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TRIGONOMETRY

YEAR: I SEMESTER: 11

Learning outcomes:

Students will acquire Knowledge
About the expansions of Trigonometric Functions, Hyperbolic Functions and sum of
Trigonometric Series.

UNIT 1
Expansions of powers of sin , cos - Expansions of cosn, sinn,c0oSm Sinn

UNIT II

Expansions of sinn , cosn , tan n - Expansions of tan( 1+ 2n) - Expansions of sin x,

Cosx, tanx in terms of x-Sum of roots of trigonometric equations Formation of equation with
trigonometric roots.

UNIT IIT
Hyperbolic functions-Relation between circular and hyperbolic functions - Formulas in
hyperbolic functions Inverse hyperbolic functions.

UNIT 1V
Inverse function of exponential functions Values of Log (u+iv) - Complex index.

UNIT V
Sums of Trigonometric series Applications of binomial, exponential, logarithmic and
Gregory’s series - Difference method.



UNIT 1 : EXPANSION OF TRIGONOMETRIC
FUNCTIONS

UNIT STUCTURE

Learning Objectives
Introduction

Expansion of cosnG and sinnG

A W N P

Expansion of tannG

1 LEARNING OBJECTIVES

After going through this unit, you will be able to:
® derive of cosnG, sinnG and tannG
® derive of sina, cosa and tana interms of a

® derive of sina® and cosa’.

2 INTRODUCTION

In this unit, We will obtain the expansion of some trigonometric

functions.

3 EXPANSION OF cosnG AND sinnG.(N BEING A +VE
INTEGER)

We know from De moivre’s Theorem, that

(cosG+isin6)" = cosnG +isinnG .
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Expansion of Trigonometric Functions

Expanding the left hand side by Binomial theorem, we have

cosno- isinnd
= (cos 8)"+"C,(cos 8)"(isin8)+"C,(cos 8)"*(isin8)’+"C,(cos 8)"*(isin 0)°
+"C,(cos0)"*(isin®)* +...+"C,_,(cos®) (isin®)""'+"C_(isind)".

Now, 2 = —1i® =2i=—ii* = ()2 =1 and so on.

and "C _,="C,=n"C ="C,=1.

cosnd- isinnd

= (cos )" +"C,cos" " 8sin-"C, cos"*0sin*6—i"C, cos"* 8sin 0

+"C,cos"*0sin*0+...+i"'ncos@sin"" B +i" sin" 6.

There arise two cases, according as n is odd or even

Case I: If nis odd, then (n—1) is even cosn6- isinné

= (cos8)" +"C,cos" " 0sin®-"C, cos"?0sin’* 6 —i"C, cos"> Bsin’ 0

1

2 sin" 0.

n-1 n
+"C,cos"*0sin*0+...+n(-1) 2 cosOsin™" O +i(—1)

n-1 n-1 n-1

0" =(i*)

=(-1)2;" =i =i(-1) 2

Equating real and imaginary parts, we get

n-1

cosn@ = (cos6)" —"C,cos"*Bsin"0 1 +n(-1)2 cos®sin™' @ - (1)
and

n—1

sinn@="C,cos" " 0sinB-"C, cos"*0sin® 0 +... +(-1) 2 sin" 0. ... (ii)

Case ll: If nis even, then(n—1) is odd, (n—2) is even cosné - isinné6
n-2 n
+"C,cos"*0sin*0+.....+i(—1) 2 ncosBsin""' @ +(-1)2sin" -
n-1

O =i ? Zi(P) 2 =i(1) 23" = () = (1

Equating real and imaginary parts,we get

cosnd = cos"6 —"C,cos"?0sin’0 +"C, cos"* @sin* 6 - +(-1)2sin" @
....(iii)
and
E
sinnd = "C, cos™ " 0sind —"C, cos" > @sin® 0+ .....+(~1) 2 ncosOsin"" 6.

(V)
Example 1: a) Expand cos76 in descending powers of cos®.

b) Expand sin76 in ascending powers of sin@.

The binomial co-
efficient,

"C,is defined by
" n!

" A(n=r)"

where n!is known as

n factorial is defined by
nl=n(n-1)(n-2)---2.1
for n>1and 0!=1.
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Expansion of Trigonometric Functions

Solution: We have (cos76+isin70) = (cos® +ising)’
Expanding the R.H.S. by Bionomial Theorem, we have
cos70- isin76

=cos’ 8+'C,cos® 0 (isinB) +"C, cos® B(isin6 ) +" C, cos® B(isinB)’

+'C,(cos 0)°(isinB)*+'C,(cos 8)*(isinB)°+'C,(cos 8)(isinB)°+'C, (isin8)’

NOW,i2:_1,|=-|,|_1|_|| -1, =Rt =i,
S - v g 165
Also, 7C, =1, 'C,='C,=7, 'C;='C, =12 =21, "C,='Cy= 152 =35,

. COsS70- isin76=cos’ 8- 7icos®Hsind
- 21cos®0sin’ @ - 35icos* Bsin’@- 35cos’H sin® O
- 21icos® 0 sin®0 - 7cos@sin®O - isin’ -
Equating real and imaginary parts,we get
a) cos70=cos’ 0- 21cos’0sin?0- 35cos®Bsin*H- 7cosOsin® o
=cos’ 6—21cos® §(1-cos’ 8) + 35cos® B(1— cos® 6)> — 7 cos 6(1- cos” §)°
=cos’ 0—21cos® 0+ 21cos’ 8+ 35cos® 8(1—2cos’ 8+ cos* 0)
—~7cos®(1-3cos”0+3cos* 6 —cos’®0)
=64cos’0- 112cos’0- 56cos’0- 7cos6
b) sin70 =7cos®6sin6- 35cos* Bsin®H- 21cos?Osin®H- sin’ B
=7(1-sin®0)’ sin® — 35(1-sin”0)* sin® 6+ 21(1-sin” 6)sin® 6 —sin’ O
=7(1-3sin” 0+ 3sin* 6 —sin® 8)sin® — 35(1- 2sin” 6 +sin* 0)sin® 0
- 21sin°@ - 21sin’0- sin’ 9
=7sin0- 56sin’0- 112sin°0- 64sin’ 6.

4 EXPANSION OF tanné

ta

nno =

sinng _ "C,cos"" 8sin8-"C, cos" " @sin® 6+"C, cos"° 8sin’0........
cosno cos" 6-"C, cos" 2 0sin”6+"C, cos"* @sin‘6........

Dividing the numerator and denominator by cos” 6 ,we get

"C,tan®-"C, tan’6+"C,tan’ 0 —........
1-"C,tan’*6+"C, tan* 6—........

tanno =
Last terms:
i) When n is odd: The last terms of the numerator is (- 1)7 tan" and

n-2
that of the denominator is n(—1) 2 tan""'6.

3/69


Rajpri
Textbox

Rajpri
Textbox

Rajpri
Textbox


Expansion of Trigonometric Functions

i) When nis even: The last term of the denominator is n(—1)% tan" '@
and that of the denominator is (—1)% tan" 6.

Example 2: Expand tan50in powers of tan6.

Solution: We know that

"C,tan8-"C, tan’ 0+"C,tan® 0 —........

tanno =
1-"C,tan’8+"C, tan* 6—........

Putting n = 5, we have

°C,tan6-°C, tan’ 0+°C, tan® 0

tan56 =
1-°C,tan”6+°C, tan* 0

_ 5tanf-10tan® 0 +tan®0
1- 10tan’6- 5tan*®

Example 3: Write down the value of tan96 in terms of tan®.

Solution: We know that

"C,tan6-"C,tan’6+"C tan°6—----

tannd = > 2 5
1-"C,tan“ 6+"C, tan" 6-"C,tan 6+ - --

Putting n = 9, we get

°C,tan8-°C, tan®0+°C, tan° 06 —--- -

tan96 =
1-°C,tan*6+°C, tan*6-°C,tan® 0 +- - --

9.8.7 9.8.7.6 9.8

9tan6—"""tan®0+ tan®0—="tan’ 0+tan®0
_ 3l 4 2
1——9'8 tan?0+ 9.8.7.6 tan* 0 — 9.8.7 tan® 6+ 9tan®0
4 4 3l

_9tan6-84tan’0+126tan® 6 —36tan’ 0+tan’ 0
1- 36tan®6- 126tan* - 84tan®6- 9tan®o

CHECK YOUR PROGRESS

Q.1:Expand cos86 in powers of cos6 and sing.

Q.2: Prove that, cos50 =16cos’ 6- 20cos’0- 5cosh
Q.3: Prove that,

8tan®—-56tan®06+56tan®6—-8tan’ 0
1- 28tan?0- 70tan* - 28tan®0- tan®o
Q.4: Prove that:

sin86
sin®

tan860 =

=128cos’ 6—-192cos®0+80cos®06—8cos6
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UNIT 2 : EXPANSION OF TRIGONOMETRIC
FUNCTIONS

1. EXPANSION OF sina IN TERMS OF o (RADIANS)

We know that if n is a positive integer, then

sin® \_ o6 —6)(N6—20) s e(sine T
2!

sinn® =nOcos™”’ 9(
)

Let n@ = o and suppose that n increses without limit and @ decreases

in such a way that n@ = a remains constant, then

sin@ \_ oc(oc—e)(oc—ze) 0 e(sm(ﬂ
2!

sino = ovcos™ 9(
)

Now, when eeo%e1 and cos6 — 1,

3 5

sinak=0——+—....... 0 =
3! 5

2.EXPANSION cosoa IN TERMS OF o (RADIANS)

We know that if n is a positive integer, then

cosn®=cos" 0 —n(nz_'”cosnz osin? 0+ 11" 1)(':' 2= 3) cog+ gsint g ...
cog'g_NB(6=6) ., smﬂ 0 (0—6)(N0—26)(0—36) . n4 smew ''''''
2 0 4 o

Let no=o and supose that n increases without limit and ¢

decreases in such a way that ng = o remains constant, then

a(az 0) o e(sinef 4 Ho=O)(0=20)(0=36) o ns e(ee

=cos' §—

4

N~ /

J

Now when 9 — o?awnd cos 6 — 1

2 a4

. coso=1—-—+——----. oo
21 4

3. EXPANSION OF tanca IN TERMS OF o (RADIANS),
0 BEING SMALL

o o
((x_i_f_i_....)

tang < SN 32' 54'
cos o A= 4% )

2 4
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Expansion of Trigonometric Functions

3 (X5 a2 (X4 (X2 (X4
=(0——+——— R+ (= )+ (———) +
( 6 120 ){ (2 24) (2 24)
o o o? 5at
=(0—-—+—— N 1+—+ +
6 120 2
o 2a’
=+ —+ +--
6 15
: 0
4. EXPANSION OF sino
We know that 1° :Lradians
180
o® = radians
180
Therefore sina® = sin—~-
180
o 1 nu\f
=———| — | +
180 3!{ 180 ,
5. EXPANSION OF cos o’
0 o
cosa’ =Ccos——
180
2 4
_q M(mo ) Aoy
2(180, " 41{180
sin@ 5765 .
Example 1: If —— =——, Show that g = 2°approximately.
P 0 5766 b=2"app y

. 5765
Solution: Here

5766 is nearly equal to 1.

siné =1 (nearly), and so g must be very small.

: 0 0°
We know that, S|ne=e_§+§_....
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Expansion of Trigonometric Functions

0° 0°
sine O 3 5 T 5765
0 0 5766
2 4
or 1_e_+e__....=@_
6 120 5766
Neglecting powers of g higher than g2, we have
_6_2 _ 5765
6 5766

0> , 5765 1

r—=1-

6 5766 5766
s
961

or 9% =

or e:i radians
31

or ezix@degrees
31 =

180x7
31x22

=1.84 degrees

or 6=

degrees

g =2° nearly.
Example 2: Show that,

sinfo= 3 {(32 1>93_(3“—1)65+m+(—1)“1(32"—1)92%‘_}
4 3! 5 (2n+1)!

Solution: We know that, sin36 =3sin8- 4sin®0

. sin®e= %sine—%sinSG =%(3sin9—sin36)

2773 e 3 s
=%(3e 39)——(3 3+ |(3—35)—--~)]
1[e? NP
-1 599G —3)—--~)}
3[e° 4 7
-3 -G -0 >]
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Expansion of Trigonometric Functions

Example 3: Prove that,

" 32!‘1 _1 eZn

— +...00

4 (2n)

sin® 0cos 0 = 67 —%94 ot (1)
Solution: We have

sin0cos 0 = %sin 6(2sin6cos0) = %sin 0sin20

= %(2 sinfsin20) = %(cose —cos30)

4 24 (2n)! 2 4 (2n)!
2 4 2n
0 1m0 sty o (1 (137 o
4, 2 4! (2n)!
n 2n 2n
:1 492_2944_...4_(_1) (_1)(3 _1)6 4.0
4 3 (2n)!
n+1 2n 2n
= 92_§94+...+(_1) (3 _1)9 I 0
6 4(2n)!
Example4:|fx:g_i+g_§+
1 3 5 7
3 5
and y=1+2—2—+2——~-~oo,thenshowthatx2:y_
1T 3 5
Solution: Given, X:Z_i+§_§+
T 3 5 7
1+1 3+1 5+1 7+1
1 3l 5! 7!
(1 3 5 7 )[1 17 1 1 j
= F——— - - ——— .
1 3 5 7 1 3 5 7
[ 1 1 1 ](1 1 1 1 j
=t — 4| — e — ...
21 4 o T 3 5 7
=cos1+sin1
2 20 2 .
and y—1+i—§—§ ----- =1+sin2

. X* = (cos1+sin1)’ = cos® 1+ sin’ 1+ 2sin1cos1
=1+sin2=y
Thus, X’ =y

:1|:{1_9_2+e_4_“'+(_1)n 92" +---w}—{1—@+@_...+(_1)2n@4__

g
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Expansion of Trigonometric Functions

Example 5: Find the value of the series: 1—%+%—% ------ 0

Solution: The given series,

2 3 4
__+___
3 5 7

1 _3+1+5+1_7+1...
2 3! 5 7!

3 5 7 1 1 1
+ +(1-—+

(icos1+lsin1)

V2 V2

(sin%cos’l + cos%sim)

. T
sin(—=+1
G+,

CHECK YOUR PROGRESS

Q.5: If sinf = 2165 , Show that ¢ is nearly equal
0 2166

to 3°.

Q.6: If cosez%,show that ¢ is nearly equal to 1°.58’.

Q.7: Prove that,

3 5 7
Tsino=C _(1:3)8 Lara2439)L o)
3 3l 51 7
Q.8: Prove that,

2 4 6
n T T 1

24 2468 24681012
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Expansion of Trigonometric Functions

6. LET US SUM UP

® We derive some important deductions from De-
Moivre’s theorem. These deductions are
a) Expansions of cosn® and sinn6 in powers of cos® and sin®

(o being a positive integer).

b) Expansion of tann6 in powers of tan®.

c) Expansions of sin6 and cos® in series of powers of 6.
d) Expansions of sin8°and cos@’.

e) Expansion of tan® in powers of 9.

7. ANSWERS TO CHECK YOUR PROGRESS

Ans. to Q. No. 1: We have, cos86+isin86 = (cos 6 +isin6)’
(By DeMovire’s theorem)
=cos’0+i °C,cos’ 8sin+i” °C,cos® 8sin’ 0 +i° °C,cos’8sin® 0 +:---+i’ sin® @
Equating the real parts, we have
cos 80 = cos® 8-°C, cos® 0sin” +°C, cos* 8sin* 6-°C, cos 8sin® 6 +sin® 0
Ans. to Q. No. 2: We have cos56 +isin56 = (cos 6 +isin®)
=cos’ 8- i5cos* 8sinB- i*10cos’ Bsin”0- i*10cos® Bsin’ 6~ i*.5cosHsin* - i°sin® O
Equating real parts, we get
cos 560 = cos® - 10cos® 0sin*6- 5cosOsin® O
=cos® 6 -10cos® 6(1-cos” 8) + 5cos B(1— cos® 0)
=co0s’0- 10cos®0- 10cos®0- 5cosH- 10cos®0- 5cos’ O
=16cos’ 8- 20cos®0- 5cos0
Ans. to Q. No. 3: We know that

"C,tan8-"C,tan’ 0+"C tan® 0 —........
1-"C,tan’6+"C, tan* 0 —........

tann6 =

Now putting n =8, we get the required result.
Ans. to Q. No. 4: First we find expansion of sin86 in terms of sin® and

cos6 then dividing both sides by sin8. We get the required result.
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Expansion of Trigonometric Functions

sin6 2165
2166

we take @ to be very small. Then in the series for sin6, we neglect

Ans. to Q. No. 5: Given which is nearly equal to 1. So that

higher powers of g.

3
..sin6=0—-——

or 92—_6 1

T 2166 361
or 6= %radian =3%nearly

Ans. to Q. No. 6: Try to solve yourself.
Ans. to Q. No. 7: We know that sin36=3sin0- 4sin’0

~sin*6= gsine—lsin 30
4 4

3 0° 0° 1 3°9° 3°%° 37¢’
=—|-——4+—4--- |—-—| 36— + — 4+
4 3l 5 4 3l 5l 7!

:33—3 s 3°-3 5 3'-3

02 22 S
4.3l 45! 4.7!
=§[(32‘1).93—(34_1).65+(36‘1).67— ..... }
4| 3l 5| 7

= 3(3:_ 1)[9—3—(32 +1)E+ (3* + 32 +1)e—7— ----- ]

Hence the result.

2 (X4 (X6

o
Ans. to Q. No. 8: We know that cosa—1—E+E—a+----

I A

T ot ove

7’ t n®

or0=1-—+ - +eee
24 246.8 246.8.10.12

02%(2)=(2.2)1.2)=2.4

If oczz,we have cos™ =1
2 2
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Expansion of Trigonometric Functions

2°41=(2.2.2.2)4.3.2.1)=2.4.6.8

n° n n®

or__ + —_— e
24 2468 24.6.8.10.12

Hence the result.

8. MODEL QUESTIONS

Q.1: Prove that,

sin60 = 6cos® 0sin®- 20cos®Bsin®*6- 6cosOsin®o
Q.2: Prove that,

8tan6—-56tan*0+56tan°6—8tan’ 0
1- 28tan?0- 70tan*0- 28tan®0- tan®0’

Q.3: If S";e :862, Show that g is nearly 4°47'.

tan80 =

15" Show that g is nearly ﬁ degrees.
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UNIT 3. HYPERBOLIC FUNCTIONS

UNIT STUCTURE
1 Learning Objectives
2 Introduction
3 Complex Trigonometric Functions
4 Euler’s Formula

© 0 N O

4.1 Some Standard Trigonometrical Formulas for Complex
Quantities

Complex Hyperbolic Functions
5.1 Expansions of sinhz and coshz in Powers of z
5.2 Relations between Hyperbolic and Circular Functions
5.3 Some Important Formulas for Hyperbolic Functions
5.4 Perodicity of Hyperbolic Functions
5.5 Inverse Hyperbolic Functions

Let Us Sum Up

Answers to Check Your Progress

Further Reading

Model Questions

1 LEARNING OBJECTIVES

After going through this unit, you will be able to:

® explain about Complex hyperbolic functions

® Kknow about Euler’s formula.

2 INTRODUCTION

In this unit, we will learn about complex trigonometric and hyperbolic

functions. Also, we will discuss Euler’s theorem and also its some important

deductions.

3 COMPLEX EXPONENTIAL FUNCTIONS

We know that if xis any real number, then
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Hyperbolic Function

e"—1+5+x—2 X_3 ...... oo
A e =Tty
: x> x°
b) Smx_x_EJrﬁ_'”"”
2 X4
C) cosx_1—E+E_....oo
Now, for the complex number z=x- iy where x and y are real we
can define—
2 3
i) eZ:1+E+Z_+Z_ ..... oo
1T 22 3
AR A
i) sinz=z-"-4+"——----00
3 5
2z z
iy cosz=1-—+——----00
24
The other trigonometric functions for a complex quantity are defined
as follows:
sinz
a) tanz=
cosz
cosz
b) cotz=—
sinz

1
c) cosecz=——

Sinz

d) SeéCzZ=

cosz

4 EULER’S FORMULA

Statement: If g be real or complex, we have e’ =cos0- ising.
Proof: If 7 is any complex number,then by definition of e* ,we have

, . Z z° z

Replacing z by ig, we have

o0 _q, 10 () (6] ()
1 2 3! 4

2 4 3 5
:(1_e_+e_+....)+i(e_e_+e__....)

20 4 3 5l
=cos0- isind by definitions of cos® and sin®.

Thus e€® =cos0- isin®.
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Hyperbolic Function

Important Deductions from Euler’s Formula:
) e™=cos0- isin®
Proof: We have

e =1+(-i0) + (0", (HO)° | ()" (0

2! 3! 4 51
0% i° ot e
=1-0+——-—+———
20 31 4 5§
92 64 . 3 65
_( _E+Z_....)_|( _§+§_....)
=co0sH- ising-
i0 —i0
ii) cose:e re
Proof: We have ¢* — cos- isin® (1)
and e =cos@- isind (2)

Adding (1) and (2), we get 2cosg=¢e- e

i0 —i0
So, cos0 = € e (3)
2
' e _eg®
iii) sin6=
iii) >
Proof: Subtracting (2) from (1), we get 2ising=¢e- e
_ e® _ g
= sinb= 4
o (4)

Formulae (3) and (4) are known as Euler’s Exponential Values

for cos® and sin© respectively.

Corollary:
e _g®
|) tan® = S|ne _ 2i | 3 eie e—ie
cos0 e® e I(ele +e |6)
2
eie +e—|e | '
iy cotb= cos 6 = 2 i(e” +e™)
sin 0 e|e _ e—|e (e|e e—ie)
2i
1 1 2
iii) secO= =— .
i) cosf e’+e”  ef.e™®
2
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Hyperbolic Function

i coseco = 1 = L = a
V) sing e’-e™ -

2i

" ".4.1 Some Standard Trigonometrical Formulae for
Complex Quantities

All the trigonometrical formulae which are known to be true
for real values can also be shown to be true for complex quantities
also.

i) sin’z- cos®’z=1

Proof: L.H.S = sin®z- cos’z

e2iz + e—2iz _ zeZiz.e—Ziz e2iz + e—2iz + 26

4 4

2iz. ,-2iz
e

B e2iz + e—2iz _zeZiz.e—Ziz e2iz + e—2iz + zeZiz.e—Ziz
4(-1) 4

~ e2iz_'_e—2iz _2 N 32i2+e_2iz+2
4 4

_ e2iz _ e—2iz + 2 + e2iz + e—2iz + 2

4

i) sin2z=2sinzcosz

Proof: R.H.S, 2sinzcosz

=sin2z = L.H.S
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Hyperbolic Function

iy cos2z=1- 2sin’z

Proof: R.H.S = 1- 2sin’z

iz —iz 2
=1- z(i)
2i

2iz —2iz
1 2(L_2J
—4

B e2iz +e—2iz
2
=cos2z = L.H.S

iv) cos3z=4cos’z- 3cosz

Proof: R.H.S =4cos’z- 3cosz

iz —iz 3 iz —iz
_4 & *& | 4/ & *t€
2 2

(eiz+e—iz _g(eiz+e—iz)

N[= N|=

[(eBiz pe )+ 37 g2 (eiz P )]_ g (eiz + e—iz)

(Using (x+y)® =x®+y® +3xy(x+Y))

3iz -3iz iz —iz
_er+e™ qev+e —E(e‘2+e"z)
2 2 2
3iz -3iz
= % =co0s3z=L.H.S

V) sin(z,- z,)=sinz,cosz, - sinz,cosz,

Proof: R.H.S = sinz,cosz, - sinz,cosz,

_ eiz1 _e—iz1 eizz +e—izz N eiz1 +e—iz1 ei22 _e—izz
2i ' 2 ' 2 ' 2i
— %[(eia _ e—iz1 Xei22 + e—izz )+ (eiz1 + e—iz1 Xeizz _ e—izz )]
|

_ D et y gieren _griteran _gitarz:) | gilean) _giez) | gritere) _ griara)]
4i

— % [zei(21+22) _ 2e*i(21+22)]

ei(z1+z2) _ e—i(z1+z2)

= . =sin(z,- z,) =L.H.S
2i
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Hyperbolic Function

Similarly, one can prove the following results:

Vi) sin3z=3sinz- 4sin’z

vii) sin(z,- z,)=sinz,cosz, - cosz,sinz,

viii) cos(z,- z,)=cosz,cosz, - sinz,sinz,

iX) cos(z,- z,)=cosz,cosz,- sinz,sinz,

COMPLEX HYPERBOLIC FUNCTIONS

For all values of complex variable z, the expressions

z -z

is called Hyperbolic sine of z and is denoted as sinh z.

z -z

+2e is called Hyperbolic cosine of z and is denoted as cosh z.

z -z z -z

e‘+e
and coshz =

Thus, sinhz = ©

The other hyperbolic functions are defined in terms of hyperbolic

sine and cosine as follows:

eZ_efz
tanhz — sinhz _ 2 _e'-e
coshz e*+e?* e*+e”
2
e’+e”’
cothz:C(_)ShZ: : 2 _ =ez+e7Z
sinhz e“—-e e‘—e
2
sechz = = 1 = 2
coshz e*+e? e*+e”?
2
1 1 2
cosechz = — = =
sinhz e*—-e? e’ -e7*
2
. e—e® 1-1 e+e® 1+1
N : (a)sinh0 = =——=0(b)cosh0 = =——=1
ote : (a) 2 ; 00 2 2
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Hyperbolic Function

" ".5.1 Expansions of sinhz and coshz in Powers of z

. 1
sinhz=—(e*—-e™*
2( )

1 22 22 7 22 2 7
=—|[1+z+—+—+—+ 0 |-|1-Z+———+——-- 0
2| 2 3 4 20 3 4

[ 3 5
=1 27425 422 4.
2| 3! 5
z2 2z
31 5l

Similarly, coshz = %(eZ + e‘z)

1 zz 22 7z A A o
=—|{1+z+—+—+—+ [+|1-2+———+——----
2| 2 3 4 2 3 4

B 2 4
:1 2+2.Z—+2.Z—+----]

2| 2 4!
2 4
=1+ —+—+
204

5.2 Relations between Hyperbolic and Circular
Functions

The hyperbolic functions can be expressed in terms of
circular functions as follows:
i0 —i0 i0 —i0

e’ —e e’ +e
o and cos6 =
i

Putting 6 =ix in these relations,we get

We have, sin6 =

e —-ef
2i

~(e*-e™)
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i(ix) + e—i(ix)

cos(ix) = 5

—-X X

e +e
= = cosh x
2

sin(ix) _ isinhx
cos(ix) coshx

Again, tan(ix)= =itanhx

cos(ix) _ coshx icoshx

cot(ix) = = =%
)= sin(ix) ~isinhx ~ Peinnx ~ o
sec(ix) = — = =sechx
cos(ix) coshx
cosec(ix)=———=- ,1 =5 ,' = —icosechx
sin(ix) isinhx i“sinhx
. e’ +e™
Note: We have sinh0 = >
0 -0
cosh@ = © e
Putting 6 =ixin these relations,we get
) ) eix —_e™™ ) eix —eX
sinh(ix) = =i —isi
(ix) 5 o =isinx
COSh(iX) = % =COS X
inh(i isinx .
Again, tanh(ix):m =——=itanx

cosh(ix) cosX

.5.3 Some Important Formulas for Hyperbolic Functions

i) cosh®x- sinh®x =1

Proof: L.H.S, cosh?x- sinh?x
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Hyperbolic Function

i) sech®x=1- tanh®x

Proof: We know that cosh?x- sinh®x =1
Dividing both sides by cosh?x we get

1- tanh® x = sech®x

= sech’x=1- tanh®x

i)y cosech®x =1-coth®x

Proof: We know that cosh? x - sinh?x =1
Dividing both sides by sinh? x ,we get

coth? x- 1= cosech®x

So, cosech®x =1- coth?x

iv) sinh2x =2sinhxcoshx

Proof: R.H.S =2sinhxcoshx

=sinh2x=L.H.S.
V) cosh2x =2cosh®x- 1=1- 2sinh?x = cosh® x - sinh? x
Proof: We have, cosh?x- sinh?x

e +e™ +2+e2"+e‘2X -2
4 4

B e2x +e—2x
2

= cosh2x
Again, cosh2x = cosh? x - sinh? x
=cosh? x + (cosh? x — 1) O cosh?x- sinh?x =1
=2cosh’x- 1
Also, cosh2x =cosh? x- sinh?x
= (1+sinh? x)+ sinh? x
=1- 2sinh®x © cosh®x - sinh?x =1
Thus,we have cosh2x =2cosh®x- 1 —1. 2sinh?x

=cosh?x- sinh?x
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Hyperbolic Function

vi) sinh(x- y)=sinhxcoshy- coshxsinhy
Proof: L.H.S = sinh(x- y)

:1sinhi(x+y) @sinhezlsin(ie)
i [

:lsin(ix+iy)
i

= 1 [sinixcosiy + cosix siniy]
[

= ?[isinh xcoshy +coshxisinhy]

=sinhxcoshy- coshxsinhy = R.H.S.
vii) sinh(x- y)=sinhxcoshy- coshxsinhy
Proof: Try yourself
viii) cosh(x- y)=coshxcoshy - sinhxsinhy
Proof: L.H.S, cosh(x- y)
=icos(Xx- Y) © cosh 6 = cos(i0)
=Cosi(X- Yy)
= cos(ix - iy)
= cosixcosiy - sinixsiniy
=coshxcoshy - isinhxisinhy
=coshxcoshy- sinhxsinhy = R.H.S
iX) cosh(x- y)=coshxcoshy- sinhxsinhy
Proof: Try yourself

tanhx- tanhy

X) tanh(x+y)=
) (x+) 1+tanhxtanhy

Proof: L.H.S, tanh(x- y)
_sinh(x- y)
cosh(x+Y)

_sinhxcoshy- coshxsinhy
coshxcoshy +sinhxsinhy

Dividing the numerator and denominator by coshxcoshy, we get

_ tanhx- tanhy
1+tanhxtanhy

tanhx- tanhy
1—tanhxtanhy
Proof: Try yourself

xi) tanh(x-y)=
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Hyperbolic Function

Note: Some more formulas for hyperbolic functions

a)

2tanh x

sinh2x=—2
1- tanh” x

1+ tanh?® x

1- tanh?x
2tanh x

1- tanh® x

sinh3x =3sinhx- 4sinh®x

cosh2x =

tanh2x =

cosh3x = 4cosh® x- 3coshx

3tanh x + tanh® x

tanh3x = 5
1- 3tanh x

5.4 Perodicity of Hyperbolic Functions

a)

We know that sinhx = © >

x+2nmi o —(x+2nmi)

e

> , Where n is any integer

. sinh(x + 2nmi) =

1 X A 2nmi —-X ~-2nmi
=—le*e™-ee

I ]

1 X —X N
:E[e A-e -1] ©®e®™ =cos2nn- isin2nn
e -e”

2

=1-i(0)
=sinhx =1

© e =cos2nn- isin2nn

=1-i0 =1

Thus, sinh x remains unchanged, when x is increased by an
integral multiple of 2mi.

Hence, sinhxis a periodic function and its period is 2.

b) We know that coshx= € +€
X+2nmi —(x+2nmi)
. cosh(x + 2nmi) = © +Ze
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e +e”
2

=coshx

Thus, coshx remains unchanged,when x is increased by any
integral multiple of 2mi.

Hence, coshuxis a periodic function and its period of 2mi.

X —X

e’ —-e

c) We know that tanhx = ———
e’-e

X+nm e—(x+nni)

-~ tanh(x +nmi) = SR g o)

—nmi

_efe™-ee
ee™- ere

-nmi 7

Multiplying the numerator and denominator by €™, we get

e*e®™ _e™ 1

X 20T

e*e ™4 e*1

e —e™”
- e*- e*

=tanhx
Thus, tanhx remains unchanged,when X is increased by an
integral multiple of i

Hence, tanhx is a periodic function and its period is mi.

Note1: cosechx,sechx and cothx being reciprocals of
sinhx,coshx and tanhxrespectively,are also periodic functions
and their periods are respectively 2w, 2mi and 7.

Note 2: The periods of hyperbolic functions are imaginary.

Example 1: Separate the following into real and imaginary parts
a) sinh(x- iy) b) cosh(x- iy) c) tanh(x- iy)
Solution: (a) We know that isinh® = sinig

sinh(x +iy) = 1sini(x +iy)
[
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Hyperbolic Function

= ilzsin(ix -vy)

=-i(sinixcosy - cosixsiny)
=-i(isinhxcosy- coshxsiny)
=sinhxcosy- icoshxsiny
where real part = sinhxcosy and Imaginary part = cosh xsiny.
b) We know that cosh6 = cosi6
cosh(x- iy)=cosi(x - iy)=cos(ix- y)
=Cosixcosy- sinixsiny
=coshxcosy - isinhxsiny

where real part =coshxcosy and Imaginary part = sinhxsiny

c) We have tanh(x+iy):1tani(x+iy) since itanh6 = tanio
i
i sin(ix - y)
cos(ix—y)

. 8in2ix- sin2y
COs 2iX + cos 2y

i isinh2x- sin2y
cosh2x + cos2y

B sinh2x i sin2y
cosh2x+cos2y  cosh2x+cos2y

1- tanhx

Example 2: Show that -———— =cosh2x+sinhx
1- tanhx

sinhx
1+ tanh x _ +coshx
1-tanhx ,_ sinhx
cosh X

Solution: L.H.S =

_ coshx- sinhx
coshx- sinhx

_ coshx- sinhxxcoshx- sinhx
coshx- sinhx coshx- sinhx

_cosh? x +sinh® x + 2sinh x cosh x
cosh? x - sinh®x

_cosh2x- sinh2x
1

=cosh2x- sinh2x =R.H.S

25/69



Hyperbolic Function

Example 3: Show that,
(1+coshx +sinhx)" = 2" cosh”[ X W cosh{ ™ |+ sinh| ™%
2 2 2
Solution: L.H.S = (1+cosh x +sinh x)’

:[1+cos(ix)+lsin(ix)]
[
© coshx =cos(ix)and sinhx = 1sin(ix)
[
—[1+42c0s?[ X -1l 4 1 2sin[ X |cos| X
2 [ 2 2
© cosx =2cos’x- 1

. . X X
sinx = 2sin—cos—
2 2

—[1+{2cosh? X |-1t+ 1 2isinh 2 |coshX
i 2 i 2772

—

=|2cosh?

X +2$inh§cosh5
| 2 2 2

e

2" cosh"

N | X

=2"cosh" X cos| Z +- sm
2] 2
=2"cosh" X cos X +%sin X
2| 2 ) i 2
=2"cosh" X cos X —isin X
2] 2 2
=2"cosh" g cos %J—isin(%)] (By DeMovire’s theorem)
=2"cosh" X cosh nx —isisinh nx
2 2 2
= 27cosh”[ X | cosh[ ™ |+ sinh{ ™ || =R.H.S
2] 2 2
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Example 4: If (x- iy)=tan(A- iB), Prove that
i) x? +y® +2xcot2A =1
i) x* +y? — 2ycoth2B+1=0
iif) xcot2A + ycoth2B =1
Solution: We have x- iy =tan(A- iB)
So, x-iy=tan(A- iB)
i) Now, tan2A =tan[(A- iB)- (A- iB)]

_ tan(A- iB)- tan(A - iB)
~ 1—tan(A +iB)tan(A —iB)

_ (x-iy)- (x-iy)
1-(x +iy x —iy)
:2—X
1—X2 _y2
12X
O cot2A  1-x2—y?2
Or, 1-x* —y® = 2xcot2A
o 2Xcot2A =1-x*-y*> (1)
i) tan2iB=tan[(A- iB)- (A- iB)]
_ tan(A- iB)- tan(A- iB)
~ 1+tan(A +iB)tan(A -iB)

S

_ (x-iy)- (x-iy)
1+ (x +iy )(x —iy)

__ 2y

1+ X2 +y?

2iy

SO, itanh2B = T2 32
1+x°+y

~tanh2B=— 2
1+X°+y

L
coth2B 1+ x2+y?
o1+ X% +y? =2ycoth2B (2)
i) From (1), 2xcot2A =1-x2 —y?
From (2), 2ycoth2B =1+ x? +y?
Adding,we get 2xcot2A- 2ycoth2B =2
Or, xcot2A- ycoth2B =1

So,
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5 Inverse Hyperbolic Functions

Let sinhx=u. Then x is said to be the inverse hyperbolic
sine of u. It is denoted by sinh™u.Thus,if sinhx=u,then
x =sinh™'u. In this way we define cosh™'u,tanh™'u,and so on.

To prove that, sinh”'u= Iog(u+m)
Let sinhx=u
x =sinh™'u

. e’ -e
Also u=sinhx =

s 2u=¢e* —ix
e

Or, e®*- 2ue*-1=0

. 2ux+4ui+4
Ne =T =utu®+1

X =2nmi+ Iog( 1)

) V)

u+\/u +1)

Now, Iog( - +1)

-1
=lo
? u++/u® +1
=log(- 1)—Iog(u +u? +1)

e 2n7ci+log(u+\/u2 +1)
or 2nmi + (2m — 1)ri — Iog(u +u? + 1)
. the general value of sinh™u is rx+ (- 1) Iog(u +/U? + 1) where ris
any integer; and the principal value is Iog(u+\/u2 +1).
To prove that, cosh™u= Iog(u ++/U? —1)
et coshx=u
x =cosh™u

X

e“+e™”
Also u=coshx =

1
L2u=e’ +—
e

Or, e*- 2ue*- 1=0
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. 2ut+4u®-4
e = —utu*-1

2
sX = 2nmi+ Iog(u + \/H)

o o7 b T

1
=log u+m
= —Iog(u + m)
s X =2nmi+ Iog(u + \/ﬁ)
. the general value of cosh™u is 2nnii|og(u +M) where n is

any integer; and the principal value is Iog(u+\/u2 +1).

CHECK YOUR PROGRESS

Q.1: Separate the following into real and
imaginary parts—
a) coth(x- iy) b) sech(x- iy)
C) cosech(x- iy)
Q.2: If tan6 =tanhxcoty and tang = tanhxtany,

sin20 _ cosh2x- cos2y
sin2¢p cosh2x —cos2y

Q.3: If u- iv=cot(x- iy), show that,

prove that

3 sinh2y
cosh 2y —cos 2x

6 LET US SUM UP

® For the complex number z=x- iy where x and y are real we can

define—

ez_1+E+Z_2+£+ ..... oo
a) 17 2" 3

) 8 5
b) smz_z—g E—m-oo
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Hyperbolic Function

2 Z4

z
c) cosz=1—E+I_....OO etc.

® The complex hyperbolic sine and hyperbolic cosine functions are
defined by:

z -z z -z

. e’ — e’ +e
sinhz = and coshz =

The complex hyperbolic tangent,cotangent,secant,and cosecant are
defined in terms of sinhz and coshz:

sinhz 5 coshz

hz= L and cosechz =— .
C sinhz

® The relation between Hyperbolic and Trigonometric functions are
as follows :sin(ix) = isinhx , cos(ix) = coshx, tan(ix) = itanh x etc.

® \We discuss some important formula for hyperbolic functions:
a) cosh?x—sinh®x =1 b) sech®x=1-tanh?x
C) cosech?x =coth?x —1 d) sinh2x =2sinhxcoshx
e) cosh2x =2cosh?x —1=1+2sinh? x = cosh? x + sinh? x etc.

® We discuss periodicity of hyperbolic function.i.e.,
sinh x, cosh x and tanh x respectively,are periodic functions and their
periods are respectively 2ni, 2ri and ni. Their reciprocals
cosechx,sechx and cothx respectively, are also periodic functions
and their periods are respectively 2zi, 2ni and ni.

® If g be real or complex, by Euler’s theorem we have
e’ =cosf+ising,

® We derived important deductions from Euler’s theorem.

7 ANSWERS TO CHECK YOUR PROGRESS

Ans. to Q. No. 1: a) we have coth(x+iy)=w
sinh(x +iy)
_ COosi(x+iy) i cos(ix—y)
lsini(x+iy) sin(ix —y)
i
i 2sin(ix + y)cos(ix —y) i sin2ix +sin2y i isinh2x + sin2y

" 2sin(ix+y)sin(ix—y)  cos2y—cos2ix  cos2y—cosh2x
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- sinh2x , sin2y
cos2y —cosh2x  cos2y—cosh2x

_ sinh2x i sin2y
cosh2x—cos2y  cosh2x —cos2y

1 1 1
sech(x +iy) = = =
b) we have (X +iy) cosh(x+iy) cosi(x+iy) cos(ix—Y)

B 2cos(ix- y) _ 2(cosixcosy - sinixsiny) 2(coshxcosy - isinhxsiny)
2cos(ix+y)cos(ix—y) C0s2ix +cos2y cosh2x +cos2y
_ 2coshxcosy 2sinhxsiny

" cosh2x +cos 2y ~ "cosh2x +cos 2y
c) We have

cosech(x+iy)= 1 = L = |
Y)= sinh(x +iy) lsini(x+iy) ~ sin(ix - )
i

2sin(ix- y) o 2(sinixcosy - cosixsiny) . 2(isinhxcosy- coshxsiny)

. . =i,
2sin(ix+y)sin(ix—y) €0s2y —Ccos2ix cos2y —cosh2x

___2sinhxcosy . 2sinhxsiny
cos2y —cosh2x  cos2y—cosh2x
__2sinhxcosy . 2sinhxsiny

~ cosh2x —cos 2y cosh2x—cos2y

Ans. to Q. No. 2: We have sin2g—_2@n9

1- tan®0
_ 2tanhxcoty
1+ tanh? xcot? y
sinhx cosy
_coshx siny 2sinhxcoshxsinycosy

N sinh?x cos’y  cosh?xsin®y +sinh? xcos? y
cosh?x sin’y

;.(2 sinhx coshx)2sinycosy)

~ cosh2x +1 1—cosZy+cosh2x—1 1+cos2y

2 2 2 2
_2sinh2xsin2y  sinh2xsin2y
cosh2x—-2cos2y cosh2x—cos2y (1)

o ) sinh2xsin2y
Similarl that sin2¢ = 2
imiiarly, we can prove tha ¢ cosh 2x + cos 2y @)
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sin20  cosh2x- cos2y
sin2¢p cosh2x—cos2y

Dividing (1) by (2),we get . Hence proved.

Ans. to Q. No. 3: We have u- iv =cot(x- iy)

_cos(x- iy) 2cos(x- iy)sin(x- iy)
- sin(x +iy) B 2sin(x +iy)sin(x —iy)

_sin(2x)- sin(2iy) _ sin2x- isinh2y
cos(2iy)—cos(2x) cosh2y—cos2x

B sin2x i sinh2y
cosh2y—cos2x cosh2y—cos2x

Equating imaginary parts on both sides, we get

B sinh2y

V=—
cosh2y —cos2x ° Hence the result.

9 MODEL QUESTIONS

Q.1: Separate into real and imaginary parts
a) sec(x- iy) b) cosec(x - iy)

C) esin(x-¢-iy) d) Sinz(X+iY)

Q.2: Prove that, tan u+|v\= S|nu+!smhv
) cosu+icoshv

Q.3: Ifcosh(a- iB)=x- iy, show that

X2 y2 X2 y2
+ =1 b T a
2) cosh’o  sinh?o ) cos’B  sin’P
Q.4:  sin(0- ip)sin(o - iB)=1, Prove that

cosh” ptanh®B =cos?® and tanh® pcosh’B = cos” a.

1

deskosk skeskokosksk skekok
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UNIT 4 : LOGARITHM OF COMPLEX NUMBER
UNIT STUCTURE

Learning Objectives

Introduction

Logarithm of Complex Quantities

Principal and General Values of Logarithm
To find log, (x - iy) and Log, (x - iy)
Properties of Logarithm

Let Us Sum Up

Answers to Check Your Progress

Further Reading

0 Model Questions

= O 0 N O 0o B W N -

1 LEARNING OBJECTIVES

After going through this unit, you will be able to:
® know logarithm of complex quantities

® find log, (x- iy) and Log, (x- iy).

2 INTRODUCTION

In this unit, we will discuss the definition of logarithm of a complex

number using the fundamental concepts of logarithm of a real function.

3 LOGARITHM OF COMPLEX QUANTITIES

We know that if a and x are real numbers such that e* =a (1)
then x is called the logarithm of a to the base e.

we can write (1) as x=log,a

Now, we will discuss logarithm of complex numbers.

If zand w are two complex numbers such that w = e* (2)
then z is called the logarithm of w to the base e.

we can write (2) as z=log, w .

Therefore z=log, w if and only if w=¢*.
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Logarithm of Complex Number

Note: Logarithm of a complex number is a complex number.

Theorem: Logarithm of a complex number is a many-valued function.
Proof: Let log,w=2z.Then e* =w.

2nmi

We know that e“™ =cos2nzn- isin2nnt=1-i0=1,

where n is any integer.

ez — ez.1 — ez_eZnni — ez+2n1ri

NOW W = ez — ez+2nni

By definition, we have log. w =z- 2nmi
e

Hence, the logarithm of a complex number has infinite values.

PRINCIPAL AND GENERAL VALUES OF
LOGARITHM

We have log,w =z- 2nni, the value z- 2nri is called the general

value of log, w and is denoted by Log.w.

Thus, Log,w =z- 2nmi=2nmi- log, W
If w=x- iy, then Log,(x- iy)=2nmi- log, (- iy) (3)

If we put n =0 in (3), we get the principal value of z, i.e., log, w .

Note: We denote the general value of log,w by Log.,w, using the
first letter L as the capital and the principal value by log, w , using the

first letter | as the small letter.

5

TO FIND log, (x- iy) AND Log,(x- iy)

Let z=x- iy be a non-zero complex number.

Suppose log, z=o- if = log, (x- iy)=o- ip (4)
L X+iy=e*P
=e" e’
=e*(cosp +isinp)
= X+iy=e"cosP+ie”sinf
Equating real and imaginary parts from both sides,we get
x =e”cosf (5)
y =e”sinf (6)
Squaring and adding (5) & (6), we get
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x? +y? =e® cos® B+ e’ sin*B = e2*(cos® B +sin’p)
— x4 y2 — g2

= 2a =log, (x* +y?)

=3 oc:%Ioge(x2 +y2)

e®sinf Y sinP _tanp

Dividing (6) by (5), we get =3 cosp X cosP

N L
From (4), we get log, (x +iy)= 7 log, (x* +y*)+itan "'

Now we find the value of Log, (x - iy)
We have Log, (x- iy)=2nmi- log,(x- iy) from (3)
= 2nmi + %Ioge(x2 +y?)+itan' L
X

+2nTi

. Log, (x +iy)= %Ioge (x2+y?)+itan™ %

where n is any integer.

6 PROPERTIES OF LOGARITHM

We know some properties of logarithm of real numbers.Now we
state some properties for complex numbers.The properties are as follows:
i) Log.(zw)=Log.,z- Log,w

i) Log E\:Log z—Logw
e W) e e

i) Log.,z" =wlog,z+ 2nmi

iv) Log,z= Ii?g%

Logarithm of a Negative Number:

We know that @™ = cos(2n + 1)t +isin(2n + 1) = —1
. Log(- 1)=(2n- 1)ri and log(- 1)=mi.

Again if x=¢” then logx =y

Now, — x = (_ 1)X — gt gy _ g@n+i)rivy

. Log(- x)=(2n- 1)mi- logx and log(- x)=mi- logx .
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Example 1: Find the value of Log(1- i)
Solution: Let 1- i=r(cos8- isino)
rcos@=1 and rsing=1
r’cos’0- r’sin’9 =1 - 1?

= r?(cos® 0+ sin?6)=2

= r=\/§
rsing 1 T
=-=tan6=1=0=—
Also rcosf 1 4

sSA+i= ﬁ[cos% + isinﬂ = ﬁ[cos{Znn + %)+ isin(2nn+ gﬂ

~Log(1+i)= |og[d§ {cos(Znn + %} isin(Znn ¥ %)H
_ IOg[\/E .e(znmz)]

2nn+E)

:Iog\/§+loge( 4
:Iog\/§+(2nn+g\_
)

Example 2: Prove that log(1- cos26- isin26)=log(2cos8)- i6
Solution: L.H.S=log(1- cos26- isin20)

=log(2cos? 6 +i2sinBcos6)

=log2cos6(cos - isind)}

=log(2cos0)- log(cos- ising)

= log(2cos ©)+log(e®)

=log(2cosH)- 6

=R.H.S Proved.

Example 3: Prove that sin(ogi )= -1

LT
. . T .. T =
Solution: We have |=cos§+|sm§=e2

~logi=i~
- :

K

, . iﬂ]
Now i = e =e(2 =e?

. logi -_Ir
- >
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- sinflogi')= sin(— gL 1

)
i0 / 1]n
Example 4: Prove that Log(Loge )=Iog(2nn+ 0)+i 2k+§
J

Solution: We have Loge® = 2nmi+i6 = (2n+ 6) = (2nm+6)e?

where n is any integer

~.Log(Loge®)=log(2nm+6)+ ig +2kmi, where k is any integer

=log(2nm+6)+ i(2k + %1}1 _
y

Example 5: Find the general value of log(- 3).
Solution: Let - 3=-3- i0=r(cos@- ising)
. - 3=rcosf and 0 =rsin@
.r’=9=r=3
Putting r =3, we get cosf=-1 and sin6=0
.0=m
. -3 =3(cosm+isinm)=3.e"
Hence, Log(-3)=log3.e"™.e*™}
=log3 +loge @™
=log3- (2n- )ni
Putting n=0, we get the principal value of Log(- 3) i.e., log(- 3).
. log(- 3)=log3- in

Example 6: Prove that log aJr!b\:2itan‘1 9]
a—lb) a,

Solution: Let a=rcos6 and b=rsin®

~r=+a%+b? and tanezg i.e.,eztan‘Tg\

)

Now, log a+ib log r(cos@+isin®) Ioge—ie
" Ta-ib r(cos®—isin®) e
=loge® = 2i0
= 2itan‘1(91_
a )
Example 7: Find the value of mw
V3 +i
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Solution: Iog%iiiﬁ) :'09{1_\/5\/?? |+ ﬁ)}

zlog{1—\/§+i(1+\/§)}(\/§—i)
V3 +ilv3-i)

:Iog<(1—\/§)\/§+(1+\/§3}jrii(1+\/§)\/§—(1—\/§)}

(243 - 2); i243 +2)

el 63-1), (3 +1)
g }

2 2

=log

= Iog{% (\/5 - 1)+ %(\/5 + 1)}

N =
—
&)
+
Namlt

:%log{%(\/g—ﬂz +%(\/§+1)2}+itan1

N|—=
<
&
|
—
SN—

1 341
=—log2+itan” ——
2 V3 -1

1+

=

1 I
_Elog2+|tan 1

T T
o)

)

=

= %Iog 2+itan” tan

—

:1I092+i5—n_
2 12

CHECK YOUR PROGRESS

Q.1: Define logarithm of a complex number.
Q.2: Prove that, log(cos8- isin®)=i0 - t<6<n
Q.3: Obtain the general value of Logi

a+ib\_ 2ab
a-ib, a’-b’

Q.4: Prove that tan[ilog

Q.5: Find the value of Log(4- 3i)
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7 LET US SUM UP

® |[f z and w are two complex numbers such that w =e” then z is
called the logarithm of q to the base e. We can write it as z=log, w .

® |ogw is a many valued function. We have log, w = z- 2nmi, the value
z- 2nmi is called the general value of log, w and is denoted by
Log.w .

Thus, Log,w =z- 2nmi = 2nmi- log, w

8 ANSWERS TO CHECK YOUR PROGRESS

Ans. to Q. No. 1: If z and w are two complex numbers such that = g2,

then z is called the logarithm of w to the base e.

. 1 . -
Ans to QNo 2:  We know that log, (x+iy)=7log, (¢* +y*)+itan 1%
. 1 . . sin®
~.log(cos 0 +isin6)=—loglcos? 6 +sin?0)+itan™
g( ) 2 g( ) cos 0

= %Iog1+itan1 tan® _jg

Ans. to Q. No. 3: We know that, Log;i = ::de'

J.l

Now, Log.i=log,i- 2nmi
—iZ 4+ 2ni
2

= {g + 2n7c\

J

zi(n+4nn)

2

.(1+4n
=im

2,

1+4m

Similarly, Log.i= in(
)
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in 1+4n
. 2 4n+1
~.Logii = = .
in(1+4m\ 4m+1, m and n are any integers.
2
y

Ans. to Q. No. 4: Try yourself ( hint : put a =rcos6 and b=rsin9)
Ans. to Q. No. 5: Let 4- 3i=r(cos6- isind)
Equating real and imaginary parts, we get rcos0=4;rsin6=3

Squaring and adding, r* =16- 9=25=r=5
Dividing, tan 6 = 3 —=0=tan™’ 3
4 4

~.Log(4 + 3i)= Log[r(cos 6 +isin6)] = Log(re" )= 2nmi + log(re® )
= 2nmi+logr +loge”

=2nmi- log5- i0

=2nmi+log5+itan™ 3 )

12.10 MODEL QUESTIONS

Q.1: Prove that:

i) log(- 1)=ir i) log)=i7
i) Iog(1+i)=%loge2+i% iv) Iog(1—i):%|oge2—i%
V) Iog(\/§+i)=logeZ+ig Vi) Iog(1—\/§i):loge2—ig

vii) Log(- 2)=log,2- (2n- T)mi viii) Log(- 5)=log,5- (2n- 1)ri
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Q.2:

Q.3:

Q.4:

Q.5:

Q.6:

iX) log(1—cos 6 +isin6)=log(2sin8)+ {g - e)

X) Log(- €)=1- i(2n- 1), where n is any integer.

Prove that:

i) Log(vi)=(8n+ 1)%

i) log(1+itana)=logseco +io0 < ot < g
Prove that:
logcos(x +iy)= %Iog%(cosh y +cos2x)—itan”(tanx tanh y)

Separate ' into real and imaginary parts.

Prove that: log 1 5 =log 1cosec(ﬂ+i E—QW
1-¢' 2 ; \2 2,
cos(x - iy)

Prove that: |og :
cos(x +iy)

= 2itan”'(tanx tanhy)

seoksk skockskoksk skekk
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UNIT 5 : TRIGONOMETRIC SERIES

UNIT STUCTURE

1 Learning Objectives
2 Introduction
3 Gregory’s Series
3.1 General Theorem on Gregory’s Series
4 Summation of Trigonometric Series
4.1 C+iS Method
4.2 Series Based on Geometric or Arithmetico-Geometric
Series
4.3 Sum of a Series of Sines (or Cosines) of Angles in
Arithmetical Progression
4.4 Summation of Series using Binomial Series
4.5 Summation of Series using of Exponential Series
4.6 Summation of Series using Logarithmic Series and
Gregory’s Series
4.7 Difference Method
5 Let Us Sum Up
6 Answers to Check Your Progress
7 Further Reading

6 Model Questions

1 LEARNING OBJECTIVES

After going through this unit, you will be able to:
® know about Gregory’s series

® describe the summation of trigonometric series.

2 INTRODUCTION

In previous unit, we discussed DeMovire’s Theorem and its some
important deductions. We will introduce Gregory’s series. Finally, we will

discuss summation of trigonometric series.
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3 GREGORY’S SERIES

T T
Statement: If 9 lies within the closed interval [_Z’Z]

T TC
ie if——<0<=
i.e., if 4 4
1, o 1, s 1, 5
then 6=tan6—§tan 0+—tan 9—7tan 0+ -0

.sin® 1

Proof: We have (1+itan0)=(1+i )= (cos6+isin®)
cosO  cos6

=sec@.e”
Now, taking logarithm of both sides, we have
log(1+itan @) = log(sec e.eie) [log(AB) = logA+logB]
=logsecO+loge”

=logsecH- i (1)

Now, since g lies between —%and % tano lies between -1 and 1,

i.e.,tan0is numerically not greater than 1.

We have from (1)
logsecO- i0 =log(1- itan®) (By Logarithmic series (4.7.1)

=itane-1(itan6)2+1(itane)3 —1(itane)4+ ~~~~~ to o
2 3 4

tan® 0 ~ itan® 0 ~ tan* 0

=itan0+ .. {0 o0
2 3 4
3 2 4
:i(tane—tan e+“m)+(tar; e_tar:1 9+...oo) @)

Equating imaginary part on both sides, we get
tan’0 tan®0
+
5

(3) is known as Gregory’s series.

0=tan0-

......... o (3)

Some Important Deduction:
i) Now we put tan@ = x

So that g =tan"'x

Then we have from (3)

x3 x5
-1
tan X=X—?+€ ......... o where _ 1 x < 1
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i) We equate the real parts on both sides of (2), we get

Iogsece=%tan29—1tan49+ltan6e— ..... oo

3.1 General Theorem on Gregory’s Series

1 1
Statement: If g lies between nn—zn and nn+zn

ie., nn—lngegmwln,
4 4

then, 9—nn=tan6—%tan3e+%tan5e— ----- oo

Proof: We put 9 =nr- o, then 0 =0- nxn

T T
The given condition reduces to 2 sos 1
Hence,1- itan6=1- itan(nn- o)
—1+itano =1+ 2
COSs O

_coso - isina
coso
=seco.e”

Now, taking logarithm log(1+itan6) =log(sec a.e™)

4 T
@nn—ZSOSmH—

~tan(nmt— %) <tan6 <tan(nm+ g)

. -1« tan6: 1
litan®| <1

log(1- itan®) can be expanded in powers of tan6.
log(1+itan @) = itane—%(itan 0) +%(itan 0)° —%(itan 0) +-----

tan’0 itan®6 tan’o
+ - - +

=itan® IR (o =
3 4
3 2 4
:i(tane—tan e+-~~c><:)+(tar; e_tar; 0 e

=log(sec a)- it

Equating the imaginary parts on both sides, we have
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o= tane—ltan3 6+1tan5 0
3 5

— e [e%)

Or, e—nn:tane—%tan3e+%tan59— ...... oo

Example 1: Prove that: 2J§.[1

1
—+

Solution: L.H.S =231~ 2

2./3. 1

St 1
32 532 733

1 1 ]
+ ...

532 7.3

1 1

=2.J§.J§[

ol -

N /

1
=6tan”| —
&
T
6
=T =R.H.S
Example 2: Sum the series
4
3.4°. 54*
T L O B B
R
Solution: i) The given series—
1-— 1 +L_
3.4%. 54*
1 1 N 1
4 34° 54°

=6.

..... fo'e)

)

. w]

_4tan-'

The given series

L
3?53 7.3°
11 1
__+ 2__3+..
33 532 7.3

1-

_1 (BT slE) 7W6)

1 1 1

EGOEGE 5

(By Gregory’s series )

.- 00
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N P O EE N .
=3 = 3(\/5), 5(\/5)5 7.(\/5)7 (Gregory’s series)

=\/§{tan1(%]} SRR ("f)

Example 3: Prove that:

b |:2 1:| 1[2 1:| 1[2 1:|
—=|lz+z |-l St s
4 |3 7] 313 7 53 7

2.2 2

111 11 1T 11 11
:2_—___3+___5_.... + —Ztoop
3 33 63 7 37 57

=2tan™ 3+ tan™ 2 (Gregory’s series)
2
—tan'\3) 4 tant 1
-1 7
9

= tan’1§+tan’1 1
4 7

3 1
4 47
=tan” — 31
1-=2 =
47
=tan™1
i
2" R.H.S
Example 4: Prove that
n-+1
E 17 l ..... +ﬂ 2_91’"4_71’2” R
4 12 81x343 2n-113

Solution: The nth term of the series is given by

n-+1
T, = )i [3.91‘” - 71‘2”]

2n-113

_1 n-+1 1 1
= (2n )_1 [2' 3201 + 72n-1:|

46/ 69


Rajpri
Textbox

Rajpri
Textbox


wTh= (3 ;\’T__ (33 713\ To = _(¥+71_5

1
T, =—| =+—
4 7(37 77),and SO on.

Hence, S=T,- T,- T;- ----- T -0
— 1_ 1 + 1 — 1 + .00 |+ 1_i+i+
3 33% 53 737 7 370 1.7

=2tan™ 1] —+tan™ 1
7

CHECK YOUR PROGRESS

o 1 1
. =+ 4o
Q.1: Prove that: 8 1 Z7 911

Q.2: Prove that:

n 1 1(2 1
== — 4 — |40
4 (3 7) (33 731 5(35 75)
L1
347 54

Q.3: Prove that:

Q.4: If g lies between 0 and g prove that

tan™ 1_(:()seqztanzg—ltanse+‘Itan1°9—~~~o<>
1+cos0 2 3 2 5 2
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4 SUMMATION OF TRIGONOMETRICAL SERIES

Here, we shall discuss important methods for summing up
trigonometric series which may be finite or infinite. There are two important
methods for summation. These are (a) C- iS method, (b) the difference

method.

4.1 C- iS Method

Consider the series:

C=a,cosa- a,cos(a- B)- a,cos(o- 2B)- --- (1)
and

S=a,sina- a,;sin(a- B)- a,sin(o- 2B)- ---- (2)

The above series may be finite or infinite.The coefficients
a,,a,a,... and a,B,... may be any numbers real or complex.

In the series (1), we have terms which contain cosines of
numbers.lt is called cosine series and its sum is denoted by C. The
series (2) contains sines of numbers.It is called sine series and its
sum is denoted by S.

Now, using Euler,s Theorem
C- iS=a,(cosa- isina)- a1[cos(o<— B)- isin(o - B)]-
a,[cos(or+ 2B) +isin(ou+ 2B)]+ - -0
=a,e” +a,e " +a,e(? +.. . (3)
C- iS=a,(cosa - isina)- a,[cos(a- B)- isin(a- B)]-
a,[cos(o+2B) —isin(o+2B)]+ - -0
=a,e ™ +a.e P +a,e” P 1. (4)

From the series (3) and (4),we use

Cz%[(C+iS)+(C—iS)]

and s:%[<0+is>—(0—i8>]

to find the values of C and S respectively.
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4.2 Series Based on Geometric or Arithmetico-
Geometric Series

Sum of n terms in G.P

a-ar-ar®-ar®- ... - ar™!

1-r" r'—1
=8 4, |or 8 1 |according as r <1 orr>1.

Sum of the infinite Geometric series:

a-ar- ar?-ar®- ... —ar"-ar"- oo

a . .
=—, if [<1ie, - 1<r<1.
1-r

4.3 Sum of a Series of Sines(or Cosines) of Angles in
Arithmetical Progression

Let

S=sina- sin(o- B)- sin(oi- 2B)- sin(oa- 3B)- ----- sinjor- (n- 1B}
We assume that,

C=cosa- cos(a- B)- cos(a- 2B)- cos(a- 3B)- ----- cosfo- (n- 1)B}
So,

C- iS=(cosa - isina)- cos(a- B)- isin(a- B)}- {cos(- 2B)- isin(er- 2B)}- -
- [costa- (n- 1)B}- isinia- (n- 1)B]]

— eiot _ ei(u+ﬁ) _ ei(cx+2[i) o ei<0¢+(n—1)B}

=e"d+eP +e” 4.4}

_eo[1- e™ )1-e®
1-e? |1-e®
eioc _ ei((x—[i) _ ei((x+n[5) + ei«oL+(n—1)[i}

1-(e® +e™)+1

ei(x _ ei((x—[i) _ ei(oc+nB) + ei«(x+(n—1)ﬁ}
2-2cosfP

_ (cosa- isina)- {cos(a- B)- isin(a- B)}- ‘cos(- nP)- isin(a- nB)}- [cosia- (n- NB}- isina- (n- 1)}]
- 2(1—cosB)
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[cosa- cosr- B)- cos@r- nP)- cosor- (n- 1)B]+i[sir‘ot- siffa- B)- sing- nB)- sifa- (n- 1B}]
2(1-coB 2(1-cosf)

Equating real and imaginary parts, we get

_cosa - cos(a - B)- cos(a- nB)- cosia- (n- 1)[3}
- 2(1-cosp)

C

[cosa - cosio- (n- 1)B}]- ‘cos(o- B)- cos(a- nP)}
2(1—-cosp)

B 3 i ) 3 i 1

4sinZE
2

n-1 n-1 n+1
i cos{oc +(2 }lH:cosZB—coszB]

2P
2

2sin

cos oc+n—_1[i 23inn—Bsin§
_ 2 2 2

25in2E
2

cos(oc + r.'_13)3innﬁ
B 2 2
- B

sin—
2

sino - sin(o - B)- sin(a - nP)- sinfor- (n- 1B}
2(1-cosp)

and S =

[sina - sinfor- (n- 1)BY]- <sin(a- B)- sin(a- np)}
2(1—cosp)

i e A A

4sin2§
2

: n-1 n-1 n+1
] sm{ow(z PH:COSZB—COSZB]
ZsinZE
2
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sin oc+n—_1[3 2sinnBsinE
2 2 2

23in2E
2
sin(oc + n_1[5)sinnB
sinE
2
Hence,
sin{(x + n_1[3}sin np
. . . 2 2
sinot+sin(ot+p)+---- +S|n{oc+ (n— 1)B}:
sinE )
2
cos{(x + n_1[5}sinnB
cos o+ cos(a+B)+----+cosfo+(n—1)B}= 2 2 2
sinE @)
2

Particular case (i): Putting B =« in (1) and (2), we get

n+1 . hot
— o |sin—
2

sin(
sino+sin2o+----+sinna =

2
.o
sin—
2
n+1 . ho
cos| —— o [sin—
2 2
and coso +cos20+----+cosno = 5
sin—
2

i) If B=%, then sin%zsinnzo in (1) and (2),

then, sinoc+sin((x+2—n1+ sin((x+4—n1+-~--to nterms =0
n n
J J

and
COS 0+ COS (x+@)+cos oc+4—7q+--~-tonterms:0
n, n,
Example 1: Sum to n terms of the series
sino - sin(o - B)- sin(o- 2B)- sin(o- 3B)- -----
Solution: Let
S =sina - sin(o- B)- sin(a- 2B)- sin(a- 3B)- ----- tonterms
=sina - sin(n- a- B)- sin(2r- o- 2B)- sin(3n- o- 3B)- ---tonterms
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sin{oc+nz-1(75+5)}3in2(n+l3)

n+p
2

snfs Dt
B

cos
2

sin

sin

Example 2: Sum to n terms of the series:
sina + sin®(ot + B) + sin®(o + 2B) + - - --

Solution: S =sina + sin®(co.+ B) + sin®(c. + 2B) +-----to n terms

---tonterms

_ 1-023201 N 1-cos22(0(— B)+ 1-0032501— 2[3)+.

=%(1+1+1+ vvvvv ton terms) —%[cosZoc+cos2(oc+B)+cosZ(oc+2[3)+-~-to nterms |

n-1 . (n
N 1003{20c+2.2[3}.sm(2.2[5]

2 2 (2B

sm(z)
_n_1cos2a- (n- 1)B}sin(np)
2 2 sinp

Example 3: Sum the series:

cosO cos20 cos30
1+ + + SREEEE tonterms

cos® cos?’0 cos’0

cos® cos20 cos30

Solution: C=1+ o, to n terms.

+
cos® cos?@ cosS O

_ sin@ N sin20  sin30

S= >+ T tonterms
cosO cos“0 cos’0
Now,
CtiS =14 (cos6 - ising) N (cos26 - 2|sm26)+ (cos36- 3|S|n36) o tonterms
coso cos“ 0 cos°0

=1- e“secO- e?sec?0- e*®sec’®0- ----tonterms
_ (e®seco) -1

e’secO- 1

e"sec"0-1)e " seco-1
_ '9 | [¢]
(e®seco—1)e™seco-1)
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_sec"0e"" —sec"0e™ —secHe™ +1

sec’0—sech(e’ +e™)+1

sec™ e _sec"fe™ —seche™ +1
sec’0- secH2cos0- 1

sec™ e _sec"ge™ —seche ™ +1
sec?0- 1

nio —i0 + 1

sec™ e _sec"ge™ —seche

tan?0

_sec™ Blcos(n—1)6 +isin(n—1)6]— sec" B(cosnd +isinn®)—sec B(cos B +isind)+ 1
B tan® 0

_sec"'@cos—1)9—sec’ Bcosnd—secHcosd+1 i sed"' fsinf—1)0—sed' Hsinnd—secHcosh
tarf 0 tarf @

Equating real parts on both sides,we get

sec™" Bcos(n—1)0 —sec" Hcosnd —sec Hcos O +1

C-=
tan? 0

_sec™"@cos(n-1)0—sec" Ocosnd—1+1
tan’0

_ sec™"@cos(n—1)8—sec" 6cosnd
tan®0

_ sec™"6[cos(n—1)8 —cosOcosné]
tan®0

_ sec™"@sinnBsin6
tan® @

_sec"0sind
tan©

CHECK YOUR PROGRESS

Q.5: Sum the series:
a) sin®a- sin?20 - sin®3a- ----ton terms

b) cos®o+cos®(ou+B)+cos?(a+2B)+----ton terms

c) cos’a- cos®’2a - cos’3a- ----tonterms
d) sin’a- sin®2a- sin®3a- ----tonterms
e) coso- cos3o - cosbo - - tonterms
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4.4 Summation of Series using Binomial Series

We should remember the following formulae :
i) When n is a positive integer and x,a are any complex nhumber,

we have

n(n-1
( )Xn—2a2+””+an

(x+a)" =x"+nx""a+

2!
(x—a)"=x"-nx""a +wx”’2a2 — e (=1)a"
(1+x)" Ctanxe M0=D e 0=D0=2) s e
2! 3!
(1=x)" =1-nx+ n(n2|—1)X2 _nin —1?2'(n—2) X2 4o +H(=1)"X"

i) When n is any rational index and x is a complex number such

that [x| <1, we have

(1+x)”:1+nx+n(n_1)x2+n(n_1)(n_2)x3+
2! 3!
(1—x)”:1—nx+n(n_1)x2—n(n_1)(n_2)x3+
2! 3!
(1—X)"”=1+nx+n(n+1)x2+n(n+1)(n+2)x3+
2! 3!
;
Also, (1+X)§:’|+1x_ﬁx2 135)(3_....00
2 2.4 2.4.6
1
(1—X)2=1+1x+2x2+ AT
2 2.4 246
1
(1+x)3:1+1x—2x2 125 X3 =0
3 3.6 3.6.9
;
- 1 1.2 1.2.5
and (1=xX) 3 =14+ =X+ —=x?>+ =3 4.
(1=x) 3736 369 ”

) . 1 . 1.3 .
Example 1: Sum the Series: Slna+§SIn3a+ﬁsm5a+---

-to o

Solution: Let S = Sina+%sin3a+ﬁsin5a+----tooo

Now, C = cosa+%cos3a+£0035a+~---tow

Then, using Binomial Theorem
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C+iS :(cosoc+isinoc)+%(0033a+isin3(x)+%(0035a+isin50c)+~-~tooo

B S P
2 2.4

:eis 1+162I0L 1 3 4|oc tOOO)
2 24

:emh_enqj

1

.. . . . 2
= (cosa +isina)2sin? o~ i2sinocos o]

1 i
= (cosa +isin oc{(Zsin2 o) 2(sino—icosor) ° ]

:(2$in2 oc);(cosowisinoc{cos{—l(ﬁ—oc)}—isin{—l(z—oc)ﬂ
2(2 2(2
= (2 sin? ocﬁ (cosoc +isin oc{cos(E —1oc)+isin(E —Lx)]
4 2 4 2
:(2s,in2 oc)2—cos((x+E—laJ+isin(a+E_1a)]
| 4 2 4 2
(Since (cos®- isin@)cos¢ - ising)=cos(8- ¢)- isin(6- ¢))

o
:(2sin20cyE cos E+10c +isin E+1oc
a2 42

Equating the imaginary parts on both sides,we get

S = (25sin? ocﬁ sin(g +%oc\

)

-

Example 2: Sum the series

cos30+::-- o0

1—1cose+200329— 1.3.5
246

1 1.3 1.3.5
C=1-—c0os9+—c0s20————cos30+--
Solution: Let > >4 246
S:—lsln6+£sm26—1 35sin36+--~~
2 24 24.6

Then,

1.3.5 (cos30+isin36)+----
4.6

C+iS =1—;(cose+isine)+;'2(00329+isn29)—

:’]_1eie +Eeme _ﬁeaie e
2 2.4 2.4.6
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1 1.3 , 135 ;
=1-—X+—X"———=X
2 24 246

+----where x=e"

1

(1+x)2

(1+&° 2

;
=(1+cosB+ising)2

1

2
Zcoszg+i23ingcosgw
y

A 1
= 20039] ? cos§+isin9\ ?
2, 2 2,

]
| 2
= Zcosg\ cosg—isingw [By De Moivre’s Theorem]
2, 4 4,

1

Equating real parts, we get C :(2003%) i cos%
0
cos—
- 4
1
(Zcosew2
2,
0
cos—
- 4

4.5 Summation of Series using of Exponential Series

The following series are frequently used.

2 3

I) e =1+X+—+"—+ -
21 3l
2 3
ii) e’X=1—x+—_X_ oo
21 3
. . x2 x5
i)y siNX=X——+——--00
31 5l
. 2 X4
iv) cosx_1—E+Z_....oo
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C+iS =1-coso(cosp +isinp

. X3 X5
v) sinhX=X+—+—+00

3 5
, x> x*
vi) coshx—1+E+E+--..oo

Example 1: Sum the Series

cos’acos2B  cos® oucos 3B N
_ oo
2 3!

1-cosacosP+

Solution: Let

cos’acos2B  cos® oecos 3B N
_ oo
2 3!

and S =-cosasinp+cos® oc%'zﬁ—cos3 o sin3p

C=1-cosocosp+

Then,

)+ cos” o(cos 2B +isin2B)  cos® o(cos 3B +isin3p)
2 3!

2 3

S™ Ol o COS™ O _3;
eZ|B _ eSlB +-

2! 3l

.. 00

4 CO
=1-cosae® +

—cosae®
=€

— g s a(cosB+isinp)

—cosocosfB e—icosusinﬁ

=€

—cosozcos[i{

—e cos(cosasinp)—isin(ccosasinB)}

Equating real parts on both sides, we get

C = e cos(cos asinB)

Example 2: Find the sum of the series
2 4

1+C—'00329+%cos46+--~-oo

2 4
Solution: Let C = 1+%00329+Z—'cos49+~--oo

c? c*
and S :1+—|sin29+zsin4e+----oo

2 4
Then C+iS :1+(;—'(00329+isin29)+%(cos46+isin46)+--~oo

2 4
1+ S e 4 S ety o
2 41
= cosh(ce®)

= coshic(cos6- ising)}
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= cosfic(cos- isin®)}
= cos(iccos@- csing)
= cosh(c cos8)cos(csind)- isinh(ccos8)sin(csing)

Equating real parts, we get C =cosh(ccos6)cos(csin6)

4.6 Summation of series using Logarithmic series and
Gregory’s series

2 3 4

X X

i log(1+ X)=X—-—+——"—+....
i) log(1+x) >t 37

X2 X3 X4
ii log1-xXx)=—X—————" —.... oo
i) log(1-x) 53 4

] 3 X5

|||) tan” X=X—?+?—-~--oo where _ 1« x< 1

Example: Sum the Series:

i) 0056—100826+1cos36—--..oo
2 3

if) SiNO - SiN20+ 1 SiN30—-- oo
2 3

Solution: Let the series (i) and (ii) be denoted by C and S

respectively.

i.e C:cose—%cosze+%cos36—----oo

and S:sine—lsin29+%sin39—~~oo
Then

C+iS= (cose+isine)—%(00326+isin26)+%(00336+isin39)—----oo

:em_lem+lem_”“w
2 3
=log(1+€") by Logarithmic series

=log(1- cosH- isin6)

, sin@
1- cos9

= %Iog<(1 +c0s0)? +sin’ e}+ itan”

.0 0

1 23|n—cosE
= —log(1+cos® 0 +2cos0+sin® §)+itan™
2 2 6

2cos” —

2 )
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] smg
_— i 71
= 2Iog(2+2003€))+|tan 5
1 A )
= Elog{2(1 +cos0)}+itan (tan
y
J

=1Iog 2.200329\+itan‘1 tan 2
2 2, 2

2
:llog 2.0039\ +itan™ tangw
2 2, 2,

=log 2.0039\“g
2, 2

Equating real and imaginary parts, we get C = Iog(Z.cosg\
J

i.e i) cose—lcosze+lcos36—--~oo:Iog 200391 and S:E

2 3 2, 2

e i) SiNO—_siN20+-siN30—---co= O
2 3 2

CHECK YOUR PROGRESS

Q.6: Sum the series:

2
i) coso+ XCOS(O(.+B)+%COS((X+2B)+~-~-oo

3o 50

e e
i)y e”cosP-— cos3p+ CoS50+--- o0

x? x3
i) 1+xcos@+-—cos20+—C0s30+:-- o0
2 3!

iv) xsine)—%x2 sin26+%x3 sin30—----o

4.7 Difference Method

In order to sum a series,sometimes it is convenient to split
up each term as the difference of two expressions such that one

expression of each difference occurs in succeeding with an opposite
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sign. The splitting is done in such a way that when all the terms of
the series are added together, the component terms cancel in pairs.
Finally we are left with two terms, one from the first term and one
from last term.
Suppose, we have to find the sum of u,- u,- u;- -----u,
First we write u, =f(n- 1)- f(n) (1)
From (1) putting n=1,2,3,...,n, we get

u, =(2)- f(1)

u, =f(3)- f(2)

u, =f(4)- f(3)

u, =f(n-1)- f(n)
Adding vertically, we get u,- u,- u;- ----- u, =f(n- 1)- f(n)

(since all the intermediate terms cancel in pairs)

Example1: Sum the series to n terms

L

tan‘11+tan‘1l+tan‘1i+tan‘1i+ ----- +tan'——
3 7 1+n(n+1)

Solution: Here

T, =tan™ —1 =tan™’ n-tn 1-n
1+n(n+1) 1+n(n+1)

=tan™'(n+1)—tan'(n) (G) tan”'x—tan'y =tan™ x—y)
1+xy)

Now, T,=tan"'2-tan™"1
T,=tan"'3-tan'2
T,=tan"'4—tan"'3

T =tan(n+1)—tan™'(n)
Adding, we get S, =T,- T,- T,- ---- - T, =tan'(n+1)—tan™"1

Example 2: Sum the series:

sin0sec 30- sin30sec3%0- sin320sec3%0- ----tonterms

60 /69


Rajpri
Textbox

Rajpri
Textbox


sin6 1 2sinBcosH
cos30 2 cosfcos30

Solution: We have T, =sin0sec360 =

sin26 1 sin(36- 0)

1
B 5003390056 "~ 2co0s30cos0

sin30cos 0 — cos 30sin 9]

1
E cos30cos0

= %[tan 30—tano]

Similarly, T, = % [tan 326 — tan 36]
T, = % [tan 3°6 — tan 3%6]

T, = %[tan 30— tan3°0]

T = % [tan 3"9—tan3"" 9]

Adding these,we have the required sum
S,=T- T- Ty--ooo- T,

1 n .
= E[tan?» 0—tan 9], other terms cancelling each other.

CHECK YOUR PROGRESS

Q.7: Sum the series to n terms by Difference
Method.

a) tan™ 2 itan 2 i tan 2 4 +tan =
4 9 16 (n+1)

b) sinasin3o + singsin3—a + sin%sins—g +---
2 2 2 2

c) tanetanz19+2tanletanzi26+22 tanizetanzi?s(ﬂm-
2 2 2 2 2
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5 LET US SUM UP

T
® |If g lies within the closed interval [—Z,Z}, ie.,if ——=<6<

T
4 )

1 1,

the series e:tane—%tan39+gtan5e—7tan 0+-----is called

Gregory’s series.We also derive important results from Gergory’s
series.

We discuss important methods for summing up trigonometric series
which may be finite or infinite.There are two important methods for

summation.These are (a) C- iS method (b) The difference method.

6 ANSWERS TO CHECK YOUR PROGRESS

1 1
. _ _+_ (%)
Ans. to Q. No. 1: We have 13757 911
1] 2 2 2
2|13 57 9.1 ]
_113-1 7—5+11—7 -
20 1 57 9.1
113 1 7 5 11 9
= — _ _—— > ——— >+ oo
2113 1.3 57 57 9.11 9.11
1[ 17 1 1 1
=—|1-——+=———=+———+----00
2| 11 ]
=—tan™"1
11 1
=—.—T=—T
2 4 8
Ans. to Q. No. 2: From R.H.S,

122 2
3° 7] 313 7] 537

62 /69


Rajpri
Textbox

Rajpri
Textbox

Rajpri
Textbox

Rajpri
Textbox

Rajpri
Textbox

Rajpri
Textbox


_ 41
=2tan™' = +tan 17 (By Gregory’s series )

=tan +tan —
1
1-°
9
=tan™’ 3 +tan”'=
4
3 1
-1 Z+? 4T
=tan 1_§1 =tan 1-2
4°7
= The L.H.S
Ans.to Q.No.3: LHS=1-— 4+ _1____adinf
34 54

g adin
4 34° 54
=4tan™ % By Gregory, s series because % <1.

=R.H.S
Ans to Q No 4 : We have

. -0

2sin?—
tan™ 1-cos6 =tan™’ 2 |_tan tanZQ
1+ cos0 o 2

2cos?—
2

—
—_—
~

Since 0 lies between 0 and g

%6 lies between 6 and %,so that tan® g <1

., 0

2sin?—

tan‘1(1_cose): tan™ 2 |- tan(taanJ
1+cosO 2c0s2 5 2

J

Since 0 lies between 0 and g

16 lies between 6 and E,so that tan? 9 <1.
2 4 2
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Therefore, tan(tan2 g\can be expanded by Gregory’s series.
)

3 5
tan‘1[tan2 QL tan? 2 _ 1(tan2 91 + 1[’tanz 9\ -

2, 2 3| 2, "5 2,
= tanzg-ltan6§+1tan1°§--~- 2)
2 3 2 5 2

Hence, from (1) and (2), we have

0
—-—tan®—+—tan™ —- ...
1+cos 2 3 25 2 Hence proved.

Ans. to Q. No. 5: a) Let S, =sin® o+ sin® 20+ sin? 3ot + -+ -+ +sin® nat

1- cos2a 1- cos4a 1- cos6a 1- cos2no
2 2 2 2

:2—%(cos2oc+cos4oc+cos6oc+-~--+cos2noc)

200+ 2no . n(2o0)
s sin
_n 2 2

2 2 sinz—a
2

n 1 .
=3 —Ecos(n +1)asinnoccos ecou

b) Let

S, =cos” o+ cos?(a+B)+cos® (o +2B) +----+cos’ (o + (N —1)B)

- %(1 +cos 20 )+ %{(1 +cos(20.+ 2B )}+ %{1 +cos(20.+4p)}
+~--~+%{1+cos(2(x+ 2(n—1)oc}

= g + %[cos 200+ c0os(20t + 2P) + cos(20t + 4B) + - - - - +c0os (20t + 2(n — 1)t

L cos 20 - 20- 2(n- 1)5Sin n(2B)
_n 1 2 2
2 2 2B

sin

= 2 + %cos(2oc +(n—1)B)sinnBcosecP
C) LetS, =cos”o+cos”20+cos* 30+

= %(1+cosZ(x)+%(1+cos4oc)+%(1+cosGoc)+~~~+%(1+cosZnoc)
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:E+%[cos2oc+cos4oc+cos€oc+-~~~+0032n(x]

2
20- 2no . n(2a)
n 1C0s sin
_n. 1 2 2
2 sinz—a
2

_E+1coso<(n— 1)sinna
2 2 sino

d) Try yourself

LetS, = sin® o +sin® 200 +sin® 3o+ - -

. (n+No . noe . 3(h+1a . 3no
3sin sin— sin sin
_1 2 2 2 2
4 .o . 3a

sin— sin—
2 2

e) Try yourself

LetS, =cosa- cos3a- cosbo- -
_ 1sin2no
2 sino

2
Ans. to Q. No. 6: i) Let C=cosa+Xxcos(a+B)+ %cos(oc+2[3)+~~--oo

2
and S= sinoc+xsin(a+B)+%sin(oc+2[3)+----oo

then

C+iS=(cosa+isino)+ X[cos(oc+[3)+isin((x+[3)]+);[cos(a+2[3)+isin(0c+2[3)]+-~~-oo

2

- - X
=e™ +xe™P + e

i(0428) | o

) . xZ
:e'°‘[1+xe'B +—e™ 4.
2

- ei“(ex-em) this is an exponential series
— eitx ex(cos[3+isin[3)

xcos B o+xsinf)

= g*P gl
= e****F[cos(ou+ x sinB)+isin(a + xsinp)]
Equating real parts on both sides,

we get C =e***" cos(a+ xsinp)
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e3ot 5o

i) Let C=e*cosp-— cos3[’>+es COS50L4 - 00
3a 50
S:e"‘sinB—e sin3[3+e sin5o +---- o0
3 5
3o 5a

(cos5B +isin5B)+---- oo

C+iS =e"(cosP+isinB)- e3 (cos3B+isin3p)+ 65

3a 50
i e i e i
:e“e'ﬁ—?e'33+?e'5°‘+~--.m

B eS((x+iB) eS((x+iB)
— eOH—I _ + oo
3 5
L sin(o- 2B) sin(o- 4B)
i) Let S=sino— o + 2 —
C - coso— cos(o - 2B)+ cos(ot - 43)—....00
2 4!
C+iS=(cosa+isina)—[COS(O" 2[3)-2|isin(oe- 26)]+ [cos(at- 4[3);uisin((x- )
. gi(0+2B)  gi(o+4p)
=™ — + oo
2! 4!
) eiZB ei4B
:e'a 1——+__....oo
20 a4

=e" cos(e®) By cosine series

= (cos o - isino)cos(cosP - isinp)

= (cosa - isina)cos(cosP)cos(isinp)- sin(cosP)sin(isinp)]

= (cosa - isina)cos(cosp)cosh(sinB)- sin(cosB)isinh(sinp)]

= (cosa - isina )cos(cosp)cosh(sinp)- isin(cosp)sinh(sinp)]

= cos o cos(cos )cosh(sinB)- icos a sin(cos B)sinh(sinB)-

= cos o cos(cos B)cosh(sinB)- icos a sin(cos B)sinh(sinP)-
isinacos(cos )cosh(sinB) - sina sin(cosB)sinh(sinB)
[cosaicos(cosp)cosh(sinp)- sinoasin(cosp)sinh(sinB)]-

Equating imaginary parts, we get

S = sino cos(cos B)cosh(sin B)- cos a sin(cos B)sinh(sinB)

2 3
i) Let C:1+xcose+%cosze+%cos36+-mw

2 3

: X° . x° .
and S—x3|n9+53|n29+§sm39+-...oo
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2 3
Then C+iS =1+x(cos6 + isine)+%(cos26+isin29)+%(c0336+isin36)+ cioo

2 3
XS X .
=1+ xe" +Ee'26 +§e3'e Hooro0
— gbe") By expoential series
— ex(cose+isin9)
— excose_eixsine

=e**°[cos(xsin®)+isin(xsin )|

Xcos 0

= e cos(xsin0)+ie***° sin(x sin0)
Equating the real parts on both sides,we get

C =e**° cos(xsin®)

iv) Let S=xsine—%xzsin26+%x33in3e—~---oo
and C:xcose—%xz00329+%x300336—---~oo

Then C+iS=x(cos#® +isine)—%x2(00329+isin26)+%x3(cos3e+isin36)— SRR

1 o, 1 i
0 __X262|e +_X3e3|9 _
2 3

= Iog(1+ xe“’) By Logarithmic series

i

= Xe

=log(1- xcos@- ixsing)

; Xsin6

=log/(1 0 ing) +itan” —————
0g+y/(1+xcos O) + (xsin®) +itan r—

(Separating real and imaginary parts)

Equating imaginary parts, we get

in®
S =tan' 3" -
1 xcos0 (except when xcos@=-1)
Ans. to Q. No. 7: a) Here T =tan™ 2 __ tan*1L
" (n+1) n*+n+1
_ 1 2 .. 4 N-2-n
1+n(n+2) 1+n(n+2)

=tan'(n+2)—tan"'n
Putting n=1, 2, 3,...,n, we have
T,=tan"'3-tan"1
T,=tan'4-tan™"2
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T,=tan"'5-tan™'3

T, =tan'(n+2)-tan"'n
Adding, we get the required sum to n terms
Sy=T- T- Ty- oo T,

=tan(n+2)+tan'(n+1)—tan"'2—tan™"1

b) Here, T1:sinocsin30c:%.23inocsin3oc :%[cosZoc—cos4oc]

T, = sinZsin>% = 1 2gin & in 3¢ :1[cosoc—00320c]
2 2 2 2

27702
T, = 1[cosl(x—cosoc]
2 2

Adding up the above n relations, we the required sum
S,=T,-T,-T,-----T,

1 o
=—|cos| —— |-cos4a
oo ) eoste]

d) Try yourself .

Re quired sum =tan6—2" tan(%]
J
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Q.1:

8 MODEL QUESTIONS

Find the sum of the following series:

2
a) sino+xsin(o+pB)+ %Sin(a+26)+--~~oo

. 1.5 1 .,
b) Slnoc.cosoc—Esm occosZoc+§sm 0LCoOS30+ -+ o0

c) Sin(X+1$in3OC+i2$in5OC+----oo
3 3
d) 1- xcos®- x*cos20- x>cos30- -+

e) 1+1cosx+10032x+30033x+----oo
3 9 27

1

f) tan” 1+tan‘ z+tan‘1i+-~-tonterms
3 9 33

g) tan” 4 +tan” 4 +tan™ 4 +----+tan™
7 19 39

4n’- 3

sedkeosk skeokskoskok skokok
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