A A
= |1 —+j—+ k—|(xyz)—lyz+sz+kxy
| ox oy 0z )

——=G+3j-k) Ans.
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Rate of change of ¢ at (1, 1, 1) = (i + j+ k)
Normal to the surface ¥ = x%y + y*x + yz> — 3 is given as -
(~0 ~8 ~3) , 2 2
= , -3)
Vy = ;i Tk X y+y x+yz
L\ Jay )( y+y f
= l(2xy+y )+j(x +2xy+z )+k2yz
Moy = 3i+4j+2k
37 +47+2k
Unit normal = —F———
JO+16+4
. 4+2
Required rate of change of ¢ = (z + ] +k) (3l 47 +2k) o VA Ans.

O+16+4 J29 W29
Example 21. Find the constants m and n such that the surface m x* — 2nyz = (m + 4)x will
be orthogonal to the surface 4x*y + 72 = 4 at the point (1, —1, 2).
(M.D.U. Dec. 2009, Nagpur University, Summer 2002)
Solution. The point P (1, —1, 2) lies on both surfaces. As this point lies in
mx* — 2nyz = (m + 4)x, so we have
m—2n (-2) = (m+ 4)
= m+4n = m+ 4 = n=1
¢ Let ¢, = mx? —2yz — (m + 4)x and ¢, = 4x’y + 7> — 4
Normal to ¢ = V?)l
A AD AD) )

= Ll j +k /jmx
l(me m— 4)—21] 2yk

A A A A

i(2m—m—4)—4j+2k = m-4)i-4j+2k

- 2yz — (m + 4)x]

Normal to ¢; at (1, -1, 2)
Normal to ¢» = V»

(/\6 o) Aa\ 2 3 A s A %
R —4) = 8xy+4x j+3z k
= + +k 4x y + Golis X U T

Normal to ¢ at (1, -1, 2) = —8i +4 j +12k
Sinec ¢ and ¢ are orthogonal, then normals are perpendicular to each other.

Vo, .V, =0
= [(m—4)i-4j+2k].[-8i+4j+12k] = 0
= -8m-4)-16+24=0
= m—-—4=-2+3 = m=>5
Hence m =5, n=1 Ans.

Example 22. Find the values of constants A and | so that the surfaces \x*> — pyz = (A + 2) x,
4x*y + 72 = 4 intersect orthogonally at the point (I, — 1, 2).
(AMIETE, II Sem., Dec. 2010, June 2009)
Solution. Here, we have
M2 —wyz=A+2)x (D)
A’y + 72 =4 (2)
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2
Normal to the surface (1), =V J:M —pwyz—(A+ 2)36]
?c Afﬁy +kog d 1L [~ pyz - 0o+ 200

L ]
=i 2 A=2)+ j (1) +k ()
Normal at (1, -1,2)=;" @Qh-A-2)— j (20 + Kp ..(3)
S A=)+ Jz () + kp
Normal at the surface (2) 8 1 |\
oxt J@y"'kﬁz (4x y+Z -4)
K =

" (8 xy) + T @D+ kK (GDA
Normal at the point (1, -1, 2) = - 8;" + 4 j + 12K ..(4)
Since (3) and (4) are orthogonal so
[i“ =2y 2 p)+k”deL—8i“+4“j +12k”]=
—8A-2)+4QwW+12p=0 = -8rL+16+8u+12p=0
—8AL—-20u+16=0 = 4(-2A+5p+4)=0

OA+5p+4=0 = 2L-5p=4 (5
Point (1, — 1, 2) will satisfy (1)

AP —p-D@) =A+2) (D= A+2u=1+2= p=1
Putting p = 1 in (5), we get

2h-5=4" = ?»zg

9
Hence A =_2 and p=l1 Ans.
Example 23. Find the angle between the surfaces x> + y> + 22 = 9and 7 = x> + y> = 3 at
the point (2, —1, 2). (Nagpur University, Summer 2002)
Solution. Normal on the surface (x> + y> + 22— 9 = 0)
(/\ 0 A0 A0 2 2 2 A A A
Vo= | i 4+ i Tk N . -9)=(2xi +2yj+2zk)
i ox 7 oy /l,\(x L
Normal at the point (2, —1, 2) = 41 -2j+ k (D)
o 2 J A}( A0 23 6\ 2 2 3
Normal on the surface (z=x +y —3) = |U j . +k )(X +y %
AN
= 2xi + 2yj k
Normal at the point (2, -1, 2) = 4i -2 —k ..(2)

Let O be the angle between normals (1) and (2).

A A A A A

(4i-2j+4k).(4i-2j-k) = JI6+4+16 J6+4+1 cos
16 +4-4=6J21cos8 =  16= 6321 cosb
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8
= cos 0= = 0= cos’! 8_ Ans.
321 3421
1 A A A

Example 24. Find the directional derivative of — in the direction i where r =xi +y j + zk.
(Nagpur University, Summer 2004, U.P., I Semester, Winter 2005, 2002)

1

1 —(xz+yz+zz)_2

1
Solution. Here, ¢(x, y,2) = — =77
oy +y+7z

1 (no ~0

9\
Now ) — . .o _(x+y+z)2
V(Kr)_ klax+‘]ay 6J
0 L 0 _]—A b _l/\
= — @+ + ) 2,+_(x +3242) 2 iy @y ) 2k
ox dy 0z
J 3 1’\ 1 3 \/\ [1 3 l/\
&+ +7%) 22xii+|—_(x2+y2+z2) 22y|j+%L—_(x2+yZ+Zz) 2270k
2 ) 2

,_
S} I

A A A
—(xi +yj+zk)

..(1
()C2 + y2 + Z2 )3/2 ( )
A A A
and = unit vector in the direction of xi + y j+ zk
A A A
xXi +yj+zk

= — ..(2)
2 +yr+ 2

So, the required directional derivative

A A A A A A 2 2 2

=Vor=—xi +yj+zk ‘ Xi tyjtzk __x +y +z [From (1), (2)]
@y +2) @+ +2)2 2+ + 2
1 1

—— e —— Ans.
21y 42 2
XE T2

Example 25. Find the direction in which the directional derivative of ¢ (x, y) = at

Xy
(1, 1) is zero and hence find out component of velocity of the vector r = + 2 in
nNit+tj
the same direction at t = 1. (Na pur Umﬁerszty, Winter 2000)
r 0 +?6 +k0 ||x +y?
&y Oz

s
- /\l—xy.Zx — (s yz)yl‘ A|—)cy.2y—x(y2 +22) ]

Iy Il S|

\(xy y3—| /\l—xy —x+
i 2y il
L LR J

Directional Derivative at (1, 1) = 0 + jo=0

Solution. Directional derivative = V¢ =

Since (V) 1)= 0, the directional derivative of ¢ at (1, 1) is zero in any direction.

Again T o= (t3+1)/i\+t2?
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— A

. dr P A
Velocity, V.= E=3t i+2tj

A A
Velocity at t=1is=3i+2j
The component of velocity in the same direction of velocity

(31+2)|L2[| 9+4 = =

| o+ | 13

Example 26. Find the directional derivative of ¢ (x, y, z2) = X’y z+4x 2 at (I, -2, 1) in

A

the direction of 2? s 2]2' Find the greatest rate of increase of ¢.

(Uttarakhand, I Semester, Dec. 2006)
Solution. Here, ¢ (x, y, 2) = x%y z + 4xz°
("8 ~8 ~8) , 2
Now, Vo =

l\l j +k )|(xyz+4xz)
(2xyz+4z )z+(x F+ @ y+8xz)k

Vo at(1,-2,1) = 2M)EM+ 2 A+(Ix A+{1(2)+ #
41) }i 1)] 8(1)(1)}k
A A A A A
= (4+4)i +]+( 2+8)k =1j+6k
Let " = unit vector = fr-di-2k 4§ A T
—— -—(2i-j-2k
a i 30 e
So, the required directional derivative at (1, —2, 1) ~13

1
= Vd)A— AN Aere A = (-1-12)=
@ (g Gl —(21 J 2k) = F

3 3
= J1+36

= 1o Ans.

Example 27. Find the directional derivative of the function ¢ = x> —y* + 27’ at the point P
(1, 2, 3) in the direction of the line PQ where Q is the point (5, 0, 4).

(AMIETE, Dec. 20010, Nagpur University, Summer 2008, U.P., I Sem., Winter 2000)

Solution. Directional derivative = Vd)
AQ A O A O \ 2 /) 2 A A A

Greatest rate of increase of ¢ =

:Li_"‘j_"‘k J('x = +2z )=2xi -2y j+4zk

ox Oy

Directional Derivative at the point P (1, 2, 3) = 2? _49 e 12/2 (D)
PQ= Q-P=G049H-(1,23)=@ 21 Q)

A AN AN

AN (4i -2 +K)

Directional Derivative along PQ = (21 —47+12k). [From (1) and (2)]
JI6+4+T

8+8+12 28 A
- - ns.
v’i 21
X

Example 28. For the function ¢ (x, y) = 2, find the magnitude of the directional

2
X" +y
derivative along a line making an angle 30° with the positive x-axis at (0, 2).
(A.M.LE.T.E., Winter 2002)

W13 Ans.
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N
Solution. Directional derivative = V¢
(nd ~0 Aa\ x A1 X209 ) A x(Q2y)
= + = =i - —J
t ox 8y 81 )| x4 y? |\x2 +y YY) @+
Ayr=xr A 2xy A
i - J
= A
o+ 6P+ ) !
Directional derivative at the point (0, 2) 1 b1 3
A A A 1 2
e 4-0 _j2(0) 2) :i ©, 2) 30° ! )
O+47 “(0+4? 4 cl %
Directional derivative at the point (0, 2) in the dlrectlon CA ie. |(\£ + i?)z
- -
i £l+ <{CA OB + BA (:% AOS310AT sin 30 |l
Nl ) { =k""— i+ J }
2 2
3
- % Ans.
> A A A
Example 29. Find the directional derivative of > Where 2 2 2" atthe
V., V=xy i+zy j+xz k,
point (2, 0, 3) in the direction of the outward normal to the sphere x* + y> + 72 = 14 at the
point (3, 2, I). (AM.LE.T.E., Dec. 2007)
- >
Solution. VV=vyy
4 8 ) A A A ) A ) A bpt 24 ) 24
= (xy i+ jt+xz k).(xy i+zy j+xz k) =xy +zy +x2
Directional derivative = g2
y ~ ORE T .

L j B J(xy+zy+xz)
(

4 3 25 4 o W
2xy* +2xz )l+(4x 31 4y322) j+ Qytz+4x* )k

A A
Directional derivative at (2, 0, 3) = (0+2x2Xx 81)i +(0+0)j+O0+4x4%x2T)k

=324i+432k =108 3i +4k) (D)
Normal t0x2+y2+z2714:V?b
A0 A O /\a\ 2 2 2
A— F - -14)
= +j—+k +y +
et e * **
= 2xi +2yj+2zk)
Normal vector at (3, 2, 1) = 6?+4§+21€ ..(2)

6l+4]+2k 2(3l+2]+k) 3i+2j+k
J36+16+4 214 J14

A

3l+2]+k

™ N4
108x (9 +4) 1404
= Ans.

-;14 -J'ﬁ

Unit normal vector = [From (1), (2)]

Directional derivative along the normal = 108(31 + 4k)
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Example 30. Find the directional derivative of V (V f) at the point (1, — 2, 1) in the direction
of the normal to the surface xy’z = 3x + 22, where f = 2x°y?Z*. (U.P., I Semester, Dec 2008)
Solution. Here, we have

f Zx’i 2 4 \

0 k_ 2x3y*z4) =
V= r’ ox +J 0y ( ) = 6x2y2 z4"i N 4x3yz4y' . 8x3y 2k

V(Vf) = ri gx +jgy + kéz [(6x%y?z%i + 4xPyztj + 8xPy2 2 B

= 12xy%z* + 437" + 24x%y*F?
Directional derivative,of V(V )
WAt

- 8x +]g
K

= (12y%z* +12x2z* + 72x2y22%)i + (24xyz4 + 48x3yz2)j
+ (48xy*2 + 16x32° + 48x%y*2) k
Directional derivative at (1, —2, 1) = (48 + 12 + 288)i + (—48 — 96)J + (192 +16 + 192) k
= 348 — 144j + 400k

|(12xy +4x37% + 243 yzzz)

Normal to(xy*z — 3x — 2%) = V(xy’z —3x — 7%)
- |(15 +]7§ +k‘ ((xy?*z = 3x — 2%)
\
= (9’23 + 2xy2)f + (v — 22)k
Normal at(1, — 2, 1) = —4j + 2k
i — 4 + 2k B
Unit Normal Vector = —p=———7 = il (i —4j+2k)

Directional derivative in the direction of normal

= (348i — 1445 + 400k — (-4 +2R
\21

1 1724
= — (348+576+800) = —— Ans.
421 ( ) w21

Example 31. If the directional derivative of ¢ = a x>y + b >z + ¢ > x at the point

(I, 1, 1) has maximum magnitude 15 in the direction parallel to the line * -1_y-3_z

-2 1’
find the values of a, b and c. (U P. I Semester, June 2007, Winter 2001)
Solution. Given b= ax’y+ b y Z+c
(/\ A O ) )
Vo = (ax y+by Z4+ ¢z X)

Ll j6y+k6;J

l(2axy + ¢z )+](ax +2byz)+k(by +2c2zXx)

v_q) at the point (1, 1, 1) = i(2a +o)+ j(a +2b) + k(b +2¢) (D
We know that the maximum value of the directional derivative is in the direction of V_¢_
ie. [VO = 15 = Qa+ o + 2b + a)* + 2c + b)* = (15)*
But, the directional derivative is given to be maximum parallel to the line

131




132

Vectors
x-1 y_3 Z A A A
5 = "~ _p T 7 iLe., parallel to the vector 2i -2 +k. ..(2)
On comparing the coefficients of (1) and (2)
2a+c _ 2b+a _2c+b
= 2 T T2 1
= 2a+c¢c =-2b—-a = 3a+2b+c=0 ..(3)
and 2b + a=-2Q2c + b)
= 2b+a = —4c—-2b = a+4b+4c=0 ..(4)
Rewriting (3) and (4), we have
3a+2b+c¢=0) o f=i=i = k (say)
a+4b+4c:of el ® 1 L
a = 4k, b=-11k and c = 10k.
Now, we have
2a + ¢ + 2b + a)* + (2c + b)> = (150
= (8k + 10k)*> + (—22k + 4k)*> + (20k — 11k)*> = (157
= k = J_r§
9
20 55 50
= a= T, b=+= ad c=+t— Ans.
9 9 9
Example 32. If 7 =xi+y j+ 2k, show that :
¥
(i) grad r = d (ii) grad (1\=— . (Nagpur University, Summer 2002)
7 )7
Solution. ()7 = Xi +yj+zk = r= Jx2+y2+z2 = P=+y+ 7
27'@ = 2y - @:{
Ox ox r
r 0
il — A ‘AR
oy r oz r
(r8 ~p ~0) ndr ~or Aor
dr=Vr= = T
Bi="= |ka Jot 6z|) a ity
AX /\ Az xD+ yf+zk 1
= i_ Y k Y3 - Proved.
r r
(1) m (0 Aa Aa (1) fgx(q”a” H
(i) grad |\;|J— V|\y) |k 6x % aéH[\ /] = k*’ﬁ) @KL) \ )
= + ol or)
rr oz
\ ) K ) \ J
AT EY A1 yY A1 z) BT r
_ . yJj zk -
=i|-2F {Fjls _L| sk L= —:__ Proved.
\r2r) Urtr) \rr) r r
Example 33. Prove that V> [ (D=1"0)+_ 21w, (K. University, Dec. 2008)

r
Solution.
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VfU)z&ég+j£;+k£JfO?

[rz =x>+y*+7 :>2r§£=2x :8@:3&7 %{,:XL and gnga}
or

. .., Lor . . or
=lf(”)_+ jf’(r)—+—kf(r) = , F.fii.erk z |
Ox Oy oz f(r)||_l , , r|
_f()xi+yj+zk
V2f @) =V [Vf@] —( §%+J§y+k§z-\‘ f::xl+y]+zk—‘
8F, x—|+8[_ '| a[f()z_]
_'L ) 0T & &)
_f 6er\ or () rl=y -
- - . ’ 9
st O o+ (10 ) R %
¥ i ;U )l :
o
(g V(2 ot o
L 2
2 2 2
Aourt I} P,
S +f(r) (f () + f7(r) (f (r) + f(n
r ) r’
( o i r2—x r2—y A e 72— 22
=Lf (r) r)LLr)Hf(r) +Lf () J+f(r) —‘kf (r) J\rJ+f(r) 3
b2 ¥ + 22 32 X%+ 2 X2+ y?
:f”(r) >+ () +f”(”) +f(”) +f (r)_+f(r)
|_ y ﬁ y[+z 2 +x x4y
= f ()||_ r2J|+f/(”)||_ = + 5 J
S x4y + X2 22 +y* +2%) r? 2r2
_f”(r)T‘Ff'(V)T:f”(r)r—z"'f’(r)?
Ay .
r
EXERCISE 5.7 o
1. Evaluate grad ¢ if ¢ = log (x*> + y> + Z) Ans. Z(ﬂﬂ)—J_FZk)

X +y 247

2. Find a unit normal vector to the surface x> + y? + z2 = 5 at the point (0, 1, 2). Ans. _n'_( j+ 2k)

A
(AMIETE, June 2010)

3. Calculate the directional derivative of the function ¢(x, y, z) = xy> + yz’ at the point
5
(1, =1, 1) in the direction of (3, 1, -1) (A.M.LE.T.E. Winter 2009, 2000) Ans. 'ﬁ
4. Find the direction in which the directional derivative of f(x, y) = (x> — y?)/xy at (1, 1) is zero.
N N
) i+j
(Nagpur Winter 2000) Ans. —=

V2
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5. Find the directional derivative of the scalar function of (x, y, z) = xyz in the direction of the outer
27
normal to the surface z = xy at the point (3, 1, 3). Ans. T
-‘il
6. The temperature of the points in space is given by T(x, y, z) = x> + y*> — z. A mosquito located at
(1, 1, 2) desires to fly in such a direction that it will get warm as soon as possible. In what direction

1 & AA
—Qi+2j-h
© 3

should it move? Ans

N A N
7. If ¢ (x, y, 2) = 3xz% — y’2% find grad ¢ at the point (1, =2, —1)  Ans. —(16i + 9+ 4k)
8. Find a unit vector normal to the surface x?y + 2xz = 4 at the point (2, -2, 3).

1 A AA A
Ans. ,(_1+2]+2k)
3

9. What is the greatest rate of increase of the function u = xyz? at the point (1, 0, 3)? Ans. 9
10. If O is the acute angle between the surfaces xyz? = 3x + z* and 3x? — y* + 2z = 1 at the point

(1, =2, 1) show that cos 6 = 3/7 -i'%.

11. Find the values of constants a, b, ¢ so that the maximum value of the directional directive of
¢ = axy’? + byz + cz’x* at (1, 2, —1) has a maximum magnitude 64 in the direction parallel to the
axis of z. Ans. a = b, b =24, c = -8

12. Find the values of A and p so that surfaces A x> — py z = (A + 2)x and 4 x> y + z3 = 4 intersect

9
orthogonally at the point (1, —1, 2). Ans. A = L u=1

2

13. The position vector of a particle at time ¢ is R = cos (t — 1) i + sinh (¢ — 1) j + at’k. If at ¢ = 1,
the acceleration of the particle be perpendicular to its position vector, then a is equal to
! 1

a) 0 b) 1 () sy d) —m= AMIETE, Dec. 2009) Ans. (d
(a) (b) @ 5 ( N ( ) (d)

DIVERGENCE OF A VECTOR FUNCTION

e
The divergence of a vector point function F is denoted by div F and is defined as below.

—> A A A
Let F=Fii+F j+Fk
N A8 A0\ a a s _OR OF OF
. VF=(i.  j +k_ J(F+jF+kF) 7
) y . ) Ox 6ty 0z ox Oy Oz
It is evident that div F is scalar funcfion.

PHYSICAL INTERPRETATION OF DIVERGENCE
Let us consider the case of a fluid flow. Consider a small rectangular parallelopiped of
dimensions dx, dy, dz parallel to x,y and z axes respectively.

Let = ~+ A+ ~ be the velocity of the 7
V Vii V,j Vk 4 @ R
fluid at P(x, , 2). Y s
.. Mass of fluid flowing in through the face ABCD in unit time Df iz IS
= Velocity x Area of the face = V, (dy dz) B Lo
Mass of fluid flowing out across the face PORS per unit time »
= V. (x + dx) (dy do) o Cx

. [Vx + B dx) (dy dz)

Net decrease in mass of fluid in the parallelopiped
corresponding to the flow along x-axis per unit time
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ov
= V dy dz — |( - dx\|dy dz
\ *+ 8x
— VX
= de dy dz (Minus sign shows decrease)
Similarly, the decrease in mass of fluid to the flow along y-axis = a_dx dy dz
oV,
and the decrease in mass of fluid to the flow along z- af(ls = g/dx agvdZ\
Total decrease of the amount of fluid per unit time = | —_~ g | dx dy dz
L ox oy )
Thus the rate of loss of fluid per unit volume = OV« ' % 3 ov;
ox 0oy 0z

(/\ 0 A0 A a\ A A A
| i— + j; +k§ iV, + jV, +kV,) = V.V =divV
o . X y . o2 .
If the fluid is compressible, there can be no gain or’loss in the volume element. Hence
-
divv =0 (D
and V is called a Solenoidal vector function.
Equation (1) is also called the equation of continuity or conservation of mass.
xi+yj+zk

-
Example 34. If v = 7‘: find the value of div v .
X*+ Y+

(U.P., I Semester, Winter 2000)

- AJrzlg
Solution. We have, : = y—\/;
X2+
[ g PAL o
4) 4)4) : . .
divv = V.y =|l_+ +k || B B |
Lox oy 5Z)kt(x +y2+z)1/2/J
_ 4 x + 9 y o Y z
T Bm @y )" 6y 02 + e )1/2 Z @+ +D)n
G2 + > + )2 - (x + y? +Z)22xj|
" 02 + 5+ 2)
[ . s | P

1 1
) 2 2\2 il -2 2 2N = L +
|:(x +y°+27°) y-j(x ] Xzyjh.!_(x +y +Z) az%(qu tz) 2Z|J|

+
o2 +y2 + 2) x +y +z)

@+P+2) =8 Ry +D) -y @+ a7

g 2y o+ 2y b2 4 2y
S+z +x2+z +x2+ y? 2(x+2+z9§_ A
= = ns.
% + y2 + 227 ()c2 + 3% + 22 o2 + 32 + 2)

A A

Example 35. [fu = +y’ + 2, and 7 _ 4 y j+ Z//C\, then find div (Ur) in terms of u.
(AM.LE.T.E., Summer 2004)
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- (’\ 0 AQ ’\a\ 2 2 2 A A A
Solution. div (ur) _ l\l'_+j_+k_)|.[(x +y +z ) (xi +yj+zk)]
(ro ~0 ~0) 2 26)5 Aayzag 2 A 2 2 2
P i Tk [ 4y 4F )xi+(x +y L2 )yj+x +y +z)zk]
La@x Oy 81) 5
B+ D)+ Py + Y Ay (P + Y2+ D)
Ox Oy 0z
=@+ +D+ P+ + D+ @+ +3D) =5+ +PHD=5u Ans.

AN

Example 36. Find the value of n for which the vector ,,”7 is solenoidal, where

A N N
r=xi+yj+zk.
Solution. Divergence S = Jenmmal ML + Y 22)2 Ay A A

F V.F=V.r r (xi yj zk)
(70 A@g 23] 2 2 2.2 " — e 22 2an "
A N, TR 2 ) xitOo+y QR T+ Gt YT P k]
ox 0y 0z .
_(x2 + y2 + Z2)n/2—1 (2x2) + ()C2 a y2 + Z2)n/2 + _(x2 + y2 + Z2)n/2—1 (2}72)
2

n
i (x2 o y2 i Zz)n/2 - E(xz + y2 + Z2)n/2—l (2Z2) + (x2 + y2 + ZZ)n/Z

n(x2 + y2 + Z2)n/2—1 (x2 + y2 + ZZ) L 2} ()C2 a y2 + Z2)n/2
=n@+ Y+ +307+ Y+ D =+ 3) @+ +AD)?

If r"7 is solenoidal, then (n + 3) (> + y* + 222 =0orn+3 =0 or n = -3. .
- 3 — e N
Example 37. Show that ;| (a.r)|_ a — n(a.ryr. LU 2005)
|_| ” U ” Pt2
- > A A A A A A
a.r ; . ) Y
Solution. We have, = (@itayjtask)(xityj+zk) _ ax+ay+agz
r 7 o
- >
Let b= 4.7 _ax+ay+axz
r P
@ _ r'a —(ax+ayy+asz)nr" ~1(or/ ox)
ox r2n
24 72 or or _x
Butr2=x2+y+z = 2”—:2x = —
Ox ox r
o0  ar —(ax+@my+a))nr"lx g nlax+ay+adx
o ’ :_r'"l 3 rn2+2 3

0x r
obr  O0p~  Op~
— i+t —j+—k

Ox 6y 61

1 A A A A

n A A
rn—((lli+(12j+(13k)— ’W[(a1x+a2y+a3z)(xi +yj+Zk)]

Vo

a—_n_
= — o2 (ar)r

r’l
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- A A A - -
Example 38. Let r =xi+yj+zk r=|r| and a isa constant vector. Find the value of
. laxr
div| —pn—
\ )
= A A A
Solution. Let a = ai+mj+azk
-> = A A A A A A
axXr =(aji+a,j+ayk)x(xi +yj+zk)
AA A
i j k
A N A
= | @ a3 = (az-a3y)i—(a1z—azx) j+ (ay —ax)k
X y Ye
—> . A A A
axr  (mz-azy)i—(az—azx)j+ @y —axk
|7|n (.X2 + y2 + Z2);1/2
(A Saxr
axr =V.

-
| 7]

(0 ~8 ~8) (@27 —azy)T — (aiz — azx) T+ (a1y — aax) k

= Li_+j_+k_J.
ox "0y Oz *+y +z %”’2
a1z — azx 0 (aly —arx

0 mz-ay 0 " -
T o (ReRa2y? @y 2P B 4y DY
n_(az—asy) 2x n__(az=a3x)2y n_(a1y —a)x) 2z

- _2 n+2 2 n+2 ) n+2
(x2+y2+z2) 2 (x2 +y2+z2) 2 (x2+y2+22) 2
n

= - (@2 — a3y)x — (@12 ~asx)y + a1y — a2zl

&2+ ¥y + ) 2
n

£ —[ay2x — azxy —a;yz + azxy + ajyz — apzx] =0 Ans.

o+ ¥y + 2) 2

Example 39. Find the directional dqlva Ve of dzv (u) at—the point (1, 2 2) m the direction
of the outer normal of the sphere x yé 9 for an

u xl“‘y]"‘zk

LY
Solution. div (1) =
A0 A D \ 4N 4 4N 3 3 3

=i +]—+k |(x z+y jtz b=dx . %

Outer normal of the p dre = @(x2 + g + z

\
Q)|Q):¢

6 D) A A A

—9)=2xi +2y j+2zk

=|i—+ +y +
% oy azJ(xA ' &
Outer normal of the sphere at (1, 2, 2) = 2i +4j +4k ..(1)
-
Directional derivative = V (4x° + 4y + 47°)
(ro 20 ~0) 3 3 3 2" 5 A 5 A

i 4+ j— 4k |4 +4y +4z )=12x i +12y j+12z k
Ox oy ,0z), N
Directional derivative at (1, 2, 2) = 127 + 48 j + 48k ..(2)
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A A A 2T +4G+4k
Directional derivative along the outer normal = (120 +48j+48 k)-\/z

4+16+16
[From (1), (2)]
24 +192 +192

= — =68 Ans.
6

Example 40. Show that div (grad r') = n (n + 1)r" ~ 2, where
r= A2+ Y+

Hence, show that A? (l) = 0. (U.P. I Semester, Dec. 2004, Winter 2002)
r

A O A0 A O
grad (") = ; _/ +J—r +k—r by definition
ox 0

Solution.

%
n-— lar n-1 or )j\ n—lgr n—l‘rAar AOF Aaﬂ
3 o L '_+k_|
a4 i J
- quxx A(}’\ay/];(Z\_] n—ZZ A A L]/{@x r@y2_ aZJ
= |L |Kr)+J|K7J}+ |\r)_]\—nr xi+yj+zk)y=nr T.
2 2 or ar x|
r =x +y +27 =>2r —2%x—> = -etc|
Thus, grad (") = , -2 *  n- L ne2 A Ox o r e
xi +nr y]+nr zk
div grad ' = div [ -2 pa) n-2 "]

xXi +nr yj+nr zk
(’\a A0 AQ n-2 " n-2 " ag) A

= L@ ' l(nr  xi +nr yjt+nr zk) [From (1)]
y Z

=— (- x)+_(nr” I+ (nr” {2

5 (By definition)
/6 Y or) (?Z

= nr e @-2)r3 0 Nt |nrn2+ny(n_2)'”65y\|
| i ch
+(nr"*2+nz(n—2)r”*3 or)
L 6Z)
= 3nr 2 +nn-2)r"3 ﬁx%x‘Fya@gz"‘Z%Z—l
=3nr""% +nn—2)r> %(f_\fy(ky_\ﬁztw
R )Ja” or x ]
At 3 % :>2ra——2x:> = .| |

=3n" " 24+n(m-2)r [+ + 2 ¥ 7
=3n" " +n(n-2) r 47 G rP=xX+y"+

=P 2Bn+n’-2nl=r""2m*+n)=n@m+1)r?
If we put n = -1

divgrad "= -1 -1+ 1) r'-2
= V? =0
LU'

- A A A r

r 1
Ques. I 7 =*i+yj+ 2k and r= A finddiv | 5 | 1) p 1 gem, Dec. 2006) Ans. 2
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EXERCISE 5.8

A A A |

- .
1. If r=xi +yj+zk and r = , show that (i) div

r _
[ 7] l\|r P )
(i) div (grad ) =n (n + 1) =2 (AMIETE, June 2010) (i) div (r ¢) = 3¢ + r grad ¢.

A AN A

2. Show that the vector V = (x+3y)i +(y—3z) j+ (x —2z)k is solenoidal.
(R.G.P.V., Bhopal, Dec. 2003)

P
:O,

3. Show that V.(¢ A) = V$.A + §(V.A)
4. If p, ¢, z are cylindrical coordinates, show that grad (log p) and grad ¢ are solenoidal vectors.

5. Obtain the expression for V2fin spherical coordinates from their corresponding expression in
orthogonal curvilinear coordinates.
Prove the following:

- o > > - >
6. V.(OF)=(V).F +§V.F) =
7. (@) V(V§) = V2 @ (AxB (Q2-mA n(ARR 5
V x . = e I ,V=|R|
. ' r r ’n+2
8 div(fVg-—divigVH=fVeg-—gV>*f
CURL (U.P., I semester, Dec. 2000)
The curl of a vector poing function F is defined as below
curl 7 = — A A A
FOWE o . . . G-Risniin
=i _—+j_+k x(Fii+F, j+Fsk
|K15; ]67 a?|)(1l 2+ F3k)

i

0 0 4|_0Fs aFﬂ_;(a& _aFl\”g(an —OFy)

Ox Oy __ik_—_@z_J kﬁx_ .az_J \_ax_ _a;L)
0z oy

F F

F

=

Curl F is a vector quantity.

PHYSICAL MEANING OF CURL
(M.D.U., Dec. 2009, U.P. I Semester, Winter 2009, 2000)

> o o | . - -
We know that V =@ x r, where o is the angular velocity, V is the linear velocity and r

is the position vector of a point on the rotating body.

N, [8:m1?+m2f+m3ﬁ-|
Curl V = VxV - A A A
|l r=xi+yj+zk I
) did - A A A A A A
= Vx(oxr) =Vx[(mi+mmj+k)xxi+yj+zk)]
- i J k N A A
= Vxlor o o3| = Vx[(02 - 03))i — (02— 3X) j + (0 — ©,x) k]
X y z
(rhd A0 ~0) A

AN AN

= |Kl (’E-I_ j67+k G?DX[((DZZ_ 03Y) i — (012 — 03%) j + (0, y — 0, %) k]
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i j k
_ ﬁ L 0 0
Ox Oy 0z

M7 —M3y W3X—m®WZ Oy — X

AN AN AN

((,01 +002)i—(—0)2—0)2)j+(603 +0)3)k =2(0)]i+0)2j+0)3k)=20)

N
Curl V = 2 which shows that curl of a vector field is connected with rotational properties

of the vector field and justifies the name rotation used for curl.
If Curl = 0, the field F is termed as irrotational.

= A A
Example 41. Find the divergence and curl of v =(xyz)i + (3x2y)f +(xz? — y*2)k at
2, -1, 1) (Nagpur University, Summer 2003)

Solution. Here, we have
A
2 2

2 « 2 A
y = @y i+CGx y)j+z —-ydk
Div. ;) = Vd)
0 0 0
Divip=.— (¥ ¥ D+ — GBI+ — (2 - *2)
Ox ay aZ
=yZ+3x2+2.xZ*y2 :71+12+4—1=14at(2,,1’1)
A A A
i j k .
CurlK= 0 0 0 _ 5 _(Zz_ A.+(6xy_ ’
dx oy B 2yzi xy)J x2) k

xyz 3%y xz? - y*z
A 2 A A
= 2yzi+@xy—-z )j+(6xy -x2)k
Curl at (2, -1, 1)

= 2D i +{@2) (1) =1} j +{6(2)(=1) - 2(1)}k

= 2i -3j-14k Ans.
N A A A -
Example 42. If v = XL 2Y1+2k 5.0 the value of curl V .
X2+ y?+ 2
(U.P., I Semester, Winter 2000)
. = > >
Solution. url V. = yxvy. [
A 0 A0 A0 \\ A Ag oA
= l_+j_+k_|x| xi yj zk |
Lor oy o) L@+ e)i?)
i Jj k
0 . 0
= Ox oy 0z
x y b4
2 +y2+ )2 (24 + PP 02+ y2 + 22”2
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a0 0 y _6 Z
| [(x2+y +Zz)1/2} 2 {(xz+y2+z2)”2 —‘ [ax (x2+y2 +Z2)1ﬂ
L L
_gi{ 2 x 2812 E 7%||_|—a (E,?z 2 y zzauzhj qu\ 2 jx zzauzﬂ
Al -yz y.z 1 Af —zx ot ]
= + — +
1L| W+ 12" (x2+y2+z2)3’2J J||_ @+ + 207 Ry 1) |J
Al —Xy xy
+k -0 Ans.
l 32 + 32 H_
(x +y2 +72) (x+y+z)

Example 43. Prove that (y* — 7>+ 3yz — Zx)l + (Bxz + 2xy)] + (Bxy — 2xz + 21)k is both

solenoidal and irrotational. (U.P., I Sem, Dec. 2008)
Solution. Let F=?—2+3yz7— 2x) zA + (3xz + 2xy) jA+ (Bxy — 2xz + 22) 12
ForI_ soalenmdg,l we 51a]v¢13 to prove V F =0.
. g.F _|L +]@y+k§%J[ L(Y 3yz— );+(3xz+2xy)]§+(3xy72xz+2)12-|J

=-2+2x-2x+2=0

=
Thus, F is solenoidal. For irrotational, we have to prove Curl F = 0.

A A A

i Vi k

=y 0 0 0

Now, Cutl F = |5y dy oz

¥ — 2 +3yz—2x 3xz+2xy 3xy—2xz+2z

A

A
= (Bz+2y—-2y+32)i—(—2z+3y—-3y+20j+

(Bz+2y -2y -3k
0i+0j+0k =0

y
Thus, F 1is irrotational.

il
Hence, F is both solenoidal and irrotational. Proved.

Example 44. Determine the constants a and b such that the curl of vector
N

A = (2xy+3y2)i + (2 +axz —422) j — Bxy + by)k is zero.

P o) (U.P. I Semester, De@ 2008)
Solution. CurlA=(; 0+ +k W@+  "+@7+
&% &z 3yz) i axz—4z ) j
\ y

A . . — (Bxy + byz) k]

i j k

_| 2 9 9

B ox Oy 0z

2xy +3yz x> +axz —4z2 —3xy—byz
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A AN

[-3x—bz—ax +8z]i —[- 3y 3y]j+[2x+az—2x 3z]k

A

= [-xB+a)+ (8- b)]l+6yj+z( 3+a)k

=0 (given)
ie,3+a=0 and 8 —bH =0, -3+a=0
a=-3,3 b=28 = a=3 Ans.

Example 45. If a vector field is given by
- A A

F=&—-y+x)i—Qxy+y)j. Is this field irrotational ? If so, find its scalar potential.

(U.P. I Semester, Dec 2009)

Solution. Here, we have

- = (P=y +on +
F

i—2xy yj
.
Curl F = Vx F
("8 ~35 ~3) |,

2 N A
=y + — (2xy +
Li +J el JX( Y +x)i—-(2xy+yj
A@x

i j k
6 a 6 A A A
= lox oy 5zl T i0=0)—j(0~0) + k(= 2y +2) =0

¥-yY+x -2x9-y 0
Hence, vector field f 18 irrotational.
To find the jcalm potential function ¢
F=Vi¢
6¢ 84) ob A6(1) "OO Ayl A A A
dd = y B By “(dx+ jdy + kdz)
P 6 6x Oy
0 A a "o \ N > - o>
o — |b-(d o \ -
_L16x+]6y 61J¢( r) =Vo-dr = Fdr

(% — y2 4+ x)ii— Qxy + v) jl- (G dx + jdy + kdz)
(% = ¥* + x)dx — (2xy + y)dy.
)

[l = ¥2 + ndx - @y + ) +
X X 2

i ~ X | _ 2
j[x dx+ xdx—ydy y dx—-2xydyl+c = 3+2 %y +e

2
. %4 2 .y
Hence, the scalar potential is x_+ — -x” + c Ans.

QRS ),

- A A A
Example 46. Find the scalar potential function f for A = y2 i+ 2xyj— k.
(Gujarat, I Semester, Jan. 2009)

2/\ A

I~ i

Solution. We have, A=Y 1+2xy —Z k
- A0 Aa\ oA A oA
Curl A4 = VxA Ll j +k /jx(y i+2xyj—2z k)




Vectors
i Jj k
_lo 2 a| - jo+key-2y) =0
ox 0oy 0
y: 2xy -7
5
Hence, A is irrotational. To find the scalar potential function f.
-
A=V o o .
df = 8ffdx+fdy+a];dz =(l'gj;+/\af /\af\ A A A
ox g L J . otk Jde+ jdy+kdz)
(@ ~0 .+ ~0) Ao 0z
= —+j—+ dr =
L o Jay )If r= Vfdr
A
= Adr A=V)

O A A A A A
(Vi 42xy j -2 K).(i dxt jdy + kdy)
Y dx + 2xy dy — 22 dz =d(xy2);z2dz

Z
f= jd (xyz)—j 2 dz = xy _?Jr C Ans.

Example 47. A vector field is given by & = (x* + xy?)i + (> + x°y)J . Show that the field
is irrotational and find the scalar potential.(Nagpur Univeristy, Summer 2003, Winter 2002)

-
Solution. A is irrotational if curl A = 0
A

AN A
i j k
A A 2
Curld = VxA=| 0O ) o | = i(0-0)— j(0-0)+k(2xy - 2xy) =0
ox oy 07
x* + xy? . -
Hence, é is irrotational. If ¢ is the scalar potential, then
A = grad ¢
0 0 0
dod= _¢ dx + _¢dy i _¢dZ [Total differential coefficient]
Px Oy 0z
nOh  AOH AOH) A A A
La ]—+k—Z)l(ldx+jdy+kdz) = grad ¢. dr
[x e 3 T—
= Adr = W )i+ +xy)j].(idX+jdy+de)

=@ +x) de+ P+ 2y dy =2 dx + ¥ dy + (x do)y’ + (%) (v dy)

3 3 x22

o= Ixzdx + J.yzdy + I[(x dx) y* + (3) (y dy)] = %4—}; -l—zy + ¢ Ans.
Example 48. Show that - S +HHF Z + "4 2 A isirrotational and find a
Vi, y.2) 2xyzi 2y)j xyk

scalar funcnon u(x, y, z) such that \y = grad (u)

Solution. v (x,y,2) = 2xyzi +(x z+ 2y)] +x yk
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Vectors
- (’\ 0 A0 A0 \ A 2 A ) A
Cul Vo (i i sk X2 i+ +2y)j+x yk
L7, 7oy az)I Rxyzi +(x z+2y)j+x yk]
i j k
_ 0 0 0
ox Oy 0z
2xyz x*z+2y x*y
= (2 —x2)i - @xy—2xy) j+ 2xz - 2x2)k =0
.
Hence, V (x, y, z) is irrotational.
To find corresponding scalar function u, consider the following relations given
-
V' = grad (u)
- -
or V = V) (1)
ou ou ou ) : .
du= __dx+ _dy+ dz (Total differential coefficient)
ox oy 0z
(/\ ou AOouU A Oou \ A A A
= |i—+ j—+k— |(ide+ jdy+kd
Uz =
- - o5 o
=Vudr=Vdr [From (1)]
A 2 A A A A A
= 2xyzi +(x z+2y)j+x ykl](ide+ jdy + kdz)
=2xyzdx+ Pz +2y) dy + x*y dz
= y2x z dx + x> dz) + (x°2) dy + 2y dy
= [yd (x’2) + (x%2) dy] + 2y dy = d(x*yz) + 2y dy
Integrating, we get  u = x*yz + y? Ans.

T A A A

Example 49. A fluid motion is given by v =(y + z2)i + (z+ x) j + (x + y) k. Show that the

motion is irrotational and hence find the velocity potential.
(Uttarakhand, 1 Semester 2006; U.P., I Semester, Winter 2003)

Solution. Curl 7 = Vx:
(vd 20 ~0) A A A
=|i—+j—+k— +i+@+x)j+ &+ Yk
|\l i ks )IX[(y i+ @+x)j+ @+ k]
i j k
0 0 0 A A A
ax By o =(1-1D)i-1-1)j+0-1)k=0

y+z z+x x+Yy

Hence, 3 is irrotational.
To find the corresponding velocity potential ¢, consider the following relation.
Vo= vV
o0 felo} oo . . .
dp= _dx+ "dy+ "dz [Total Differential coefficient]

ox 0Oy 0z
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(Aa(l) ’\a(l) Aad)\ A A A (/\ 0 ~d A a\ -

- . . . . _ o + .7
= Ltax+jéy+k€z)|.(ldx+jdy+kdz) _|\18x Jay

> o> o
:hka |0.d r =Vodr=v.dr
<

)

=[(y+2i+@+x)j+x+ykl(ide+ jdy + kdz)
G+de+ (z+x)dy+ (x+y)dz
=ydx+zde+zdy+xdy+xdz+ydz

= [(vdx+xdy)+ [@dy+ydo)+ [ dx+x dz)
db=xy+yz+zx+c
Velocity potential = xy + yz + zx + ¢
Example 50. A fluid motion is given by

- A A

2/\
v =@ sinz—sinx)i + (xsinz+2y7)j+ (xycosz+y)k

is the motion irrotational? If so, find the velocity potential.
- - -
Solution. Cul v = Vxv

(Aﬁ o) /\a\ A A A

2
| i —+ ><(ysmz smx)l+(xsmz+2yz)]+(xy cosz+y )k
Ox A6y 6 z )

i k
- . ’ 0
Ox Oy 0z

ysin z—sin x xsin z+2yz xycos z + y°
N

-~ A

(xcosz+2y—xcosz—2y)i—[ycosz—ycosz]J+(sinz—sinzk=0
Hence, the motion is irrotational.

So, V= V¢ wher d) is c% ed ve1001ty potential.
do = dx + dy + '

P5¢ Aa¢ Aa¢\ A A A
= |l—+]—+k— [Gdx+ jdy+kdz) = Vd)dr =vdr
x ay N N N A

[(y sin z — sin x) & + (x sin z + 2yz) J* + (xy cos z + Y) k |.[i dx + jdy + k dz]
(ysinz—sinx)dx+ (xsinz+2y2z)dy+ (xycosz+y?) dz
=(ysinzdc+xdysinz+xycoszdz) —sinxde+ Q2yzdy+y d7)

=d (xysin z) + d (cos x) + d (* 2)
b= Id (xy sin z) + _fd (cos x) + Id(yzz)
¢ = xy sin z + cos x + ¥’z + ¢

[Total differential coefficient]

Hence,  Velocity potential = xy sin z + cos x + y*z + c. Ans.
Example 51. Prove that ;: 2 > s conservative and find the scalar potential ¢ such that
rr
F = Vi (Nagpur University, Summer 2004)
N 0= b A A A A A A
Solution. Given F =ror =71 i+yj+tzk) =r xi+r yj+r zk
A A N
i j k
Consider » - _ | 0 0 0

Vx F 5_67 oz
r’x r*y rz

Ans.
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o, o1 2o, o, 1 o, 3 5 |
=i_r_zt_r_y_—j rz—_rx +k| rox|
L?y or % azh L?x or 02 ajﬂ kfx P od]
= i|2rz _ =2ry _ |- j|2rz_ -2 k|2 -2
ll_ rzay ryaz—l rz(?x ma§J+ ||_aryax rxay_“
ut r2 = x% + ¥+ e g; .’yL or -;ZJ
"L )
]
A[_ y Z—| A[L X Z_l A|— X yw
= 1L2r17—2ry7J—j[2r27—2rx;J+kL2ry;—2rx7J

= iQRyz—-2yz) — jRzx —2zx) + k2xy — 2xy) =0i-0j+0k=0

a
Vx F =0
F is irrotational F is conservative.

s
Consider scalar potential ¢ such that F = V¢.

0 0
do = % _Tdx+ ¢dy + _¢dz [Total differential coefficient]

oy 0z
(Aad, AOh  AOO) A A A
=| @ ]—+k—|(ldx+]dy+kdz)

>6 Oy 0z )
A0 N /\a\ A A A A A A
= | i—+j—+k— [0Gdx+ jdy+kdr) = j 1
Llﬁx ]6y aZ)M) (idx+ jdy 2) Vo.(i dx + jdy + k dz)
— /N A A *> A A =
= F.(idc+ jdy+kdz) -7 r(ldx+]dy+kdz) Vo=F)

= P+ (A iy Tk (i de+ jdy k)
P+ +22) (xde+ydy+ zdz)
=X dc+y dy+ 2 dz + (x do) Y + (X)) (v dy)
+xd0Z+ 22O dy) + x> (2dd) + ¥ (2 d?)

¢ = Ix3 dx + "‘y3 dy + .[Z3 dz + I[(x dx)y* + (y dy)x*]
+ flee d2 +  d ]+ Iy dy)e® + (2 do)y?)
y N 4+1 22+1 22+1 e

=————xy —xz =yz €
4 4 4 2 2 2

=l( + YV + 2+ 292+ 222+ 2 D) + ¢ Ans.
4

—
Example 52. Show that the vector field F = : is irrotational as well as solenoidal. Find

3
the scalar potential. |7
(Nagpur University, Summer 2008, 2001, U.P. I Semester Dec. 2005, 2001)
4 A A A

Solution. F= I _ xityj+zk
|r—>|3 Zr 7+ 7 £
(nd ~8 ~8) A oag oA )
- > o
Curl F = Vx F :|i J,-j +k_|><| xi yj 7k |
2)3/2J

Lox o9y oz) k(x2+y2+z
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i j k
0 0 0
= ox 5_ 0oz
X y Z
o2+ + )" (2 + y? + 2" o2+ yr+ 2”2
ff—3 2yz +3 2y 1|
_ 1[— 2y e 22 D2 2Ty 23k
—jl-_z_ G2 31 52)5/2 (% \| (2 ;22xz Z2;5/21
lL \ ) {
.,.k _3 (2 ;22xy 2)52 |( )(}g ;Z zz)sxz |
L ) J

=0

Hence, F is irrotational.
= ~
F

dd = @dx + a_d)dy + a_d)dz

, where ¢ is called scalar potential

X oy 07
(6A5¢ ~ O Aa¢\ A A A
= | —-I—j—
-5l 0y )
A N
xi+yj+zk  ~ A A
= NI (idx+ jdy +kdz)
1 . 2xdx+2ydy+2zdz
¢ . 2 (x2+y2 +Z2)3/21
' SN - 1
L_Tj(xz+y2+z2) 2=—

5
(rd ~d ~3) xt+yj+zk

+k _ )
dy 32 (2 +y? + 2"
0 X 0 y

|G dx+ jdy+kdz)

[Total differential coefficient]

> o5 -

V¢dr =Fdr

xdx+ydy+zdz

(x2 + y2 5 Z2)3/2

1

='S = Ans.
1
% + ¥ + )2

7|

0 z

= ox ()CZ T yz T Zz)j/z +6§(xz +yz _,’_Zz)ju
()C2 + y2 + Z2)3/2 (1) —x ;J} (xz . y2 + Z2)1/2 (2)6)

+
62 (xz Iz yz ¥ ZZ)jIZ

()C2 + y2 + Z2)3

(3)

()C2 + y2 + Z2)3/2 (1)_ yk_)| (x2 iP y2 + Z2)1/2 (2}7)
2

+
@+ y*+ )

(3)

()C2 + y2 + Z2)3/2 (1) _ Zk _)| (xz + y2 + Z2)1/2 (ZZ)
2

+

(x2 + y2 + Z2)3
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2+ ¥+ )" 2002 42 2 2 2,2 2 2 2, 2 2
= o 5 2y [X*+y +27 -3 +x +y +z =3y +x +y + 70— 3]
x> +yr+z

=0

5
Hence, F is solenoidal. Proved.

- A A A
Example 53. Given the vector field V =(x*-y*+ 2x2)i + (xz — xy + yz) j + (2> + ¥*)k find
curl V. Show that the vectors given by curl V at Py (I, 2, =3) and P; (2, 3, 12) are orthogonal.

Solution. (o Cuer = V§ V

i L
ox, Oy 0z

2 A A
JX[(X -y +2x7)i+@z—xy+yz) j+(z 2+x )k]

i j k

L, 0 0 0
1y = = — —
curl v o P o

X =y +2xz xz—xy+yz Z +x

DGy i - 2x- 20t @ =3 29k = — G D

curl V at Po (1, 2, -3) = —(1+2)l+(2 3)k:—3l—k
5

curl V at Py (2, 3, 12) —(2+3)l+(3+12)k=—5l+15k
5

The curl V at (1, 2, -3) and (2, 3, 12) are perpendicular since

(=3i —k).(-5i +15k) = +15-15=0 Proved.
Example 54. Find the constants a, b, c, so that
) A A A
F = (x+2y+a)i+ (bx—-3y—2) ]+ @x+cy+22)k (1)

is irrotational and hence find function ¢ such that F = V¢.

(Nagpur University, Summer 2005, Winter 2000; R.G.P.V., Bhopal 2009)
Solution. We have,

i j k
0 0 0
=l - —3 -
Vx F = ox Oy 0z
(x+2 y + az) (bx 3y—z) (dx+cy+22)
2 (c+1)l—(4 a)]+(b 2)k
As is irrotational,
F VxF=0

Le, (c+)i-(@d-a)j+B-2)k=0i+0j+0k

c+1 =0, 4—-a=0 and b-2=0
ie., a = 4, b =2, c=-1

Putting the values of @, b, ¢ in (1), we get

F = +2y+4)i+2x-3y—-2) j+@x—y+ 22k




Vectors

N
Now we have to find ¢ such that F = V¢
We know that

L0, 0b

dp= _"dx+ "dy+
P Oz
/\64) /\a(b /\ad)\ A A A
=|i—+j—+k—|Gdc+ jdy+kd
|>’ g g i iy k)
A0 A0 A0 A A A A A A

Lla—+15 + k— )|¢(1dx+ jdy+kdz) = Vo.(idx + jdy + kdr)
y

_dz [Total differential coefficient]

= F_.(idx+jdy+kdz)

[(x+2y+4z2)i + (2x-3y—2)j+@x—y+20k)].(idc+ jdy + kdz)
X+2y+47)dx+ 2x—-3y—2)dy+ (dx -y + 27) dz
dx—3ydy+2zdz+ 2y dc+2xdy)+ 4zdx +4x dz) + (zdy —y d2)

(
X
[xdx=3[ydy+2 [zdz+ [@ydu+ 2xdy) + [@zdx+4xdz) - [@dy+ydo)

X2 3y’
7——+z +2xy + 4zx —yz + C Ans.

=
]

I

Example 55. Let V x, v, 2) be a diﬁ‘eren_t)iable vector function and O(x, y, z) be a scalar
- -

function. Derive an expression for div OV) in terms of .V, div V and V.
(U.P. I Semester, Winter 2003)

A A A

- . .
Solution. Let v = Vii+V2j+Vsk

-
div (V) =
A0 A A 0 0 0
W%F)Aa _\ :
= |i V11+¢V2 = —( V1)+—(¢V2)+—(¢V3)
= k¢ L V\*@F,‘Jg) ﬂ &53 A 7
6 1 .ay_ a_y B8z T 87”3
%, o, %Vé\h(a?évwa‘hvu Wy
A0 A O A O /\ A A (A Aad) Aad)\ A A A
= i+ +k_ J(Vii+V,j+Vsik +j 4k _ [JVii+V,j+Vik
= kl6x+]6y: azl( 14 +Vaj o i) +|\lax tlot azI,’( i+ V, j+V3k)
= §(V.V)+(V§).V = (divV) + (grad §). V Ans.
- - 3 .
Example 56. If A is a constant vector and R =xi + y J + zk , then prove that
- o)\ > -
Curl A.R}A =A xR (K. University, Dec. 2009)
Solution. Let =Af+A}'+AkA, _’=xf+y}'+zl€
A " 3 A, A
o UrHA AR @i tyiti)=AaAy+A
A.R= 5 A, A 3
S L AR AYLAD T 4y +zk) e
[A.R]R | 2 3 l

=(AX+Axy+A )i +Axy+Ay+Ay) T+ (A xz+A yz+AD) K
1 2 3 1 2 3 1 2 3
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i ' K
[_ - - —>—| 0 0 0
Cul|(A.R)R| = | — — —
L ] X 0 0z
A +Asxy +Azzx Apxy+ Aryr +Azyz  Apxz+Aryz+ Az
=A,z-AY i —[Az-Ax) JIAy-Ax] K (D)
- o
LHS. = AxR
=@ +A, T +ARXET +y j+z K)
i ok
= Al A2 A3
x s
=A,z-Ay) i ~Az-Ax) J+AY-A0 K
= R.H.S. [From (1)]
- >
Example 57. Suppose that U,V and f are continuously differentiable fields then
S - > -
Prove that, div (UxV)=V.curlU —U .curl V . (M.U. 2003, 2005)
Ed A A e A AN A
Solution. Let U = witujtusk, V=vii+v,j+tvik
A A AN
- > i j k
UxV = w u, B
Vi VAR
N A A
142"3 — Uz)i — \M1V3 — uzvy) j + (uvy — upv)k
= = A0 A D A A A

div (U xV) = ( —+ ]— k— |- [(u2vs — uava) i — (uivs — usvi) j+ (uav2 — upvi) k|

(uv —uv)+ (~uv +uv)+ a(uv —uv)

2 3 3 2 6y 13 3] g 1) 2 1
u @——i-v @2—u @2—\/ %—ll+|__” @i—v L) +u @l+v 6_u§—|
| 2ax  *ox  3ox Zox ! lray 39y 3oy layJ

Il

+ u 6v2+v 6u1_u o 6u2—|

[ . ]

ENCT IR ey %;\I =
\ " (553 a¥\

+b1|—ay +qu6v3 %ﬂ I %‘;71 %Lz\i

)

\ ) \
= (V1?+V2?+V3 /C\) ll—;\(%s 6”2\‘? ﬂ/aul 5143\14-%(6142 —61,{11—‘

\ )J
e | ?a v ) o v aw), o wm avzﬂ
T Ty 3%)[( o y) J( 6x+82} k( oy )

R T > o> >

= V(VxU)-U.(VxV)= V curlU —U .curl V Proved.
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Example 58. Prove that
S S > > > > > > > > > > > o
Vx(F xG) = F(V.G) -G(V.F) + (GV)F — (F.V)G  (M.U. 2004, 2005)
Solution. -» ->4.-> =X+~ 0 - -
Vx (F G) ix (FxG)
_ oy (o N AT (aF S a6
>< X
LJ%F (r aF M’ W GJ+216(§7 ar )
= [ |Kl T \J‘i‘ )y ||—\l F-(G.F) e J
-5 > A aF > F \ - 0G

i

? —GZ& @%+FHUA6 xFQéa
=FLZ J L157+2m1y——szy—

- - - - - > - > > —
= F(VG) -G (V.F)+(GV)F -(F.V)G Proved.
Questions for practice:
Prove that
L, - - - B T T - -S> -

V(F.G) = (GV)F +(F.V)G+Gx(VxF)+F x(VxG)

— —
Example 59. Prove that, for every field V ; div curl V = 0.
(Nagpur University, Summer 2004; AMIETE, Sem II, June 2010)

Solution. Let V= Vl/l\. +V2}+V3lz
div (curlV) = V.(VxV)
PGk
S 2
ox 0Oy 0z
Vv, e
(v nd Aa\ﬂ(mg aw) 3(3Va — Vi )4 p V2 — V1 |
BY 3 Chew B )l A
a(av; a%\| a(av; Vi Y, a(awZ vy
= (@-éf)ék @i ﬁ#—@U

Vs _FV, _Fv; FVi FV, Wy

LU ARG RGN

\ | Ny )
=0 Ans.

*
Example 60. If a is a constant vector, show that
- - o > o5 > -> > >

ax(Vxr) = Va.r)-(aV)r. (U.P., Ist Semester, Dec. 2007)
N A A A — A A A
Solution. a = aqi+ayj+azk, r=ri+nrnj+nk




Vectors
i ik
SN 5 5 5 =(8r3 8r2 8r3_8r1 +(6r2_8r1)k
Vxr = |2 oy 2 oy~ -62— Sx @-z— fx o
ox oz| )\ )\ )
r rn r3
i Jj k
- 5> >
ax(Vxr) = & @ @
ory_dn _on_on on_on
oy 0z Ox 0z Ox Oy
W or, o ) 4( ory 51’1 Y'A [ 8r2 or Or3 2—‘7
= azax_—azayl a3 50+ || aléy_ a36y +a3
Z
N ) | ]
[ om on o o onls
+|—a; +a —ay +a, |
ox 0z oy 0z |

|_( /\arl /\arz /\ar’;)_‘_( jal’] /\arz A6r3\

— + _ . ___ e
“allax azla +a316xj \ oy + Clz]a a3]6yJ

( AOT AOPy A@rz\ I—( A@rl AOT AM\
+$a1k_+a2k +a1] + a1k 4
)

& - \J /L\ ox
~AOT AOTy ~OT3 A6r1 A6r2 AOr3

e Aa:LQZiE-FaZ]'@)’T-FC% ay%"'kaSlq—-i—ag] +a3k i JJ

£ Lz—+]—+k6 |}a1r1+a2rz+a3r3) ||_a1

—ta, —+ +r j+rk
Pt g 5 as az—ijrl i+ry j+r )
- > - > -
= Via.r)-(aV)r Proved.

1 ( 1) = 0, where k is the unit vector in the direction OZ.
Curl | k

Example 61. If r is the distance_of a point (x, y, z) from the origin, prove that
( » grad 7) + grad Lk.grad ;J

(U.P., I Semester, Winter 2000)

Solution. P=(x-02+G-02+@G@-02=x+y+2
= l:(x2+y2+z2)*”2
)
1 SIS0 oy, AN 2 2N i
rad =V = |iT+j_ +k 4y *t2)
p 1 r kl@x ]6y sz(x %

1 g .
3 O+ + 22 2xi 4 2y + 22k)

= 7(x2+y2+z2)—3/2(xi+yj+zk)
kxgrad L = kx[-2 + + )™ a4 rt A

MEpe i BT e

(kxgrad o . (kxgradl\ y Hles

aull T ECRRENEE)
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Vectors

(v ~8 ~d) Aon
= Lla'i‘.]@‘f‘kazjX[_(x2+y2+12)—3/2 (xj—yi)]
i j k
9 9 9
= a.x a aZ
y —x
( 3\ (x2 + y2 + ZZ )3/2 (x2 + y2 + ZZ )3/2
= (0@ 5, 3y 5 [3 9
| _J_2_2_244.2_l+__ 2 Toasnd It 2 252
\ 2 x +y +z) 1 20 +y +2) g 2(x +y +2)
- (-3/2)(y) 2y 1 In
(xZ +y2 L ZZ )3/2 (xZ + y2 EL ZZ )5/2 4 . 5 3/2J
=3xz A 3yz A (3x2—xz—y2—z2+3y2—x2()£yt1z2-’)'£)
= i =  +
@24 VP +2)P (2 +y2+2)" J (2 +y24 2)R
r, —3xz?—3yz9'+(x2+y2—2z2)?c ’
(xZ + y2 + Z2)5/2 ( )
k.grad 1 = k-G +y* +22)°% ag A, A = =7
xi LI
7o 1) (~ & (Aa y]A(?{()] P4zy? + 2)"?
grad (k.grad ;J il (’. + 4 4
ox "oy o7 02+ 3y + 2"
- ENEON . SSe)
2 (2 4y +22)5/; ) (x22+y2 + )" : :
B . lk
L i
¢ P 2 2 B 2 3 5 22 2 A
= 3xzi+3yzj+(Bz —x -y —z )k _3xzi+3yzj-(x +y =2z )k 0
o2+ 32+ 2)P o2 1y + 2P
Adding (1) and (2), we get
. =y o B )
Curl kkxgrad ;J+ grad \k.grad 7J =0 Proved.
(% —>\ — - o> >

Example 62. Prove that vy 4 |a><r || @-ma  n(a.r)r

Solution. We have,

| r’ rn+2

\
(M.U. 2009, 2005, 2003, 2002; AMIETE, Il Sem. June 2010)

- i j k
axr 1
= —|aq ay a
o= 1 Gy a3
x oy o)y 1 N
1(az— " (@ x— "4 (ay -

B 2

azy)i 3 a12) J o ax)k
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Vectors
i Jj k
(@ P) 0 o o
X - = ox Oy 0z
GhZ—az3y aXx—aj;z apy—d)x
7 7 ’
=?|r8{a1y—a2x\1—afa3x—alzﬂ M olay-ax) o6(az—ay)l
oy ¢ _0 " - jl— .
N 7\ AR I .
& 6\{a3x—a1z 0 mz—azy
o~z 5 I
a n
- L )P0
Now, P+ y + 22 = 2 2% = Q:f
Ox ox r
or y
Similarly, = 2, o _z
6 r( az r 1
5 V>(|(w I~ _/i\ —n -1 al
1

X =]
'
- {_nr*n -1 (l\;} (azx — a12) + ;T(—al)H + two similar terms

g 2 a n » di

= iL—er (@y —apxy)+ (azxz —az )+

,n 7 rn+2 rn |_L|- N .
n B n two similar terms
- A 2ay g a(y +z7)+ (a xy+a xz)  + two similar terms

l|L7 ,/H—Z 1 r,H_z 2 3 |_]

2

Adding and subtracting " ax
n+2 1

to third and from second term, we get
> o r n
$X|axr|_ ?I—Zal_ na; (x* + y* +z%) + (ax* +a xy+a xz)
r - |__ +2 +2 |
7 7" 1 2 3
¥ .

+ two similar terms

/l>|—2a1 - Moy M yax+ary +clsz)—I + two similar terms
7 rn+2 rn+2

A'tZal na, n 1 J+A|_2az _na on 1
= + x(a;x + ayy + asz r "t y(ay y+azz+ ax

oo T o (ax + ayy + a32) +A|—M s n)’(zy 3 1)J_‘

=1

k g
nn — + z(a3z + ax + ayy)
2 A A A n A A A+ Lrn(d)(r!f-d y"—liiz A A4+ A

1 2 ar)(xi yj zk

= (@i+aj+azk)- aji+a, jrtazk B2
2,1_(’11 2 Jtazk) ’,,(1 ) J+aszk)

N N A n N N A
= > (ali+a2j+a3k)+ﬁ(a1x+a2y+a3z)(xi+yj+zk)
2-n- n ---
= at+——.r)r Proved.

Example 63. If f and g are two scalar point functions, prove that
div (f Vg) = f V’g + VfVg. (U.P., I Semester, compartment, Winter 2001)
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Vectors
Solution. We have, Vg = 08" 58A+58A
' J
_ R x O0yy_ .0z
= fVg = fa_g__l__ﬁg L Fo8
k
. X 0
= dvgve = 2T5ae VB 38, 2l )
J a\ ) g /
+

\
FPo+Pg+ g )+ 0f 0gt O of o
Maﬁ%ﬁ%ﬁ'”aﬁaﬁ @){@Ta{aﬁ]

)\
= f|>82 + 2 +622)g+|(6ff+8fj+8fk\].|(8gi~+ 8gj+6glc)
) ) )

Kaﬁ o2 o2 \Q& ody " 0z de_ oy~ 0Oz
= fV?g + VfVg Proved.
- - -
Example 64. For a solenoidol vector F , show that curl curl curl curl F = v4 F.
(M.D.U., Dec. 2009)
- -
Solution. Since vector F is solenoidal, so div F =0 . (1)
- " - -
We know that curl curl f =grad div(F — w2 f) (2
-
Using (1) in (2), grad div F = grad (0) =0 x4(3)
On putting the value of grad div F in (2), we get
- -
curlcurl F =— V2 F @
- -
Now, curl curl curl curl F =curl curl (- V2 F [Using (4)]

—curl curl (V2 F)=-[grad div (V2 P)-Vv? (V? ;)]
—grad(V. 2=>)+ 2( 27)=—grad( 2V.~)+

0+ Vv* ; =VVE . [IYsingYI)]F v A Ve Proved.
F

EXERCISE 5.9

A ¢ A
1. Find the divergence and curl of the vector field V = (x> — y»); + 2%y j + (07 = xy) f.
N A

A
Ans. Divergence = 4x, Curl = 2y —x)i +yj + 4yk
2. If a is constant vector and r is the radius vector, prove that

[Using (2)]
[V.” =0]

a =

o5 - - - - -
i) V(a.r)=a ) div(rxa)=0 (iii) curl(r xa)=-2a
e X A A B> A A A

where r = Xxi +yj+zk and a=ayi+ayj+azk-

3. Prove that:
(@) V.(¢A) = VO.A + ¢(V.A)
(ii) V(A.B) = (A.V)B + (B.V)A + A x (VX B) + Bx (V xA) (R.G.P.V. Bhopal, June 2004)
@fii) V x (A x B) = (B.V)A — B(V.A) — (A.V)B + A(V.B)

N
4. fF=x+y + 1)/} + A] — (x + ¥) k , show that F.curl F = 0.
(R.G.P.V. Bhopal, Feb. 2006, June 2004)

Prove that
- - - - - - - -

\v4 - - - -
5. VX (0F)=(V®) x F+®(V x F) 6. (FxG=G(VxF)-F.(VxG)

- - N > -
7. Evaluate div (AX 7) if curlA = 0. 8. Prove that curl (a x r) = 2a




Vectors

N
9. Finddiv F and curl F where F = grad (x* + y* + 22 — 3xy2). (R.G.P.V. Bhopal Dec. 2003)

- -
Ans. div F =6(x+y+z),curl F =0
N A A A
10. Find out values of @, b, ¢ for which y =& +y+ai +(bx+3y—-2j +Bx+cy+2)k

is irrotational.
Ans.a =3,b=1,c=-1
- A A A
11. Determine the constants a, b, ¢, sothat F' = (x + 2y + az)i + (bx -3y —2)] + (4x + cy + 22)k is

N
irrotational. Hence find the scalar potential ¢ such that F = grad ¢.
(R.G.P.V. Bhopal, Feb. 2005) Ans. a =4, b =2, c=1
X2 3y2 2
Potential ¢ = (7‘7*’ 2"+ 2xy — yz + 4
Choose the correct alternative:

12. The magnitude of the vector drawn in a direction perpendicular to the surface
x> + 2y* + z2 = 7 at the point (1, -1, 2) is

2 3
) 3 (ii) 3 (iii) 3 (iv) 6 (AM.LE.T.E., Summer 2000) Ans. (iv)

BIfu=x>—y +2and V=x TWT 2k then V (uV) 1s equal to

- -
() su ) SIV| Gy Sw=|V] Gy Sw-|V]) AM.LETE, June 2007)
14.A unit normal to x> + y*> + z> = 5 at (0, 1, 2) is equal to
I Ly ]/{\ 1 A~ A A 1 &~ 212 1 (A A ?C)
j [+ j+ i) —=(i+ j— i+ i i—j+
® jg’(l J+k) @D NG (i +j—k) (i) :lg(J ) (iv) Eg' J

(AM.LE.T.E., Dec. 2008)
15. The directional derivative of ¢ = x y z at the point (1, 1, 1) in the direction ¢ is:
1
. 5 1
@ -1 (i) r (i) 1 (iv) — Ans. (iii)
(R.G.P.V. Bhopal, Il Sem., June 2007)

e d A A A -
16.1f r =xi+yj+zk and r= | r| then V¢ (1) is:
- -

— U

@ ¢ e G O Gy YO (43 None of these Ans. (iii)
r r

(R.G.P.V. Bhopal, 1l Semester, Feb. 2006)

A N N
17. If 7 = xi +yj+zk is position vector, then value of V(log r) is (U.P., I Sem, Dec 2008)

K — -
r r
0 - G = (i) —  (iv) none of the above.  Ans. (ii)
2 3
r r r
- A A A — N
18 If r=xi+yj+zk and|r| = r, then div r is:
i) 2 (ii)y 3 (iii) -3 (iv) -2 Ans. (ii)
It (R.G.P.V. Bhopal, Il Semester, Feb. 20006)
- 2%, 2 ,_ 2" thencurl > at point (1, -1, 1) is
. If Vo v i 2yxzj 3yz koo, v N A A A
(i) —(j+2k) @) (i +3k) @@it) (i +2k) (iv)y (i+2j+k)
(R.G.P.V. Bhopal, Il Semester, Feb 2006)

Ans. (iii)

- N -
20. If A issuchthat Vx A =0 then A is called

(i) Irrotational (ii) Solenoidal (iii) Rotational (iv) None of these
(AM.LE.T.E., Dec. 2008)

- -
21. If F is a conservative force field, then the value of curl F' is

(i) 0 (i) 1 @ity VF (iv) -1 (AM.LET.E., June 2007)
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UNIT-S
VECTOR INTEGRATION

LINE INTEGRAL
Let 7 (x, y, ;) be a vector function and a curve AB.

5
Line integral of a vector function  alongthe curve AB is defined as integral of the component

i
of g along the tangent to the curve AB.

-
Component of F along a tangent PT at P
= Dot product of 7 and unit vector along PT
=
T dr | dr

__ ' is a unit vector along tangent PT)
ds Lds

- dr
Line integral = z F -— from A to B along the curve

.. Line integral = J.VF— ds g B
C| dS| I dr

Note (1) Work. If F represents the variable force acting on a particle along arc AB, then the

B2
total work done = I F -dr
A

- -
(2) Circulation. If y represents the velocity of a liquid then ,[ V. dr is called the circulation

of V round the closed curve c.
If the circulation of V round every closed curve is zero then V is said to be irrotational there.

(3) When the path of integration is a closed curve then notation of integration isj in place

of I
' 4
Example 65. If a force f =2x* yi +3xyj displaces a particle in the xy-plane from (0, 0) to
(I, 4) along a curve y = 4 x*. Find the work done.

Solution. Work done = J F.dr [ ~ ]
c { r=xi+yj
d A A

] @ Pyi +3xy ). (i +dy ) | dr=dxi +dy j |

= jc (2 X%y dx +3xy dy)
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Vectors
(y=4x2 \\
Putting the values of y and dy, we get L dy=8x de
- jol.[z)cz 4x) dx + 3x (422)8 x d]

1 [ 104
= 104 [ xtdx=104) —| ==~ Ans.

: 5} s

- - - 27 "

Example 66. Evaluate jc F.dr where F = x i + xyj and C is the boundary of the square in the

plane 7 = 0 and bounded by the linesx = 0,y =0, x =aand y = a.
(Nagpur University, Summer 2001)
-> >

- > -> > -> > -> >

Solution.j F.dr=j F.dr+i F.dr+I F.dr+.[ F.dr
c oA~ " AB~ T Bc'3™ dco” ]

Here y
r=xi+yj, dr=dxi+dyj, F=xi+xyj
- > Y
F.dr = x*dx + xydy (D) B
- o <
On OA,y=0 S F.dr = x*dx
> o a g 1° 3
[ Far=] xzdx=[i_\ BN N ¢ 1
o ] 2 29K
On AB,x=a Sdx=0
(1) becomes
- - »- > X
F.dr = aydy A
RN a |_ ofp| ¢ 3
y a
F.dr _ | aydy=a| ——| =__ .(3)
IAb IO | 2 ! 2
On BC, y=a Sody=0
= (1) becomes S5 o
F.dr =xdx
370 _ 3
-+ dr = _[Oxzdx = x_-ll = i (4)
BC a | Pl 3
- >
On CO,x=0, Lo F.dr=0
(1) becomes
- -
oogedr =0 ..(5)
- —> a3 a3 a3 +0_ a3
On adding (2), (3), (4) and (5), we get _[CF. dr = ?Jr YL - N B3 Ans.
Example 67. A vector field is given by
- . - -
F = Q2y+3)i +x7 +(yz - x) k. Evaluate .[cF‘ dr along the path c is x = 21,
y=t,z=Ffromt=0tot=1. (Nagpur University, Winter 2003)
- >

Solution. Ic F.dr = JC(2y +3)dx +(xz) dy + (yz — x) dz
Since x=2t y=t z:t3—||
dx dy dz 2
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Vectors 1 |
=j Qt+3)Q2dny+ Q) @)dt+ (" =20 (B’ dr) = (4 + 6+ 24+ 3t — 68) dr
r 2 3 6 1 ’ !
_4i+6t+_t5+_t7—_4 =r2t2+6t+215+3t7—3tﬂ
= f |
| 2 s 7 4, 571 2
2 3 3
= 2+6+5 "3 =7.32857. Ans.

Example 68. The acceleration of a particle at time t is given by

a 1800s3tl—8s1n 2tj + 6t k.

- -
If the velocity v and dlsplacement r bezeroatt=0, find v and r at any pointt.

- d r

Solution. Here, ¢ = —5- = 18cos 3ti" —8sin 2t j+6tk.

On integrating, we have \ .
> — dr _~ 18cos3tdr+ j —8sin2tdt+k 6fdt

v

- > = 6sin3ti +4cos2t j+32k+ (1)
v C
At t=0, v = 0

Putting #= 0 and 7 =0in (1) we get
0 :4J+C = c=—4]

A

TR %:6sm3tz +4(cos 2t —1) j + 3Pk

Again integrating, we have

© =i [6sin3tdr+ j [4(cos 2D+ K (3% dt
= r = —2cos3ti +(2sin 2t —46)j+t k+c ..(2)
A
At, =0, r =0
= a
Putting 7= 0 and » = 01in(2), we get
- A > - ~
0 = —2i + C] =3 =
4 . A A
Hence, r =2(~-cos3)i +2(sin2t—20) j+rk Ans.
-

- -
Example 69. If A =(3x% +6y)i —14ygj + 20xz2 k, evaluate the line integral j A.dr from
(0,0,0) to (1, 1, 1) along the curve C.

x=ty=F£z=". (Uttarakhand, I Semester, Dec. 2006)
Solution. We have,

j (s LGB +6))1" — 1432+ 2052k V. [ de+ ' dy + K dz]
c
5 [ B2 +6) dv —14yzdy + 20x7d]
Ifx=t y=1¢ z="7, then points (0, 0, 0) and (1, 1, 1) correspond to t = 0 and ¢ = 1 respectively.

Now, IcAfdj _ I:(l)[ G2 +612)d (1) — 1412 3d (12) + 20t (B)* d ()]

- J”:l[9t2dt — 147 . 2tdt+20¢ .3¢t*dt] _ J"(9t2 —281° +607°) dt
t=0 0




Vectors
1
|F (£ () (tmﬂ
9] — |—28 + 60 =3-4+6=5 Ans.
13T e,
Example 70. Evaluate ” . S=(x+ )i 72x1+2yzk and S is the surface of
A.nds where A
the plane 2x + y + 2z = 6 in the first octant. (Nagpur University, Summer 2000)
Solution. A vector normal to the Furfage “S” i 1s glven %y\
Vx+y+2 = | Y (Qu+y+29)=2"+j+2k
x ¥
\ )
And n" = a unit vector normal to surface S 7
2 i D0 T L - N
= —="1+7 jJ+ k
/4+1+4 3 3 3
(2 - Ay K il
k. n—kt l+_j+_kJ=_ Z_%‘ M
3 3 3 3 3 2 >
(=4
A e
K.n
Where R is the prOJeCtIOH of S. (2. 1. 2 X
~ = 4 —2x] +2yzk 4 + k
Now, 7 =[(r+y 2)i —2xj +2yzk]. |31__3] 3 |
\ )
2 2 4 2 4
=~ (etaf) - Cx+ _yz= 05 +z (1)
3 3 3 3 3
Putting the value of z in (1), we get
& M & (0ntheplane2x+y+22—6\|
2. 2, 4 (6-2x-))] (6-2x—y)
A. = +— =
n 3y 3y—{r2— J L Z 5 J
2 4
B "=_y(y+6—2x—y)=_y(3—x) (2
A.n
dx dy 3 M
J‘J‘ A.nds = .UR o —
Hence, $ k .n| ...(3) <
x
3
Trttmg the value of A n from (2) in (3), we get J'\\@
6-2 x
A.nds= “ )’(3—X) dxdy I J 2y (3 = x) dydx
2 6-2x
_j 2(3- x)[ 1 dx o) L
0 L 21,
f(3 X) (6 —2x)? dx = 4f(3 X dx
F|(3 X T|
Ty | = (0-81)=81 Ans.
L Jo

Example 71. Compute J F. dr where F = ;} P and c is the circle x> +y? = 1 traversed
X +y
counter clockwise.
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Vectors

x+ Jy+kz,dr——zdx+ de+kdz

j?.dr =] E iy + K de)
¢ x4+ y?

j@ [ (s — xdy)
Xty

Parametric equation of the circle are x = cos 0, y = sin 6

Putting x =cos 0, y=sin 0, dx=—sin 0 d 0, dy=cos 6 d 6 in (1), we get

Solution. 7=
N

D[ 2+ =1]

-
-

2
J‘ Fdr = jonsinO(—sinGdG)—cosG(COSGdG)
c

2n 2n
_J-o (sin® 0 + cos’ O)dez—jo do = —(6);7[:— Ans.

284 Moo
Example 72. Show that the vector field F 2x(y i z )l +2x yj+3x z k is conservative.
Find its scalar potential and the work done in moving a particle from (-1, 2, 1) to (2, 3, 4).

(AM.LE.T.E. June 2010, 2009)
Solutign. Here, we have
y- 3 §

2 5 227
F=2x(y +z )i+2x y j+3x z k

- -
Curl F=VxF

7 bi kK
_ 0 0 0
a ox Oy 0z

= (0—0)i — (637" —6x2%) j + (dxy —dxy)k =0
2x( y2 + 13) 2x2y 327
-
Hence, vector field F is irrotational.
To ﬁnd the scalar potential function ¢
Jébdx—i— dy +Q¢dz = (i“@ + “ji‘2 +k@‘2\ | (i“dx+ “idy+ k”dz)

y 6y 07
:(|l.Aa 250 K a\ f b\ _ v 92%) 3

éx — | dr | dr F.dr

\ -/

:[Qx(yz 2+ 227+ 322K | (fdv+ jdy+K do)
= 2)c(y2 + 13)dx s 2x2y dy +3x27%dz

jzx(y P )dx+2x2ydy+3xzzzdz—|JFC

[ @uy*dx + 22 ydy) + @xzldx +3x°Pdz) + € = X + ¥ + C

Hence, the scalar potential is x*y? + x*z° + C
Now, for conservative field

Work done = %3’4)—> 3.4 @34) =4 y +x%7 +c—|(234)

[Foar = [do 121 L

J(—1,2,1)
(-1,2,1) (-1,2,1)
= (36 + 256) — (2 — 1) = 291 Ans.
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Vectors

5
Example 73. A vector field is given by F = (sin y)i + x (1+ cos y) j. Evaluate the line integral

over a circular path x* + y* = a*, z = 0. *(Nagpur University, Winter 2001)
Solution. We have,

- -
Work done =ICF~d’

=j [(sin y)i +x(1+cosy) jl.ldxi +dyjl (+ z=0hence dz=0)

- -

I Fodr _J. sin ydx+ x (1+cos y)dy = Ic(sinydx+xcosydy+xdy)

=J.Cd (x sin y)+_[cxdy

(where d is differential operator).
The parametric equations of given path
x*+y*=a*are x=a cos 0,y = asin 0,

Where 0 varies form O to 27
- >

I T _j d [ a cos 0 sin (a sin 0)] +I acosB.acos0dO

:J' " d [a cos O sin (a sin 0)] + .[ a*>cos20.d 0
0 0

= [a cos B sin (a sin 0)] §* + 2“a2 cos’ 0d 6

2n(1+cos26\ a2|_ sin 20 2r
=0+a _[0 —  |dd=—|6+
7 2 T |,
az )
:7.2TC=TCCI Ans.

Example 74. Determine whether the line integral
I (2xy 22) dx + (x*2% + zcos yz) dy + (2x°yz + y cos yz) dz is independent of the path of

(

integration ? If so, then evaluate it from (I, 0, 1) to |0 & 1\|

Solution. I -(2 xy 72) dx + (x*72 + z cos yz) dy + 2x*yz + y cos yz) dz

= L[(ny )+ (P2 + 2008 yz) j+ (232 + ycos yz) k .G dx + jdy + k dz)

L
= ICF'dr
This integral is independent of path of integration if
g PV 2 Vx =0
F F
11 Aj kK
V x ; = 0 0 0
ox oy 0z
2xx\£ X2 +zcosyz 2x°yz+ycosy
= (2x°z+ cOS yz —yz sin yZ — 2x’7—cos yz + yzsin yz) = i — (4xyz = 4x yz) i+ (x? —2x2) k.

=0
Hence, the line 1néegral is independent of path.

do= _dx+ " dy+ " dz (Total differentiation)
ox oy 0z
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(.@b - 00 @q e
[ + +k S de+ + kdy) cdr= >
ox Jay 0z * = Vo-dr F-dr

= [Quy2) i + (22 +zc0s y2) j+22yz+ycos y2) k 1. (dx + jdy + k dz)
= 2xyz? dx + (x*z> + z cos y z) dy + (2x*yz + y cos yz) dz

= [(2x dx) y2* + x* (dy) 2 + ¥’y (22 dz)] + [(cos yz dy) z + (cos yz dz) Y]

=d (x*yz%?) + d (sin yz)

¢ = jd 2yz?) + J-d (sin yz) = x*yz* +sin yz
[6]° =0 B - ¢ @A)

T
= [X*yz2 +sin yz] = —[yz® +sin yz].o0 =|—0+ sin (1) —[0+0]

" - I 2
E le 75. Evaluat jj ¢ =18z —127j+3yk and S is the part f‘ﬁzs'
xample . valuatie =lozl — an [A) e part o e
E SX.ndS,whereA ¢ g “

plane 2x + 3y + 6z = 12included in the firstoctant.  (Uttarakhand, I semester, Dec. 2006)
Solution. Here, A = 18zi —12j +3yk
Given surface f(x, y,z) = 2x + 3y -56z -1 \

(~0 47 7 +k ° | @x+3y+62-12)

Normal vector = V f = |l% a oz =2i+3j+6k

\ )

n” = unit normal vector at any,point (x, y, z) of 2x + 3y + 6z = 12

s A

S 23740k _1 38 3568
J4+9+36 7
nk oii3ie6k) .k O
- - . ¥ W
Now, [[ = = [Jasi =127+ = "43746k) " drdy
6
A.ndS .
3)’;;6)6-17 & = ”(61 — 6+ 3y) dxdy
. = [[367 =36 +18y) <
Putting the vglue of*6z = 12 — 2x — 3y, wefget v
6 7(1272x) A
=j0j03 (12 - 2x — 3y — 6 + 3y) dxdy B
1
6  (12-2%)
=[5 (6 — 2x) dxdy S
0Jo 1 ?\\7
% (12— 2x) £)
= [, 6-2m)ax g dy
- _(12-29) X
=J' (6 - 2x) dx (y)? =) >
0 0
16
- J‘6(6—2x)l(12—2x)dx = =[P 365 +72) dx
3 0
1?4)c3 —|6 7
= | 182 +72x| = [4x36x2-18x36+72x6] = '~ [4-9+6]=24 Ans.

1
313 o 3 3




SURFACE INTEGRAL

Vectors

EXERCISE 5.10
Find the work done by a force yiA + xkj which displaces a particle from origin to a point @+ Aj). Ans. 1
2. Find the work done when a force F = ()c2 - y2 +x)i —(2xy+7y)j moves a particle from origin 50

(1, 1) along a parabola y? = x. Ans. _

- R R N
3. Show that y=(2xy + D) i+ Jj+ 3xz2 ks a conservative field. Find its scalar potential ¢ such that
- -
V' = grad ¢. Find the work done by the force V in moving a particle from (1, — 2, 1) to (3, 1, 4).
Ans. X%y + xz°, 202
4. Show that the line integral J' Qxy+3)dx+ (x> —4z)dy —4y dz
c

where ¢ is any path joining (0, 0, 0) to (1, — 1, 3) does not depend on the path ¢ and evaluate the line
integral. Ans. 14

5. Find the work done in moving a particle once round the ellipse x y2 1, z =0, under the field of

25 16
force given by F= (2x—y + z) i+ y—28) 7 +Bx—2y+4z) k. Is the field of force conservative?

6. P 3 % . (AM.ILETE., WinterZ,ZOOO) 2Ans.2403rr

If v :g; —2xyz) i +(3+2xy—x2z) j+(z3—3x2yz2) k, find ¢. Ans. 3y + :+xy -xyz
K

lR .dR s independent of the path joining any two point if it is. (AM.LE.T.E., June 2010)
Ans. (i)

N

(i) irrotational field (ii) solenoidal field  (iii) rotational field  (iv) vector field.

A surface r = f(u, v) is called smooth if f (1, v) posses continous
first order partial derivative.

Let g be a vector function and S be the given surface.
g .
Surface integral of a vector function F over the surface S is defined

=
as the integral of the components of F along the normal to the
surface.

A
Component of F along the normal

N
= F .n", where n is the unit normal vector to an element ds and
. gradf o o dxdy
"7 |grad f | " LGB
Surface integral of F over S
- -
=Y F-n’ e HS(F-ﬁ)ds
Note. (1) Flux = I J' L where, F—represents the velocity of a liquid.

(F-n)ds
N
A —
If ” ((F-n)ds =0, then F is said to be a solenoidal vector point function.
R - e’ d
Example 76. Evaluate H ¢ (vzi + 2 + xyk)- S \vhere S is the surface of the sphere

x> +y? + 722 = d® in the first octant. (U.P., I Semester, Dec. 2004)
Solution. Here, ¢ = x> + y> + 7> — a*
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~00 A 0 ~ 0
Vector normal to the surface = V¢ =1 (iJr J_¢+k ¢
ox 8y 0z
—([ £‘+J§y+k éfj(x +yY+2-add) =20 +2y]+21k
o v¢ i 42y 2k A Yk
|V¢| \/4x + 4y? + 472 \/x2+yz+z2
Ja+yj+dc
S —— T [- P+ )y + P =d]
a
=
Here, y F =y +Zc1(+xyk ‘]+Zk\ 3xyz
Fyea(yzi T zx T+ %y )| "
F-n"ds > . dxdy “ [Z2_2
= 3xyza’xa’y
Now, J.J.s =J‘J‘ (F-n) — =I J 7
Y |k.a| <070 ]
a)
=3J‘ ‘[ (2\[2_2

OVaz‘xzxydydx=3fgx sz dx

3 (@22 4y 3 (& 4\ 3

3 a

_j x (@ —x*)dx=_ X | ST N s

20 ANy, 7 7 s
=3 3 X 0

Example 77. Show that [[ F-nds=7. where F = 4.xci 7 +y2 &

and S is the surface of the cube bounded by the planes,
x=0,x=1,y=0y=12z=0z=1

S.No.| Surface | Outward| ds
- -
A X 1
Solution. || F-nds = F-nds L
HS ” B C 1 |OABC| -k |dxdy|z=0
+[f Fads+[[  Fnds 2 | DEFG k| dedy | z=1
DR OAGE 3 | OAGF| —j |dxdz|y=0
+ﬂ F’.ﬁdHH R 4 | BCED j dedz | y=1
BCED ABDG 5 | ABDG i dydz | x=1
I Buwas (D) 6 | OCEF| -i [dyvdz|x=0
OCEF
- 2 ~ 11
Now, Jouse F-rds= [, 4xd =y J+yek) Ry dedy =] [ ~yededy=0asz=0)
ﬂ @axzi' =y j+ yzk )k dxdy z
DEFG
11 F E
=P‘DEFGyzdxdyzjojoy(l)dxdy G y
= 2 |l
qd PA} :[x]?é:i i o
X X/A B

0
” (4xzi =y j+ yzk)-(—j)dxdz = ” ¥ dx dz =0 (as y = 0)
OAGF OAGF
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'”BCED(4XZiA_y2,:j+ kaA)' Aj dxdz = J-J-BCED (_ yz) dx dz

_ _ ! S TR LS B (asy=1)
= J’dej’odz— (x)o(z)o— 1

11
[l i’ =32+ szé).f(dyZd\zl =l 4x(zld\y de=[ [ 4Wzadyd
Z

=405 =4[ 3)=2
0

[l pepr @i’ =i+ 32k) i) dy dz = [ [ '~ 4z dy dz=0 (as x = 0)

On putting these values in (1), we get

8 1 3
”SF-n ds =0+_+0-1+2+0 = _ Proved.

2 2

EXERCISE 5.11
~ - A " A
4 2

Evaluate 4 A.nds, where A = (x+y )i—2xj+2yzk and S is the surface of the plane
2x + y + 2z = 6 in the first octant. Ans. 81

) — N A A
Evaluate ”S A.n"ds, where A = zi +x —3yzzk and S is the surface of the cylinder x2 + y2 =16

included in the first octant between z = 0 and z = 5. Ans. 90
A 2N o - on A
i—t"j+@-1k J'Zj%

L= and S = 2ti + 6tk, evaluate n r’ S dt. Ans. 12

a4 - e S ~
BT J'J'S F-n" dS, where, F =18zi —12 j+3yk and S is the surface of the plane 2x + 3y + 6z = 12

in the first octant. Ans. 24

= A " A
Evaluate ”S F-n"ds, where, F = 2yxi —yzj+x2k over the surface S of the cube bounded by the

1 4
coordinate planes and planes x = a, y = a and z = a. Ans. Ea
- Yy 2
If F=2yi-3j+ x%k and S is the surface of the parabolic cylinder y2 = 8x in the first octant bounded
-
by the planes y = 4, and z = 6, then evaluate _US F-n" ds. Ans. 132

VOLUME INTEGRAL
-

Let F be a vector point function and volume V enclosed by a closed surface.

The volume integral = [[[ F av

g UL

Example 78.If F =2zi —x +yk, evaluate v F dv where, v is the region bounded by

—

the surfaces
x=0,y=0 x=2, y=4, z=x%, z=2.

Solution. [[[ Fa = [[] @zi" = xj+ yk) dr dy dz

2 'A_ o) N N A
= Zdx tdy @zl —xj+yk)dz = J-zde-4dy[zzi —xz j+ yzk 1
Io Io x2 0 0 2

X

2 4 ~ ~ ~ n A ~
=j0dxj Ay 4 =20 + 20k =+ = k]
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2 [ » 2 4 3 14
=Idx dyi =2xyj+yk—x yi+xyj— k|
0 2 _]
0
- j(f (161 — 8+ 16K — 4x% + 43 j— 82K ) dx
2
A A 3 A
= (16xz‘—4x2j+16xk‘—£i +x2 -8 |
L 5 316
fon ayp 1284 64 2L Rk R ar
=321-16 j+32k-"" l+16]— T + == =" 3i +5k)
5 3 5 3 5 Ans.
EXERCISE 5.12

- . -
. IfF = -3 —2xy j—4xk, then evaluate IIIVV F dV, where V is bounded by the plane

x=0,y=0,z=0and 2x + 2y + z = 4. Ans.fi
3

2. Evaluate _[_UV(I)dV’ where ¢ = 45 x%y and V is the closed region bounded by the planes
4x+2y+z=8 x=0,y=0,z=0 Ans. 128

- n n " d
3. IfF =@2x*-3z) i —2xy j—4xk, then evaluate _U_[V Vx F dV, where V is the closed region bounded

S o
by the planes x =0, y =0, z=0 and 2x + 2y + z = 4. Ans. éj—k)

4. Evaluate J.Uv (2x + y)dV, where V is closed region bounded by the cylinder z = 4 — x* and the planes

80
x=0,y=0,y=2and z=0. Ans.
3

= .. 3
5. If F =2xzi—x+ yzk, evaluate J'”;dv over the region bounded by the surfaces x = 0, y = 0,

y=6andz = z = 4. Ans. (16 —3j +48k)
GREEN’S THEOREM (For a plane)
Statement. If ¢ (x, y), v (x, y), J‘Q and N pe continuous functions over a region R bounded
ox

by simple closed curve C i én xX—y g ane, then
I (9dx TN ” { v | dxdy (AMIETE, June 2010, U.P., I Semester, Dec. 2007)

Proof. Let the curve C be divided 1nto two curves C; (ABC) and C; (CDA).
Let the equation of the curve C; (ABC) be y = y; (x) and equation of the curve C, (CDA) be

y =y (x).
Let usﬁeeat ed\;ailuei)fj. “’y Vo (%) 5(1) —| c y=y (®
R 5 Yy y=y —dyﬁdx = Ia[a¢ (, Y)] L @
[6lo ) @yl = %@y T “hy) ar
2 1

af : ]
ol ¢(x,y)dX+ ‘9 (x,y)dx
L‘[C 2 Ia 1 _|J
= —Dczwx, ot [ $CID =2 g y) dx




Vectors
Jalo}
Thus, bdx = — dx dy (1
'[C .UR ay (n
Similarly, it can be shown that
0
L‘de = H—\u dx dy (2)
On adding (1) and (2) we g
_[ (pdx+ydy) = J‘J‘ ?ta _ 0% \| dx dy Proved.
R\ &% éy-)
Note. Green’s Theorem in vector form
JFdr _” (V. x F)-k dR
where, "~ " is a unit vector along z-axis and dR = dx dy.
F=¢i+vy jr=xi+y,k > N .
-
Example 79. A vector field F is given by F =sin yi + x (1 +cos y) j.
Evaluate the line integral ‘[ F dr where C is the circular path given by x> + y* = a°.
Solution.
F =sin yi + x(1+cos y)j
- >
ICF-dr = J.C[sin yi + x (1+cos y) J]-(idx + jdy) = J.Csin ydx+ x (1+cos y)dy
On applying Green’s Theorem, we have AY

[ @drwan =[] (aw_aﬂdxdy

st B oy
Gl // \
= J.J.,[(lJFCOS y) —cos y]dx dy 5 Z -+ X
where s is the circular plane surface of radius a. \\ /]

= 'Us dx dy = Area of circle = T a®. Ans. &

Example 80. Using Green’s Theorem, evaluate L(xz ydx + X dy), where c is the boundary

described counter clockwise of the triangle with vertices (0, 0), (I, 0), (I, I).

(U.P., I Semester, Winter 2003)
Solution. By Green’s Theorem, we have

N4
[[@dreyay [ 6w_6¢\dxdy i
b
Y
J x2y dx+x2xdy): ” 2x — x?) dx dy
= Qx-x)dx dy = 2x— x2) dx [y X

0 0 0

_I(2x—x)(x)dx_.[(2x2_x)d£00/[2 1(1)

: !

(W5 Ans.

L3 4JE

Example 81. State and verify Green's Theorem in the plane for J (Bx% —8y2) dx + (4y — 6xy)
dy where C is the boundary of the region bounded by x > 0, y <0 and 2x — 3y = 6.
(Uttarakhand, I Semester, Dec. 2006)
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Solution. Statement: See Article 24.4 on page 576.

Here the closed curve C consists of straight lines OB, BA and AO, where coordinates of A and
B are (3, 0) and (0, — 2) respectively. Let R be the region bounded by C.

Then by Green’s Theorem in plane, we have

[1(3x> ~8y%) dx + (4y - 6xy) dy]

_ 9 1
= ”R[g% (4y - 6x) =y (x” —8y2)J dx dy (D)

=ij(— 6y +16y)dxdy:ij10y dxdy

2 10 5 3
=10 d [/ ydyleFdx[y_] = " [Tax @ -6
0 §(2x76) 0 |_2_]1 970
3(2)(—6)
3
a 5
> _f[@x 6) ] =—i(0+6)3 = -2 @Qe=-20 (2
9| 3x2 |, 54 54

Now we evaluate L.H.S. of (1) along OB, BA and AO.
Along OB, x =0, dx = 0 and y varies form 0 to —2.

Along BA, x = 12 (6+3y), dx = % dy and y varies from —2 to 0.
and along AO, y = 0, dy = 0 and x varies from 3 to 0.
LHS. of (1) = [[(3x* - 8y%) dr + (4y - 6x) dy]
e J-OB[(?))CZ —8y*) dx + (4y — 6xy) dy] + IBA [(3x>— 8y?) dx + (4x — 6xy) dy ]

+I [(Bx*—8y%) dx + (4y —6xy) dy ]
A0

03x% dx
3

3
2| L +[4y =3 (6+3y) yldy + |
1@+MW

0 2L§ | 3
2[4]+_[0 2( +3y)? —21y? 714y—|dy+(0727)

2! 8 0

[9 (6 +3y) 1 [216
_ 84—y Uy | —2I=-19+| —+TE2HT (-2)
= [8 3x3 ( yJiz |78 ]
=—19+27-56+28=-20 ..(3)
With the help of (2) and (3), we find that (1) is true and so Green’s Theorem is verified.

-2 0,3
=] IO 4ydy+_l.,2|[4.(_6+3y)2 78y

of

=[2y*]7% + g (6 +3y)> —12y* + 4y —18y — 9y?

Example 82. Apply Green’s Theorem to evaluate I i [(2x* — ¥*) dx + (2 + ¥?) dy], where C

is the boundary of the area enclosed by the x-axis and the upper half of circle X* + y* = a*

(M.D.U. Dec. 2009, U.P., I Sem., Dec. 2004)
Solution. IC[(ZXZ =) dx + (x* + y?) dy]

By Green’s Theorem, we’ve J((I) dx +y dy) = “’ r%-‘l)% _ S%de dy

C S
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=J._ZJ.0\/E?TXZ[_6 2 2 0 2 2_]

La_(x -, e T
a 2_2
- j_aj U x4 2y)drdy = 2 ax ], (x+y)dy
22 “
> [a y2) o[ - @ - 2%
J._adexy+ 2)|0 J._akx\/az x? +FTJ dx

J' f(x)dx=2j"’f(x)dx,fiseven—|
- 0

a a 0) 0) ‘
= Zj_axw/az —x2 dx+j_a(a —x )dx =0, fisodd J

L
( 3
=0+2]a(a2—x2)dx= P) azx—)_C\ —2( aaw 4a’ Ans.
: Ay ™
Example 83. Evaluate ~ — dx + dy, where C=C U C withC :x24 2= |
IC x2+y2 x2+y2 1 2 1
and Cy: x=%2,y==%2. (Gujarat, I Semester, Jan 2009)
Solution. J' — dx +—= dy v
x* +y X+ y A y=2
| AN ded y
Eov iyt é—yx—+—y— Yy {@2=1
Y
i F(x +y -2 () @+ )1 -2y ()] X < o — %X
== as +y2)2 + (;»2 _ry2)2 |dxdy Xx=—2 \\/, H.X=2
J_J.|x2+y22x2+x2+y22y2-‘dxdy - =
= — oy — iy R— v
2 P — i . dxdy =0
e w LR g ]
= |_ WJ = Z)_cz+_y272_ ns.
AREA OF THE PLANE REGION BY GREEN’S THEOREM
Proof. We know that
J~de+Ndy—H (oN oMY 4, (1)
Aé-@— —é—y—
C
On putting N=x |( —1| = |(6 ¥ :1\| in (1), we get
& B i » )

L[fydx-'rxdy = [ n-cDrdxdy = 2 [[avay =24

1
Area= — J'(xdy — ydx)
2
Example 84. Using Green’s theorem, find the area of the region in the first quadrant bounded

by the curves

1

_ _ _ X
y=x,y= 7 y=_ (U.P. I, Semester, Dec. 2008)

4
Solution. By Green’s Theorem Area A of the region bounded by a closed curve C is given by
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1 Y
A= 2fc(xdy—de)
: X 1 \"\\
Here, C consists of the curves C1 ty= C2: y= _ o\
4 x
an —)C So ,,/'\*
[, adfCsiy 121y s +1)1 ¥ .
- A C A2~
] J ZL-[Cl J Jc; Uz N < ’
C3 C
Along C:y= Z,d;—dx,x:o to\Z y=§
=Ic(xdy—ydx)=ICL ) A de=0 )
1 1 4 4 00 =
Along C :y= i,dy=— \ dx, x:2 tol
b & 'S INalyY .
I =J- (xdy — ydx) = X — dx—  dx = [-2log x]' =2log 2
c

' a7 24 2

3= j@(xdy—ydx)zj(xdx—xdx):O
A= (I +I +1)= (0+2log2+ 0)=1log2 Ans.
PO 2 3 -
2 %
EXERCISE 5.13

1. Evaluate I [(3x2 = 6y72) dx + (2y + 3xz) dy + (1 — 4xyz?) dz] from (0, 0, 0) to (1, 1, 1) along the path ¢
C

given by the straight line from (0, 0, 0) to (0, 0, 1) then to (0, 1, 1) and then to (1, 1, 1).
2 3
oA Verify Green’s Theorem in plane for Jc(xz + 2xy) dx + (" + X°¥) &Y, where ¢ is a square with the
1
vertices P (0, 0), Q (1, 0), R (1, 1) and S (O, 1). Ans. — _
2

2 2
3. Verify Green’s Theorem for I (x"=2xy)dx+(x"y +3) dy around the boundary c¢ of the region
c
y?2=8 xand x = 2.

4. Use Green’s Theorem in a plane to evaluate the integral J. [(2x2 i yz) dx + (x2 it yz) dy],
c

where c is the boundary in the xy-plane of the area enclosed by the x-axis and the semi-circle x* + y* =1

4
in the upper half xy-plane. Ans. 3
5. Apply Green’s Theoem to evaluate IC[(Y —sinx) dy +cos x dyl, where c is the plane triangle enclosed
3% 2
b1 - n+8
5 o - — and YT — Ans. —
by the linesy = 0, x ) - i

6. Either directly or by Green’s Therorem, evaluate the line integral I € " (cos y dx —sin y dy),

where c is the rectangle with vertices (0, 0), (w, 0,), ( Tf\ 717\ Ans.2 (1 -¢ ™

[\ Jand [\0 J
(AMIETE II Sem June 2010)
. erify the Green’s Theorem to evaluate the line integra > where c 1s the boundary
7 Verify the Green’s Th 1 he line i 1| @y dx+3xdy), wh is the bound
c

of the closed region bounded by y = x and y = x%

27
(U.P., I Semester, Dec. 20005, AMIETE Summer 2004, Winter 2001) Ans. 47
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- g Ao ~ . .
8. Evaluate ” F .fhds, where F=xyi —x” j+(x+2) k and s is the region of the plane 2x + 2y + z= 6
N
27
in the first octant. (A.M.LE.T.E., Summer 2004, Winter 2001) Ans. —4

2 2
9. Verify Green’s Theorem for J.C ,:(Xer y)dx+x dy—|J where C is the boundary by y = x and y = X2

(AMIETE, June 2010)
STOKE’S THEOREM (Relation between Line Integral and Surface Integral)

(Uttarakhand, I Sem. 2008, U.P., Ist Semester, Dec. 2000)

Statement. Surface integral of the component of curl F along the normal to the surface S,

taken over the surface S bounded by curve C'is equal to the line integral of the vector point function
-

F taken along the closed curve C.
Mathematically

Y
J‘ F od7= ‘H‘Scurl F-nds

where 7=cos oLi +cosP J + cosyk is a unit

external normal to any surface ds,

Proof. Let 2 = +yjtk

d7 =i dv+ jdy+k dz
F=Fi+Fj+Fk

- -
On putting the values of F, d r in the statement of the theorem

jwn+5]+ k)ag+]@+ka)
(.0 +j +k 4 A ~ 3
_,”SKT ol ar|><(Flz+Fzj+F3k).(cosoci+cosBj+cosyk)ds

“ﬂa+§@+aa)Jwagah) oF %ﬂm oF, oF ) -

07 0z  Ox B 5 |k |.
Kal ~ k d
[((oF; %ﬂ (oFr_oF:) (WE%WT25$$+mes
= ” L ) o+ kaz_ 6x cos B“‘k o m
ox ) ]
Let us first prove f (o F, . 4 % e
IFW_HH& o H -(2)

Let the equation of the surface S be z = g (x, y). The projection of the surface on x — y plane
is region R.

[ Ry 9dc= | Flxy g yldr

- ” 3 Fi(x,y, g)dxdy [By Green’s Theorem]
_J]R?8F34_6F16g)dkdy -3
A
The direction consines of the normal to the surface z = g(x, y) are given by
cosa  cosP cosy
- -0 1
ox oy
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And dx dy = projection of ds on the xy-plane = ds cos y
Puttf%{he value%pf ds in R H.S. of (2)

”S afzcosﬁ—a*yCOSY ds J’J’ (aF'csﬁ %}—;' cos y ébésd
\
10) 0

I e - R

_ _” (8F1 aF1 ag d dy @
From (3) and (4), we gj; ( oF, oF, )

v cos B— cos Y |ds ...(5)
.”s 8Z Jy

Slmllarly, j F2 = J.J. | COS i _I;%COS (03 |dS (6)
and J‘ Fd; = ”-S 3 cos o — % cos Bst (7

On adding (5), (6) and (7), we get (6F1 oF, oF, oF,
(Fdx+F dy+ F dz) —cosPf— —cosy+—=cosy— —— cosa

AL 2 3 =J.J.SL8Z Oy o Ox . 81\
+ =3 cos o — icosB ds

oy ox
ANOTHER METHOD OF PROVING STOKE’S THEOREM
The circulation of vector F around a closed curve C is equal to the flux of
the curve of the vector through the surface S bounded by the curve C.

J-cEdr _JI curands ” curl;d; C

Proof : The projection of any curved surface over xy-plane can be treated as kernal of the
surface integral over agtual surfac
Now, [[ vx -1 & (

Proved.

: [kﬁziAxAj]
F)de ]?dxdy 5

S,
[(V- _
= [, i)(F'j)—(V-j)(F~i)]dxdy =HSL67 , 1%;(Fx)dey
= .U [Fy dx+ F, dy][By Green’s theorem]

= [l Pt TRYG dx+ dy) = [ Fldr
- - :

U curlF nds = '[F dr.

- P ~ A
where, > = F i +F j+ =dxi +dy j+dzk
F x y F, k and dr

Example 85. Evaluate by Strokes theorem J' (vz dx + zx dy + xy dz) where C is the curve
C

Xy =1z=). (M.D.U., Dec 2009)

Solution. Here we have [ Yzdx+zxdy+xydz

= [l + 2+ ok ). dx + dy + k)
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SR
= I F.dx Cul# =0 0o 0
Oox 0Oy 0z
yz o oxy
= | curl Fm as =@-0i+@G-y J+Ge-k
=0 =0 Ans.

Example 86. Using Stoke’s theorem or otherwise, evaluate
J"[(Zx — y)dx — yzZ’dy — y*z dz]

where c is the circle x> + y* = 1, corresponding to the surface of sphere of unit radius.
(U.P., I Semester, Winter 2001)

Solution. L[(ZX — ) dx = y2’dy — ¥’z dz]
= [d@x—y) @~ y2 -y K} dx+ Gdy + K do)

-
By Stoke’s theorem Ip ™ ”SCurl F-n ds (D

- -
Curl F =VxF

ox
2x—y - ¥y -yz
~2yz+2y)i —(0-0)j+0O0+1)k =k

%
Putting the value of curl F in (1), we get

[ 3 & d)ﬂ

”dx dy = Area of the circle = (ko

—Hknds Hkn ! !

Example 87. Evaluate .[c F .d r, where F (x, y,2)=— yi +xj+ 2k and C is the curve of

intersection of the plane y + z = 2 and the cylinder x> + y*> = 1. (Gujarat, I sem. Jan. 2009)

Solution. j P cudBonds = ” curl (= y2{ + x j+ 22 k) rids (1)
c s s
F(x,y,2) = —Yi +x j+ 7 K (By Stoke’s Theorem)
;O
N 0 0 5
L R B
2 x 2
=i 0-0)— jO-0)+k(1+2y)=(1+2y)k
4
Normal vector = V F 5 P
(20 +7 (+2-2)=Tj+k
= lox @—y é—z—
(' )
. G+k
Unit normal vector n” = —=
-“I
dx d
ds = Ay

n.k X2 +y2=1
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5
On putting the values of curl F,n" and dsin (1), we get

J' F dr _J'J' (1+20)K . G4k dedy

w'2 (ﬁ-k\f
2
1+2y dxdy
—” J.‘[(1+2y)dxdy J- J-(1+2rsm6)rd9dr
=jznjl(r+;rzzsin6)d91dr 1
S Tl A T B O .
=J.0 d6|L7+Tsin9J| =IO L§+§sinOJd9
0
X

[0 2 2 2 2)
— |———cos O =sln——-0+=-| == Ans.
LZ 3 ]0 ( 3 3J
Example 88. Apply Stoke’s Theorem to find the value of
[ Gdx+zdy+xd)
where c is the curve of intersection of X* + y* + z° = &’ and x + z = a. (Nagpur, Summer 2001)
Solution. J.c(y dx+ z dy + x dz)
= [ Oof+g+ xk)-@ dx+ Jdy +k dz) = j Of + 2j +xk )-dr
c c
= ”s curl (yi' + Zj+ xk)-1i ds (By Stoke’s Theorem)
0 ~ 0 ~0 Ao B - o,
= .”s(f axt J ey tk @z-,}(yl tzj+xk)n ds = .”s—(i + j+k)-nds (1)

where S is the circle formed by the mtersectéo? of*+y’+2=a*and x + z= a.
( 0 A6+k |(x+z—a) R

Vo C?T*J—a ) i +k
n = = =

Vol |V ¢l Vi+1 7
o LK =

- L
2 2
Putting the vlaue of 7, 1nﬂ(1),ﬂwfe lave £ )
ﬂ —l+]+k)| + |ds
TZ v.J r )

J.J.s L—Fl S Use:r2=R2—172ZCIZ—ilz—:iz—||
& A( : |

ma J

I s = i ns.
—s\."_'z”Sd Fl \\J J —2 A

Example 89. Directly or by Stoke’s Theorem, evaluate ” el =1 V+ 2+ kAx, S is
curl v nds, v

the surface of the paraboloid z = 1 —x* —y?, 72 > O and n" is the unit vector normal to s.
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ik
6 & o| . o~ -
Solution. Vx = |7 T T=-i-J-k
v ox 0Oy 0z
y z x
Obviously w=k.
Therefore (Vx pyri= (i —j—k)rk=-1
Hence “(Vx v)-n'ds = J‘S[(—l)dxdy = —”dxdy
] ]
=—n(1)’=-m (Area of circle = 7t 7*) Ans.

> - o R ~
Example 90. Use Stoke s Theorem to evaluate v -dr, Where V=yi +xyj+xzk, andc

is the bounding curve of the hemisphere x2 +y? + 22 = 9, z > 0, oriented in the positive
direction.
Solution. By Stoke’s theorem

[V dr = [ teurl V). g [ (7 x ) ds
i” S

J
L |9 8 8]|=0-0i-c-0)+(y-2yk
Vxv =15 0y 02| —— ik
zj-yk

yooxy Xz .
(.0 +f +k—)x2+ 2+ 72-9
Vo I8 Tay O+ y )
n”: :\
Vol ( Vo]
28425423 i yjedk _dnylied
\/47)62+4y2+4z2 \[;2+y2+22 3
(Vx , °~ ~ o~ xit+yj+tk —yz-yz -2yz
v)-n= (- j — k' = =
) (-3 y)ﬁ —% : 3
nAkAdgzdxdyjmkAd,x:dxdyjidS :dxdy
g 3
3
ds= _dxdy
z

Ijs(vx ;);Lds

H(%K)dey) = —££2ydxdy3

~[[2rsin6rdodr==2 fosinedefor2 dr

—2(—cos6)2”~||—i—'3=72(71+1)9:0 Ans.
o [3],

-

Example 91. Evaluate the surface integral ”s curl F.ndS by transforming it into a line

integral, S being that part of the surface of the paraboloid 7z = 1 — x> — y* for which

N
;>0and F=yi+zj+xk- (K. University, Dec. 2008)
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i :
. o d o .~ g
Solution. - o _ =—i—-j—k
VxF ox Oy 0z
y z X
Obviously w=k.
- A A A A
Therefore (VxFyn = (i—j—k).k=-1
-
Hence  JJ(V<F)n'ds _ [[-Davdy = - [[avay
N S S
=—n()’=-m (Areaof circle= n %) Ans.
- > - 2% 2

Example 92. Evaluate J' Fedr by Stoke’s Theorem, where F =y i +x j—(x+2)k and

C is the boundary of triaiggle with vertices at (0, 0, 0), (1, 0, 0) and (I, 1, 0).
. e (U.P., I Semester, Winter 2000)
Solution. We have, curl = Vx

F F
i A] kA
=| 0 i i =0.i+2@-yk.
0x Oy 0z
¥ X2 —(x+2)

We observe that z co-ordinate of each vertex of the triangle is zero.  (1,0,0)  (1.1,0)
Therefore, the triangle lies in the xy-plane.
I’lA = k’\

A N ~ A

=
curl Fn=[j+2x—-yk].k=2x-y).

In the figure, only xy-plane is considered.

The equation of the line OB is y = x

By Stoke’s theorem, we have

5
- >
[ra _[f o Fn)ds
b
E 2C) RS T, -
| a

T J.x—O-[:—O J.Ory_é-

o
il 2] i 1 [2T 1
=2 - |dx = —dx = 2 dx SHIE—
_L|_|x 2J _2‘[02 dx _[Ox X L3JO 3 Ans.
Example 93. Evaluate > by Stoke’s Theorem, where = gl 3 " and C
Fedr ’ F=( +y)i=2xyj

is the boundary of the rectangle x =+ a, y = 0 and y = b. (U.P., I Semester, Winter 2002)
Solution. Since the z co-ordinate of each vertex of the given rectangle is zero, hence the given
rectangle must lie in the xy-plane.

Here, the co-ordinates of A, B, C and D are (a, 0), (a, b), (— a, b) and (— a, 0) respectively.

N ~ ~

i j k

Curl F =

=—4yk
ox oy 0z Y

X2+y -2xy 0
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Here, n" = kA, so by Stoke’s theorem, we’ve
- > —
jCF.dr = [[ col Fonds
R R a b
=[[{cayi)-rdxdy = -4 [ [ yacdy
x=—ay=0
a[_yz —lb §
=— b d = —2b2 = — 2 A .
) :

Example 94. Apply Stoke s Theorem to calculate j-c4 yde+2zdy+6ydz

where c is the curve of intersection of x> + Y + 22 =6 zand 7 = x + 3.
- -
Solution. j F.dr=jc4de+2zdy+6ydz
A

= [ @y +25)+6 k) Cde+ dy+ Kao)

P= 4yf+2{j+6yl€

o |=6- 2)1—(0 0)j+(0- 4)k
0z |=4i -4
4y 22 6y

S is the surface of the circle x> + y?> + 22 = 67, z =x + 3 " is normal to the planex —z+3 =0

0 0 X -z+3 A
Vo (la+r5+k |(x z+3) ;
\ i

T vel V| et | AR

(Vx F)eri = (i -4 XL 424 _up;

V2 P

I ; ‘;: [ (curl F)-n"ds = [[§4+2 @xd) = 402 (area of circle)

Centre of the sphere x*> + y*> + (z —3)> =9, (0, 0, 3) lies on the plane z = x + 3. It means that
the given circle is a great circle of sphere, where radius of the circle is equal to the radius of the

sphere.

Radius of circle =3, Area=n(3)*’=9n
[[ VxF)ids = 44209m) =36+ Ans.

Example 95. Verify Stoke’s Theorem for the function F =z +x i+ ykA, where C is the unit

circle in xy-plane bounding the hemisphere z = /(1= x*> = y*). (U.P., I Semester Comp. 2002)

Solution. Here F = Zi+xj+ ykA- (1)
Also, roxi+yjrk = dr= dxi+dy j+dik.
;.d_r—zdx+xdy+ydz
Icfd_zj (zdx+xdy+ydz). Q)
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Z
On the circle C, x> + > = 1, z = 0 on the xy-plane. Hence on C, we 4
have z = 0 so that dz = 0. Hence (2) reduces to
F.dr = dy.
[ Fodr=].xa - (3) - ,
Now the parametric equations of C, i.e., x> + y* = 1 are /-Lr
X=COS Oy Y=SIN Grererrrreerreeeerieeeieennn, 4) X c
> o o 2n1 + cos 2 (I)
Using (4), (3) reduces to _[CF-dr = J¢:000s¢00s¢d¢ 5 Io ) do
1] sin2¢Pr
- l+—— |, =
2L¢ 2 |d n ..(5)

Let P(x, y, z) be any point on the surface of the hemisphere x* + y?> + z2 = 1, O origin is the
centre of the sphere.

Radius = OP= xi'+y j+ zk Normal = xi'+y j+ zk
3 Sy e zk ~ A -
n= MEYITEIR Ly Gk

V3 +y + 2

(Radius is L to tangent i.e. Radius is normal)

x=sin 0 cos ¢, y=sin O sin ¢, z= cos 6 ...(6)
nA=sinecos¢iA+sinesin¢Aj+cos9k i
& i k
- A - A
Also, Curl F = |0/0x 0/0y 0/0z|=i+ j+k ..(7)
Z X y

Curl g n= G + }'+ kﬂ). (sin 6 cos ¢iA+ sin O sin ¢ }'+ sin 0 kA)
= sin O cos ¢ + sin O sin ¢ + cos O

jmzj @+ j+k)

.(Zsmecosd)f +sin9sin¢Aj + cos 0 kA)sinf)dE)dd)

=,

jSCurlF-ﬁ ds

smedGI (31necos¢+sm9$m¢+cos@)dd)
Py sm 0 d 0 [sin O sin ¢+ sin é] (g C(];:sl%?incﬁa% RO Riisphercigin G EoRio]

"2sin _d
Io 0 _[ 6 0
. (O0+0+2msinOcos0)d O n/2 0d6 F cos 26 [+
=I =RIO sin 2
_n||__ 2 Jo
=—@2)[-1-1]==n

> >
From (5) and (8), ICF.dr = .”s curl F-nd S, which verifies Stokes’s theorem.

Example 96. Verify Stoke’s theorem for the vector field F = (2x — y)i = y2 j—y* zk over
the upper half of the surface x* + y* + 2> = 1 bounded by its projection on xy- plane.
(Nagpur University, Summer 2001)
Solution. Let S be the upper half surface of the sphere x*> + y? + z> = 1. The boundary C or S
is a circle in the xy plane of radius unity and centre O. The equation of C are x* + y* = 1,

z = 0 whose parametric form is
x=cost,y=sint,z=0,0<t<2m

I P o= NCx= i =y =KL de+ dy + K d2)
C
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= [ 1@x =y dv -y dy — yzdz) = [ (2x~ y) d¥ since on C, z= 0 and 2z = 0
2n . dx 2n . .
= I (2cos t —sint) = dt = J. (2cos t — sin t) (—sin 1) dt

(2 —
= J' " (= sin 27 + sin? tﬁltdt = J~2“q(|_ sin 27 +1 cos2t\’d
0 0 .

[cos2t ¢ sin2r]2r 1 1

=1

274 ], 272

Vectors

(D)

Cul g =| 0x 0y 0z |=(-2yz+2y)i+0-0) j+O0+Dk=Fk
2
B

- A ~

” Curl F..n

1]
—
S>
S> I
>
&
Il
=
S>
ko
=
=

-

Where R is the projection Tf S on xy-plane. J.
1 =)

SCurl F.nds = L R B 6\

Y
_ ol 5 dedy =) 2 dx=4
HJJ;; R S ‘

[ T—x +1sin"x—|1= l_l.ﬂ:nX 5
s = 7 2=

From (1) and (2), we have
- -

ICF .dr = ” Curl F . n" ds which is the Stoke's theorem.

Example 97. Verify Stoke’s Theorem for 1? =2 +y-Di +309j+Qxz+22) K
over the surface of hemisphere x> + y* + 2 = 16 above the xy-plane.

- >
Solution. L F-dr, where c is the boundary of the circle x*> + y* + 2 = 16
(bounding the hemispherical surface)
=16 +y -1 +3xy) + Qg+ 2K + Jdy)
= L[(xz + vy —4) dx +3 xy dy)]
Putting x=4cos0,y=4sin0,dc=—4sin0d0,dy=4cos0d0 c
= Iin[(l6 cos? 0+ 4 sin 0— 4) (—4sin0 d 0) + (192 sin 0 cos’ 0 d 0)]
2n J
=16 Io [- 4 cos® O sinO— sin® O + sinB+ 12 sinO cos> 0] d O
2n
=16 [, (8sin6 cos> 0 — sin’ O +sin6) d 0 (
= 16" sin2040 J
4 1) |

= —16x4j05sin2ede i —64[2 . =16
R

0

0
ox oy

X +y—4 3x 2xz+2z°

To evaluate surface integral v x F =

2T[sin" 0cos0dO=0
Jy
2n

Ans.

)
|

I cos" Bsin0d0=0 Jf

180




181

Vectors
=(0—0)z’—(zz—0)}'+(3y—1)/3——2z}'+(3y—1)1€
(70 ~.0 N +y +z2-16
Vo |zﬁx+m+ka O+ ¥+ 2 -16)
e _\ )
Vel ) Vol o
2xi +2yj+27 X +yj+k _ Xi +yj+zk
B \/4x +4y> +47, . \42“—;)};(4? 4
(Wxo S =25+ Gy-DKY R e Gy-1
F)-n - A—4 4
A i +yj+zk Z
Fonds = dedgets Rl e ﬁj kds = dvdy S0 2 ds= dx dy
- p Kﬂifiﬁ l)z 4
[JovxFy-nas= ” | % dx d | = -2y +@y-Didxdy = [y -1 axay

\Z .
On putting x = rcos 0, y = rsin 6, dx dy = rd 6 dr, we get
—ﬂ(rsme—l)rdedr [a0[¢?sin0-rdr

2
[ao( % sing 3

_sm \— 7
fde(3 "

_\ O cos0- 80" = 284 16148 _ 161
Jo

The line integral is equal to the surface integral, hence Stoke’s Theorem is verified. Proved.

-
Example 98. Verify Stoke’s theorem for a vector field defined by F = (x2— y 2 i"+ 2xy j in
the rectangular in xy-plane bounded by lines x =0, x =a, y=0, y = b.

(Nagpur University, Summer 2000)

- -
Solution. Here we have to verify Stoke’s theorem I F.dr = _U (Vx F).n"ds

Where ‘C’ be the boundary of rectangle (ABCD) and S be the surface enclosed by curve C.
v
F (x -y )i+ (2xy) j

F.dr = (7 = y)i +20 .17 de+ j dy]
= I?d; = (2 +y?) dx + 2xy dy (1)
Now, ICF.dr: IOAF.dr +IABF.dr +IBCF.dr +ICOF.dr (2
Along OA, puty=0sothatkdy =0in (1) and P Ir = x2 dx,
Where x is from 0 to a.

5 u [xs"\” &3
N FE B4 5=
IOAF.dr—ondx | B 113 ..(3)
Along AB, put x = a so that dx = 01in (1), we get 7 /., =2aydy
Where y is from O to b.

> - b 2 b 2

[ WF-dr=],2aydy = fay Jo= )
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Along BC, put y = b and dy = 0 in (1) we get F.dr = (- b dx,
where x is from a to 0.
0 3 0 3
- - 2 X —da 2
= —b)dx=|=—-bx| =——+ba
jBCF.dr = fa(x ) [3 ] 3 ..(5)
Along CO, putx =0and dx =01in (1), we get F.dr=0 AY b
- - y= B
c 4
J;COF. dr =0 ..(6) @b
Putting the values of integrals (3), (4), (5) and (6) in (2), -0
we get Y AX=a
= 1ab’ - L ap? +0=2a0" .7 Ll , A
J.C F.dr 3 2] V=
Now we have to evaluate R.H.S. of Stoke’s Theorem i.e. ”s (Vx F).n"ds
We have,
i ook

Vo= SRR O, NUSSRE
= + =
F - y+2y) y
-y 2xy 0

Also the unit vector normal to the surface S in outward direction is n” =k
(- z-axis is normal to surface S)
Alsoin xy-plgne ds=dxdy X .
J Te<s™ = Ayk .k dedy=[[ 4ydx dy.
F).n.ds
s R R
Where R be the region of the surface S.
Consider a strip parallel to y-axis. This strip starts on line y = 0 (i.e. x-axis) and end on the line
y = b, We move this strip from x = 0 (y-axfis) to x = g to cover complete region R.
R T e e

(Vx 2>~
F).n.ds =
.Us i :J'O%l.)[g dx = 2i|2 [x]‘;[(): 2ab* O ..(8)
0
From (7) and (8), we get '

-> o

I F.dr = .Us (Vx F).n" ds and hence the Stoke’s theorem is verified.
c
Example 99. Verify Stoke’s Theorem for the function

F =4 -xj
integrated round the square in the plane z = 0 and bounded by the lines
x=0,y=0x=ay=a v
F
- N a,
Solution. We have, F = ¥i —xyj C y=4a 5
i “jn
a_le 2a x=0Y
T | ox dy 0z .
Xy 0 of y=0o A =

=(0-0){"=0-0)j+y-0k =—yk (# L to xy plane i.e. k)




Vectors

(Vx~ ° (— yk)-k dx dy
N

0. P I

a a a |_ 2
= [ax [~ yay = Idx[‘y?} = _aT(x)‘é = —% (1)
0 0 0 0

To obtain line integral
- -

[Frdr — [@i - des jay = [o2 dr—xy dy)
where c is the path OABCO as shown in the figure.
-

a

- > - - - -
Also, IF~dr = i F-dr _ JF-dr+A[Fodr+H[F-dr+JF~dr .(2)
c 0ABCO A B (o 0
Along OA,y =0,dy=0
> >
- line | Eq. of Lower | Upper
- = (%dx — xydy)
Edr = [, - line limit | limit
_ [“var _[2F_ & OA|y=0|dy=0[x=0 | x=a
0 L3 3 AB|x=a |dx=0{y=0 | y=a
Along AB, x =a,dx=0 BC|y=a |dy=0|x=a | x=0
= = CO|x=0 |dx=0ly=a =0
Fdr = | (*dx—xydy) 2 Y
AB AB
A I_yz.la Cl3
=| —aydy = —a|l—| ==
'[0 2 2
Along BC, =a,dy=0
g %Ay Y - (3P &3
= 2dx —xy dy) = [ 2 |
L Fedr J-BC(x wdy) = [, xdx = 13, 3
Along CO, x=0,dx=0
- >
¥ [ dr & J-CO (%dx — xy dy) =0
Putting the values of these integrals in (2), we have
- - a3 a3 —ai _Hi
= ——— +0 =
[Far =377 3 2 -(3)
- o 4
From (1) and (3), ”(VXF)%A ds = L[F'd"
5
Hence, Stoke’s Theorem is verified. Ans.

Example 100. Verify Stoke’s Theorem for p=(x+y) i + (2x—-2) A] + (y+2) k for the
surface of a triangular lamina with vertices (2, 0, 0), (0, 3, 0) and (0, 0, 6).

(Nagpur University 2004, K. U. Dec. 2009, 2008, AM.LE.T.E., Summer 2000)
Solution. Here the path of integration ¢ consists of the straight lines AB, BC, CA where the
co-ordinates of A, B, C and (2, 0, 0), (0, 3, 0) and (0, 0, 6) respectively. Let S be the plane

surface of triangle ABC bounded by C. Let n~ be unit normal vector to surface S. Then by

Stoke’s Theorem, we must have
-

jf-dj _ ] curl P ds (1)
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c o -
LHS.of ()= [ F-dr = F dr+j F. dr+f g dr
Xy
Along line AB, z =0, equation of AB is 3 +§ =1
= y=3(2—X),dy =—de
2 2

AtA, x=2,AtB,x=0,7 = xi +y]

'[ ;dr _.[ [(x+y)l +2‘x]+yk](ldx+ de)
- X+ y)dx,+2xdy
{Af( ng \%dx+2x(—3dx\

IO(_7x 3\|dx (= 3\0
R 2T et XJ
\ \ 5
=(7-6)=+1
line | Eq.of Lower | Upper
line limit limit
3.1 AtA
AB | 42 oq|dy=-"dx i
2. 3 2 x=2 | x=0
z=0
y z At B AtC
BC | =+==1|dz=-2dy
3 6 y=3 | y=0
x=0
G 7 At C At A
CA | —+—=1|dz=—3dx
2 6 x=0 | x=2
y=0

Along line BC, x = 0, Equation of BC is §+ - lorz=6-2y dz=-2dy

AtB,y=3,AtC y=0, ; = yj+2&
-
jBCF-dr=f Lyi ¢ 3 + (v + 2)k]-(jady + kdz) = [oo— 2y + G+ dz

—j30< 6+2y) dy + (v +6 = 2y) (- 2dy)
@y —18)dy =2y -18y)" = 36

3

=lor z=6-3x,dz=—3dx

3
Along line CA, y = 0, Eq. of CA, g Zg
AtC,x=0,at A, x=2, r = xi +zk
- - n n ~ n ~
oy Frdr = [ i+ =2+ dd +dk ] = [, (dx+ 2d)

= Iozxdx+(6—3x) (= 3dx) = IOZ(IOx—IS)dx = [52 181 = 16
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- > -> - - - - -
L.H.S. of (1) = L Fedr= [ F dHJ ‘d”LAF"” =1+36-16=21 ..(2)
_ (s - -0 +k - X[+ i+ Q@x-2) j+(y+2k]
= 1 +
Curl F= | |
x F ox ay 0z
\ )
i bi kK
g 0 0 =(1+1){-0-0) j+2-Dk=2"+k
= |Ox Oy

X+y 2=z  y+2

Ay
Equation of the plane of ABC is — + 7 el
Normal to the plane ABC is

MO k0 \(x, y, 2 fNET i K
W’"’ oy 8z\‘(%i3i6_1J=_+_+_
- Y 20836
ik
2378
Unit Normal Vector =
1 1 1
s + -+
4 9 36
= — (l+2]+k)
’14

dx dy

R.H.S. of (1)

= nds —_U Qf +k)- 1 G +27j+k)

” curl F- . JZ 1 B J Lte

Gi+2j+k)k

Jia
= f M@ = 7[[drdy =7 Area of A OAB
N
=7[1><2><§Dﬂ =21 ..(3)
e

with the help of (2) and (3) we find (1) is true and so Stoke’s Theorem is verified.
Example 101. Verify Stoke’s Theorem for

P=0-2+2)i +0z+4 J - (K
over the surface of a cube x = 0, y =0, 2 =0, x = 2,y = 2, z = 2 above the XOY plane
(open the bottom).

Solution. Consider the surface of the cube as shown in the figure. Bounding path is OABCO
shown by arrows.

- A A A A A A

[Far=[lv-z+2i+0z+4) j- @) kl-Gids + jdy+ kd2)

=j(y—z+2)dx+(yz+4)dy—xzdz

J'Fdr_O[Fdr+JFdr+JFdr+JFdr (D)

(l)AlongOA y=0,dy=0,z=0,dz=0




Vectors

Line | Equ. Lower | Upper | F.dr
of line limit | limit
y=0| dy=0

1| OA =0 | dz=0 x=0|x=2] 2dx
x=2 | dx=0

2| AB =0 | dz=0 y=0|y=2|4dy
y=2|dy=0

3| BC i e i x=2 |x=0]| 4dx
x=0 | dx=0

4| CO 0%, Zi=i 1) y=2|y=0]| 4dy

A ¥ 22dx—2 2
JF-dr =-([ =123l =4
A

(2) Along AB, x=2,dx=0,z=0,dz=0

- > Z

AJ; F-dr — b[4dy=4(y)é -8

(3) Along BC, y=2,dy=0,z=0,dz=0

- >

JF-dr =
C
(4) Along CO,x=0,dx=0,z=0,dz=0

2
j(2—0+2)dx=(4x)0 -
0

-> >

JF.dr = [(y-0+2)x0+©+4)dy -0
(0]

=4[dy=4(yh=-38
On putting the values of these integrals in (1), we get
- >

[Far =4+8-8-8=-4

To obtain surface integral

vx F = |0x -
y—z+2 yz+4 —xz
==y i~(z+1) J+O-1) K=—ypi +@c—-1) j— K

Here we have to integrate over the five surfaces, ABDE, OCGF, BCGD, OAEF, DEFG.
Over the surface ABDE (x =2), " =i,ds=dy dz

j I (Vx F)-n"ds = II[—[ b &’(zy ’—Zﬂz}m’ﬁ]yi dgxdgl; ” —ydydz

R 3 z= fi(x, )
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Surface | Outward s
normal
1 ABDE i dydz | x=2
2 OCGF —i dydz | x=0
3 | BCGD j dedz | y=2
4 OAEF —j dxdz | y=0
5 | DEFG k dxdy | z=2

2 2 272
=—Jydyjdz=—[y_] [ =4
0
0 0 el
Over the surface OCGF (x=0), n® =—1i,ds=dy dz

[Jwx Py ds = [Ji=yf +@=1 -k Dy dz
2

2 2 y2‘|
= Hydydz=_[ydy_[dz=2| —_| =4
|_2
0 0 0
(3) Over the surface BCGD, (y=2), n" =Jj, ds=dx dz

ffows

F)-nds = **[-yi+(z-1)j—k] jdxdz
P B (2 P
= —||G-Ddxdz = |dx |(z=1)dz = — &R ——2z| =0

.” J(; z[Z < 0|\2 J

0

(4) Over the surface OAEF,.(y=0), n" =x j , ds = dx dz
. = [-yi +@-1)j-k]( jdxdz

I. X By nds H
2 2 ( 2 2
= -JJe-varaz =~ [ax [c-1)dz = —(x)§|k%—2j|0=0
(5) Over the surface DEFG, (z=2), n® =k, ds = dx dy
[[vxFynds = [y +G =DK1k dedy = - [[ x ay

dy

2
—{dx = ~bB DR =-4

S —_

Total surface integral=—4+4+0+0-4=-4
N - >

Thus ”ScurlFﬁds = j F-dr =—4

which verifies Stoke’s Theorem.

Ans.
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EXERCISE 5.14
1.  Use the Stoke’s Theorem to evaluate lyde + xy dy + xz dz,

where C is the bounding curve of the hemisphere x> + y? + z2 = 1, z > 0, oriented in the positive

direction. Ans. 0
- A A ~
2. Evaluate J (curl F)-n" dA, using the Stoke’s Theorem, where F =yi +zj +xk and s is the paraboloid
N
z=fy)=1-x -y, z20. Ans.

3. Evaluate the integral for J y2dx + z%dy + x*dz, where C is the triangular closed path joining the points
C

0, 0, 0), (0, a, 0) and (0, 0, a) by transforming the integral to surface integral using Stoke’s Theorem.

A <
ns. -
- R 4 5
4.  Verify Stoke’s Theorem for A=3yi — xgj + yzzk, where S is the surface of the paraboloid 2z = x> + y?
bounded by z = 2 and c is its boundary traversed in the clockwise direction. Ans. - 20 1

W AN 3n 3" 7 ) 19
5. Evaluate _[CF- dR where F=yi+xz j—zyk, Cisthecirclx +y =4, z=1.5 Ans. 1

2

-

6. If S is the surface of the sphere x> + y> + z2 = 9. Prove that js curl F-ds = 0.
7. Verify Stoke’s Theorem for the vector field,
-

F=Qy+2i+(x-2j+(-xk

over the portg)n of the plane x + y + z = 1 cut off by the co-ordinate planes.

8. Evaluate J F-dr by Stoke’s Theorem for F =yzi +zx j+xyk and C is the curve of intersection of

x2+y2:CIandy=zz. N Ans. 0
9. 5 cl B

f and § is the surface of the cone z = a — above the
F=(x-2i+x +y2)j+3xy k [® + y2)

e
xy-plane, show that ” curl F-dS =3 na*/ 4.
s

4 A A F
10. If F =3yi —xyj + yzzk and S is the surface of the paraboloid 2z = % + y* bounded by z = 2, show by

A
using Stoke’s Theorem that HS(VX F)-dS =20 n.

- =
1. I F=(2+z2-x2)1+@2+x2—y2)j+(x2+y2— z2)k, evaluate Icurl F-n"ds integrated over

the portion of the surface x> + y*> — 2ax + az = 0 above the plane z = 0 and verify Stoke’s Theorem; where
n” is unit vector normal to the surface. (A.M.LE.T.E., Winter 20002) Ans. 2 7t a*

12. Evaluate by using Stoke’s Theorem Jc[sin zdx—cos xdy +sin y dz] where C is the boundary of

rectangle 0<x<m, 0<y<l, z=3. (AMIETE, June 2010)

GAUSS’S THEOREM OF DIVERGENCE

(Relation between surface integral and volume integral)
(U.P., Ist Semester, Jan., 2011, Dec, 2006)
Statement. The surface integral of the normal component of a vector function F taken around
a closed surface S is equal to the integral of the divergence of F taken over the volume V enclosed
by the surface S.
Mathematically
-

”SF.ﬁds:mvdiv ;dw




189

Vectors

Proof. Let P Fi+F j+Fk.

1 2 3
-
Putting the values of F,#" in the statement of the gdivergenoe theorem, we have
”F1+F j+F k-iids (A8+J +k  (Fi{+F "j+F k)dxdydz.
s 1 2 3 _ J'J'J' aFg aF% | ) 5
_ J’H | =24 =3 |dx dy dz
0z (1)
)
We require to prove (1).
Let us first evaluate Hj o2 dx dydz .
oF; [ i=pay OF3 |
J.J.J‘V 6z dXdy dZ 3 «URsz:f](x,y) 62 dZ l_]dXdy
= [[ 1B Gy, £2)= By (v, y, fidldx dy -(2)

For the upper part of the surface i.e. S,, we have
dxdy=ds,cos r,= ",k ds,

Again for the lower part of the surface i.e. S, we have,
dxdy=—cosry,ds;=n" .k ds,

[[oF oy fydvdy = [[ By -k ds,

and ([, B Gy fydvdy = [0 F -k dy

Putting these values in (2), we have ., 4 o
-k ds + Fn kds = F n -k ds .3

TR . S

Similarly, it can be shown that

—_
—_

—

9
w

~ Zl
W, 5 = Il Rlas '
e Z=hH(xY)
fIT, Srav = f[ymmia e

Adleg (3), (4) & (5), we have Z=1(xy

Yl \ULLG) or3
ol G+ G+ G v

:J’J‘S(Fll:\"r‘ F2 }"r‘FS kA)}’i\dS O > Y
= Jﬂv (V-F)dv= .Us F-ii-ds Proved. X
-
Example 102. State Gauss's Divergence theorem .Us F .nds = H Div F dv where § is the
K. 2 A A

2002 DO
surface of the sphere x +y +z =16 and F=3xi +4y j+5zk.

(Nagpur University, Winter 2004)
Solution. Statement of Gauss’s Divergence theorem is given in Art 24.8 on page 597.

'ﬁus by Gauss’ Jd ]1ergence theorem,
- nds .Fdv  Here F=3xi +4yj+5zk

v

N A A A
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~, 0 ~ 0 ~ N -
_F>=|(.A6 +j +k L(3xi +4yj+5zk)
\4 lex &3 o=
\ )
5
V.F=3+4+5=14
Putting the value of V . F, we get
-
” F n'ds = H I14.dv where v is volume of a sphere
s = 14y
4 3584
=14_n@4)] = Ans.
3 3A . B
Example 103. Evaluate - Z=4xzi — i + yzk and S is the surface of the
P -” F .nds where F Yo 1 1 f

s
cube bounded by x=0,x=1,y=0,y=1,z=0, z=1.
(U.P., Ist Semester, 2009, Nagpur University, Winter 2003)

Solution. By Divergence theorem,
- -

[[jF.mds =[] Jv.Fyav ;
I |(.A§i+ jé_y+kAaJ\'(4XZiA_); i+ yzk ) dv

= v 1

\ )
= ”vj[a(zx (4 xz) + é(zy )+ % (yz)dedydz

=[[ [az-2y+ydrayd 1
\ 1 1l 4z )
= [ Jez—y) axdyaz=| |, e
= e -y dvdy = 0
B AR ! "2~ y)dxdy
0Jo 0 0Jo
il ¥ R 3 = U E
= E — == __[x]lz_lz_
_jokzy 2J0dx ZIodx_z 0 2() 5 Ans.
Note: This question is directly solved as on example 14 on Page 574.
- A L n 2 LS
Example 104. Find _U F-n-ds, where F=Q2x+32)i —(z+y)j+(y +22) k and S is
the surface of the sphere having centre (3, — 1, 2) and radius 3.
(AMIETE, Dec. 2010, U.P., I Semester, Winter 2005, 2000)
Solution. Let V be the volume enclosed by the surface S.
By Divergence theorem, we’ve

L —
IISF-ﬁ-ds = ” Vdidev. ; g
-
Now, divF = — FX+30+ @2+ 9+ (2425 _9 1,023
ox oy 0z
5

[ Fas =[] 3av = 3[ff, av =3v.

Again V is tile volume of a sphere of radius 3. Therefore

4
V=_nmnr =fn(3)3=36n.
3 3
N
” Fh-ds =3V=3x361=108 n Ans.
S
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- -

Example 105. Use Divergence Theorem to evaluate ” A-ds,

where — 3" 3~ 3~ and S is the surface ofthe sphere x* + y* + 72 = d>.

A=xi+y j+zk
i i (AMIETE, Dec. 2009)
5
Solution. ~ A-ds = divAdV
S v

= m-»[z @254' b gy”{ gg}(f T+ j+2k)dv

= [[].3x* +35* +32)av = 3 o2 + 2 + 2)av
On putting x = r sin 0 cos ¢, y = rsin 0 sin ¢, z = r cos 0, we get

5.3 1
=3 [[[ P (*sin 0 drdodg) =3x8 £d¢£sined6jo rdr
T e 5\ () (&) 12nd

= 24(9), (—cos 0)7 .K?Jo = 24L§J(—0+1)L—)= r Ans.

Example 1()6.2 Usezdiverigence Theorem to show that

IV(x +y +z)ds =6V
where S is any closed surface enclo;mg volumeaV ‘ {ZU P.,I Semester Winter 2002)
2 + Sl

Solution. Here V (x +y 4+ Zz) - L > F
X y )

=2xi+2yj+2zk=2(xi+yj+tzk)
”SV(XZ +y2 +7%)-ds = ” SV(x2+y2+z2)-nA ds

n” being outward drawn unit normal vector to S
= ”SZ(xiA+y +zk)-n"ds

=2([f Vdiv(xf+y”j+zkA)dv (1)
(By Divergence Theorem)
6 . A(V bf:ing volume enclosed by S)
ow, iv. (xi +y j+

7 L )

_Ox Oy 0z -3 .(2)
ox 0y 0z
From (1) & (2), we have

ﬂv 2+ yr+722)-dS = 2”]. V3dv = 6”_[‘/0[" =6V Proved.

Example 107. Evaluate _” g 20+ 232 j + 22y%k ) n’ dS, where S is the part of the sphere

x> +y? + 72 = I above the xy-plane and bounded by this plane.
Solution. Let V be the volume enclosed by the surface S. Then by divergence Theorem, we
have

” (2 +2 T+ Zzyzk yn"dS — j” div (P24 + 22+ 2% ) dV

—HH (Zx)+az(zy)J|dV JJ 2z y* dV = 2”vzy av

191
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Changing to spherical polar coordinates by putting
x = rsin 0 cos ¢, y=rsin 0 sin ¢, z=rcos 0, dV="r*sin 0 dr dO d
T
To cover V, the limits of r will be 0 to 1, those of 6 will be 0 to 7 and those of ¢ will be 0 to

27, ?
2], 2% av = 2 joz“ jo“’zjol (r cos 0) (2 sin® O sin® ¢) r2 sin O- dr dO do

ijnj.n/zjlrs sin® 0 cos 0 sin®> ¢ dr dO d¢
s 6 1
2j J-251n36c0s651n ol | 40 do
6

0

2 2 1
=_I sin® ¢-— d¢ = I sin” gd¢ = T Ans.

6 0 4.2 12 12
- > - 4 2" 2"

FdS where F =4xi =2y j+z k

Example 108. Use Divergence Theorem to evaluate

and S is the surface bounding the region X> + y* = 4 z=0and z = 3.
(AM.LE.T.E., Summer 2003, 2001)
Solution. By Divergence Theorem,
— -

jjSF-dS=ﬂ Ldiv Fdv i N

= .”-J‘V {l’\ @i—i-’j] é’;-i-k’\ gf}(“' xiA —2);2 Aj—{— sz") dv

= JIf,@-4y+22)dedyaz
3
= de dy J(4—4y+2z)dz = ” dx dy[4z — 4yz + 221}

= [Jaz-12y +9 ax dy = [[@1-12y) dx dy
Letusputx—rcose y=rsin 0

2n 2 2
g jj(zl—lzrsine)rdedr - z[dejo(zlr—mr sin 0) dr 2t y2=4
/6 [21r 4P sinof  2d 0 42-32sin 6)= 420+ 32 cos 0
=1 | 2 b~ y
=84m+32-32=84n Ans.

Example 109. Apply the Divergence Theorem to compute H u -n ds, where s is the surface of

the cylinder x> + y* = a? bounded by the planes z = 0, z = b and where u=i x — jy +k z.
Solution. By Gauss’s Divergence Theorem

”u nds_IJ ((V u)dva S X+ED
H l@%+1@y+k@f (x- jy+kz)dv

_ J‘J‘J' f((?x Qy 6z\|dv Z ”I (1-1+1) av b

V@x |

= H dv = ”_[ dx dy dz = Volume of the cylinder = ta’h Ans. < z=0—a
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5
Example 110. Apply Divergence Theorem to evaluate J‘J‘ F.ids where

N
= 4x% —x? j+x %k and S is the surface of the cylinder x* + y* = a® bounded by the

planes z = 0 and 7 = b. (U.P. Ist Semester, Dec. 20006)
Solution. We have,

P = 4x3iAa—x2y:ja'+x2zk(;
divF = +J_ tk J(4X3l —XYJ"'XZZIC)
\aﬁx y 0z I~

PRCOEINCE: y)+ (x )

- 0x « ﬁ;—L
Now. J..UvdiVFdV r lzjx:—a.[ :_\/7_[1_ x dzdydx

= 1222 -2+ x2 =12 &7

12]){7_“] :_J:x (z)o dy dx 12bj X (y)‘/ & dx

12bj_ax.2 «/a — X% dx 24bJ._ax NJa? = x? dx

:48bj0ax2 a’ — x* dx [Put x = a sin 6, dx = a cos 6 d6]

12
—48bj" a® sin® 0 a cos 0 a cos 0 d 0

) 313
= 48 ba* j" sin? 0-cos> 0 d0 = 48 pg Hﬁ
13

—f ﬁ

— 48 ba* % =3ba'n Ans.

- -
Example 111. Evaluate surface integral ” F-n"ds, where F =2+ +2) (' + j+k), S

is the surface of the tetrahedron x =0,y =0, z = 0, x + y + z = 2 and n is the unit normal in
the outward direction to the closed surface S.

Solution. By Divergence theorem
- -

JFrivds = [[f, div F-av
where S is the surface of tetrahedron x =0,y =0,z=0,x+y + z=2

= Iﬂv[f St §y+kA§f}<x2 s RDC+ G g o

mv (2x+2y+2z)dv G AM0,0, 2)

ZIIIV(x+y+z)dxdydz
2_[2dx _[2_Xdyj.2_x_y(x+y+z)dz
s \2—x—y

:2_[ dx_f dykxz+yz+%)|

0
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, 2—x—y) |
=2J dxj sz x—xy+2y Xy — y+_2—J
¥oe-x-w
=2J.dx|2.xy Xy—-xy +y —_—_
3 6 |,
_L ] : : » 2=+ Q-2 ]
—zj dx\}x(2—x)—x Q-x)-x2-x) +2-x) —__3 6
o ) <2—x>3+<2—x>3f
—2j L4x 2t N Y - 3 6
2
[ 4 & 48 ¥ Q=0 Q-0 @-x*]
=223 - +__-2P+_ —_ - + - |
3 3 3 12 24|,
r ) @-»' @-x*T I8 16 16
Nolre-=2 e-»* ¥ ___+_}=4 Ans.
F 12 24 | BB

Example 112. Use the Divergence Theorem to evaluate

J-S(xdydz+ydzdx+zdxdy)

where S is the portion of the plane x + 2y + 3 z = 6 which lies in the first Octant.
(U.P., I Semester, Winter 2003)

Solution. [[ (/: B > &= dz\+ f dx dy)

0
_ i |( b D yrdyds
4 Gx y 07
)
where S is a closed surface bounding a volume V.
H (xzf)édz+aydzad + z dx dy)
=+ S8 dx dy dz

_.m‘v||_ax Oy 61J|

< mv(1+1+1) dx dy dz — 3mvdx dy dz
=8 (Volume of tetrahedron OABC)

=3 H{ Area of the base A OAB) x height OC]

=3| | ><6><3\|><2|_13 Ans.
SRS
Example 113. Use Divergence Theorem to evaluate : ” (xdy dz + y dz dx + z dx dy)
over the surface of a sphere radius a. (K. University, Dec. 2009)
Solution. Here, we have
dz Ay dxda+ z dx dy]
kagfy 6f2 éflz?dxdydz = (6x+8y Oz dedydz
I, S

= ”Iv A+1+1)dx dy dz = 3 (volume of the sphere)
(4

3

:3[\377561 J =4nal Ans.
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Example 114. Using the divergence theorem, evaluate the surface integral
'U(yzdydz + zxdz dx + xy dy dx) Where S: CHy =4
(AMIETE, Dec. 2010, UP, I Sem., Dec 2008)
Solution. [[ (/i &vgz+ f» dede +g )

afi |
- m . ay o dxdydz
\ )

where S is closed surface bounding a volume V.
-”s (yzdydz + zx dx dz + xy dx dy)

> j.” (_§+6 . —é—y—a = 'aé(xﬁy))dxdydz = m.v(OWLOWLO) i«

=0 Ans.
Example 115. Evaluate ”s xz, dy dz + (x Y~z 3) dzdx+2xy+y 2z) dx dy

where S is the surface of hemispherical region bounded by

- 2 ) =
CEN -y and L o (o , o afa\

J-S(fldydz+f2dzdx+f3dxdy) A mv| o |dxd y dz
\

Solution.

where S is a closed surface bounding a volume V.
”S xz2 dy dz + (xzy — 23 dz dx + 2xy + y*z) dx dy

= .m‘V (xz )+ (x o Bl 7 52 (2xy + ¥%2) ﬂdx dy dz

(Here V is the volume of hemisphere)
L .m‘v 22+ x>+ y)dxdy dz
Let x=rsin 0 cos ¢, y = rsin 0 sin ¢, z=r cos O
2n %
=[ll72 62 sinodrao ap = [ ao[2sin 0 dof 1+ ar
" 0 0 0
( },5 a’s 5
(4)** (- cos 0)72 | 2n(=0+1) 2na
= 0 0 BRSNS AN
A : 3 5
Example 116. Evaluate I I F 7 ds Overthe entire surface of the region above the xy-plane
JF

Ans.

bounded by the cone 22 = x* + y* and the plane z = 4, if F = 4xzi + xy2 j + 3zk .

Solution. If V is the volume enclosed by S, then V is bounded by the surfaces z = 0, z = 4,

Z2=x+ YA

By divergence theorem, we have ‘f
- x?+y?=18] z=4
ﬂFnds = [[f, div F dxdyd ——
b o |
J‘” [a (4x2) +— (xyz*) +
n oy
o (3Z)J| dx dy dz

- mv (4z+x12+3)dxdydz z=Vx2% 2

Limits of z are \/x?> + y?> and 4.
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(4z+ xz2+3)dz dy dx = JJ[ZZ + X2 +3zﬂ dy dx

it I
32+ +12 {202 + y?) + x(x* +y*)? +3 ) 1dy dx
2

X+
HM —Z(x + ) = x(x? + y*)¥2 -3 2 + 2\dydx J
mn '

Putting x = r cos gﬁ&yé&@@i@, wghave o3 ) 0d J
Y - 3r)| rd

r

Limits of r are O to 4.
and limits of 0 are 0 to(21'c. \
2 4 6412 cos 0 3 5 2

—.[ J.k44r+—3— 2r —r cosl— 3r4}a’9dr

2 64xrcos® r* O
=J‘ B - 0 S cos0- r3|a’6
0 9 2 6 [

2 , 64x(@P cosB (4} (4P 3

= .

24) + — =T cos0-() |do
21} 64x64 ° A

= .[0 352+ COSO_I28_T cos O— 64 | do

Izn (64x64 (@) |

LT TJ cos Oul do

|F1609 (64x64 (4°) 9|2ﬂ o (64x64 (4)5) ,
- + - sin . ) + — sin 27
¥V st &

=320~ Ans.

Example 117. The vector field - 2~ ° " is defined over the volume of the cuboid
F=xi+z+yzk

given by 0<x<a,0<y<b,0<z<c, enclosing the surface S. Evaluate the surface integral
- -

F . ds (U.P., I Semester, Winter 2001)
Solution. By Divergence Theorem, we have
ﬂs(xzmz Aj+yzkA).ds=”._|. div (@i +z j+ yzk ) dv,

where Vis the volume of tlﬁ })01d enclosg;ng thg Wrﬁace S, - d
&2 +z j+yz y
U&= @—y I it

—Iﬂf @+ @4 é ]
TV e £ 8 L 3

a b c ay 62 . ) .
:JX=0 J'y=0 J'z=0(2x+y)dxa'de:J‘oabcjody.[o(2x+y)dz
b 0« b
J[2xz+yz]‘“ody Idxf(2xc+yc) dy

(y z)} dx dy dz

ot—.a
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B 21 2)
= chxJ(2x+y)dy=cT[2xy+y7| dx:cT(be+b_ dx
0 0 0 Jo 0 ZJ
b2 b2x | b
=c| 2bx +_x| a2b+ab abc(a+_) Ans.
L2 2] L 2 | 2

Example 118. Verify the divergence Theorem for the function f = 2 x*yi — y’j + 4 x 7%k
taken over the region in the first octant bounded by y* + 72 = 9 and x = 2
NN ENGR 2~ 2° 2

Solution. mv Fav ”ﬂk J otk e vimy i b av

= ”j(4 xy =2y +8xz)dx dy dz = I(?dx J‘;dy J‘O\/ﬁ(4xy—2y+8xz) dz
= J-zdede dxyz —2yz + 4xz2)\/9_—y}
0 0

=j02 g [4xy49 — 2 —2yw/9 7 + M0 - ik
%

4x 2 4xy3-|
= - _o-y)"+ 0-
0
| 23 3 3 % 0.
) 2
=j (0+0+108x ~36x +36x~18)dx = | (108x—18)dx = | 108 —18x]|
0 L 2 b
=216 - 36 = 180 (D
- - - -
Here [[ Feiids = ]& Fnds+aUFnds+ }[IL Fnds+A[E[Fnds+ I[L F-n' ds
oABC
IJ;JéFnds_ H @y -y ]+4xz2k)nds Z
BDEC BDEC 4
Normal vector
(0 8 . ,0)
i Ll 8x+]@y+kgé 0*+2-9) ©03) E D
| J
=2yj+2zk .
2yj+2dk Vit (2,0,0
Unit normal vector = n" = 4 o ;
\/4y e \/y2+22 AN
E 0,3,0
Yitdk  yj+k Wil e B
. 5 A"i@ . Vi +zk 1 ¥
[[ @eyi =y +axh): ds =~ [[ -y +4xd)ds
BDEC |_ 3 BDEC _|
| (yi+zk »)
W R A e o g
ROITENES
3
3. 3 =3sin
,” -y -i-4xz)dXdy J dxf —y—-i-4)CZ2 dy r§=333§ew
BDEC d k 2 J K )
3
—|— 27 sin® 0 1

—f dx [ 2 L%—ees—@—+4x(9cos e)J
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. ) 2 Vectors
2 27 T 1108 xx T = (18472 1) dx
.[0 L T 3J J-o
—[_18x+362 F =108 (2)
L i
[ Fords = [ @@y =y +4x2K) (- k)ds
0ABC OABC
= ” 4x72ds =0 ...(3) because in OABC xy-plane, z=0
OABC
¢ ¢ 2
[[ Foas= [[ @eyi=y?+ant)c pas= ] ¥ ds =0 @)
OADE% OALE 94pPefcause in OADE xz-plane, y = 0
[[ Frwods o [f @y =3 +4x2k) (i) ds = [[ -22ydas =0 (5
OCE OCE OCE b g —
4 ecause in OCE yz-plane, x = 0
[ P _ I (2x2yiA—yzAj+4xZ2kA)-(iA)ds = [[ 222y as
ABD. i3 i
= HZx ydyd; = ‘[ dz‘[ V92 2 27 y dy because in ABD plane, x = 2
|_y2—|\/ 3 : g
=8f L J =4[ de©-2) = 4]9;-5 | =4127-91=72 ..(6)
o N L 3
On adding (2), (3), (4), (5) and (6), we get
—
[[[F-iids =108 +0+0+0+72=180 (D)
-

From (1) and (7), we have m V-FdV = J F-nds
Hence the theorem is verified.
Example 119. Verify the Gauss divergence Theorem for

F = C-y2)i +GP—2x) Aj + (22 —xy) k taken over the rectangular parallelopiped

0<x<a,05y<h0<z<c. (U.P., I Semester, Compartment 2002)
Solution. We have [/ \
> — 2 0 0 T2 =y i + - +z—xk
div E = viE kl_(%CJr],OTyJFk_OT @ =y i+ (5 =20 j+( y)
0

. yz)+— (y ) B ¢
=5k ay 62 @ - 1) =2x+2y+ 2z

. Volume integral = “.[ V F av H_[ 2(x+y+z2)dV
- ZJ.x 0-..> oj (x+y+z)dxdydz = 2_[ dx.[ dyj (x+y+z)dz

_zjadx bdy(xz+yz+z —2J‘ J‘ dy(cx+cy+ ZW
0 0 \ -2-
a ( y2 Czy\ ( 2 2\
=2_..0dx}\cxy +CT+T)| =2joadebcx+22£+ég—J
0




Vectors
[bexr BPex bx |
= 2| —+ + | = [@®bc + ab*c + abc?
L 2 2
=abc (a+ b+ c) ...(A)
N
To evaluate ” s F-n ds, where S consists of six plane surfaces.
N - - -
”SF.ﬁds — J.J.OABCF.ﬁdS-’--[-[DEFGF.ﬁdS-’-J.J‘OAFGF.ﬁdS
-
] Y 5ot [l e e
=K BCDE 2 13(3 xz) E +(QCDG y) K !
_UOABCF'ndS a HOABC G"‘ ____________ D
I )
ab F f|\ P !
=—{[I<zZ—xy>dxdy : !
: A A
ab 2B (AR B
= [0 xy dxdy= (1)
4
00
e
[ pore Erds = [[ g (62 =327 + (2 =32 '+ @ — )k } &) dxdy
ab b S.No. Outward
a Surface
o ” (22 — W) dxdy _ ”(cz —xy) dx dy normal | %
00 1 OABC -k |dxdy| z=0
F Xy P ‘2 xb? ) 2 | DEFG| k |dxdy| z=c
_ﬂcy_Tldx:lKCb_Tde 3 | OAFG| —j |dxdz|y=0
ol b 4 BCDE j dxdz | y=b
[ 2 5 | ABEF i |dyd:|x=a
G .~ b 22 <
—ILC b Tl abe2— % ~(2) 6 | OCDG| —i |dydz|x=0
A {62 - )i +(" —20) J+ (@ -k} () dxdz
.UOAFGF.ndS = 'UOAFG
=[] O -wdrde
OAFG
— = ||hy -, g S el —— | =
- fufo-ma =fan T < [ e {5 - 57 &

IIBCDEFH ds= ”{(m Yol +(F =20 j +@ = )k} /dxdz—.”

BCDE

(¥* — xz) dx dz

2

3

—Jdx | —x2)dz = T(lﬂz—“ \ dx = T[lﬂc—xc dx

Z 1 0 2 )o 0 2 J
=|b2cx— n = abZC—ﬁ (4

4| 4

I‘[ABEF;nAdS = -”.ABEF{(XZ —yz)f+(y2 - X2) Aj+(22 _Xy)kA}‘iA dy dz ¢

=1 @-yodvd = o —yodz = fay|ae- i
ABEF \ TJO

0 0 0
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Vectors
2 [ 227
= T((ﬂc—& dy _ |a@’cy = V€ | = abe- b’ ..(3)
2 J [ 4 4

(02 =y +(? =220+ @ —x 0k }-(-) dy d
,UOCDGFndS_HOCDG X —yz)i y —zx) j+(z Xy 1)dydz

—J J (&* —yz)dydz ——Ibdyjc( y2)dz ——I dy [ ”W
o 7z,
I LS B e A (6)
O L 4 4
Adding (1) 2), (3), (4) (5) and (6), we get
ab ( 5 2b2\ (azcz\ [ ) a2c2\

| j Fon'ds = | - 4
abc — ab c -
= el
L b 22
N \ )
= abc® + ab’c + a’bc
=abc(a+b+c) ...(B)
From (A) and (B), Gauss divergence Theorem is verified. Verified.
-

Example 120. Verify Divergence Theorem, given that F =4xzi —y* j + yz k and S is the
surface of the cube bounded by the planes x =0, x =1, y=0,y=1,7=0,z = 1.

o - o o) N E 4
Solution. V- F = {,f@;r Jj ey tk @EJ~(4 2 =y j+yzk)

*Z
=47-2y+y (OO'”,@’E --------- /_,:D
:4 — /// I ,// U
P F : E i
Volume Integral = _[”V F dv 5 !
Bifcmsatisnunieig
= [[J@az -y axdyd A e
"ol ! Xu’A (1,0,0) B
:jodxjodyjo(4z—y)dz
s g Q2 -y dy(2-)
J.o Io 0 Io I\o
1 1 3 3 . 3
= [ul2y= 2Y o o2 ldx="(" = e

o | 2, fokzjzﬂo 2% WA %

To evaluate ﬂ P F-nds, where S consists of six plane surfaces.

Over the face OABC, z=0,dz=0, n" =— k , ds=dx dy

—

1 1 2 ~
F.nds:IO I()(—y DR dedy=0

Over the face BCDE, y=1,dy =0




Vectors

ﬂ;nds =J-1J10(4xzf— 4 k) dr dz
J-(I)J-OI— dxdz

—@h @@L =-1)=-1

W= Jjds=dxdz

- flae L

Over the face DEFG, z=1,dz=0, 0" =k ,ds=dx dy

-

[[Fnas = ” [4x (1) -y +y (1) K- G )dx dy
1 b L0 e
0

Over the face OCDG, x=0,dx=0, " =— i, ds=dy dz
o [ - ey D dy e~ g
_”Fn ds = JoJo -

Over the face AOGF, y=0,dy=0, n" =— j,  ds=dxdz

8 1pl A,
J‘J.F-nAds = J-OJ-O(“-XZl )-(— Hdxdz =0
Over the face ABEF, x=1,dx=0, n° =i , ds = dy dz
- 101 ."_ 27, - 1 S 1pl
_UFnds » J'OJ'O[(4Zl Y j+yk)-@)ldydz — _[0_[04z dy dz
1 1 1 1 1, B 1
= d 4ZdZ: d 22 =2 y =
(T, FACESE | ey
On addmg we see ?mt over the whole su\rface

_| -1+ +0+0+2 I
- -
From (1) and (2), we have ” V-Fdv = IJSF nds
EXERCISE 5.15

Use Divergence Theorem to evaluate Ijs(y 2+ 2x j + x2y2/2).ds,

where S is the upper part of the sphere X+ y2 + 72 =9 above xy- plane.

2

Verified.

243
8

Ans.

Evaluate I (Vx F ). ds, where S is the surface of the paraboloid x*> + y> + z = 4 above the xy-plane and

F= (x2+y A +3x+Qxz+z)k.

Ans. -4 1

Evaluate _U [xz dy dz + (X Y=z ) dZ dx+Q2xy +y Z) dx dy], where S is the surface enclosing a

2

region bounded by hemisphere x~ + y + 72 = 4 above XY-plane.

Verify Divergence Theorem for F =x i +zj+ yzk, taken over the cube bounded by

x=0,x=1,y=0,y=1,z2=0,z=1
~ 2n. ~N T
Evaluate HS (2xyi +yz" j+xzk)-ds over the surface of the region bounded by

x=0,y=0,y=3,z=0andx+2z=6

351

Ans. ——

201




Vectors

6. Verify Divergence Theorem for P =(x+ y2) =2 xAj +2 yzkA and the volume of a tetrahedron bounded
by co-ordinate planes and the plane 2 x + y + 2 z = 6.
(Nagpur, Winter 2000, AM.L.LE.T.E.. Winter 2000)

N
7. Verify Divergence Theorem for the function F = yi + xj + 2>k over the region bounded by

X+y2=9, z=0 and z=2.
8.  Use the Divergence Theorem to evaluate IL X dy dz + xzy dz dx + x>z dx dy,

where § is the surface of the region bounded by the closed cylinder

P4y2=a% (0<z<b)yandz=0,z=b. Ans.

9. Evaluate the integral Hs (22 — x) dy dz — xy dx dz + 3z dx dy, where S is the surface of closed region

bounded by z = 4 — y? and planes x = 0, x = 3, z = 0 by transforming it with the help of Divergence
Theorem to a triple integral. Ans. 16

ds

a5 + b? y2 + %z

S over the closed surface of the ellipsoid ax> + by?> + cz> = 1 by

10. Evaluate JL \/

47

\(@@abc)

applying Divergence Theorem. Ans.

11.  Apply Divergence Theorem to evaluate ”(l X+ my? +nz?)ds
taken over the sphere (x — a)> + (y — b)*> + (z — ¢)> = %, I, m, n being the direction cosines of the external

normal to the sphere. (AMIETE June 2010, 2009) Ans. Sl(a +b+o0) P
3

— - N
12.  Show that JJ{/(H V-V +Vu-V)dv = ILMV- ds.

2 E.n
13. IfE=grad ¢ and V° ¢ = 4 1 p, prove that HSE.nds = —4nJ‘”;p dv

where 5 is the outward unit normal vector, while dS and dV are respectively surface and volume
elements.

Pick up the correct option from the following:
N - >
14. If F is the velocity of a fluid particle then | F.dr represents.
(a) Work done (b) Circulation (¢) Flux (d) Conservative field.
(U.P. Ist Semester, Dec 2009) Ans. (b)
-

15. If f = ax ?+ by ?+ cz F, a, b, ¢, constants, then _”f.dS where S is the surface of a unit sphere is
T 4
(a) E(fl+b+6‘) b) gn(a+b+c) () 2n(a+b+c) (dym(a+b+c)
(U.P., Ist Semester, 2009) Ans. (b)
N
16. A force field F is said to be conservative if
-
(a) Curl F=0 (b) grad F=0 (¢) Div F=0 (d) Curl (grad F)=0

(AMIETE, Dec. 2006) Ans. (a)
17.  The line integral J' x> dx + y2 dy, where C is the boundary of the region x> + y? < a® equals
c

1
@) 0, ®) a © @ ma’
2

(AMIETE, Dec. 2006) Ans. (b)

202




	SYLLABUS WITH EFFECT FROM 2020-2021
	BMA-CSA02
	LEARNING OUTCOMES:
	UNIT I
	UNIT II
	UNIT III
	UNIT IV
	UNIT V
	Content and treatment as in
	Reference:-
	e-Resources:
	Let In  = ∫ 𝑠𝑠𝑠𝑛𝑛𝑥𝑑𝑥 =  ∫ 𝑠𝑠𝑠𝑛𝑛−1𝑥𝑠𝑠𝑠𝑛 𝑥 𝑑𝑥
	= – sinn−1 𝑥cos 𝑥  + (n– 1)  ∫ 𝑠𝑠𝑠𝑛𝑛−2𝑥𝑐𝑜𝑠2  𝑥 𝑑𝑥
	= –  sinn−1 𝑥 cos 𝑥  +  �n– 1� ∫ 𝑠𝑠𝑠𝑛𝑛−2𝑥 𝑑𝑥 – (𝑛 − 1) ∫ 𝑠𝑠𝑠𝑛𝑛𝑥 𝑑𝑥
	⇒  In�1 + (𝑛 − 1)� =  − sinn−1x  cos x +  (n − 1) In−2
	is the required reduction formula for ∫ 𝑠𝑠𝑠𝑛𝑛𝑥 𝑑𝑥
	∫ 𝑠𝑠𝑠𝑛𝑛 𝑥 𝑑𝑥 =  – 1  �𝑠𝑠𝑠𝑛𝑛–1𝑥𝑐𝑜𝑠𝑥� + �𝑛–1� I
	(By reduction formula for ∫ 𝑠𝑠𝑠𝑛𝑛𝑥 𝑑𝑥)
	∴ ∫𝜋/2 𝑆𝑠𝑠𝑛𝑛 𝑥 𝑑 𝑥 = – 1  �𝑠𝑠𝑠𝑛𝑛–1𝑥 cos 𝑥�
	� � ∫ 𝑆𝑠𝑠𝑛 𝑥 𝑑 𝑥
	= 0 +
	𝑆𝑠𝑠𝑛
	� � I
	(where In
	Changing n to n–2, n–4, n–6,…..in successive  steps, we get
	and so on.
	Case (i) If n is an even positive integer, then
	Case (ii) If n is an odd positive integer, then
	∫0 sin 𝑥 𝑑 𝑥
	(∵ ∫𝑎 𝑓𝑓 (𝑥)𝑑𝑥 =
	∫   𝑓𝑓 �𝑎– 𝑥�𝑑𝑥, 𝑠𝑠𝑓𝑓
	f is continuous function on [0,a])
	… . . . 4
	. 2 .𝑑1𝑑, 𝑠𝑠𝑓𝑓 𝑛 𝑠𝑠𝑠 𝑜
	… . …
	,𝑒𝑠𝑠𝑓𝑓 𝑛 𝑠𝑠𝑠 𝑒𝑣  𝑛
	Solution: Put x = 𝑡𝑎𝑛𝑡𝑡 ⇒ dx = sec2 𝑡𝑡 d𝑡𝑡
	∴ Given integral becomes
	∫
	Example 4 Obtain the reduction formula for  ∫ 𝑠𝑠𝑠𝑛𝑚 𝑥 𝑐𝑜𝑠𝑛𝑥𝑥 𝑑
	= ∫ 𝑠𝑠𝑠𝑛𝑚 𝑥 𝑐𝑜𝑠𝑛−1𝑥𝑠𝑥𝑐
	= ∫ 𝑐𝑜𝑠𝑛–1 𝑥 (𝑠𝑠𝑠𝑛𝑚𝑥 cos 𝑥) 𝑑
	(Integrating by parts) �∵ ∫ 𝑆𝑠𝑠𝑛𝑚𝑥𝑜𝑥𝑠
	+  𝑛–1  ∫ 𝑐𝑜𝑠𝑛–2 𝑥 𝑠𝑠𝑠𝑛𝑚+2𝑥𝑥 𝑑
	∫ 𝑐𝑜𝑠𝑛–2 𝑥 𝑠𝑠𝑠𝑛𝑚 𝑥 𝑠𝑠𝑠𝑛2𝑥𝑥 𝑑
	+  𝑛–1  ∫ 𝑐𝑜𝑠𝑛–2 𝑥 𝑠𝑠𝑠𝑛𝑚 𝑥(1 −  𝑐𝑜𝑠2𝑥𝑥) 𝑑
	∫ 𝑐𝑜𝑠𝑛–2 𝑥 𝑠𝑠𝑠𝑛𝑚𝑥𝑥
	⇒ Im,n (m + n) = sinm+1 x cosn−1x + (n– 1)Im,n−2
	∫ 𝑠𝑠𝑠𝑛𝑚 𝑥 𝑐𝑜𝑠𝑛–2𝑥𝑥 𝑑
	∫ 𝑠𝑠𝑠𝑛𝑚 𝑥 𝑐𝑜𝑠𝑛–2𝑥𝑥 𝑑 (1)
	and n > 1 prove that
	n n−2 = n �2�
	(𝑥𝑛) [∫ sin 𝑥 𝑑𝑥]�  𝑑𝑥
	�– cos 𝑥��
	𝑛 𝑥
	𝑥(– cos 𝑥) 𝑑
	– �� �
	𝑛 𝑥 (1)
	=  n ∫𝜋/2  𝑥𝑛–1 𝑥cos 𝑥 𝑑
	𝑛−2 sin 𝑥 𝑑 𝑥�
	=n�𝑥𝑛–1 sin 𝑥�
	𝜋/2– 𝑛 �𝑛– 1�  ∫𝜋/2  𝑥𝑛–2 𝑥sin 𝑥 𝑑
	𝑠𝑠𝑠𝑛 – 0� − n
	n − 1
	⇒ U   + n(n − 1)U
	n n−2 = n �2� (1)
	Now 𝑈
	………(1)
	Putting n = 4 in (1), we get
	+ 12U2
	………(2)
	U + 2(2 − 1)U
	2 2−2 = 2  �2�
	Now 𝑈0
	= �– cos 𝑥�
	𝜋/2  = – cos 𝜋
	+ cos 0 = 1
	𝑈2 + 2 (1) = 𝜋
	eco∴m(e2s) b
	+ 12 (𝜋 – 2) = 𝜋3
	𝜋 + 24
	– 12 𝜋 + 24
	then prove that
	where m is an odd positive integer and n is a positive integer, even or odd.
	∫ 𝑐𝑜𝑠
	𝑥 𝑠𝑠𝑠𝑛
	𝑥 cos 𝑥 𝑑
	∫ 𝑐𝑜𝑠 (1)
	𝑥 𝑐𝑜𝑠𝑛
	𝑥�𝑑
	� ∫ 𝑠𝑠𝑠𝑛
	𝑥 𝑑
	∫ 𝑠𝑠𝑠𝑛
	𝑥 𝑐𝑜𝑠𝑛 (1)
	⇒ ∫ 𝑠𝑠𝑠𝑛
	𝑥 𝑑 (1)
	∫ 𝑠𝑠𝑠𝑛 (1)
	𝑥 𝑐𝑜𝑠𝑛 (2)
	Now 𝐼𝑚,𝑛= ∫ 𝑠𝑠𝑠𝑛𝑚𝑥 𝑐𝑜𝑠𝑛𝑥 𝑑
	∫𝜋/2  𝑠𝑠𝑠𝑛𝑚–2𝑥 𝑐𝑜𝑠𝑛𝑥 𝑑
	∫𝜋/2  𝑠𝑠𝑠𝑛𝑚–2𝑥 𝑐𝑜𝑠𝑛𝑥 𝑑 (1)
	Replacing m by m – 2, m – 4, …….,3, 2, we obtain
	.
	From these relations, we obtain
	, if m is odd
	Now, we have
	sin 𝑥 𝑐𝑜𝑠𝑛
	= – �
	And 𝐼
	= � 𝑛
	𝑒𝑠𝑠𝑓𝑓 𝑛 𝑠𝑠𝑠 𝑒𝑣  𝑛
	These formulae can be expressed as a single formula
	∫𝜋/2 sin6 𝑥 𝑐𝑜𝑠5𝑥 𝑑
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