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Learning outcomes:

Students will acquire Knowledge about
e Integration and its geometrical applications, double, triple integrals and improper integrals.
e Vector differentiation and Vector integration.

UNIT I
Reduction formulae— Types, [ x"e**dx, [x™cosaxdx, [x"sinaxdx, [ cos™xdx, [ sin™xdx,
[ sin™xcos™xdx, [ tan™xdx [ cot™xdx,[ sec™xdx [ cosec™xdx, [ x"(log x)™dx-

Bernoulli’s formula.
Chapter 1 Section 13, 13.1 to 13.10,14,15.1.

UNIT 1I

Multiple Integrals- definition of the double integrals- evaluation of the double integrals-
double integrals in polar coordinates — triple integrals — applications of multiple integrals
— volumes of solids of revolution — areas of curved surfaces — change of variables —
Jacobians.

Chapter 5 Section 1, 2.1, 2.2, 3.1, 4, 6.1, 6.2, 6.3, 7
Chapter 6 Section 1.1, 1.2, 2.1 to 2.4.

UNIT IIT
Beta and Gamma functions - infinite integral — definitions — recurrence formula of I" functions -

properties of B-functions - relation between 3 and I" functions.
Chapter 7 Sections 1.1to 1.4, 2.1,2.3, 3,4, 5.

UNIT IV

Introduction - directional derivative- Gradient- divergence- curl- Laplacian Differential Operator.
Chapter 2 Sections 2.1 - 2.13.

UNIT V
Line, surface and volume integrals - Integral Theorems - Gauss, Greens and Stokes (Without
proof) — Problems.

Chapter 3 Sections 3.1 to 3.6 and Chapter 4 Sections 4.1 to 4.5.
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UNIT-1
REDUCTION FORMULAE

4.1Reduction formulae for sin"x and cos"x :
Let In = [ sin™xdx = [ sin™ xsin x dx
Integrating by parts by taking sin™ *x as first function and sin x as second function.
In = sin™*x(-cosx) — [(n — 1) sin™ 2x.cosx (- cosx) dx
= -sin® 1 xcosx + (n-1) [ sin™ 2xcos? x dx
=-sin"txcosx + (n-1) [sin® 2x (1 — sin? x) dx

=-sin"txcosx + (n-1)[sin®2xdx-(n—1) [ sin™x dx

In =-sin"txcosx + (n-1)1,_,- (n- 1)1,
= In(l + (n— 1)) = —sin®Ix cosx+ (n—1)1,_,
S, = —Sinn—:lx cosx (n-1) I,
is the required reduction formula for [ sin™x dx
n-1

oS

.. Si -1
Similary [ cos™x dx = =—"""= + (nn )1,

Derivation of formula for f;/z Sin"xd x

[sin"xdx = —% (sin"‘lxcosx) + (nT_l) I,,_, (By reduction formula for [ sin"x dx)

/2 -
- foﬂ.'/z Slnnx d x = _% [Sinn_lx coS x] & + (nTl) fon/z Slnnx d X

0
=0+ (=) [;*sin"2x d x

sl = (nT'l) I,—» (wherel, = fO”/Z Sin"x d x)
Changing n to n-2, n—4, n—-6,.....in successive steps, we get
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n-1 n-3

2, 531 w . .
[Psinmxdx="= = ...2>-.Z ifniseven
n-2 642" 2
Case (ii) If n is an odd positive integer, then
_n-1 n-3 n-5 4 2 -~m/2
W= T3 Jy “sinx dx
n-1 n-3 n-5 4 2 /2
= — —.— .....=. - [-cosx]
n n-2 n- 53 0
2, n-1 n-3 n-5 4 2 . .
fon/ sin"xdx= —. —. — ......=.=.1 ,ifnisodd
n n-2 n-4 53
. 2
Example 1 Find I, = fon/ cos™x d x

Solution: I, = fon/z cos"(%—x) dx (- foaf (x)dx = foaf (a-x)dx, if
f is continuous function on [0,a])

n-1 n-3 n

- -5 4 2 . .
— — —.....—.=.lif nisodd
/2 . n n n-2 n-4 5 3
= [ sin"xdx =
0 n-1 n-3 53 1m , ,
— — ... = =, if nis even
n-2 8'4"2 2

Example 2 Evaluate fon/z sin*x d x

Solution: fon/zsin”‘xdx = %% (~ n =4 is even) :i_’;

Example 3 Evaluate |~ (1:1;2)4

Solution: Putx =tanf = dx =sec?8 do
Whenx - 0,0 - 0 and whenx - o0, 8 — %

=~ Given integral becomes
fn/Z sec?6d 0 _ fn/Z sec?6 _ fn/Z Sec?6 d6
0 (1+tan26)* 0 (sec26)* 0 Sec8d

= [P = [ (056 9do

0 Secéd 0

_(6-1)(6-3)(6-5) ® _ 157
B 2 32

6(6-2)(6-4) 2
Example 4 Obtain the reduction formula for [ sin™ x cos™ x dx
Solution: Let Imn = [ sin™ x cos™ x dx
= [ sin™ x cos™ ! xcos x dx
= [ cos™? x (sin™x cos x) dx
sin™¥1x sin

m+1

n—1

cos — f(n = 1) cos™ ?x (- sin x).

m+1

X

m+1

dx
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sin

(Integrating by parts) ( [ Sin™ xcos xdx = le)

m+1
sin™M¥1x cos™1x n-1 _ ,
= +—— [ cos™?% x sin™*2 x dx
m+1 m+1
sin™M¥1ly cos™1x n-1 _ , .
= + [ cos™? x sin™ x sin? x dx
m+1 m+1
sin™M¥1x cos™1x n-1 _ ,
= +—— [ cos™?% x sin™ x(1 — cos? x) dx
m+1 m+1
sin™M¥1x cos™1x n-1 _ , n-1 :
= + [ cos™ szmmxdx—ufcos"xsmmxdx
m+1 m+1 m+1
_ sin™*1x cos™1x n-1 (n-1)
|m,n— +— |m,n-2 - |m,n
m+1 m+1 m+1
n-1 Sin™tly cos™1x n-1
(1 + ) Inn = + Iyn—2
m+1 ¢ m+1 m+n ’

= Ipn (m+ n) =sin™ ! xcos" 'x + (n- 1),z

m+1 n-1

X n-1

Sin X coS , -
== + — [sin™ x cos™? x dx
’ m+n m+n
. Sin™*1x cos™ 1x n-1 , _
= [sin™x cos™ xdx = + [ sin™ x cos™? x dx
m+n m+n

Example 5 If Uy = fon/z x™ sinx dx and n > 1 prove that
T n-1
U,+n(n—1)U,_,=n (E)
Solution: U, = fO"/Z x™ sinx dx

=x™ [ sinx dx- fzn/z {% (x™) [[ sinx dx]} dx

[x™ (- cos x)]n/zo -~ fon/z nx" 1 (-cosx) dx

_ [G)n cos% - 0] + fon/z nx™ ! cosxdx

=n {[x"‘lsinx]on/z— fon/z(n— 1)x™ %sinx d x}

x™ 1 cosxdx

:n[xn—l sin x] n/z— n (n— 1) foﬂ'/Z xn—z sin x dx
0
=>U,=n [(%)n_l sin% - 0] —n(n—-1)U,_,

mn—1
=>U,+n(n—-1)U,_,=n (E)
Example 6 Evaluate fon/z x* sin x dx

Solution: Uy = [/? x*sinx dx
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- n-1
Now U, + n(n — 1)U, , —2 =n (5) ......... (1)
Putting n =4 in (1), we get
4—-1
Uy +4(4 = DU,_, = 4(3)

3

= U, + 12U, = “7

......... (2
Puttingn =2 in (1) , we get
2-1

U, +2Q2 = 1DU, , =2 G)

U, +20g=¢ L 3
Now U, = fon/z x%sinx dx = fon/z sinx dx

= [—cosx] T cos = + cos0 = 1
0 2

Hence equation (3) becomes

= [ xtsinxdx=% - 127 + 24
0 2

Example 7 If I,,, ,, = fon/ % sin™cos™x dx then prove that

_ m-1 m -3 m-5 2

L, .= . T i
MmN m+n m+n-2 ‘m+ n-4

where m is an odd positive integer and n is a positive integer, even or odd.
Solution: [ sin™x cos™x d x = [ sin™ 'x (sinx cos™) d x
_ —cos™ xsin™1x

m-1 -
= + [ cos™? x sin™ %x cos x dx
n+1 n+1

(Integrating using by parts)

_ —cos™ xsin™lx m-1

= + J cos™2 x cos™x (1-sin?x)dx
n+1 n+1

m-1 . cos™lxsin™ 1y m-1 .
= (1 + —) [ sin™ x cos™x dx = — + [ sin™ 2 x cos™x dx

n+1 n+1 n+1

. cos™lxy Sinm 1y m-1 .
= [sin™ x cos™xdx =-— + [ sin™2 x cos™x dx
n+1 n+1

2 .
Now I, ,= fon/ sin™x cos™x dx
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/2

—cos™ 1y sin™ 1y m-1 /2 .
= + 2L (P2 ginme2y cos™x dx
m+n 0 m+n -0
/2 . m-1 /2 . _
= [ /2 sin™x cos™x dx = —— ) /2 sin™2x cos™x dx
0 m+n -0
m-1
Hence, Im,n— it im=2n
Replacingmbym-2, m-4, ....... ,3, 2, we obtain
_ m-3
Im—Z,n - m+n-2 m—4n
_ m-5
Im—4,n - m+n—4 m-—6n
2
I3, =—
3n 3+n 1,n
1
2,n 24n on

From these relations, we obtain

m-1 m-3 m-5 2 . .
...... — I, if misodd
m+n m+n-2 m+n-4 3+n ’
Ipn =
’ m-1 m-3 m-5 1 . .
...... — Iy, if miseven
m+n m+n-2 m+n-4 2+n ¢

Now, we have

/2 cos"*1x] /2 1
I1n:f/ sinx cos™x dx :—[ ] =—
’ 0 n+1 1y n+1
n—-1 n-3 2 , .
/2 g 5.1,lfnlSOdd
And I, = fo cos"xdx=4," " 17
—_—— . -.— if nis even
n n- 2 2
e m-1 m-3 2 1
m+n m+n-2"" " 3+n "1+n
if misodd and n may be even or odd
m-1 m-3 1 n-1 n-3 2
“lan = min min-2 24n 1 n-2"""""3
If misevenandnis odd
mi_ms3 1 nmin3 1z
IR T T ng e 7
\ if miseven&nis even

These formulae can be expressed as a single formula
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T/2 . m n _ (m-1)(m-3).c (n-1)(n-3) e
fO sin™ x cos"x dx = (m+n) (m+n-2)(m+n-4)............
to be multiplied by g when m & n both are even integers.

Example 8 Find fon/z sin® x cos®x dx

Solution: Herem=6andn =5
(6-1) (6-3) (6-5) (5-1) (5-3) _

fn/z sin® x cos®x dx = —
0 (6+5) (6+5-2) (6+5-4) (6+5-6)(6+5-8) (6+5-10) 693

Example 9 Evaluate fonx sin’x cos* x dx

Solution: Let | = fonx sin”x cos* x dx
= fon(n— x) sin” (m-x) cos* (m-x) dx  (~ foaf(x)dx = foaf(a— x)dx)

s .
= J, (m-x)sin’x cos* x dx
mw ., s .
m [, sin” x cos*dx - [ x sin’x cos* x dx

T .,
=2l=m [ sin” x cos*dx

A T/2 . .. [2a _ 2% f ()adx, if f(2a-x)=f (%)
=2[,""sin” x cos*xdx ~ [ f (x)dx = {0," U f (20 5= - () }
sl=n fon/z sin’ x cos*dx
_ 7 (7-1) (7-3) (7-5) (4-1)(4-3) _1l6m
T(7+4)(7+4-2)(7+4-4)(7+4-6)(7 + 4-8) 385
/2
m—-1)(m-3).....n—-1)(n-3) ...

. Cm Ry =
using ] St X cosTax m+n)(m+n-2)(m+n-4).........
0

Example 10 Evaluate f04x3 Vax —x? dx
Solution: Let 1= f04x3\/m dx :f04x3 Jx (4 —x) dx
= ['x3Vx (4 —x) dx
= f04x7/2 (4-x)Y? dx
Putting X = 4 sin? = dx = 8sinOcos 6 d O

Hence | = fon/z 4712 sin” O(4 - 4 sin? 8)Y/2 8sin 6 cos 6 d O

= fon/z 4712 4112 8sin” @ (1- sin? 0)Y/? sinf cos O d 6

=8. 44 fon/z sin® x cos?dx
(8—-1) (8-3) (8-5) (8-7) n _ 8.4%7523 To_
2 1086422 28m

=8.4%
(8+2) (842—-2)(8+2—4)(8+2—6)(8+2—-8)
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x6-x3
Example 11 Evaluate [ dx

0 (1 3)5x
R - (x -x3) x2
Solution: Letl= [~ e X dx
Put x3 =tan?9 = 3x2dx=2tan 6 sec26d 6

Then |

nt/2 (tan*6- tan?6) 2 2
fo T ittan?e) 3 —1an 0 sec“6do

2 fn/z tan®0
0 (sec2H)5
/2 tan>6 /2 tan3 9
f / d 2 f /

sec80 c89

/2 3 /2 5
Efo sin® @ cos 9d9-—f0 sin3 6 cos®0d 6

_ 2 (m/2 3 /2 3 (@ 5 (m
= gfo sin® 6 cos30d 0 — 3f0 sin (5—9) cos (E_Q)de
=§ JZsin® 6 cos®6d 6 —gfg cos® 8 sin® 6d

[« [T f @dx=[f(a-x)dx]

3
Sec?0 d6 —= fon/Z%secze do

=0
77.'/2 .5
Example 12 Evaluate [ " sin®x d x

: . sin™ 1x cosx -1 .
Solution: We know [ sin®xd x = - ———— + — [ sin™? x dx
n n
/4 —sin®"1xcosx /4 5-1 ,m/4 . e_
'.f/smsxde[—] + 32 (iS5 2 x d x
0 5 0 5 0

. /4 4 ~T/4
?[sm“xcosx]0 / +Ef0/ sinxdx

= _?1 (\/%)4 (\/ii)] + g fon/4sin3 xdx ... (1)

/4 . sin®~xcosx] * 3.1 (m/a . 4
Nowfo/ sm3xdx=[—T + = 0/ sin3 % xd x
Jo

= —é [sin®x cosx]0”/4+ Ean
11N\ 1] H/4
= _5[(\/_5) \/_5 + - (—COSX)
- -1 2z (A_
A (\/i 1)

Putting this value is (1) ,we get

Pramixdxm-t [ 2 +2 [Bmt (o)

A 4 1

sin®xdx

1 L_l]
542 5 6vV2 242 2
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Example 13 Evaluate f01
Solution: Put x= Sin @

x5

2V1—x2

dx

= dx= cosg d @

Then the given integral becomes

1 /2
Efo

Solution:f_”ﬁ2 cos® 0 (1 —sinB)?do =

1. Evaluate
2. Evaluate
3. Evaluate
4. Evaluate
5. Evaluate
6. Evaluate
7. Evaluate

8. Evaluate

V1-sin20

sin56

cosfdo ==

/2

270

sin® 6 dé

_ 1 (5-1) (5-3) _

4

2 5(5-2) (5-4) 15
Example 14 Evaluate ™ €058 (1 + s5in6)?do

/2
—m/2

cos® 0 (1 + sin%6 + 2sin0)do

= fZ/ZZ cos3 0 do + f_nﬁz cos3 0sin?0 + 2 fZ/Zz cos®0sin6 do

=2 fon/z cos36do +2 fon/z cos® sin*6 +0

_ 2(3-1) + (2-1) (3-1)

T 3(3-2) (3+2) (3+2-2) (3+2-4)
4 4 8

- 4+ — ==
3 15 5

Exercise7A

fozax3 (2ax — x?)3/2 dx

3

co X
fo (1 + x 2)9/2 dx

fon/z(c0529)3/2 cosd db

/2 .
Jy /2 sin*x cos3x dx

foaxz Vax — x? dx

cos?6

fn'/Z
0
fn sin*0v1—cos 0

0  (1+cosH)2

c0s20+4 sin20

dé

dé

f01x3/2(1 —x)3% dx

= =
o} o}
7 7

>
=
7

>
=
7

N N N NN NN
>
=]
wn

91ta7)
" 16

2
=)
3w
o)
-13
=)
sma*
128 )

)

15

31r)
128
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UNIT-2

Multiple Integrals

2.1 DOUBLE INTEGRATION
We know that A f(x,)

[ FGodx = Bm £ (x)83+ £ (62) 8, + (3855 ..
Sx—0

+f(x,)dx,]
Let us consider a function f'(x, y) of two variable x and y
defined in the finite region 4 of xy-plane. Divide the region 4

I
I
I
I I I
into elementary areas. Yira Yo Ya Ve Yn
84,, 84,, 845, ...... 84, o ):( ):( :X L ):( > X
Then I/ Cey)aa rE R T
:nli_>n°1° [/ (1,284 + £ (x5, 92) 84, + oot £(,,,3,) 84, |
340
2.2 EVALUATION OF DOUBLE INTEGRAL V4
Double integral over region 4 may be evaluated by two -
successive integrations. £ W
If 4 is described as f; (x) <y < f, (x) [y, <y < p,] &
and a<x<h, i ¢
beyy — »
Then [[areman= [ [" r0ey)dvay 0 > X

(1) First Method

([ reead = [|[7 reeyds|as

f(x, ) is first integratred with respect to y treating
x as constant between the limits @ and b.

In the region we take an elementary area
dxdy.Then integration w.r.t y (x keeping constant).
converts small rectangle dxdy into a strip PQ (v dx). While
the integration of the result w.r.t. x corresponding to the
sliding to the strip PQ, from AD to BC covering the while
region ABCD.

Second method

[[ fCeyrasdy = [\ 1 (x| av

»<




Multiple Integral

Here f(x,y) is first integrated w.r.t x keeping y constant
between the limits x, and x, and then the resulting expression 4
is integrated with respect to y between the limits ¢ and d

Take a small area dxdy. The integration w.r.t. x between

the limits x,, x, keeping y fixed indicates that integration is
done, along PQ. Then the integration of result w.r.t y
corresponds to sliding the strips PQ from BC to AD covering

the whole region ABCD. B Vo ¢
Note. For constant limits, it does not matter whether
we first integrate w.r.t x and then w.r.t y or vice versa. 0 =X

1 ¢x
Example 1. Evaluate (x2 + yz) dA, where dA indicates small area in xy-plane.
0Jo

(Gujarat, I Semester, Jan. 2009)

3 X
i NG Y
Solution. Let 1= jo jo (x*+y7)dydx _I {x y+ 3 L dx

3
=j; [xz (x—0)+§(x3—0)} dx =j1 {x +x—}dx
4

1
J- x3d {%L:_[ -0] -1 sq. units.

1 1-x
Example 2. Evaluate I Io X3 y 21 -x- y)l/2 dy dx . (M.U., II Semester 2002)
-1

Solution. Here, we have

= .[ jl" V20 x = )2 dy dx

Putting (1 —x) = cin (1), we get

1 c
= I,l 3 J‘O V2 ()2 gy

Again putting y = ¢¢ = dy = c dtin (2), we get
1 L L 1
1= _[ 1x3 dxjo c?t?2(c—ctH?cdt

1 1
_ J‘ R dx.[ V2 V2 V2 V2 e gy
-1

1

0
e x\3 dx 12 (- )1/2 di = I e 3 dxj [2-1 a —t)3/2_1 dt
1 1 0

I
Illcg ( j “;xH(l—x)’”‘ldx=ﬁ(z,m)}
J
J

-1

3 F 1’7 1
gl !

ex'P a2l - cxmdx2 2 2=J-1cx1/3dx\/52\/5
- E -1 1

(O8]

+

N | —
l\)

1
T
exPZdx =

-1 2

1
I x3cdx
-1

Y]



Multiple Integral

Putting the value of ¢, we get
a7

Tl 7TJ'1 13 _ _4/3 T X X
= — 1— —_ — —_— = — —— —
I 2,[71)6 (1-x)dx 21 (x XY dx 2|7 7
3 3 15
m|3 3 3 3 |9 on
= =Z|=0OD-=0O-=C-D+=-D| = =|=|==—
2[4() (=5 D+ )} 2[14} 5 Ans.

Example 3. Evaluate IJR(x+y) dy dx, R is the region bounded by x = 0, x = 2, y = x,

y=x+2 (Gujarat, 1 Semester, Jan. 2009)
Solution. Let /=] o () dydx Y

The limits are x=0,x=2,y=xand y=x + 2

2 x+2
I =J02 dx J-;Hz (x+y)dy =I()2 {xy+%} dx

X

A

X

-’ SPLTSTECINCIE
_-[0 x(x+ )+5(x+)—x—2 x

5 2
:J x2+2x+l(x2+4x+4)—)c2 - ax
0 2 2

2
= [ [2x+2x + 2] dx e

2
2
= 2]0 Qx+1)dx=2[x"+x]§ =2 [4+2] =12 Ans.
Example 4. Evaluate J‘J.R xydxdy

where R is the quadrant of the circle x*> + y° = a’ where x >0 andy > 0.
(A-M.LE.TE, Summer 2004, 1999)
Solution. Let the region of integration be the first quadrant of the circle O4B.

IInydxdy (x2+y2=a2 = y= a*-x%)

/
First we integrate w.r.t. y and then w.r.t. x. B L\

P
The limits for y are 0 and /q? —x* and for x, 0 to a. N
y a’—x oc
3 3 2 a —x . +
a Na“—x a y dy
- = | xdx|—
Io de,[o ydy '[0 { 2 L dx
2.2 4 4
Cla 5, Cllax” X a —x
—EIOX(G x)dX—z{ > 4}0—? Ans. 0 Q y=0 A
Example 5. Evaluate H \xy - y2 dy dx,
where S is a triangle with vertices (0, 0), (10, 1) and (1, 1).
Solution. Let the verties of a triangle OBA be (0, 0) (10, 1) and (1, 1).
Equation of OA4 is x = y. Y
Equation of OB is x = 10 y.
The region of AOBA, given by the limits A(1, 1)
y<x<10yand 0 <y <. N B
/’ x =10y (10,1)

([ =32 dyx = [oav I;()y(xy—yz)% dx




Multiple Integral

P21 T !
(Tl 2L (= 2932 —("2L 9,22 g _ 2
foy&y(xy ¥ i f03y(y) =18 [ v dy
.
- 18] =§ =06 Ans.
3 3
0
Example 6. Evaluate ” y x* dx dy, where A is the region in the first quadrant bounded by the
hyperbola xy = 16 and the lines y = x, y = 0 and x = 8. (A.-M.LE., Summer 2001)

Solution. The line OP, y = x and the curve PS, xy = 16 intersect at (4, 4).
The line SN, x = 8 intersects the hyperbola at S (8, 2). y = 0 is x-axis.
The area A is shown shaded. Y4
Divide the area in to two part by PM
perpendicular to OX.

For the area OMP, y varies from 0 to x, and

P (4, 4)

I
. * : S(8,2)
then x varies from 0 to 4. ' : ©
For the area PMNS, y -series from 0 to 16/x ) "
and then x varies from 4 to 8. o . N ;

M
J.J. x* dxdy = J4jxx2 dx dy+j:j;6/xx ? dx dxy

= j x de dy+j x dx_[wxdy = J:xz ] abc+-[fx2 [y];ﬁ/x dx
8

4
4, g ¥ 2
= on dX+Ll6xdx= 7| T16] 5| =64+8(82—4%) =64+ 384 =448. Ans.
0 4
2 2

Example 7. Evaluate H (x+ y) dx dy over the area bounded by the ellipse x_ + y_ =1

(U.P. Ist Semester Compartment 2004)
2 2

X .Y
Solution. For the ellipse — + o =1
a

= Z:il—x— = y=i2 a —x
b az a

/
The region of integration can be expressed as | @)

I

I

I

!

©

b b '
—anSaand——\/az—xzSyS—\Iaz—xz I
a a x

”(x + y)2 dxdy = ”(x2 + y2 + 2xy) dx dy

b/a a? -2
—I J( b/a)f—(x +y + 2xy) dx dy

[ P

s Jwﬁ

[Since (x> + »?) is an even function of y and 2xy is an odd function of y]

o
- j{z (xz v+ ?HO dx

2(x +y )dydx+0



Multiple Integral

I
\S)

Il
o
S o
1
Q| >
=
[\

3
'[ x2><2ﬂaz—x2 +lb—(az—x2)3/2 dx
a 3a3
[2 2 o aun
a®—x +—3(a -x7) dx
3a

[On putting x = a sin 6 and dx = a cos 6 d0]

z b 2 .2 b3 3 3
:4'[02 —.a” sin 6.acosG+—3a cos” O [Xxacos 0do
a

3a

g(a3b+ab3) =§ab (@ +b?)

r 3
4 joz [a3b sin® 0 cos> 0 + % cos* e] de = 4 {a3b .

S
| =

R
AW
N | —
N

ab
+—.
3

Ans.

Example 8. Evaluate ﬂ (x2 + y2) dx dy throughout the area enclosed by n the curves y = 4x,

x+ty=3y=0andy = 2.

Solution. Let OC represent y = 4x; BD,
x+y=3;0B,y=0,and CD, y = 2. The
given integral is to be evaluated over the
area A of the trapezium OCDB.

Area OCDB consists of area OCE, area
ECDF and area FDB.

AY

The co-ordinates of C, D and B are

y=2

(1,2) C

S
%

Vg

<

v D(1,2

<

1
(5, 2) (1, 2) and (3, 0) respectively.

” (x2 + yz) dy dx

<

Il
o
[a T

<

Il
o
k-
4

y=0 B (3, 0)

= (x +y)dydx+ (x2+y2)dydx+ (x2+y2)dydx
OCE ECDE FDB

= Jo dxjo (" +y )dy+_[|/2dxj‘0 (x* +y2)dy+jl3dx-[;_x(x2 + %) dy

L

[1 2

3 4x
Y 4x Vs
Now, I, = Jo de.O (x* +y2)alyzj0 {x2y+y?} dx =
0

Va
_ T8 76 x| _76[1 1
3 Jo 3403416

I, = J.l/lzdx J.l/lz(xz + yz) dy ='[1/12{x2y +—

1
2% 8 (2 8) (21
—|—=—+=x| ==+ ||+
3037, 3 3 3'8 32

I = fdx jj_x(xz +y2)dy = .[13 {x2y+—

et

8

_19
48

%76

—x dx
3

32
J dxz'[l(sz +§j dx
3 % 3

0

12

3P 3
o4 } dx=J‘3{x2 (3—x)+M} dx
3, 0 3
B -x! }
4 3 X
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_ [27—§—0—1+l 16}—22
4 3

4 12
J‘AJ‘()CZ+y2)dydx:11+12+l3:£+2 2:@: 31

48 12 3 48 48 Ans.

EXERCISE 2.1

Evaluate
2 ox? 2 B a \/E a4
1. J.o J.o e dy dx Ans. e* — 1 2. .[0 Jo xy dx dy Ans. 3
a p\a® - y? na’ 1oy ) 41
3. L) Jo dx dy Ans. 2 4. .[oij 1+ xp?) dx dy Ans. 10
2a+2ax —x
4 2a py2ax - x2 4
5. J. .[ xp dy dx Ans. 247 6. f af G2 dy dx Ans. Sma
0 0 3 0 Jo 3
1 2
NG )
]z. a2jx2 . . . o na3 '1'_ 2 J_ dx dy n
7. a —x -y ayax Ans. — 8. — > 5 Ans. 7
0 0 4 0 0 1- xz - y2 4
a\[az 7x2 dx dy . 264 x dx dy aZ
9. I I —— 5 Ans. ~log—— 10. ”72 > Ans. — log (/2 +1)
0 0 (1+ey)\/a —xT -y 2 l+e 0yVxXT+y 2
1 2
2 2 14
u ) @ hdedy o E TR, June 2009 Ans. =
x=0y=0
5-2x—-y)ded - _ Ca o _ 2 217
12. jj( x = y)dxdy, where 4 is given by y =0, x + 2y =3, x = 2. Ans. 0
A
7
13. ny dx dy, where A4 is given by x% + 2 — 2x =0, 12 = 2x, y = x. Ans. 15
A ) 5
i
14. “.\14 X2 - y2 dx dy, where 4 is the triangle given by y =0,y =x and x = 1. Ans. 3 (3 + 2]
4
1
15. J J X% dx dy, where R is the two-dimensional region bounded by the curves y = x and y = x2. Ans. 20
R
2n
16. J'J [xy (1+ x — y) dx dy where 4 is the area bounded by x =0,y =0 and x + y = 1. Ans. 105
A
2.3 EVALUATION OF DOUBLE INTEGRALS IN POLAR CO-ORDINATES

We have to evalaute I:z ,[,2(((39)) f(r,0)dr do over the region bounded by the staight lines
171

0 =0, and 6 = 0, and the curves r =r, (@) and r = r,
(0). We first integrate with respect to » between the
limits » = r(0) and r = r,(6) and taking 6 as constant.
Then the resulting expression is integrated with respect
to 6 between the limits 6 = 6, and 6 = 6,.

The area of integration is ABCD. On integrating first
with respect to 7, the strip extends from P to O and the
integration with respect to 6 means the rotation ot this strip PQ from AD to BC.




Multiple Integral
Example 9. Transform the integral to cartesian form and hence evaluate
J:J Oa > sin O cos O dr db. (M.U., II Semester 2000)
Solution. Here, we have B

IHJ "3 sin 0 cos O dr d® (D) \
0do

Here the region i.e., semicircle ABC of integration is bounded by c

r =0, i.e., x-axis. [¢) A
r=ai.e.,circle, =0 and 0 =1 i.e., x-axis in the second quadrant.
I j (r sin ) ( cos 0) (+ O dr)
Putting x =7 cos 0, y =r sin 0, dx dy = r dO dr in (1), we get
Y
a Ja? - x? a Ja? -2
I Io xydydx = I xde‘0 ydy r=2cos 0
) a*-x* ) > 0 =% q0d
B a y 3 a (a —x ) rd 6 dr X = %
_I—ade|:7:|0 _J:axdx 2 © o=0f "X
Since f(x) is odd function
2J- (ax x)dxfOAns J' F(x) dx =
NV
Example 10. Evaluate J' J' (x +y3) dy dx
2 \[2x—xz
Solution. I I (x2 + yz) dy dx
0do
Limits of y= J2x—x* =)2=2x—x2 = X+ -2x=0 (D)
(1) represents a circle whose centre is (1, 0) and radius = 1. AY

Lower limit of y is 0 i.e., x-axis. r=2cosf

Region of integration is upper half circle.
Let us convert (1) into polar co-ordinate by putting 0= % d 0 ar x=2a
x=rcos0,y=rsin0 0
P —2rcos0=0=r=2cos0
Limits of 7 are 0 to 2 cos 6

6=0

L. T
Limits of 6 are 0 to E Yy

4 2 cosO
J' J'mx +y )dydx—f J zees? P (rd®dr)= ,[zde.[zcose 3dr—.[2de{ }

T
> 3XIxm 3w

— 4f2cos*0dO=d4x " ==
Js 4x2x2 4 Ans.

V2x - dy d
J. J. i \/% by changing to polar coordinates.

Ty

Example 11. Evaluate

Solution. In the given integral, y varies from 0 to ,/2x — x> and x varies from 0 to 2.

y= 2x — x°



Multiple Integral

= 2 =2x — x?
= X2+ 32 =2x
In polar co-ordinates, we have 7> = 2r cos 0 = r=2cosb.

. . . . . T
. For the region of integarion, r varies from 0 to 2 cos 6 and 0 varies from 0 to 3

In the given integral, replacing x by » cos 6, y by r sin 0, dy dx by r dr d6, we have

Y
Y y=V2x—x2 r=2cos 6

A

<
1]
o
XV
D
1l
o
Xy

v

7= J-n/2'[2cos6rcos 0.7 drdo =Jn/2

2cosO
j 7 cos O dr dO
0 0 0

0 r

2cos 0
/2 2 /2
= Jn cos 6 r dGan 2cos36d6=2.£=i Ans.
0 2 0 0 3 3

EXERCISE 2.2

Evaluate the folloing:

1.

10.

1-cosB
j”j”( “Dom 12 5in 0 d 0 dr Ans. 373
0J0 3
n pa(l+cos0) , 5_3
Io .[0 7~ cosOdrdo Ans. 87”1
MwhereAisaloop of 12 = a? cos 20 Ans.2a—n—2a

A\lrz +a2
3

2
jjrz sin 0 d0O dr where A is r = 2a cos 0 above initial line. (4.M.LE. Winter 2001) Ans. %
A

(x-¥)
Calculate the integral U 24 yz dxdy gver the circle x2 + ¥ <1 Ans. -2

_”(x2 + y2 ) x dx dy over the positive quadrant of the circle x* + 3 = ¢ by changing to polar coordinates.

aZ
Ans. —
5
JJR \/x2 + y2 dx dy by changing to polar coordinates, R is the region in the xy-plane bounded by the
38m
circles x2 + y2 = 4 (AMIETE, Dec. 2009) Ans. —=
Convert into polar coordinates
5 5 2 n/2 2acosO
J aj “ xdxdy Ans. _[ _[ rdedr
0 Jo 0 0

3n
”r3 dr d0, over the area bounded between the circles » = 2b cos 0 and » = 2b cos 6. Ans. By (a*—b%

j j rsin 8 dr d 6 over the area of the cardiod » = a (1 + cos 0) above the initial line. ~ Ans. %“ a’



Multiple Integral

284°

11. _[ Isz dr dO, where A is the area between the circles 7 = a cos 0 and » = 2a cos 6.  Ans.

1
12. Transform the integral Jo L;C f(x, y)dy dx to the integral in polar co-ordinates.

n/4 secO
Ans. [0 [ S0 rdoar

2.4 CHANGE OF ORDER OF INTEGRATION
On changing the order of integration, the limits of integration change. To find the new limits,
we draw the rough sketch of the region of integration.
Some of the problems connected with double integrals, which seem to be complicated, can be
made easy to handle by a change in the order of integration.

ara X
Example 12. Evaluate J 0 J , 2.2 dx dy by changing the order of integration.
x“+y
(AMIETE, June 2010, Nagpur University, Summer 2008)
Solution. Here we have v
ara X A
[:JOJy I dxdy y=a B
Here x=a,x=y,y=0andy=a
The area of integration is OAB.
On changing the order of integration Lower limit of (f"
y=0and -
upper limit is y = x. YA
Lower limit of x = 0 and upper limit is x = a.
a y=x 1 >
[ =\ xdx dy o -0 A > X
,‘- 0 j 0 24 y2 y y
1 ~ y=x A
=Iaxdx[—tan IZ} y=a B (a, a)
0 X x o '
= J-: de (tan_1 X tan”! 0)
X X g
a T T __.q am K\
= dx — =—|X = —
[ @ 0= Ans.
Example 13. Change the order of integration in
1 p2-x
1= xy dx dy and hence evaluate the same. >
Jol o waxar 0 y=0 A >X

(AMILE.TE., June 2010, 2009, U.P. I Sem., Dec., 2004)

. 1 p2-x
Solution. / = Io sz xy dx dy




Multiple Integral

The region of integration is shown by shaded portion in the figure bounded by parabola y = x?
and the line y =2 —x.

The point of intersection of the parabola y = x* and the line y =2 — x is B (1, 1).

In the figure below (left) we have taken a strip parallel to y-axis and the order of integration is

J- 1 d J- 2-x d
v VY
In the second figure above we have taken a strip parallel to x-axis in the area OBC and second

strip in the area ABC. The limits of x in the area OBC are 0 and \/; and the limits of x in the
area ABC are 0 and 2 — y.

J.;ydyj.(;/;xdx+f12ydxjoz_yxdx J.ydy|: } +J.\/_ydy|: :l
0

2-y

0

1
11 2 12 2 _1 y3 12 2 3
Efoy dy+5J1y(2*y) dy—{ +5J1 (4y =4y~ +y7)dy

213
472
:ul{zyz 4y3+y} L, [g_£+4 4]
6 2 3 4l 6 2 3 3 4
1 96 —128+48 -24+16-3 1 5 9 3
6 5{ } 624 2478 Ans.

2
Example 14. Evaluate the integral Jo J.Oxexp [ x] dxdy by changing the order of
y

integration (U.P. I Semester Dec., 2005)
Solution. Limits are given
y=0andy=x
x=0and x =oco
Here, the elementary strip PQ extends from y = 0
to y = x and this vertical strip slides from
x=0tox=oo. x
The region of integration is shown by shaded
portion in the figure bounded by y = 0, y = x
x=0and x = oo, P »X

AY

On changing the order of integration, we first © y=0
integrate with respect to x along a horizontal strip 4y
RS which extends from x = y to x = oo and this
horizontal strip slides from y = 0 to y = o to cover
the given region of integration. Q
New limits : -
! X=o
x=y and x=
y=0 and y=-oo
We first integrate with respect to x. P »X
Thus, %
xz X2
o S 2x
Io dy Jyxe dx_J‘O dyJ‘y—— —79 dx
x2 B 2
:J.:dy —%e Y =J.:dy O+%e 2 O;eydy

y
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- B(— e‘h—[i}(e”)}:
oot

Example 15. Change the order of the integration

orx
[l varas
Solution. Here, we have YA

[ 1 v

Here the region OAB of integration is bounded by
v =0 (x-axis), y = x (a straight line), x = 0, i.e., y axis.
A strip is drawn parallel to y-axis, y varies 0 to x and
x varies 0 to oo.

On changing the order of integration, first we integrate
w.r.t. x and then w.r.t. y.

A strip is drawn parallel to x-axis. On this strip x

(Integrating by parts)

Ans.

(B.PU.T; I Semester 2008)
B

varies from y to o and y varies from 0 to oo.

Hence I: I: eV ydydx = J:y dy I: e Ydx

- e Y
-l ydy[ -y jy

= J’w y_dy[()_eyz]
0 -y

_ [ _l
7J‘0 e dy—Z\/E Ans.

Q
Example 16. Change the order of integration in the double integral B

I

Solution. Limits are given as
x=0,x=2a
y=\2ax

2ax—x* = y2=2ax

(x—ap+y=a

Y,
Vdcdy 4

and y=

and

y="\2ax B

y =2x—x2

o}

A X

The area of integration is the shaded portion O4B. On changing the order of integration first
we have to integrate w.r.t. x, The area of integration has three portions BCE, ODE and ACD.

V2
@ _V dy Y
\2ax —x

a+- a2+y2 de

- J‘Ozady-“jza/Zanx_{-J‘(;Zdy»[yz/Za

joza dx

B (2a, 2a)

a 2a
+ .[0 dy LH R V dx Ans.

(x—a)2+ y?= a?
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EXERCISE 2.3

Change the order of integration and hence evaluate the following:

1.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

d a cos y dx .
jaj _ cosydy Ans. (a)jodyjym(b)Zsma.
0 J(a—x)(a- »)
2a p3a-x a 2\ ay 3a 314a
[, Jﬁ (@ +y") dydx Ans. (a)jodyjor(x%yz)dwja dy [ 6P de )
4a
1 ¢ x _
[y [2G2 42 dydx Ans. j;dy J;/;(xz 122 gy
aryta a a 2a a
jo j/az_yzf(x,Y)dxdy Ans. -[O dxf\/mf(x,y)dy+fa de'X7af(x,y)dy
[ j“ 7 vy de dy Ans. [ ax | “jif(x y)dy
“Jo a2 2 ?
2-x x a dy " 2 dy 2 ) 4
f J fd dx Ans. -[0 — dex+f— J xdx; log—
Yo 1 0 €
J J”dydx WP 2003
yx +y ( A )
bx/ b a 1
fo jox “xdydx Ans. (@) jo dy jay/bxdx (b)gazb
S p2+x 2 5 7 5
[ I, sy drdy Ans. Jody[) fCoyyde+ [ dy [T S y)dx
[ 1,07 e axdy Ans. [~ dx [T (7 =27 eV dy (AMLE, Summer 2000)
1 2—y
[ Nralaid (AM.IE.TE., June 2009)
a ¢2a
dx d 2a- 34>
IO Iﬁ v Y (U.P. I Semester, Dec., 2007) Ans. J: J.O\/Exy dx dy+J0a 7 xydxdy,%
a
a+ a? 2 la? —(x—a)? 2
J‘ J‘ \/— xy dx dy Ans. J.Oaxdx.[oa o ydy,§a4
[Hint: Put x = ¢ sin2 ® = dx =2 a sin 0 cos 0 d 0]
1 1 1
Drl=y 13 ~12 1/2 1z 1-x — = 3n
_[0 _[_1 Xy (I-x-y)'“dxdy Ans. f71x3 a’xf0 y2(0-x—-y)2dy,——
2
2, o 3 [ld jz" (x+y) dx
J‘O dxj04a(x+y) dy Ans. 0 y my Yy
Ley, o 2 2 ¢2-y, 9 2 1 2-x, 9 2 5
IO fo(x +y )abca?y+f1 IO (x™+y7) dxdy Ans. jodxjx "+ dy, 3

[2_ 2 5
f: -[0 “r y2 \[xz + y2 dx dy by changing into polar coordinates. Ans. nzl(l)
| (UP 1 Semester, Dec. 2007, AM.LE., Summer 2001)
2¢2
e [P w el S aa

x>+ y y
Recognise the region R of integration on the R.H.S. and then evaluate the integral on the right in the
order indicated. (AMIETE, Dec. 2004)

. . i
Ans. Region Risx=0,x=y,y=1and y= Z,ZlogZ.

Express as single integral and evaluate :

a Iy
J.oﬁ ngdxdy+Jt JOaZﬂCZ xdx dy ) JO% dijmz_yzxd 5q°
N ¥

X, ——
62
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20.

21.

2.5

Express as single integral and evaluate :
Ley 2 2 202-y. 2 2 Vo2 x 2 2,5
[ Jo &2y dedy+ [7 [ 77 6%+ y?) drdy Ans. [y ac [T (7 4y S

If f(x, ) dx dy, where R is the circle x2 + 3> = a2, is R equivalent to the repeated integral.
2n 1

mewmmqwnpm&IIUﬁVﬁda]
00

CHANGE OF VARIABLES
Sometimes the problems of double integration can be solved easily by change of independent

variables. Let the double integral as be JJ f(x, y) dx dy.lt is to be changed by the new variables
u, v. R
The relation of x, y with u, v are given as x = f{u, v), y = ¥(u, v). Then the double integration
is converted into.
[ ] £ 100, v), W, v)} | J | du dv, where
9 (x, y) du dv = Ou
9 (u,v) oy

ou ov
Example 17. Evaluate Jj (x + y)? dx dy, where R is the parallelogram in the xy-plane with

ox

o du dv

dx dy=|J|dudv=

vertices (1, 0), (3, 1), (2, 15), (0, 1), using the transformation u = x +y and v = x — 2.
(U.P, I Semester, 2003)

Solution. The region of integration is a parallelogram ABCD, where 4 (1, 0), B (3, 1), C (2, 2)

and D (0, 1) in xy-plane.

The new region of integration is a rectangle 4’B’C’D’ in uv-plane

xy-plane

A=)
A=(1,0)

B=(x.y)
B=@3,1)

C=(xy)
C=(2,2)

D=(x))
D=(0, 1)

uv-plane

A = (u, v)
A=kx+y,x-2y)
A=(1+0,1-2x0)
A =(1,1)

B =(u,v)

B'=@x+y x-2y)
B=(3+1,3-2x1)
B=4,1)

C = (u, v)

C'=(u,v)
C=2+2,2-2x2)
= -2)

D' = (u,v)

D'=(0+1,0-2x1)
D' =(1,-2)

Y A

V4 A(1,1) v=1

B'(4, 1)

C 2, 2)

B (3, 1)

(0, 1)
(0] A(1,0)
(xy-plane)

u=x+y
v=x-2y
ox

9 y) _|ou
Cw,v) oy
du

and

c

D'(1,-2) v=—2

(uv-plane)

C 4,-2)



dx dy = |J|dudv:ldudv

JLle

Example 18. Using the transformation x +y = u, y =

oo @-x- "2 acay =

the area of the tringle bounded by the lines x = 0, y = 0,
x+y=1

Solution. I J [xy (1—x—)]"* dxdy

XTy=uorx=u—y=u-—uv,

[[c+yydcay =
R

, integration being taken over

uv, show that

Multiple Integral

4
3
d dv —j {_} dv=J.j27dv=7[v]12=7><3=21Ans.
1

dx  dx
dx dy = a(x, ) du dv v du dv
9 (u.v) IR I
ou dv
1-v - 0 - > X
dx dy = ’ ududv=ududv. y=0 A
v u (xy-plane)
x=0 = u(l-v)=0
= u=0,v=1 VA ve
y=0 = w=0 R - Q
= u=0,v=0
x+ty=1 = u=1
Hence, the limits of u are from 0 to 1 and the limits of v are from "
0to 1. S S
The area of integration is a square OPQR in uv-plane.
On putting x = u — uv, y = uv, dx dy = u du dv in (1), we get o V=0 P >
“.(u — )2 )2 1= )2 u du dv (uv-plane)
L) 1/2 1 12 (1 _ 2 3 F“F
:J.Ou (1-u) dujov d—’_
1|1 1 51
i LRI
_ F 2’; F 1 2 2" _2m An
753 F 2 7153 1 105 s
22212 222

EXERCISE 2.4

oo poo . T
Evaluate I 0 J.o et gin [fj dx dy by means of the transformation u = x +y, v =y from (x, y) to
Xty

(u, v)

1 I-x
Using the transformation x + y = u, y = uv, show that jo I 0 x+y

-

. . X
Using the transformation u = x —y, v=x + y, prove that I J cos

byx=0,y=0,x+ty=1

1 1 1
Hint:x=—w+v),y=—(v—u)sothat|J|=—
[‘/ 2( ), ¥ 2( ) [J] 2}

1
Ans. —
T

dydx—f(efl)

(A M.ILE. Winter 2001)

dx dy = % sin 1 where R is bounded
y
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2.6 AREA IN CARTESIAN CO-ORDINATES

Let the curves AB and CD be y, = f, (x) and y, = £, (x).

Let the ordinates 4D and BCbe x = a and x = b.

So the area enclosed by the two curves y, = f, (x) and y, = f,(x) and x = @ and x = b is ABCD.
Let P(x, y) and Q(x + 6x, y + 8y) be two neighbouring points, thent the area of the small

rectangle PQ = dx. dy.

throughout. * =t (X}

Area of the vertical strip = llm ZSX dy = dx I dy 5x the width of the strip is constant
Y

If we add all the strips from x = a to x = b, we get

b
. » b »
— lim Yo [Pay=[ax["q
The area ABCD = lim 3. x [y =] dx [y

Area:I: Iyylzdxdy

0]
Example 19. Find the area bounded by the parabola y° = 4ax
and its latus rectum.

Solution. Required area =2 (area (ASL)

23§ s

B X
= 2f;" 2Vax dx
7 32 a 84> ___
= afa| 2 — | =22 I
¢ ( 3/2 jo 3
Example 20. Find the area between the parabolas y° = 4 ax and x* = 4 ay.
Solution. y? = dax (1)
= 4day ..(2)

On solving the equations (1) and (2) we get the point of intersection (4a, 4a).
Divide the area into horizontal strips of width &y, x varies

2 A (4a, 4a
from P,i— to Q,./4ay and then y varies from O(y = 0) to \ [67 B o
a
A (y = 4a).

N

2/4

The required area = J dy J

—_

2a

L Yr.}
- J‘4ad [ ]./24/a4 J':ady|: [aa _ZZ:|: I4ay_yJ
0

N W

—da
124 3 3 3 Ans.

Example 21. Find by double integration the area enclosed by the pair of curves
y=2-xandy* =22 —x)
Solution. y=2-x
¥=202-x)
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On solving the equations (1) and (2), we get the points of
intersection (2, 0) and (0, 2).

A= [ dcdy

NP
The required area = I dx J.

j2 Jy2e- jdx[,/4 2x — 2+ x]

X
{ (4-2x)*? —2x +—}
3x—-2 z 0
1 3/2 xz [ 4) 8 2
-—(4-2 —2x+—| =|—-4+-|+-=—
{3( *) ) 2)7373 Ans.

EXERCISE 2.5

Use double integration in the following questions:

1.
2.

2.7

Find the area bounded by y = x — 2 and j? = 2x + 4. Ans. 18.

Find the area between the circle x> + y? = g2 and the line x + y = a in the first quadrant.
Ans. (1 —2)a*/4

2 2 b
Find the area of a plate in the form of quadrant of the ellipse x—z + y—z =1. Ans. na
a“ b

Find the area included between the curves y*> = 4 a(x + a) and y> =4 b (b — x). Ans. 8ab

(AMIETE., Summer 2001)

Find the area bounded by (a) * = 4 — x and j? = x. Ans. %

. 27
B)yx-2y+4=0,x+y-5=0,y=0 (A-M.LE., Winter 2001) Ans. o
Find the area enclosed by the leminscate 12 = a? cos 2 6. Ans. a?

3
Find the area common to the circles x> + 3> = a® and x> + ? = 2ax. Ans. {n - \Q—:I a®
Find the area included between the curves y = x> — 6x + 3 and y = 2x + 9.
(A.M.LE., Summer 2001) Ans. 38V22
3

Determine the area of region bounded by the curves xy = 2, 4y = x%, y = 4. Ans. % —4log2

(U.P. I Semester 2003)

AREA IN POLAR CO-ORDINATES
Area= HI’ do dr

Let us consider the area enclosed by the curve r = f(0).
Let P (r, ©), O(r + dr, 8 + 80) be two neighbouring points.
Draw ares PL and OM, radii r and r + &r.
PL=r80, PM = or
Area of rectangle PLOM = PL x PM
= (r30) (dor) = r 86 or.
The whole area A4 is composed of such small rectangles.




Multiple Integral

Hence,

4= lim Z ZrSG.SrzHrdedr

= or—>0
500

Example 22. Find by double integration, the area lying inside the cardioid r = a (I + cos 6)

and outside the circle r = a. (Nagpur University, Winter 2000)
Solution. r=a (1 +cos 0) (D)
r=a 46 =mn2 ..(2)
Solving (1) and (2), by eliminating r, we get =2 “s ¢
a(l+cos®)=a = 1+cosB=1 A - f}”c‘
Qg
T T o
=0 = O=——or— 4
N cos i)
limits of » are @ and a(1 + cos 0) oon %) B D 6-0
limits of 0 are — ~ to ki
2 2
Required area = Area ABCDA G
n/2 for cardioid
=[] T rdodr
—mn/2 Jrfor circle
P ) a(l+ cos 0)
n/2 ¢ a(l+cosO T r
- /z,“ T dear _I—n/2[7J a9
L2 (14 cos 0 —1]d0 L (020 +2.cos 0) dO
= 7I_n/2[( +cos 0)” —1] = 7I_n/2(cos + 2 cos 0)
o /2 ) 2 /2 2 /2
=a I (cos”™ 6+ 2 cos 0) dO =a I cos 9d9+2j. cos 6 d6
0 0 0
2
2| T . n/2 2| T a
=a |—+2(sinB =a |—+2| = — .
{4 ( Do } {4 } 4(TE+8) Ans

Example 23. Find by double integration, the area lying inside the circle r = a sin 0 and
outside the cardioid r = a (I — cos 0).
Solution. We have,
r=asin 0 (1)
r=a (1l —cos 0) ..(2)
Solving (1) and (2) by eliminating r, we have
sin@=1-cos 0 =sinO+cosO=1
Squaring above, we get
sin%0 + cos?0 + 2 sin 0 cos 0 = 1

= 1+sin26:1:>sin26:0:>26:00r1t:6:00rg
The required area is shaded portion in the fig.
Limits of » are a(1 — cos 0) and a sin 6, limits of 0 are 0 and g

asin 0

Required area = J-OEJ- dr do

2
a(1—cos 0)

asin 0

T2 n

= J‘z r dezlj /za2 [Sinze—(l—cose)z]de
0 2 a(l-cos 0) 2°0
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2
n/
%Io 2(sin26—1—0052€i+2cos 0]do

a2 /2 2

—J- (—2cos” 0+ 2cos 0)do
270 r=afl-cos®
2

a

= 7 U;/z— 2cos?0do + j;/22 cos 0 d@}

2
a K— 22) +2 (sin ) 2}
2 4 6=0 %

2 2
a s . T . a s 2 T
=—|—-——=+2 ——sin0 || = —|-=+2| = 1-=
5 { > (sm2 H 5 [ 2+ } a [ 4) Ans.

Example 24. Find by double integration, the area lying inside a cardioid r = 1 + cos 0 and
outside the parabola r (I + cos 6) = 1. 40 =n/2
Solutio. We have, rgdae
r=1+cos 0 ..(1) R Q
r(l+cosB)=1 ..(2)
Solving (1) and (2), we get
(1+cosB)(l+cosB)=1

Fr=gsing@

0 D B =0
(1 +cos 0)>=1 R
1+cosb=1
C
cos0=0= 9=i§ = |

.. e T T
limits of » are 1 + cos 0 and limits of © are —— to —.

1+cos®
Required area = Area ADCBA (Shaded portion)

n/2 1+cos 0 ki I"2 1+cos® 1 cn/2 1
:j_n/zj 1 rdOdr :J'fn — de:—j {(l+cos6)2—
1 —-n/2

1+cos 0 S\ 2 2 (1+ cos 0)*
1+cos©
1 pn/2 1
:—I (14 cos® 0 +2 cos ) - —— [dO
2 d-n/2 0\
2 cos? )
2
1 ¢n/2 1
= 2><—J' (1+(:0526+2cos@)——sec4£ do
270 4 2

2 (1+cos29+2cos9)—l[1+tan29]seczg do
o 4 2 2

ol
1+M+2cos9 1 1+ tan? = | sec? 2 | 40
o | 2 4 2 2

J
J
J-n/z_ 1 cos 20
|

l+=—+ +2cos6—l seczg+tan29><seczgj do
o | 727 2 40U 2 2 2

: 2
9+9+smze+2sin9—l 2tan9+ztan39
2 4 4 2 3 2)],

= E+£+0+25in£—ltan£—ltanBE = 3’—7T+2—l—l = 3'—7T+i Ans.
2 4 2 2 4 6 4 4
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R e

2.8

EXERCISE 2.6

. - 3na’
Find the area of cardioid » = a(1 + cos 6). Ans. 5
Find the area of the curve 72 = a2 cos 26. Ans. a?
Find the area enclosed by the curve » =2 a cos 0 Ans. na®
Find the area enclosed by the curve » = 3 + 2 cos 0. Ans. 11w
Find the area enclosed by the curve

P = a? cos®0 + b2 sin?0. Ans.g (a® +b%)

Show that the area of the region included between the cardioides » = a(1 + cos 0) and » = a (1 — cos 0)
2
a
is — (3n—38).
is — ( )

Find the area outside the circle » = 2 and inside the cardioid » = 2(1 + cos 6). Ans. (n + 8)

. . . . . 21 T \/5
Find the area inside the circle » = 2a cos 0 and outside the circle » = a. Ans. 2a 3 + e
Find the area inside the circle » = 4 sin 0 and outside the lemniscate 72 = 8 cos 2 6.

Ans. (§n+4\/§—4j

VOLUME OF SOLID BY ROTATION OF AN AREA (DOUBLE INTEGRAL)

When the area enclosed by a curve y = f'(x) is revolved Y 4
about an axis, a solid is generated, we have to find out
the volume of solid generated.
Volume of the solid generated about x-axis
b , (x
= J‘ J‘y“( )2nPdedy

¥ (x)

X

o] Q
Example 25. Find the volume of the torus generated by revolving the circle x*> +y* = 4 about
the line x = 3.
Solution. x> + )% = 4

v={| [@rnPQydvdy=2x[[(3-x)dxdy

2m | f; ax [ “*: (3 —x)dy
=2 J.jzzdx (3y - xy)_+ “,—j__;

B AN T N PR N PN F I
2

4 x 1
—4n[3\/4—x2—x\/4—x2]dx=41t[3§\/4—x2+3x5sm1§+§(4—x2)3/2}
-2

— 4n 6><£+6><£}:24n2 Ans.
2 2

Example 26. Calculate by double integration the volume generated by the revolution of the
cardioid r = a (1— cos ) about its axis. (AMIETE, June 2010)
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Solution. » = a (1 — cos 0) 550 ¥
=
V= 275! Iydxdy:>V=2nII(rd9dr)y ‘;a\‘ L
= ZnIdGIrdr(rsine) O=n 6=0 .
¥ dx 0 %
b a(l—cos 6 )
= 2n [ sin0d0 [V ar X
0 0
r} a(l-cos9) o
= “si - = s - ) duL vV uv
= 27tj‘osmed9{3} 3 Ioa (1—cos 0,
2n o’ (l—cose)4 " oondd 8 3
— = 16]==ma
3 { 4 |12 e1=3 Ans.

Example 27. A pyramid is bounded by the three co-ordinate planes and the plane
x + 2y + 3z = 6. Compute this volume by double integration.
Solution. x+2y+3z=6 (1) Ya

x=0,y=0, z=0 are co-ordinate planes.

The line of intersection of plane (1) and xy plane

(z=0)is

x+2y=6 ..(2)

The base of the pyramid may be taken to be the triangle
bounded by x-axis, y-axis and the line (2).

An elementary area on the base is dx dy.

Consider the elementary rod standing on this area and
having height z, where

3z=6-x—-2yor z=
Volume of the rod = dx dy, z, Limits for z are 0 and

6—x

Limits of y are 0 and and limits of x are 0 and 6.

Required volume = J‘:J‘:%XZ dx dy = j:dx .[o 3

3

6-x-2y

6-x-2y

6—x
——6—-x-2
5 6-—x—2y dy

0

2

1
= E[72 —216+216]=6 Ans.

6—x 2
_Logs 2y, _ 16| 6(6—x) x(6-x) (6-—x
,3J.de(6x—xy—y )0 5‘[0{ . - dx
_lje 36-6x 6x—x’ 36+x"A2x)
3dol 2 2 4
6
:%j0(72—12x—12x+2x2—36—x2+12x)dx
3 2
:ijé(x2—12x+36)dx=i XX a6
1270 1203 2
EXERCISE 2.7

4
1. Find the volume of the sphere x> + % + z2 = a® by revolving area of the circle x> + y*> = a>. Ans. 3 na

2.9 CENTRE OF GRAVITY

3
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Example 28. Find the position of the C.G. of a semi-circular lamina of radius a if its density
varies as the square of the distance from the diameter. (AMIETE, Dec. 2010)
Solution. Let the bounding diameter be as the x-axis and a line perpendicular to the diameter
and passing through the centre is y-axis. Equation of the circle is x> + y? = a*. By symmetry

x=0.

freaas [foras [Lal e :

y_J. J.pdxdy - I I(Xyz)dxdy _J‘_aadxj‘;/myz dy / G

Ia dx s e a . ]
~a 4 3I_a(a2—x2)2dx

0

— = Putx=asin 6
) NV 4J‘ (@® - x*)'? dx
I_ dx [J;j -4

0
m

SI En (a2 —a” sin’ 9)2 acos0do 3[5 a’ cos’ 0 dO
-2 _

SR

4‘..511(612 —a” sin? 0)*? 4 cos 0 dO 4I Zﬂa4 cos* 0.d0

2 2
4x2

e 53 _(30)(8)(16) 32
4 3xlm 4 J\15)\3n) 15n

4x2 2

Hence C.G. is | 0, 32a Ans.
157w

Example 29. Find C.G. of the area in the positive quadrant of the curve
X234 2= g2,

B J.J.xdxdy B J.J.ydxdy
Solution. For C.G. of area; x = » V=
J. J.dx dy J. J.dx dy

foras] el

j: dx J‘;am o dy I: dx [y]éaz’3 _ By

jax dx (a?3 = x?13)3? I:a cos® 0 (a*” —a*" cos® 0)*'? (~ 3a cos® 0 sin 6 d0)
0 ki

X [Put x = a cos’0]

_ 2
j 0 dx (a7 = x¥3)*? j f (@ — a*" cos?0)*'? (— 3a cos® O'sin 0 d 0)
2

F6
T n ljza
J.053a3 cos’ 0sin> 0 cos?Osin O 40 aJ.OE sin*0cos’0d0 2 5

B T2 3 20 I .4 2 503
I23a sin” 6 cos”“ 0sin 6 d 6 IZSln Bcos“0dO —|z

0 0 212

204
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2 2
:BIZa 1 9(7)(56)§‘ —= 56a’ Similarly, ;:25661
3 197531 IRETER 315m
2 222 2 2

256a 256a ]

3157 3151 )

Example 30. Find by double integration, the centre of gravity of the area of the cardioid
r=a(l + cos 6).

Solution. Let (X, y) be the C.G. the cardioid

Hence, C.G. of the area is [

By Symmetry, y =0.
dexdy Ijxdxdy
4

— _ A —
x = dexdy dexdy
nAa(1+cose) 4
[ troos 0y (rd0dr) [ cos0do [

J- J-a(1+cose)rde 0 = J-n dej-a(ncose)rdr

3 a (a+cos 0) T 0

. 3
I_ncosede {3} In cosede.%(l+cos 0)’
0 —T

a (1+cos 0) 2 dr

) a(1+cos 0) T Cl2
I“ do ’”] I_ d97(l+cos 0)> Y4
o Y &
—j 2 cos? ——1 1+2cos>~—1]| do r\

: 7j (1+2cos—l)d9 * Q\!/

3 2
:a—J.n [zcoszg—lj[fﬁcosé 9] 6+a—f 4cos49d9 ¥y
3 7-n 2 2 2 J-m 2

3
= 8i i [2 cosgg—cos 9] do +2a J. cos49d9
-n 2 2 2

oo
N
4

»xY

3

2x8a ¢
il

164>

n/2 n/2
= 3 .[o (2 cos® 7 — cos® 1 (2dt)+ 4a® .[o cos* ¢ (2dr)

324 2xTx5x3xln 5x3xlm . 842 3xI'n
3 8x6x4x2 2 6x4x22| 4x2 2
324° [35n SRJ 2[37:) 8a°> 15n 16 5a

= e o 1P P X e X T, Ans.

3 (128 32 16 3 128 84 x3m 24

2.10 CENTRE OF GRAVITY OF AN ARC
Example 31. Find the C.G. of the arc of the curve
x =a (0 +sin 0), y = a(l — cos 0) in the positive quadrant.

2 cosgg - coség do + 4az'|.ﬁcos4 9 do
2 2 0 2

Solution. We know that, x =
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2 2
dx dy
S L2 a0
Now, ds [dej (dej
Jia® (1+cos 0)2 +a® sin> 0} d 0 = ay1+ 2 cos 0+ cos? 0 +sin? 0 d 0

= al+2cos0+1d0=a 2(l+cos6)d6=a,f4coszgd6=2acos%d6

n n . 0 0
dex_joa(9+sin9)2acosgde_ajo[9+251n20052d9)

= - 5 -
Ids .[0 2a cosade [2 sin n}
0

EIK Gcosg+2singcos29 d6=£I5(2tcost+2sintcos21)2dt
270 2 2 2 270

3, 7s
= 2a tsint+cost—cos ! =2a[£—l+l}=a[n—i}
3 0 2 3 3

J‘yds=j:a(l—cos9)2acos2dezaj;2sinzgcosgd9

y=
ds T 0 L
_[ j02acos2d9 jocoszde
ar|:sin —
2} 4 2 4) 2
= 0. "¢ =4 Hence, C.G. of the arc is a[n——j,—a Ans.
. 9" 3x2 3 3)3
3| 2sin —
2]
EXERCISE 2.8

1. Find the centre of gravity of the area bounded by the parabola y? = x and the line x + y = 2.

Ans. | —,——
5 2

2.  Find the centroid of the tetrahedron bounded by the coordinate planes and the plane x + y + z = 1, the

112
density at any point varying as its distance from the face z = 0. Ans. (ga gagj
3. Find the centroid of the area enclosed by the parabola y? = 4 ax, the axis of x and latus rectum.
o (30 3
ns-| 50" 16
na~2
4.  Find the centroid of the loop of curve 2 = a* cos 2 6. Ans. ( 3 ,OJ
5.  Find the centroid of solid formed by revolving about the x-axis that part of the area of the ellipse
2 2
x—z + y—z =1 which lies in the first quadrant. Ans. 3£, 0
a b 8
6. Find the average density of the sphere of radius ¢ whose density at a distance » from the centre of the
” k
sphere is p=po |1+k—|. Po 1+E
a
7.  The density at a point on a circular lamina varies as the distance from a point O on the circumference.

Show that the C.G. divides the diameter through O in the ratio 3 : 2.
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1.11 TRIPLE INTEGRATION

Let a function f{(x, y, z) be a continuous at every point of a finite region S of three dimensional
space. Consider 7 sub-spaces 8S1, 8S2, 8S3, 8Sn of the space S.
If (x, y, z) be a point in the rth subspace.

The limit of the sum z f(x,5y,,2,)98S,,asn—> 0,85 — 0 is known as the triple integral of
r=1
f(x, v, z) over the space S.
Symbolically, it is denoted by

II E f(x,y,2)dS

BT G
It can be calculated as _[ _[y _[ S (X, ¥, 2) dx dy dz. First we integrate with respect to z
X 1% 4

treating x, y as constant between the limits z. and z_. The resulting expression (function of x, y) is
integrated with respect to y keeping x as constanf between the limits y and y,. At the end we
integrate the resulting expression (function of x only) within the limits x, and x,.

x=b V2= 0y(x) 2= /(%)
[7  wwar |7 " awnar |f [y, 2)ds

X =a yl=¢1(x) Zl=./i(X’J’)

First we integrate from inner most integral w.r.t. z, then we integrate with respect to y and
finally the outer most with respect to x.
But the above order of integration is immaterial provided the limits change accordingly.

Example 32. Evaluate ”jR (x+y+2z) dcdydz, where R: 0<x <1, 1<y<2 2<z<3.

3

I p2 3 12 2
Solution.J.Oach.1 dyj.z(x+y+z)dz - jodle dy{(x+yz+z)}
2

BRI 2 a_ Ll g2
= 2J.Oabcj.lafy[(x+y+3) (x+y+2)]—2j.0dxj.l(2x+2y+5).1.dy

2
1! (2x+2y+5)2} B ) 2
E.[de{—l—gjodx[(Zx+4+5) Qx+2+ 5]

4
5 1
l_|‘1(4>c+16) 2dx—-[1 (x+4)dx—[x—+4x} L1422
~ 8Jo ' ) L2 0o 2 2 Ans.
log 2 x x+logy .
Example 33. Evaluate the integral : I I I "V dz dy dx.
0 0 Jo

. log 2 x x+logy
Solution. I I I eVt dz dy dx.
0 0 0

log 2 . x x+logy . log2 . x xtlo
I e dxj eydyj e dz=I e dxj e’dy(e’), " *”
0 0 0 0 0

log 2

x log2 x
exdxj edy (e°18Y —1) = I e’ dx I edy (€87 . e" 1)
0 0 0 0

0, x log 2
exdxj. e’ (ye'-1)dy = jo e*dx [(yex e’ —j e*.e’ a’y]

x
0 0

log 2
0

;ogze"dx [(yex -De - e“}’}; = J.Ologzexdx [(xe* —1)e* —e* +1+ €]
log log

0g2 X 2x X 2x X 2 3x 3x X
edx[xe” —e —e +1+e]=I (xe —e” +e)dx
0

J
J
J
J

0
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log?2 log2
e3x e3x e3x . X 3 e3x e3x .
=| X5 - 1. dx — +e =|-e ——- +e

3 3 0 3 9 3 0
_k)%ze3log2_¥_i;g2+elog2+§+%_l
:lo§2610g23 —610523 —610§23 + g2 +é+%—l
:glog2—§—§+2+é+%— zglogZ—g Ans.
+y

log2 x x
Example 34. Evaluate I ) I I eV dx dy dz.
0 0 Jo
(M.U. Il Semester, 2005, 2003, 2002)
log 2 x ot PRERSY
Solution. / = J. J. ety [e J dx dy
0 0 0

log 2 x log 2 x
= I I Ve —Ydxdy = I I [ez(“y) —e(“y)}dxdy
0 0 0 0

og2 [, o * g2 (M e
J‘ et . —-¢e".¢e dx:J. — - - +e* |dx
0 2 0 0 2 2

e410g2 ~ eZlogZ ~ eZlogZ +elog2 ~ l_l_l_'_l
8 2 4

log 16 log 4
_ (e et e | (L 1 1,
§ 2 4 § 2 4
16 4 4 111 5
S S A U Y L 1]=2 Ans.
[8 2 4+j [8 2 4+j 8 ns

Example 35. Evaluate ” R(x2 +y7 +2°) dx dy dz

where R denotes the region bounded by x = 0,y =0, z 7 Oandx +y +z=a, (a>0)

Solution. j j j @y 2 dvdy dz 4
xXty+tz=a or z=a—-x-Yy
Upper limitof z =a—x —y ° *"J,\\
On x-y plane, x +y +z = a becomes x +y = a " N
as shown in the figure.
Upper limitof y =a —x - X
Upper limit of x = a © y=0 Xx=a -

a a—Xx a—x-— a a—x 3 Y
= I de dyj y(x2+y2+zz)dz :j dx.[ dy[xzz+yzz+Z—J
0 y=0 0 0

xX= z=0 3 0
a a—x — — 3
:J. de. dy{xz(a—x—y)+y2(a—x—y)+u}
0 0 3
a a—x — — 3
:J. de. [xz(a—x)—x2y+(a—x)y2—y3+w}dy
0 0

2.2 3

—j“dx[x% gy B +(a_x)y__y_4_MT_x
~Jo amny 3 4 2 o
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_ J'”dx[xz(a_x)z_x_z(a_x)2+(a_x)(a—x)3_(a—x)4+(a—x)4}
—Jo 2 3 4 12
a 2 4 a
= j x_(a x)2+(a ») }d =.[ { (a 2ax +x)+(a x)}
0o | 2 0
B O S N At A A Ans
273 4 710 30 6 4 10 30 20 )
dxdy dz . . . L
Example 36. Compute I” ——————— if the region of integration is bounded by the
x+y+z+1D
coordinate planes and the plane x +y +z = 1. (M.U., II Semester 2007, 20006)

Solution. Let the given region be R, then R is expressed as
0<z<1l-x-y, 0<y<l-x, 0<x<1.

.”..[R% - J.(idx.[olﬂdy.[olix*y ()c+yc-1|—zz+l)3

l-x-y
1 1-x 1
= Idxj dy 5
0 0 2(x+y+z+1)7 ],
1 ¢!

J~1Xdy 1 3 1
0 ()c+y+1—)c—y+1)2 ()c+y+l)2
1 1-x |1 1 I-x
2 de-[O |:Z_(x+y+1):| J.d |: X+y+1:‘
F‘

B 2I
_ljl X, 1 1 “‘_[ 1-x +l_1 0
2Jo x+1+1—-x x+1| 2Jo 4 2 x+1
_1{
2

d.
=07 } UL ML
3 —log(x +1) 713 10gZ+8 ="713 log 2
5

- —10g2—— Ans.

Example 37. Evaluate _UJ.XZJ/Z dx dy dz throughout the volume bounded by the planes x = 0,

y=0z=0, §+%+f -1 (M.U. I Semester 2003, 2002, 2001)
Solution. Here, we have z
= m vz dedydz (1)
Putting x = au, y = by, z=cw

dx =adu, dy=>bdv, dz=cdwin(l),we get
1= .[Uazbc u>vwa be du dv dw

Limits are foru =0,1 forv=0,1 —uand forw=0,1 -u—v /

utv+w=1

1-u—v
1 l-u-v u
I ) I I &b’ utvwdu dv dw = .[ jl @b {WT} du dv

3b22.|- J.l uuv(l u—v) du dv
J-l u

J,

~
Il

3b22

uv[(l u) -2(1- u)v+v}dudv
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3b22 l-u
= .[ J. u [(l u)v 2(1- u)v +v3]du dv

3,2 2 2 E Lt
abc sV vy }
- Y R 17 B SR
2 .[ {( T N
322 .4 4 4 4
_ e uz[(l w' 20wt u)}du
2 0 2 3 4
b ¢t wP-w)? dn = a’b’c? 1u3’1(l—u)5’1du
2 I o 12 M 24 Jo
3,22 3,2 2 S (2141 3p2 2
= b B(3 5) b |_ |_ 4 . _ a c . Ans
T 24\ 7 )T 2520
2.12 INTEGRATION BY CHANGE OF CARTESIAN COORDINATES INTO
SPHERICAL COORDINATES

Sometime it becomes easy to integrate by changing the cartesian coordinates into spherical
coordinates.
The relations between the cartesian and spherical polar co-ordinates of a point are given by the
relations
x = rsin 0 cos ¢
y = rsin 0 sin ¢
z = rcos®
dx dydz = |J|drdo do
= r”sin 0 dr do d¢
Note. 1. Spherical coordinates are very useful if the expression x> +)? + 2* is involved in the
problem.
2. In asphere x> + y* + 2> = ¢’ the limits of 7 are 0 and « and limits of 0 are 0, 7 and
that of ¢ are 0 and 2.

Example 38. Evaluate the integral J:U (x2 +y2 +22) dx dy dz taken over the volume

enclosed by the sphere x* + y> + 22 = 1.
Solution. Let us convert the given integral into spherical polar co-ordinates. By putting
x=rsinBcosd; y=rsinOsindp; z=rcosB

.Uj 2+ 2 +2°) dx dy dz = Iozn Ion I;rz(rz sin 0 d6 d ¢ dr)

:.[Ozndq)jon Sinedej;r4dr=joznd¢jonsin9d9[g) I d¢ [~ cos 0] I dd

2 47

_ 3 (¢)(2)ﬂ _ < Ans.
Example 39. Evaluate H (x +y +z ) dx dy dz over the first octant of the sphere
Xy +7=d (M.U. Il Semester 2007)
Solution. Here, we have

I = H o2+ 2+ 22 dx dy dz (1)
Putting x = 7 sin 0 cos ¢, y = rsin 0 sin ¢, z = r cos 0 and dx dy dz = r*sin 0 dr d d¢ in (1),

we get

Limits of r are 0, a for 0 are 0, g for ¢ are 0, g .



Multiple Integral

[

= jog jof joarz.rzsinedrdedd) - jgd¢jgsin6dej:r4dr

2

2, .2, .2_ 2.2 2 2202 2 2
X"+y +z =r"sin"0cos o+ r sin“0Osin” ¢+ r cos” 0
=r?sin?0 + r? cos® 0 = 1

/2 w2 | T T a _ a
- [¢] [_ ] {? 0 - _'(1)'?_E'E' Ans.

dx dyd

Example 40. Evaluate J.J.J. Ztylts

5 throughout the volume of the sphere Ly +7=d

(M.U. II Semester 2002, 2001)

dx dy dz
J.J.J.x -):yy+z (D)

Putting x = 7 sin 0 cos ¢, y = rsin 0 sin ¢, z = r cos 0 and dx dy dz = r*sin 0 dr d d¢ in (1),
we get

Solution. Here, we have

The limits of » are 0 and «, for 0 are 0 and g for ¢ are 0 and g in first octant.

LI
I=13 j 2 j 2 j La;rdedd) [Sphere x* + y* + 2% lies in 8 quadrants]
r

8 ded)J?sin 0 dej:dr = 8[¢] [~ cos O * []" = s[g - 0) (0+)(a +0)

~
|

= Sg.l.a:4na Ans.
EXERCISE 2.9

Evaluate the following :

1. I I I dx dy dz (M.U., II Semester 2002) Ans. 48
4 x+y

2. J. I J. zdz dy dx (R.GPV. Bhopal I Sem. 2003) Ans. 70
0 0 0
2 1 1 2 2 2

3. J. J. J. (x“+y“+z7)dx dy dz Ans. 6
1 0 -1
1 1

a. | . [ . j "2+ 2 422 dz dy dx (AMIETE, June 2006)  Ans. 1
1 z X+z

5. | 1 [ . [ x-y+z)dcdydz (AMIETE, Summer 2004)  Ans. 0
- X—z

6. J.J.J. (x—y-z) dcedydz, whereR:1<x<2; 2<y<3; 1<z<3 Ans. 2

R
3 2 1 2 2 2
7. I I I w2z dx dy dz (AMIETE, Dec. 2007) Ans. 26 8. I KG I & I xyzdz Ans. 1
1 1
9. J:szyz dx dy dz throughout the volume bounded by x =0,y =0,z=0,x + y + z= 1.

(M.U. II Semester, 2003) Ans.
2520

1 pl-x pl-x?—)7? 1 e plogy pef 1
10. I I I dzdydx Ans. = 11 I J' J' log z dz dxdy Ans. — (¢® —8e+13)
0Jo 0 3 1 J1 1 2



Multiple Integral

12. .”-J- ydxdy dz, where T is the region bounded by the surfaces x = yz, x=y+2,4z= ¥+ y2 and
T

z=y+3. (AMIETE Dec. 2008)
2 x 2x+2y 1 612 66 1 1 1
. Y dzdy d e [ ) e A | FY
13 J. I J. e 'z dy dx Ans 3|: 3 6+3 2[6 1+[e” =11 (M.U. II Sem., 2003)
14. _U (x+y+2) dx dy dz over the tetrahedron bounded by the planes x = 0, y = 0, z = 0 and
1
x+y+z=1 Ans.§

a pa-x pa-x-y 5 2 a- x)/2 8-y
15. J.O J.O J.() 2 dxdy dz Ans. % 16. J J J dzdydx Ans. 8\/511

*\/m/Z x +3y
1 z x+z
17. I I I (x+y+z)dzdxdy (M.U. I Semester, 2000, 02)  Ans. 0
X—z
2 y x+y
18. J. J. J. (x+y+z)dedydz (M.U. Il Semester 2004) Ans. 16
x—y
22 2 2 2 2
19. .UJ. - Y F iy dy dz throughout the volume of the ellipsoid % +y—2 +Z—2 =1.
a b a b c
Ans. % abc

2 2 2
z

20. dx dy dz over the volume of the ellipsoid — +b7 t— = 1. Ans. i;gbc
a c

21. _[_U X lilymilznil dx dy dz throughout the volume of the tetrahedron

x20,y20,z20,x+y+z<1. 1 [11mIn
B Cm+n) [I+m+n
22. .UJ. dx dy dz taken throughout the volume of the sphere ¥+ y2 +7= 1, lying in the first
z
2
octant. Ans. %
m a(l + cos 6) h r 2
2d0 d l-——— | d. T[L
23. Io Io g r.[o { a(1+cose)} ‘ Ans. h
/2 asin© (a2 7r2)/a Sa
24. .[ J. .[ rdOdrdz Ans. —/—
0 64

25. J:U 2 dx dydz over the volume common to the sphere x* + 3> + 2> = 4 and the cylinder

5
2 y2 + 22 = ax. Ans. 2a’n
15
2
26. III % where V' is the volume in the first octant. Ans. T
A+x"+y"+z%) 8
27. ”] M over the volume bounded by the spheres X2+ y2 + 22 = 16 and
gx +y +z )3/2
¥+ ¥+ 2 =25, (M.U. II Semester, 2001, 03)  Ans. 47 log (5/4)

28. J:U 22 dx dy dz over the volume bounded by the cylinder X2+ y2 = 4* and the paraboloid
T

TCCZS

X+ y2 = z and the plane z = 0. Ans. 553



Multiple Integral

z
2.13 VOLUME = [[[dx dy d=. I
The elementary volume &v is ox . 8y . &z and therefore 52
the volume of the whole solid is obtained by evaluating the | [ ] [
triple integral. P oy
8V = 6x &y &z o 8x e
V= J‘” dx dy dz. /
Y

Note : (/) Mass = volume x density = m'p dx dy dz if p is the density.

(i) In cylindrical co-ordinates, we have |V = IJIVr dr do dz

(iii) In spherical polar co-ordinates, we have |} = J‘J.J‘V r* sin 0dr dO do

Example 41. Find the volume of the tetrahedron bounded by the planes x = 0,y =0, z =0

andx +y+z=a. (M.U. Il Semester, 2005, 2000)
Solution. Here, we have a solid which is bounded by x =0,y =0,z=0andx +y +z =a
planes. z

A
The limits of z are 0 and a — x — y, the limits of y are 0 and 1 — x,

the limits of x are 0 and a. Z=a-x-y

a a—-x a-x-y a a—-x P }
V= J. J. J. dxdydz:J. J. [Z]o Y dx dy Xx+ty+z=a
x=0 y=0 z=0 x=0 y=0

J. J. ) (a—x—y)dxdy
x=0 y=0

a 2 a—Xx
[
x=0 0

r a

= [a(a—x)—x(a—x)—(a_x)z}dx X
0 2

ca ) az 2
= a’—ax—ax+x —7+ax——dx

Jo 2
) ) y =X XY y=a-x
- [ L _ax+ T |dx
Jo 2 2
N NSO o RO 6 U U A T (@.0.0
27 2 6| "2 276) 6° ' M

Example 42. Find the volume of the cylindrical column standing on the area common to the
parabolas y° = x, x* = y and cut off by the surface z = 12 + y —x°. (U.P, II Sem., Summer 2001)

Solution. We have, X
2
y =X F
2oy 3
z=12+y—x° y
1 Jx 12+ y—x? J'l X P 7 2N
14 J.dej.x2 dyJ.O dz . B ( y ) dy X' = > X
1 y2 Vi
- J' dr| 12y + 2~ 2y Y
0 2 2 Y



Multiple Integral

1 4
:I Vr + 2 X2 21202 -2 % |k
0 2 2

2 X 2 g ; XX 1
B N L S L I S
|:3>< X + 4 7x X 1O+ 5i|
1 2 1 1 1 2 1 1 560+35-40-14+28 569
=8+-—=-"4-——+—-=4+-—=—-—+- = =—— Ans.
4 7 10 5 4 7 10 5 140 140

Example 43. A triangular prism is formed by planes whose equations are ay = bx, y = 0 and
x = a. Find the volume of the prism between the planes z = 0 and surface z = ¢ + xy.
(M.U. Il Semester 2000; U.P, Ist Semester, 2009 (C.O) 2003)
z

bx
a = c+xy
Solution.  Required volume = J. J. ¢ J. dz dy dx
0o Jo Jo

bx
= J. J.a(c+xy)dydx
0 Jo

bx

a 2\ 4
Xy
= J.o (cy+ 5 ] dx

0

a 2
- (ib_]db_
0 a 2a a
2 2
= aTbc+b8a :%(4c+ab) Ans.
2.14 VOLUME OF SOLID BOUNDED BY SPHERE OR BY CYLINDER
We use spherical coordinates (r, 6, ¢) and the cylindrical coordinates are (p, ¢, z) and the
relations are x = p cos ¢, y = p sin ¢.
Example 44. Find the volume of a solid bounded by the spherical surface x* +y* + 22 = 4d°
and the cylinderx* + y* -2 ay = 0.

Solution. Py 42 = 4d® (D)
X*+y —2ay =0 -(2)
Considering the section in the positive quadrant of the v
xy-plane and taking z to be positive (that is volume above A
the xy-plane) and changing to polar co-ordinates,
(1) becomes 0. a)
P+ 2= 447 = Z=44-7
X' 5 > X
z= \/4a2 —r?

(2) becomes 7* —2 a rsin © =0 = r = 2a sin 0

Volume = _” dx dy dz ¥

/2 2asin @ \J4a? - r?
=4 j‘ do j. rdr j‘ dz (Cylindrical coordinates)
0 0 0



Multiple Integral
2a sin 0 2asin©
:4j' dej' rdr[z —4J' dej' Naat -2

/2 2asin 0
= 4 I do [_l (4d® - r2)3/2} = J' [— (4a* — 4a” sin?* 0)*? + 8a3] do
0 3 0 3Jo

8 x 4a°
3

4 /2 3 3 3 /2 3
:EI (- 84’ cos’ 0+ 84’) dO = I (1 - cos® 0) dO
0 0

324° ™2 1 3
- 1-— -= do
3 .[0 [ y cos 30 2 cos 9]

324’ I . 3. T 324(n 1 3 324 [n 2
= - -z = Zi——-Z|= Z_Z| Ans.
3 0 [ sin 30 sin GL 3 1 ns

Example 45. Find the volume enclosed by the solid

23 y 23 ¢ N3
— +| = +|— =1
) ) ()
Solution. The equation of the solid is

VE 213 2/3
DU
a b c

/3
Putting [ =u = Xx=au = dx=3aitdu

Q=
N—

/3
[ =v = y=bV = dy=3bitdv

N O
N—

1/3
[;) = w = z=cw = dz=3cwdw

The equation of the solid becomes
WV W =1 (1)
v = ”j dx dy d= Q)
On putting the values of dx, dy and dz in (2), we get
V= -” 27abe u*v*widu dv dw ..(3)

(1) represents a sphere.
Let us use spherical coordinates.

u = rsin 0 cos ¢, v = rsin 0 sin ¢,

w = rcos 0, du dv dw = r*sin 0 dr dO di
On substituting spherical coordinates in (3), we have

/2 /2
V= 2Tabc. 8J. J J. % sin’ O cos? 0. r*sin” O sin’ o]
r=0
. cos’ . 2 sin O dr dO di

1 /2 /2
2l6ach. . drj. sinzcl)coszcl)dcl)J. sin® 0 cos” 0 d0
- - 0=

s ]W 55 e __F 5f;

| =



Multiple Integral

—wm[cj;r 2!E Y P PN ——
A R

Example 46. Find the volume bounded above by the sphere x> + y* + 2 = & and below by

abcm

the cone x> + y* = 22, (U.P. II Semester 2002)
Solution. The equation of the sphere is x> + y* + 22 = o (D)
and that of the cone is X+ y2 =7 ..(2)
In polar coordinates x = r sin 6 cos ¢, y =  sin 6 sin ¢, z = r cos 0
The equation (1) in polar co-ordinates is z

(r sin 0 cos §)> + (r sin O sin §)> + (+ cos 0)* = &* 4
= #* sin® 0 cos® ¢ + #* sin O sin® ¢ + #* cos® O = a*
= #? sin® O (cos® ¢ + sin® ¢) + 7% cos® O = a? X2 +y?+22=4a°
= #* sin® 0 + 2 cos® O = o >
= # (sin® 0 + cos’ 0) = a? %
= P=d = r=a X +y?i =7
The equation (2) in polar co-ordinates is X

(r sin 0 cos §)* + (r sin O sin ¢)> = (r cos 0)?
= #* sin? 0 (cos® ¢ + sin? ¢) = 1% cos’ O = #* sin> O = +* cos’ O
= tan’0=1 = tan0=1= ezi%

Thus equations (1) and (2) in polar coordinates are respectively,

1
= =+=
r a and 0 £

The volume in the first octant is one fourth only.

o . I T
Limits in the first octant : » varies 0 to a, 6 from 0 to 7 and ¢ from 0 to 7

The required volume lies between x> + y* + 2> = ¢ and x> + y* = 22

T ks a T T 374
v = 4J'2 I“ J' rzsinedrded¢:4J'2d¢j4sinede {r—}
o Jo Jo 0 0 3o
= 4J-gd¢J-Zsin6d6 a _4a §d¢[_cose]§_4_a3(¢)§ !
0 0 33 ) o3 ol 2
2, 1
= = l-— .
3““( ﬁ) e

2.15 VOLUME OF SOLID BOUNDED BY CYLINDER OR CONE

We use cylindrical coordinates (r, 6, z).

Example 47. Find the volume of the solid bounded by the parabolic y* + 2> = 4x and the
plane x = 5.

Solution. y* + 22 = 4x, x = 5

5 2/x AJ4x— 32 5 2/x \adx — ¥
y = J' d J' d &= 4 J' d J' d J' d
0 * —2Jx Y _Jax )2 - 0 0 7 0 :



Multiple Integral

5 2x 1 5 2Jx
4J. de. dy[z]o“fy =4J. de. dy \J4x — y*
0 0 0
5 2Vx 5
_ DA N D - 4 I
4.|.od){2 4x -y~ + 5 sin 2\/;} 4I {O+2x[2ﬂdx o Oxdx

0

x? ’
= 41 {—} =50n Ans.
2 4o

Example 48. Calculate the volume of the solid bounded by the following surfaces :

z=0, X’+)y’=1, x+y+z=3

Solution.  x*+)* =1 (D)
x+y+z =23 ..(2)
z =0 ..(3)

Required Volume

-” dxdy dz = jjwdy[z]37x7y=1 B-x-y)dxdy
On putting x =r cos 0, y = rsin 0, dx dy = r dO dr, we get

2n 1
- [[ 6-reoso-rsineraoar - [ a0 Gr-rrcoso-rsineyar

o, 2 3 3 1 2
= I de(i—r—cose—r—sinej :J. [E—lcose—%sinejde
0

0 2 3 3 0 2 3
301 1 o 1 1 1
= [Ee—gsin6+§cosel :3n—§sin2n+§cos2n—§=3n Ans.
Example 49. Find the volume bounded by the cylinder x° + y° = 4 and the planes y + z = 4
and z = 0. 7
Solution. x*> + > =4 = y = +4-x° R

7

y+tz=4 = z=4-yandz=0

x varies from -2 to + 2.
V= ” dxdydz—J. de.JT " .
= I dxj dy[ Ry’ =4

jiwj%@@—y) - fid{@—ﬂ“ -

4—x

2
J' d){4 4—x* —%(4—x2)+4«/4—x2 +%(4—x2)}
)
2 2
SI J4 - dx=8[§\/4—x2 +%sin*1 ﬂ = 16n Ans.
-2 D)

Example 50. Find the volume in the first octant bounded by the cylinder x° + y* = 2 and the
planesz =x +y,y=x,z=0andx = 0. (M.U. II Semester 2005)
Solution. Here, we have the solid bounded by




Multiple Integral

x> +y* = 2 (cylinder) A
(or 1 =2)
z=x+y = z=r(cos O +sin0) (plane)
y =x = rsin®=rcos 0 (plane)
= tan 6 =1 = q= %
x:0:>r0059:0:>cos9:0:>9:g 0 Y
z varies from 0 to » (cos 6 + sin 0)
r varies from 0 to /2 M
. i T A
0 varies from 7 to B} 0= /2 A
4 o\
/2 NG r(cos 0 + sin B) -0 2
V- I I I rdr do dz f
0=mn/4 r=0 z=0
/2 NG ‘ 0 >
_ J. J. r[z];(coseJrsm 0) dr do \/
0=n/4 Jr=0 X+y? =2
/2 V2 r=42
_ I I #2 (cos 0 + sin 0) dr dO
0=m/4 r=0
/2 r V2 22
- J' (cos 0+sin 0)| | do = I (cos 0 + sin 0) d0
0=n/4 3 o 0=n/4
2 T 2 1 1 24/2
= \/—[sme— cos 6] n//i = \/_{(1—0) [ H:i Ans.

22

Example 51. Show that the volume of the wedge intercepted between the cylinder

x? + ) = 2ax and planes z = mx, z = nx is ©(m — n) a’.
Solution. The equation of the cylinder is x> + )? =2 a x
we convert the cartesian coordinates into cylindrical coordinates.
X = rcos®
y = rsin0

X*+y* = 2ax = *=2arcos 0
= 2a cos 0
r varies from 0 to 2a cos 0

T

2
z varies from z = nx (z =nrcos 0) toz =m x (z = m r cos 0)
rdrd0dz

e /2 J-
z=nrcos 0

r[z]

0 varies from _g to

and

e 2acos 0 mr cos 6

V=2

JO=0 Jr=0

/2 mr cos 0
dr do

nrcos 0

0=0 Jr=0

/2 e 2acosB

2

r.(m—n)rcos0drdd

0=0

/2 2acos 0
2(m—n)J. J' 2 cos 0 dr d6

A

Y
4

(M.U. II Semester, 2000)

Z=mx

/z=nx

r=2acos 0




Multiple Integral
3 2a cos O 3
= 2(m—n)J‘ { } cos0dO =2 (m— n)J. = cos’ 0 cos 040
0

=(m—-n)na’ Ans.

16 (m — n) 3J'“/2 4 _l6(m-n) ;3 1=
3 a eOcos 6d67—3 Ry
Example 52. A cylindrical hole of radius b is bored through a sphere of radius a. Find the
volume of the remaining solid. (M.U. II Semester 2004)

Solution. Let the equation of the sphere be

) A

PP +2 =a

Now, we will solve this problem using cylindrical coordinates
x = rcos0
y = rsin0

z
= >y
.. . =0 a
Limits of z are 0 and +/a® — (x* + y?) i.e., \Ja® —r? 0z

Limits of r are a and b.

1

—
and the limits of 6 are 0 and g ~—
o /2 ,, /2
V=3 J j' " drdo s :8J' J' Vo= e do
o r=b =0 =
- s J' ~ )2 dr de
e 2 [ (% - p2)P2 Nl gr™2 L, 3
= — |-z || d0 = —= —(a” - b°)?
8.e=0{ N ) SR GERT
8 /2 2
=3 Ca bz)2 (6], " = (a2 - b%)? Ans.
Example 53. Find the volume cut off from the paraboloid
2
X’ + y? +z =1 by the plane z = 0. (M.U. II Semester 2005)
Solution. We have
2
X+ yT +z =1  (Paraboloid) (1)
z =0 (x-y plane) -.(2)
2
z varies from 0 to 1 — x* — yT z

y varies from —2 \/l ~x* to 2 \/l —x?
x varies from -1 to 1.

2 }’2

1 2/1- 7 [1 x 77]
V= IIIdXdy dz = I dxj dyj dz
-1 N 0
1 21-x2 2
:J- J- (1—x2—y—dedy
g Jdoafioe 4 1
1 p2y1-x2 2 X
= 4J. J- (1—x2—y—dedy
0o Jo 4




Multiple Integral

Y
1 y3 2V17X2 f§y=2 1—X2
= 4I (-x%) y - .dx ™
0 12 ) y2
X +T=1
_ 4J' [(1—x) 21/1—)( ——(1 3/2}
X': : —>X

4J' [2(1 2372 _( _xz)z/z}dx

On putting x = sin 0, we get

' 4 203/2 16 (™ . 5 3
V= 4J. —(1-x7) dxz—J. (—sin” 0)” " cos 6 dO M
0o 3 3Jo Y
16 16 3 1 =
= ? J.() COS 0do= ? Z E 5 =T Ans.
Example 54. Find the volume enclosed between the cylinders x° +y° = ax, and 22 = a x.
Solution. Here, we have x*+ y2 = ax (D)
22 =ax -(2)

V= Ijjdxdydz
AL 2J'adj'a”2dj'ﬁd
= 7
-[de-[—qlax—xzdy-[—mdz 0 * *\/azfxz Y 0
[ [ [
—Jax —x x -2 y 0 \/adx[y]i —
2J.a \/adx(2s/ax—x2)=4\/gj.ax a—xdx 4
0 0

Putting x = a sin’® so that dx = 2a sin 0 cos 0 d0, we get

/2
4JZJ' asin 0 \Ja — a sin®0 . 2a sin O cos 0 d6
0

/2 o _
8a J. sin’ 0 cos” 0 dO (a,0) >X

B FF 1 F 164’ Y

0 Ans.
F 5 3 F 15
2 2°212

EXERCISE 2.10

V

X z abc
1. Find the volume bounded by the coordinate planes and the plane. P +%+; =1 Ans. 6

2. Find the volume bounded by the cylinders y* = x and x* = y between the planes z = 0 and

x+y+z=2 Ans. 1
30
3. Find the volume bounded by the co-ordinate planes and the plane. .
Ixtmy+tnz=1 (AM.LE.TE. Winter 2001) Ans.
6lmn

4
4. Find the volume of the sphere x> + 17 + 22 = & by triple integration. (AMIETE, June 2009) Ans. — na’
P y y U1p 2l 3



Multiple Integral

2

2 2
X z
5. Find the volume of the ellipsoid — +y7 Tt =1 Ans. 4n§bc
a c
6. Find the volume bounded by the cylinder X+ y2 = 4* and the planes y + z = 2a and z = 0.
(M.U. II Semester 2000, 02, 06) Ans. 2nd’
7. Find the volume bounded by the cylinder X+ y2 = 4* and the planes z =0 and y + z = b.
Ans. ma®h
8. Find the volume of the region bounded by z = ¥+ y2, z=0, x=—-a, x=aandy=-a,y =a.
8
Ans. 5614
9. Find the volume enclosed by the cylinder x* + y* = 9 and the planes x + z = 5 and z = 0.
Ans. 457 — 36
10. Compute the volume of the solid bounded by x* + y* = z, z = 2x.(A.M.LE., Summer 2000)
Ans. 27
11. Find the volume cut from the paraboloid 4 z = X+ y2 by plane z = 4.
(U.P. I Semester, Dec. 2005) Ans. 327w
12. By using triple integration find the volume cut off from the sphere X+ y2 +2 =16 by the plane
z =0 and the cylinder x* + * = 4 x. Ans. % GBr-4)
13. The sphere x* + y* + 22 = 4 is pierced by the cylinder x* + )* = &* (x* — 7).
8[n 5 42|,
Prove that the volume of the sphere that lies inside the cylinder is 3|4 +§_ 3 a .
14. Find the volume of the solid bounded by the surfaces z = 0, 3 z = ® y2 and x* + y2 =09.
27m
(AMLE.TE., Summer 2005) Ans. N
X Y . .
15. Obtain the volume bounded by the surface z = ¢|1- P 1- p | and a quadrant of the elliptic cylinder
X2 y2
) +b7 =1,z > 0 and where a, b > 0. Ans. tabc (AMIE.TE., Dec. 2005)
a
16. Find the volume of the paraboloid X+ y2 = 4z cut off by the plane z = 4. Ans. 32 ©
T
17. Find the volume bounded by the cone z* = x* + )* and the paraboloid z = x* + 2. Ans. 3
. . 2 2 2 128&3
18. Find the volume enclosed by the cylinders x~ + y~ = 2ax and z° = 2 a x. Ans. 15
19. Find the volume of the solid bounded by the plane z = 0, the paraboloid z = X+ y2 + 2 and the cylinder
I +yz =4 Ans. 167
20. The triple integral ”:[ dxdydz gives
(a) Volume of region (b) Surface area of region T
(c) Area of region T (d) Density of region T. (AMIETE., Dec. 2006, 2002) Ans. (a)
2.16 SURFACE AREA
. . z
Let z = f{x,y) be the surface S. Let its projection on the *
x-y plane be the region A. Consider an element 8x. dy in the -
region 4. Erect a cylinder on the element dx. 8y having its 5 Fm
generator parallel to OZ and meeting the surface S in an E
element of area Js.
Ox dy = Os cos v, 0
Where y is the angle between the xy-plane and the
tangent plane to S at P, i.e., it is the angle between the Z- A sy
X

axis and the normal to S at P.



Multiple Integral

The direction cosines of the normal to the surface F' (x, y, z) = 0 are proportional to

oF oF oF
ox oy’ oz
L . 0z Oz
.. The direction of the normal to S [F = f (x, y) — z] are proportional to — bt 1 and
x y
those of the Z-axis are 0, 0, 1.
oz oz
Ox 9y 1

Direction cosines = —> —> =
(82)2 Oz (82)2 Oz (62)2 Oz
— | +| = +1 — | +| = +1 — | + = +1
Ox Oy Ox Oy Ox oy
1
Hence cos y= >
[82]2 oz
— | +| =1 +1
Ox oy
dx dy oz Y Oz [ ) Oz ?
= = —+—+168 +|—| +1|dxd
08 cosy [[6}6) Oy xoy; S= H ox oy e

Example 55. Find the surface area of the cylinder x> + z* = 4 inside the cylinder x> + y* = 4.
Solution. x> + )% = 4

(cos O =,[, + m, m, + n, n,)

2x+2za——0 82 _x 82 =0
Ox 8x 8y

a2\’ Oz ? x? x* + 22 4
— |t | tl=—F5+1= T = 5
Ox oy z z 4—x

2
\4- X2

Hence, the required surface area = 8‘[ j [ j + & +1|dxdy

Ox Oy
R dx = 16j

[V4—x 2 dx

e et S

2 2
- 16]0 dx = 16 (x)2 =32 Ans.
Example 56. Find the surface area of the sphere x> + y* + z2 = 9 lying inside the cylinder
x2+ )2 =3y.
Solution. x2+3y?2+22=9
2x+22—2:0, g:_f
Ox Ox z
2x+22@:0 @:—Z
y > Oy z
2 2 2 2 2 2, .2 x=rcos0
[%JJ“% +1 :x_2+y_2+1:x+y2+Z: 29 1= 92{ i }
Ox Oy z5 oz z 9—x" -y 9,2 [y=rsinb
x> +3?=3y or?=3rsin® or r=23sin0.

Hence, the required surface area

B e T Tme ot

9 2

n/2 n/2

= 12 j dO[—+9 =2 "0 = 12 j [-\9 —9sin> 0 +3]d0
0



Multiple Integral
n/2 .
=36 j (—cos 0 +1)dd = 36 (~sin 6+ 0)7> = 36[—1+5) =18 (n—2) Ans.
0

Example 57. Find the surface area of the section of the cylinder x* + y* = a*> made by the
planex+y+z=a.

Solution. x2+y2=a? (D)
xty+z=a .. (2)
The projection of the surface area on xy-plane is a circle
P+ =a
0
1+Z -0 or % _ -1
Ox Ox
0z
I+— =0 or % -1
dy Oy
Oz 2 Oz ? 2 2
— | +|=| +1l =D "+(=D"+1 = NE)
Ox Oy

Hence the required surface area

AT e

0z
1 dxdy = 4 3 dx-d
0 0 oy T J(; J(; g
_ 43 ]1‘[)/]})/m dx _— 4\/531‘\/512 — x2dx
0 0

2 a 2 2
=43 E\/az—x2+a—sin’1£ =43 0+LI-4f3 a7 :\/gTEa2Ans.
2 2 a|, 22 4
Example 58. Find the area of that part of the surface of the paraboloid of the paraboloid

2 + 22 = 2 ax, which lies between the cylinder, y° = ax and the plane x = a.

Solution. V2 +z22=2 ax . (1)
= ax .. (2)
x=a ..(3)

Differentiating (1), we get

2:2 o, E_a
Ox ox z
%)
2222 _o E__Y
Oy Oy z
2 2 2 2 2 24zt =2ax
+ y
& & +17a—+y—+1:a zy +1 5 5
Ox oy P z zZ=2ax—-y
3 a’ +y? +1_a2+y2+2ax—y2 B a*>+2ax
2ax—y2 2ax—y2 2ax—y2
a ~ax 2 2 a ~ax 2
Oz (6z) a” +2ax y° =ax
s E TS (&) vraa | T 2% 0 { -
0 —Jax X Y 0 —Jax ax—y y=xt+ax

i 2ax—y 0 iy



Multiple Integral

2.17

. Jax
_VJa[Ja+2xdx|sin! -2
Cl‘([ a X \/E 7\/;

_ J;j: a+2xab{sin1%—sinl (—%ﬂ = \/Ejz a+2xd>{%—(%ﬂ

= «/ggj‘«/a+2xdx = g.%.%[(aJrzx)WZ]g

0 3

2

TNa Ta
= Tf[oa)“ —a = =33 Auns.

EXERCISE 2.11

Find the surface area of sphere x> + y? + 22 = 16. Ans. 64 1
Find the surface area of the portion of the cylinder x> + y2 = 4 y lying inside the sphere
¥ +y)2+ 2 =16. Ans. 64.

Show that the area of surfaces cz = xy intercepted by the cylinder x*> + y? = b?

2 2 2
T X+
is ”Au dx dy , where A is the area of the circle x*> +y? = b%, z =0
c

1
Ans. zf{(tl +b%)2 _Cﬁ
3¢

Find the area of the portion of the sphere x2 + y* + z2 = 4 lying inside the cylinder x> + y? = ax.
Ans. 2 (n - 2) a?
Find the area of the surface of the cone zZ = 3 (x? + %) cut out by the paraboloid z = x? + 2 using surface

integral. Ans. 67
CALCULATION OF MASS
We have,

Volume = HV dx dy dz Density=p=f(x, y, 2)

[Density = Mass per unit volume] Mass = Volume x Density

Mass = [[ dvdy dz Mass = [, f(x, v, z) dx dy dz

Example 59. Find the mass of a plate which is formed by the co-ordinate planes and the plane
S % +Z -1, the densityis givenby p=kx y z. (U.P, I Semester, Dec., 2003)
a c

X z
Solution. The plate is bounded by the planes x =0, y =0, z= 0 and 2 + % + - =1.

Mass = Iﬂdx dydzp = j;j;)(li]j:(lii]dx dy dz (k xyz) ]
Yz
b ¢

= kIOCZ dz J':[liijy dy I:(li%iijx dx = kj(:z dz K(lijy dy [%Ja(
0
= kj;z dz J‘;{lijy dy%[l—%—i)z = k;z ,[()CZ dz K(li]y {[I—EJ—%T dy

C c

A2 a2 e 52 -2




Multiple Integral

b[1-2
2 2 2 4 3 ( ¢
_ka [(zar| L [1-2) 4222 1_£J

2 J0 2 c 40> 3b </,

2 4 4 4 3 4
:kaj' dz b [1_£J +b_[1_fj _%.b_[l_ij
2 c 4 b2 c 3 b c

kd e [0 b2 2w P ka b ez
I (o e S A (o LS
2,2 2 %
:—kaé ¢ J'02csin29(1—sin2 0)* (2 ¢ sin 0 cos 6 d6)
2 2.2 2 2 222 .2
_Kabe J- 2sinze(cos8 6)sinecosed6:MJ‘ sin’ 0 cos’ 0 d0
12 0 12
3+1(19+1
K a* b kd* b l_l_ ka’b’ M (5 ka’ b’ c?
_ L2 12 = = Ans.
12 2@ 12 2|_ 12 2x6x5[5 720

2.18 CENTRE OF GRAVITY
_ J.”xpdxdydz - J.”ypdxdydz - J.”Zpdxdy dz

e ([ dvava e ([Tp dx v a e ([ dvdv -

Example 60. Find the co-ordinates of the centre of gravity of the positive octant of the sphere
x%+ 2 + 22 = @2, density being given = k xyz.

_ HL/ xpdxdydz m zpdxdydz ~ HL/ x? yz dxdy dz

Solution. x = IJIVpdx dy dz - J'J'J' pdxdy dz B IJInyzdxdy dz

Converting into polar co-ordinates, x =  sin 0 cos ¢, y = r sin 0 sin ¢, z = r cos 0,
dx dy dz =17 sin 0 dr dO d¢

n/2 ¢n/2 pa . 2 . ) 5
Io Io Io (7 sin O cos ¢)” (r sin O sin ¢) (» cos 0) (+~ sin O dr dO d )

n/2 pm/2 pa . ] ] -
[77 7 [ sin 0 cos §) (- sin Osin §) (r cos 0) (4 sin 0 dr d0 d)
Ig/zjg/zjjré sin* 0 cos 0 sin o] cos? Odrdodo

= n/2pen/2pra 5 . 3 ]
_[0 _[0 Ior sin” 0 cos0 sin ¢ cos ¢ dr dO dd
n/2 2 n2 .y a g
-[o sin ¢ cos ¢d¢_[0 sin ecosedejor dr

/2 . w2, 3 a s
J.o smcl)coscl)d(bj.o sin Ocosedej. r’dr

] L L G0
P I ] GO

6
0 0
o 16a 160) .
35 ) 35 ns.

o — _ 16 a .
Similarly, y =, = g; Hence, C.G. 1s
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2.19 MOMENT OF INERTIA OF A SOLID
Let the mass of an element of a solid of volume V' be p &x Oy dz.

. . . . [2 2
Perpendicular distance of this element from the x-axis = )y~ +z

M.I. of this element about the x-axis = p ox 8y &z \/J’z + 27
M.I. of the solid about x-axis = IIIVP (> +2%) dxdy dz

) . 2, .2
M.I. of the solid about y-axis = IIIVP (x*+z%)dxdydz

M. I of the solid about z-axis = IIIVP (x* +yH) dx dy dz

The Perpendicular Axes Theorem
If/_ and I be the moments of inertia of a lamina about x-axis and y-axis respectively and /__
be the moment of inertia of the lamina about an axis perpendicular to the lamina and passing

through the point of intersection of the axes OX and OY. X G X
fr— ‘"“—-—-—-—'—'—/
IOZ o IOX + IOY =
The Parallel Axes Theorem y

A B
M.I. of a lamina about an axis in the plane of the lamina equals the sum of the moment of
inertia about a parallel centroidal axis in the plane of lamina together with the product of the mass
of the lamin a and square of the distance between the two axes.

Lip =Ly + My
Example 61. Find M.1. of a sphere about diameter. a a’=x?
Solution. Let a circular disc of & x thickness be ﬁ >

perpendicular to the given diameter XX at a distance x X’ Q) % X
from it.
3 =

The radius of the disc = V@~ =¥’
Mass of the disc = p ©t (a® — x?)
Moment of inertia of the disc about a diameter perpendicular on it

1 1 1
= EMR2 = E[pn(az—xz)](az—xz) = Epn(az—xz)2

al 1 a
M.I. of the sphere = LQE pT (a2 — x2)2 dx = 2 [E p TE) J-O [a4 —2a* 3+ x4] dx

4 247 X ‘ 5 2 &
pr|lax————+—| =pn|la ——+—
3 5 3 5

0
8 5 2(4mn 3 2 2 2
715npa 5[3ap)a5Ma Ans.
Example 62. The mass of a solid right circular cylinder of radius a and height h is M. Find
the moment of inertia of the cylinder about (i) its axis (if) a line through its centre of gravity
perpendicular to its axis (iit) any diameter through its base.
Solution. 7o find M.1. about OX. Consider a disc at a distance x from O at the base.

2 2 4
d. T d.
M.L of the about OX, = (na p2 ¥)a _ mp Z d

(i) M.L of the cylinder about OX
J-hTEpa4dx Trpa4( )h npath 2 Md?

2 a
X = = (na“ h —_ =
0 > ( )P 5 5

0 2 2




Multiple Integral

(if) M.1. of the disc about a line through C.G. and }‘(L
perpendicular to OX.
[
Loy T Loy = 1o, I —
Iox T ox = 1oy T (S
! g S e B
Loy= 5 1oz x-2
M.I. of the disc about a line through T & B
1(Md)  ya? h/2 "
CG=5|"5 |= 2
2 I
d >
M.L of the disc about the diameter = (%J a* O__—8B
. . na’ pdx 2 Y’
M. of the disc about line GD = — +(ma” pdx)| x— 5
na’p

2
h h
Hence, M.I. of cylinder about GD = Io 1 dx + jo (m a’ p dx) (x — g)

h
nazp(x)h+na2p x—ﬁ3 _nazph+ nazp ﬁ3+na2p ﬁB
4 0 4 2 0* 4 3 12 3 (2

1tazph+1tazph3 Ma2+Mh2
4 12 4 12
(#ii) M 1. of cylinder about line OB (through) base

2 2 2 2 2 2
_IG+M(2) _Mda MK MK _ Ma Mh

1 + + Ans.
08 4 12 4 4 3 s
Example 63. Find the moment of inertia and radius of gyration about z-axis of the region in
the first octant bounded by S % +Z=1.

a c

Solution. Let r be the density. M.I. of tetrahedron about z-axis
= [[[ 0 dxdy dz) (* + »%)

-

R e T P O PSR ()

X Z
pj:dxjs(la](x2+y2)dycc(l—§—%j ¢

_x 2 3
A N R
_ ad 2 | X x2y2 y3 X X y4 b(17§]
el (i3] -5 S0 A

a 2 2 b3 3 b4 4
"Cfod){xz [=2pos)-55e (-2 <502 -2)-550-3) }
2 2 2 2 4 2 4
— bpcj.a{x2 [1—£J —x_[l_fj _b_[l_fj _b_[l_fj :|dx
0 a 2 a 3 a 4 a

P
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o

Il
t\)|><,\,
VR
—_
|
Q| =
N—
(3]
+
|®
(3]

pbcjo
= bCIa 1 x—3—i+x—5 +ﬁ x—2x2+6x2—4x3+£ adx
P23 24 s )T a o &t

3 3 3 2
4. 2.4 +b— a-2a+2a-a+2
3 2 5 12 5

3 2
_ phe {a_ ab}_pabc(

Il
1
| —
/N
=
[3]
|
S}
=
(9%}
=
[ S
~ 7 N
|®
(3]
/N
—
|
|-|>
=
o)
¥] Rat
(3]
|
‘4;
w| =
(9%}
|><
B B
~
| — |
&

60 60
(M1 \/pabc (@ +0%) / 2
- a +b")
Radius of gyration = Mass pa e ( Ans.

2.20 CENTRE OF PRESSURE
The centre of pressure of a plane area immersed in a fluid is the point at which the resultant

force acts on the area.
Consider a plane area 4 immersed vertically in a homogeneous liquid. Let x-axis be the line of

intersection of the plane with the free surface. Any line in this plane and perpendicular to x-axis is
the y-axis.
Let P be the pressure at the point (x, ). Then the pressure on elementary area dx 8y is P dx dy.

Let (; s )_/) be the centre of pressure. Taking moment about y-axis.

x [ pdvdy = [[ Prdvdy 1 "
_ IIAdexdy '
i -
B _ [ pyaxay C
Similarly, Y= W :F

Example 64. 4 uniform semi-circular lamina is immersed in a fluid with its plane vertical and
its bounding diameter on the free surface. If the density at any point of the fluid varies as the
depth of the point below the free surface, find the position of the centre of pressure of the lamina.
Solution. Let the semi-circular lamina be

P+ =a
By symmetry its centre of pressure lies on OY. Let ky be the density of the fluid.

[[ Prdcdy ][ (o) yavdy
HAP dcdy ”A(py) dx dy

Lo yaxay [V avdy
Sl [T gy,

y = (op=hy)

[y




10.

11.

Multiple Integral

a y4 “ }’O 2.
I {4} [ ax(@-xy B, By
0 —a
. 3 \/az )
I dx {y}
—a 3

0 L

3 jf//zz(a cos 0 d6) (a® — a® sin? 6)?
=1 5 s (Putx = a sin 0)
Jln/z(a cos 0d0) (a” —a” sin” 0)

A

_3
4J‘i’ dx(az—x2)3/2

n/2 5 w2 s 4x2
3aJ‘7n/2cos 046 3a2,[0 cos” 0d0 3, 543 32a A
T4 2 =4 2 =4 = ns.
4 In cos* 0.d0 4 2In cos* 0.d0 4 3xlm 15n
-®/2 0 4x2 2
EXERCISE 2.12
2 2 2
Find the mass of the solid bounded by the ellipsoid =+ y—z +55 = 1 and the co-ordinate planes, where
a” b c
the density at any point P (x, y, z) is k xyz. Ans. P

If the density at a point varies as the square of the distance of the point from XOY plane, find the mass
of the volume common to the sphere x* + 17 + z2 = a® and cylinder x> + y* = ax.

4k 8
Ans. — @ (E - —j

15 2 15
Find the mass of the plate in the form of one loop of leminscate 7> = a? sin 2 0, where p = k 7°.
4
Ans. kma
16

Find the mass of the plate which is inside the circle » = 2a cos 0 and outside the circle r = q, if the

density varies as the distance from the pole.
Find the mass of a lamina in the form of the cardioid » = a (1 + cos 0) whose density at any point varies

2lnka*

as the square of its distance from the initial line. Ans. %
. . o X y z a b c
Find the centroid of the region in the first octant bounded by B + n + o 1. Ans. 44

4
Find the centroid of the region bounded by z = 4 — x> — y* and xy-plane. Ans. | 0,0, 3

Find the position of C.G. of the volume intercepted between the parallelepiped x2+y* = a(a — z) and the

a
plane z = 0. Ans. | 0,0, gj

A solid is cut off the cylinder x*> + y? = a? by the plane z = 0 and that part of the olane z = mx for which
z is positive. The density of the solid cut off at any point varies as the height of the point above plane

- 64
z=0. Find C.G of the solid. Ans. z= 45ma
n

If an area is bounded by two concentric semi-circles with their common bounding diameter in a free

_ 3m(a+b)(d®+b%)
surface, prove that the depth of the centre of pressure is —— 5 — 5
16 a”+ab+b

2 2
An ellipse % + y—z =1 is immersed vertically in a fluid with its major axis horizontal. If its centre be
a® b
2

b
at depth 4, find the depth of its centre of pressure. Ans. h+ m
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12.

13.

14.

15.

16.

17.

18.
19.

20.

21.

22.

23.

A horizontal boiler has a flat bottom and its ends are plane and semi-circular. If it is just full of water,
show that the depth of centre of pressure of either end is 0.7 % total depth approximately.
A quadrant of a circle of radius a is just immersed vertically in a homogeneous liquid with one edge in

8 16

Find the product of inertia of an equilateral triangle about two perpendicular axes in its plane at a vertex,
one of the axes being along a side.
Find the M.I. of a right circular cylinder of radius a and height /4 about axis if density varies as distance

3a 3na
the surface. Determine the co-ordinates of the centre of pressure. Ans. (*, j

2
from the axis. Ans. g kna h
Compute the moment of inertia of a right circular cone whose altitude is 4 and base radius 7 about (7)

nhrt nhr?

the axis of symmetry (ii) the diameter of the base. Ans. (i) T (i) 50 2 W3 rz)
Find the moment of inertia for the area of the cardioid » = a (1 — cos 0) relative to the pole.
4
Ans. 35na
16
T
Find the M.I. about the line 6 = 3 of the area enclosed by » = a (1 + cos 0).
Find the moment of inertia of the uniform solid in the form of octant of the ellipsoid
2 2 2
M

Y Z _1aboutox Ans. — (b* +¢%)

a b ? 5
Prove that the moment of inertia of the area included between the curves y? = 4 ax and x? = 4 ay about

144 2 ) )

the x-axis is gM a” | where M is the mass of area included between the curves.

A solid body of density p is the shape of solid formed by revolution of the cardioid » = a (1 + cos )
about the initial line. Show that its moment of inertia about a straight line through the pole perpendicular

352 5
to the initial line is [ﬁ)nl a. (U. P, II Semester; Summer 2001)
Find the product of inertia of a disc in the form of a quadrant of a circle of radius ‘a’ about bounding
a4
radii. (U. P Il Semester, Summer 2002) Ans. p 7

Show that the principal axes at the origin of the triangle enclosed by x = 0, y =0, X+ 2 1 are inclined
a

| a
at angles o and @ +g to the x-axis, where a = 3 tan”"! ( 2 sz (U.P. Il Semester Summer 2001)
a

Choose the correct answer:

24. The triple integral J.J.J. dx dy dz gives
T

(i) Volume of region T (if) Surface area of region T’
(if) Area of region T (iv) Density of region T. (AMIETE. 2002)
Ans. (i)
25. The volume of the solid under the surface az = x* + ) and whose base R is the circle x* + ) = a*
is given as
oo - omd )
(i) 2 (i) N Ans. (ii)

4
(iii) gﬂaz (iv) None of the above. [U.P, I. Sem. Dec. 2008]
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Gamma, Beta Functions

21.1 GAMMA FUNCTION

D0

_[0 e ¥ ldx (n>0)
is called gamma function of 7. It is also written as[n = I: e *x" .
Example 1. Prove that [1 = 1
Solution. [n = J:O e *x""ldx
Putn=1, M= evde = {ex} — 1 Proved
0 -1 b
Example 2. Prove that
(i) [n+1=n [n @ ln+l = |n (Reduction formula)
Solution.
G In= f: X le Ty ()

Integrating by parts, we have

- T° ® -x
= | 1= —(n—l)_[ 28— gy
-1 b 0 -1

X2 X'

-1
= lim T = lim 1+t
x—0

=@®m-1 I X'"2e *dx
0

[n = n-1 |;—1

ln+1=n [n Replacing n by (n + 1)
(ii) Replace n by n—1 in (2), we get

T+ ... T+ ...
T N Ln

+x"1=0

(2)

Proved



Gamma, Beta Functions

n-1=@m-2)In-2
Putting the value [n-11n (2), we get

[n=@m-1) (n—2)|;—2
Similarly (n=m-1)®m-2)...32.1[1

Putting the value of 1 in (3), we have
(n=m-1)®m-2)..32.1.1
[n=|n-1
Replacing n by n + 1, we have

ln+1=|n

Example 3. Evaluate I %_e* w dx
0

Solution. Let [ :I x4 o=V gy
0

Putting \x = for x = 22 or dx = 2¢dr in (1), we get

I—f t“ze"tht—ZI e=tdr

=2 |'5 By definition
1 3
=2 |_ =2 2 2 272 vn

® 3
Example 4. Evaluate I \x e~ V¥ dx.
0

» 3
Solution. Let [ = _[ Vx e’\/—“‘ dx
0

Putting Vx =torx =7 ordy = 3~drin (1) we get

o0

)

Example 5. Evaluate _[ X1 e gy
0

Solution. Let/ = I Wil e gy
0

Putting 7 = h*>*orx = Iiordx = QZZ/—
-1
“ (i Y dt
1) b I= — -t
(1) becomes I(} [ W e S he

13/26"312dt=3j t7’26"dt=3|—%= %%%%B ==
0

e ldt

. (3)

Proved

(1)

Ans.

(1)

Ans.

(1)



Gamma, Beta Functions

1 n
=3l 2 Ans.
Example 6. Evaluate I ﬁ\ dx. (a>1
0 @
Solution: [ = I ﬁ\_dx (1)
0
Putting ¢* = ¢ or xloga = t, x = ! dx = d in (1), we have
’ loga’ loga ’
I:I ! e”! i _ L I e ' dt
o | loga loga (loga)**! 7o
S S Ans.
(log a)a+1
1 m—1
Example 7. Evaluate I X1 [loge. (—j} .dx
0 X
Solution: Put logf% =torx=e ' dx=—-e'dt
1 1 m—1 0 o
I x”‘l[loge(;j} dxz_[ (e")”‘l[t]’”‘l(—e"dt)z_[ e "=t
0 0 0
Putnt = wort =% . dt:@
n n
0 m—ld 1 o 1
=_[ e”[ﬂj —u=7 e “w"Vdu = —Im Ans.
0 n n n" Yo n
21.2 TRANSFORMATION OF GAMA FUNCTION
) |'n 1 1 1 n—1
Prove that (1 ehy-lgy = = )| == 3 log — dy =1[n
mf ewvta =4 @f; @] [ley| @
Solution: We know that [n = I X le ¥ dx (D)
0
(i) Replace x by k v, so that dx = kdy; then
(1) becomes [n = _[ (kyy'~Ye= %k dy.
0
[n =k '[0 e kyyr=ldy
S |—’1
[ etry-tgy-12 .(2) Proved
0 K

(ii) Replace x" by y, nx"*~ldx = dy in (1), then

©w n-1
_— n d
|—n = n e’«"ll _4y
J-0 Y nxt—1
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n—1
0 ny.o "
_ 1L L_1" e 5L
Whenn—z’ |_2—1J‘Oe dy—Z{z\/E}
2
Proved |_%=\/E

(iii) Substitute e * by y,—e *dx = dy

—x =logy, x = log%, Then (1) becomes

0 n—1
1 d
(n=— log — Y
-[1 gy y e ”
1 n—1 1 n-1
1 dy 1
= log— = = log — dy. Proved
Io(gyj yy J‘OLgJ’J v
Exercise 21.1
Evaluate :
. 1 | =3 .| =15 . 7
L G |_—§ (ii) |_7 (iii) |_T (iv) |_E wmlo
. 4 28n . 15Vn
Ans. (i) =21 (i) 3«15 i) e e T s W g W™
2. J‘m\/;e’xdx Ans. |_§ 3. jm e ¥ dx Ams, 2T
0 2 0 8
© 22 \]E
-hx Y
4. J.o e dx Ans. o
5 J‘m J‘m e’(““‘z*b-"z)xz’”’lyz"’ldxdy a,b,m,n>0 [m[n
S , a, b, m, 12
1 n—1 1
6. J.o [logij dy, n>0 Ams. [n 7. J‘Oﬁ% Ans.
1 1
3 3 dx
8. [ (logwidx  Ams. —— 9 [ & _ Ans. 27
0 128 0 Vxlog;
2" n+l
10. Prove that 1.35..2n-1) = 7

o

1/
11. J. e’ mdy = mlm.
0
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21.3 BETA FUNCTION

j: A= dx (>0, m>0)
is called the Beta function of [, m. It is also written as
B, m) = _[;xll (1 —x)" dx.
21.4 EVALUATION OF BETA FUNCTION
B(l.m) - [1[m

[l +m

1

1
Solution. We have  B(l,m) = | x-1(l—xy""dr = [ (1—xy"'sdldx
0 0

Integrating by parts, we have

«

l)dx

e 1
= (1_ )m—li:| +( _1) (1_ )m—Z
{ X ] A m _[0 X L

1
— L_l) I (1_x)m—2xldx
l 0

Again integrating by parts
_w ! _yyn—=3 I+1
= a1 Io (1 —x) x*hdx
_(m-1)(m-2)..2.1 J‘l dem=2 gy
[+ D.(l+m=-2) <o
(m—1)(n-2)..2.1| +m-1 l
I+ D +m=2)| l+m—-1 b
m-1D(m-2)...2.1
I+ D (+m=-2)A+m-1)
|m—1 U=D(@=2)..1
A+ D (l+m-2)(l+m-1) ({d-DU-2...1
lm=11l1-1
12..d-2)d-D.Id+D...(+m-2)(+m-1)

=1 [m-1
T ltm-1
_ [1[m
T+m
And if only [ is positive integer and not m then

B -1
p(dm) = mm+1D...(m+1-1) Ans.

21.5 A PROPERTY OF BETA FUNCTION
BAm) = PB(mD)

Solution. We have
1

Bilom) = [ #1(1—xm 1 dx “) FO) dx = jo f(a—x)dx}
0
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1
— [ a—xy - dx
0

1
— I (1 _x)l—lxm—ldx
0

1
= I X111 -x)"ldx = B@m,[) 1 and m are interchanged
0

Proved
1
Example 8. Evaluate I X (1= 14 ) dx
0
Solution. Let Vx = for x = £ or dx = 2 tdt
1 1
[ a-ryar =] Q-5 Qudr)
0 0
! [10[6 ,L9ls
=2 P(l-05dt =2p(0,6)=2—F—— =2=—"=—
Io (=0 P (10.6) [16 L5
_ L5 . 2x1x2x3x4x5
10X 11 x12x13x14x15 10x11 x12x13x14x 15
1 1
= = A .
11 x13x7x15 15015 ns
! 1
Example 9. Evaluate I (I -x 2dx
0
. 1 2
Solution. Let x> = yor x = y"3 or dx = 3V 73 dy
! _1 ! 11 2
[ a-x)2ar=| (=373 3775y |
0 0
[1f1
1t 2 - 1.(1 1 132
= = “S(l=v) 2dy==B| .= | = =2=
13w (3’2J R Ans.
6
21.6  TRANSFORMATION OF BETA FUNCTION
We know that
1
B(om = [ x-1(1—x1dx
0
. 1 1 y
Putting x = —— so that dx = — dy and 1 —x = —.
1+y (1 +y)? l+y
0 -1 m—1
1 v 1
I, m) = Y -
p(t.m) Iwk1+yJ Ll+yj { (1 +y)? y}
@ ym—l

= ——d
0 (1 +y)l+m Y
Since [, m can be interchanged in B ([, m),
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* [—1 o -1

Blom) = | —Y——ay or Blm) = | —~

l [ X
0 (l+y)m+ 0 (1 +xm+
1 =141

Example 10. Evaluate I (1 +xym
0 +x

Solution. We know that

@© xm—l ® xm—l
B Om n) = J.O (1 +xyn+n dx .[0 (1+x)yn+n dx:B(m’ n)
1 m—1 0 m— 1
= I x'idx+ _[ . B (m, n) (1)
0 (l+x)’71+n 1 (1+x)m+n
@ m—1
Consider I X x Put x = 1
1 (1+x)m+n 1
1 m—1 [ljml 1
0 » 1 » 2
= I J [—%dt} = I ! J dt
1 [ yn+n t 0/ 1yntn
[14_7) [7j (f+ 1)771+n
1 -1 1 n-1
S _aa [
0 (1+tr71+n 0 (1+xm+n
0 xm—l
Putting the value of I ———dxin (1) we get
1 (1+x)m+n
1 xn-1 1 K1
[ N L R
0 (1+xyn+n 0 (1+x)yn+n
1 m-1 -1
.[ Y = B (n,n) Ans.
0 (l+x)’"+”
21.7 RELATION BETWEEN BETA AND GAMMA FUNCTIONS
We know that
* ; l ©
1= e~ x~1dx, |—— = e ¥ xl-1dx
J, 2=l
[l =J. Zde x-ldx
0

Multiplying both sides by e~ 2z~ !, we have

o)
rl.efz‘szl :I e*:.szl.Zl.efzxxlfldx
0

o}
rl.efz‘szl — J. ef(l+,\'):zl+mflxl—ldx
0
Integrating both sides w.r.t. ‘x’ we get

@ 0 L0
I |—le’ z’"’l dz = I I e*(l+x)zzl+m—1xl—1dxdz
0 0 "o

[ Tm= J. x’fldxj‘ e U+Dzd+m=1 7,
0 0
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[ [m = |l+mj

\ BU.m =

Thisistherequired relation.

Example 1l. Show that

_I xl—ldx M

) (1 +x)[+’"

0 (1 +x)[+’"

|—l [ m

o

: (241) (22
I * sinf Ocos? 0d 0 = 2 2

0

Solution. We know that

B (m, n)
Putting X

and 1-x
Then (1) becomes

B (m, n)
[mln

or
|—m+n

Putting 2m-1

and 2n-1
[p+1lg+1
2 2

[P+qg+2
2

[? sin”0.cos70d 0
0

Example 12. Find the value of 5

Solution. We know that

P LP+g+2]

1

— J‘ xm—1 (1 —)C)”ildx
0

sin?0, dx = 2sinBcosBdb

1 —sin?6 = cos’ O

T
J‘z Sin?™ 20 cos?" 20 2sin0cos0dO

0

|P+1|q+l
2 I'2
P+g+2
2

= |l+m.[3(l,m)

(D)

Proved
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n P+1lg+1
Iz siff Bcos?8dB = 2 2
0 P+qg+2
2 |P
o
. 2 212
Putting P=¢g =0 de = —=
J-0 2|1
_2 2
m_1|1 £_1|1
or [9]0 _Z{QJ or 2_2[2J
_ 2 _
1 1
or “2} =n or |3 =\n

Example 13. Show that

- _
2 — 1117113
cot) db == |— |—
IO { 0 21414
Solution. We know that
= P; 1lg+1
.[2 sin” x cos? x dx = 2 2
0 P+qg+2
2 2
3 N 2 cos2 0
t0 dO =
‘[0 0 J.o sin!’2 ©

wla

= sin" 120 cos 20 d 6

(=)

On applying formula (1), we have

|—1/2+1 |1/2+1 |I|E
~ 2 2 I4ly
2|12t 2l

2

_LLE
T 21419

~T—]

+1

Example 14. Evaluate _[ (1 +x)F~1(1—xy!dx.
-1

Solution. Put x = cos2 6, then dx = —2sin206d 0

+1

2
0

Ans.

(1)

Proved

0
[ sy 1a-xptdx = [ (1+cos20) 1 (1-cos20)~ ! (~25in20d06)
,1 =

= In (1+2cos?0—-1)P~1(1-1+2sin>0)7~! (-4 sin6 cos 0 d0)

2
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= 2P+q J. sin?d 10 cos?P 1040
0
2q (2P
2P+(] 2 2 2P+(]71 IF]; Ans.
| 2P+24 P +q
2
2
Example 15. Show that [nll1-n = — i O<n<l)
sinnTw
Solution. We know that
® xn—l
B(m’ n) = .[0 (1+x)m+n X
n—1
|—m |—n _ J‘ X dx
[m+n 0o (1+xym+n
Putting m+n = lorm =1-n
Il —nln ® gl
| L R »
M1 o (L+x)!
— ® n-1 ® n-1
|1—n|—n=_" X dx x dx = .T[
0o 1l+x o 1+x sinnm
- Proved
sinnm
1
Example 16. Evaluate I L
0o (1 —x)ln
Solution. Let x* = sin?0 or x = sin?” 0
So that dx = % sin®" =19 cos0d0O
. T gsinz”l”GcosGde g
J~ dx _Iz n 2 (2sin” " '0cos0dO
o (1-x)ln 0 (1 —sin? Q) n (cos? )\

T
= 4J.2 2P=10og2P=29 .29 - 16in21-20 .sinB cos B d O
0

4

iy
212 .
= I SmZ/n—l 90081_2/”9619
n

2
0




Gamma, Beta Functions

|l n-—1 .
1nl n |1 | 1 b1
- = ===
n |—1 n n .
sin —
= L Ans.
. T
nsin —
n

wla

4 P .. ..
tart 0d @ = = sec—= and indicate the restriction on the

Example 17. Show that '[o B B

values of P.

[SIE]

I
Solution. | tan” 046 = [ sin”6 cos 70 d 6
0 0

P+1|-P+1
_ 12 2 {1—13 > 0}
|P+1 —P+1 1>p
2
2
| p+1 | -p+1
_ 2 2 1+P>0
2[1 P>-1
_ ll +p | —p+1 B
=51 ) 1>P>-1
_ 1 T _l = . sec P Proved
2sinp+1n 2cosM 2 2
2 2
Example 18. Prove Duplication Formula
[m mts = S m.
Hence show that  f(m, m) = 21-2m ﬂLm, éJ (U.P, 1l Semeter, Summer 2001)
Solution. We know that
|p+_1 |g+_1 x
2 -2 IZ sin” 8 cos?’6 d 6
,|p+a+2 0
2
Putting ¢ = p we get

T T
= IzsinPecosPGdG = Iz(sinecose)PdG
0 0
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L™ ., dt
= sin' f —
21’-[0 2
_1 1
I ) 0
P+1]0+1
_ 111
- 9P
2 2P+2
2
P+1|P+1 P+1_l
o 2 2 112 1h
~ nP
2P +1 2 5 [P+2
2
P+1 |l
o 2 L2
lP+1 2" |pi2
2
P+1
2 1 \n
or :_P
lP+1 2" [Pi2
2
Take lezm or P=2m-1
o (m 1 \n
|—2m 22m-t 2m+1
2
_ 1 \]; _
[m m+§ = 22m_lr2m

Multiplying both sides of (1) by [m, we have

[Erm

W—rn_l — 21—2771 2
|2 m +l
m )

B@n,my=2"2mB (m,%J

- ]2 %(25in900s6)”d9 - % [ (sin26)" ao
0

Putting 26 = 7, we have

sinf ¢ cos® t dt

(1)

Proved

Proved
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Example 19. Evaluate _H d\)/c_dy , using the substitutions
A Nxy

u y = uv
1 +v? 1+2

where A is bounded by x> +y*—x = 0, y = 0, y>0.

Solution. Here \xy = \/( u uy J = uy

X =

1+V2JL(1+V2) L ++2
dxdy = 0.y) dudv
o (u, v)
Ox Ox 1 2wy
| du  Ov 142 (1 +v??
= oy ay dudv = v (1 -2 du dv
ou ov 1+v? (1+V2)2

_ 2 2 2
:{u(l v)+ 2 uy }dudv:{u uy +2uv2} dudv

L+v?) (1 +v¥ (1 +v?)3
2
= u(l+v) dudv = —%— dudv
(1 +v?) (1 + 2
Also the circle x> +y>—x = 0 is transformed into
u? N R or WA+ w
A+v3)? d+v?> 1+v? (1+v)?  1+v?
v \'
2 2 A’
X +y —=x=0 u=0 u=1
A
>X
o U
(0] v=0
MZ u
=0 or B—u=0or u(u-1)=0 = u=0, u=1

1+v2 1412
uv

Further =0 > =
Y 1+42

and y>0 = wuv> 0 either both ¥ and v are positive or both negative.

The area A, i.e., x> +y2 —x = 0is transformed into A’ bounded by u =0, v=0and u = I
and v = o,

v 1

T ey
0% W+ TN

‘ 1 +v2
On putting v = tan 8, dv = sec> 6 d0
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z x B x
:J'; -[02 sec?0.d 0 du :Ildltjj@dezj; duj.jsinefécoseé de

VtanO (1 +tar? 0) 7o sin 0
1+1 1+1 T T2
1 Y Py 1 1
I i A W TR R R
_Iodu B B —Zjodu44—2_[0du{712}
1 - T 1 m
—zjodu\/i\/;-\/;— Q[M]O_\/E Ans.
Example 20. Prove that
-1 m-1 dedv = |—l |—m hl+m
IIDX Y T [l+m+1

where D is the domain x>0, y>0and x+y<h.
Solution. Putting x = Xh and y = Yh, dxdy = h*dX dY

IID y -1 yn- 1 dxdy J.J‘D (Xh)lfl (Yh)mfl 2 dx dy

where D' is the domain
X>0, Y>20, X+Yr<l1

1 1-X 1 1-X
= pl+m I I Xl-lym=-14x 4y = hi+m I Xl—ldxj. ym—ldy
0°0 0 0

1 m 1-X I+m ol
— hl+m I Xl—ldX |:£:| — hm I Xl—l(l_X)de
o 0

0 m

[+m [+m | ] 1
I s meny = [ fmst
n w emed
[+m
BT millm [1m = pitm 77“ [m . Proved.
mo|iem+1 li+m+1

Example 21. Establish Dirichlet’s integral

[l m |—n
|l +m+n+1

where Vis the regionx 20, y20, z20andx+y+z< 1.

IIIV A-tym=tzn=l dedydz =

Solution. Putting y+z<1—x = h. Then z<h -y

1 1-x 1-x-y
J.J‘J‘ xl*lymflznfl dxdydz :J. xl*lde. ymfldyj‘ M 1ldz
Vv 0 0 0

- I; REUN H fo y’"-lz"-ldydz}

1
:J. x/ldx|: |—m |—n hm+n:|
0

[m+n+1
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1
— MJ. F-1 (l_x)nH—n dx
0

m+n+1

:Lirnﬁ(l’m+n+l)
|m+n+1

_ [mln Tl]m+n+1
[m+n+1 l+m+n+1

B [1Tm [n

Clleman+1

[11mn
Note. x-Uym=lan=1 iy dyds: = —m———aa " pltm+n
J“”v ’ i’ [[+m+n+1
where Vis the domain, x>0, y2>0, z20andx+y+z<h.

b

2
Example 22. Find the mass of an octant of the ellipsoid % + 2

any point being p = kxyz.

Solution. Mass = _”I pdv = _”I kxyz)ydxdydz
= k[ [ ] Geaw) (vy) (zd)
N N N _
Putting az—u, bz—v, Cz—wandu+v+W—1
so that ngx = du, Zzzdy = dv, 222dz = dw
a C

=
&
w
w
I

P J‘ J' J' LaZdu} Lb22dv J {cz 2alw J

Proved.

2

Z .
+= = 1, the density at

c¢? Y

(1)

2712 .2
=%”J dudvdw where u+v+w<l1

= %[9202 III wl =Ty =Tyl =L dy dv dw

kPP 11111 _ ka?b?c?
8 [3+1 8 x 6
ka*b? 2
48

Example 23. Show that
J.l -1 (1 _ x)nfl " [3 (m, n)
0 (Cl + xynt+n a (1 + a)m
X t

Solution: Put =
a+x a+1

at
a+1-t
_(a+1-Hadt—at (—dp)
- (@a+1-19)>

(a+Dx =t(@+x) or x =

dx

Ans.
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(a2+a—at+at)d _ a(a+1)
(a+1-19? (@+1-1)?

at m—1 1 at n—1
J‘ Xl —xpt _Jl [a+1—t] [ a+1—t] ala+1)
(a+xr71+n - 0 . at m+n (a+l—t)2
[ a+l—tj

_ .[1 (@'~ a+1—1—a!
o (A®+a-—at+ayr*"
J.l an U@+ 1)y —p !

ala+1)dt

= a(a+1)dt
0 am+n(a+l)m+n
- - - -1 n—1
Tt (a+ N .[ (=1 dr
= — 1, 1 Proved
Vl(a+1)771B( )
Exercise 21.2
Prove that
o CR
1. (a)J. sin® O cos* 9d9—32 (b)j0 sin0do = 0
2. (@B@m+1,n) = —B(m n) Bb)Bmn+1) = 1 B (m, n)
m+n
@Bm+1,n)+PB@m,n+1) =P (@nn)
|_3_4 Ml
1 3 vE Y 1 1 -5
30 [ W NIoar = 22 [ a-wvy2ar = 22
0 ,|Z 0 n+2
12 S
5. jl (1 —xyn gy = Al 6. | — & Bprqi-gif —p<g<l
0 |m+n 1 X’DH(X—I)(]
m+1| +1
1
7. [ vy a = L =2
0 n m+l+ i1
n p
)
8. J. x-a)"(b-x)dc=B-a)y"" "' Bm+1,n+1)
0
-2
o 1L
pu——{)
9. L V&=3) 79 dv = — = Put x = 4743
TV
(\ZJ
10.

J. N1 — = SlIl
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Il1+l
I

n

11. If I e*xX"dx = Inforn> 0find (A.M.LE., Summer 2000) Ans. n
0

21.8 LIOUVILLE’S EXTENSION OF DIRICHLET THEOREM
If the variables x,);z are all positive such that h; < x + y+ z< I, then

2
J‘J‘J‘ f(X y+@1‘1—1}/n—1 71 dXdde= M JJ‘ f(") g+rm+n-1 g4,
|1 m n " h
Proof Let I= Ijjx”' y'- bzt ldxdydz
under the condition x +y + z < u then
[ = yremen Ltlmsln (1) (By Dirichlet Th.)
|l+l+m+n
If x+y+z <u+du,then
I = (u+8u)[+’"+” M . (2
1l+l+m+n
If u<x+y+z+<u+du, then
[1[ml n

J-J.J. x"ly’"‘lz”_ldxdydz |:(u+6u)p+m+n _ul+m+n:|

[l+i+m+n
m ul+m+n |:1+(%)l+m+n _1:|
u

l+l+m+n

= M ultm+n {1+(l+m+n)%u +.. - 1}

l+l+m+n

_ [1[m[ n ylrmen (l+m+n)6—u= |—l|—m|—n ylrmen=1g,
|1+l+m+n u |l+m+n
Let us consider _”I fx+y+yxt-tym-lzn-ldxdy dz

under the condition /Ay <x+y+z<h,

When x + y + z lies between u and u + Ou, the value of f(x+y+z) can only differ
from f(u) by a small quantity of the same order as du. Hence, neglecting square of du, the
part of the integral

f(x+y+z)xlily’"71z”fldxdydz
]

— rlr’71r’1 f(u) ul+m+n—l Su

1+l+m+n

(supposing the sum of variables to be between u and u + du)

[1Tm [n

S [=Lym=1 n=1 Jv iy d- =
0 IIIf(x+y+z)x v b4 x dy dz A+ltmen

Jip
J‘ f(u) ul+m+nfl du
I

Example 24. Show that _”I (di“liyfzﬁ = % 116’
xX+y+z

throughout the volume bounded by planes x + 1 =0, y =0, z=0, x+y + z = 1.

log?2 - the integral being taken

Solution. By Liouville’s theorem when O <x+y+z<1
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-1l -1
ey =11 . (x+y+z+dlx):lydz Osx+y+z<l)
il

— wl d
|1+1+1I w+lf !

du

2% (m+1)y

lJ‘ 1
0 u+l (u+1)2 (u+ 1>

} du (Partial fractions)

1

1 2 1
=1 + 1)+ +—
2|:°g(” I 2(u4—1?}0

1 1 1 1 5
|:10g2+2(§—1J—(§ - Ej:| = ElogQ - RPI‘OVCd

Example 25. Find the value of _[ _[ I log (x +y + z) dx dy dz the integral extending over all

positive values of x,y,z subject to the condition x + y + z < 1.
Solution. By Liouville’s theorem when 0 <x + vy + z < 1

III log(x+y+z)dxdydz

Ifflog@+y+z)ﬂ‘lﬂ‘1é-ldx@uh

irfr
— L I logu w1+ 4y
[l+1+1-1 o
1
1 2 1 u3 13
= |_—3 J.u logu du = §|:]0th ? - gg
1, 1 1
- () = —— Ans.
209 =13 ns
Exercise 21.3.
Evaluate:
1. J.J.J. e "'*"* dx dy dz taken over the positive octant such that x + y+z < 1. Ans. £ ; Z
2. _”j % for all positive values of the variables for which the expression is real.
(@-x*=y*=2)
22
Hint. @* - > - > - >0 = 0<2+y¥+72<d Ans%
3. J.J.J. (x+yz+1)Ydxdydz where Ris definedby x>0 y>0 z>0, x+y+z<lI Ans. %
R
L1 1 1 n’
4. jjjx’z y2 22 (1-x—-y-2)2 dxdydz, x+y+z<1 x>0, y>0, z>0 Ans.z
dx;dxy. .. ... d.
5. Evaluate I I J. all x2 x;2 , integral being extended to all positive values of the variables for

which the expression is real. (U.P.., Il Semester, Summer 2001)
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21.9 ELLIPTIC INTEGRALS Y
Draw a circle with AA’ (diameter) the major axis of R
the ellipse —+ > = 1. This circle is called the auxiliary / B P\\‘ (a sing, b cos )
b ,’/—/f \\u ’
circle x +y2 = a?. The co-ordinates of a point P on the A :\O_N/1A X
ellipse are (asin¢, bcos d). N 5 J
x = asin¢, y = bcos ¢ is the parametric equation of AN //'

the ellipse.
Now the length of the arc BP of the ellipse

_I \/{[ j (ﬂj } d¢ = j¢ V@@ cos? g+ b2 sin2 ) d ¢ (P =a1-&}
0

6 ___
:J’Q’\/{azcoszd)+(az—azez)sinzq)JL dd):aj VA= &siF §) db
0 0

where e is the eccentricity of the ellipse.

This integral cannot be evaluated in the form of the elementary function. It defines a new
function, called elliptic function. This integral is called the elliptic integrals as it is derived
from the determination of the Perimeter of the ellipse This integral cannot be evaluated by

and then is integrated term by term.
21.10 DEFINITION AND PROPERTY

Elliptic integral of first kind = F (k, ¢) = _rb ﬁ do <1
sin
Elliptic integral of second kind = E (k, ¢) = fb V(1 - K2sin? ¢) d o <1
0

Here k is known as modulus and ¢ amplitude.
The following results are easy to prove

FO. ¢)=EQ ¢ = ¢
F (1, ¢) = log (tan ¢ + sec ¢)
E(l, ¢) = sin¢
If ¢ = % is the upper limit of the integral then the integral is called complete elliptic

integral as under:

_dy
F® = Io V- s’ g - (D)
and EQ = [* NT=Rsin’§ dé o)
0

These integrals can be evaluated by expanding the integrand in binomial series and inte-
grating term by term.

(1 —k2sin? ¢y 12 = 1+k—2sin2¢+£k4sin4¢+ ......
2 2.4



Gamma, Beta Functions

F (k, ¢)—I #—dwkgﬁ sin’ ¢d¢+ kAI sintodo+... ..(3)

which can be evaluated by the Reduction Formula

o a1 _ $ an—2

J‘ sin”(l)d(l):—sm ¢cos¢+n 1J‘ sin odd

0 n

From (3), we get
P dé  _m R(im 13,(3lx
K (k) = jo e 22 [2 2J+2- k ( 3 2j+ ......
2 4
or K(k):§{1+kz+96—/;+ ...... }

If £k = sin 10/
K = g[l +0.00754+ 0.00012 + .....] = 1.5828

The elliptic integrals are periodic functions with a period 7 .
Fk,0+Pn) = PFtk,m)+F(k,¢), P =0,1,2,....
E(k,d+Pmn) = PEGk,1)+E(k,¢), P =0,1,2,....
Fk,b+Pm) = 2PF (k) +F (k, )
Ek,d+Pm) = 2PE(k)+E(k,¢)

If we substitute sind = x, dd = in (1) and (2), we have

\/(1 %)
~ dx
Fi(k,x) = fo VA-D)A-Bx)]
x | — K22
Ey(k,x) = J‘o Lll kx;CJ d

These are known as Jacobi’s form of elliptic integrals.
T

Example 26. Express _[2 cos x dx in terms of elliptic integrals.
0

Solution. Substitute cos x = cos? ¢
2cosdpsindgdd _ 2cosddd
1 -cos* ¢ V1 +cos? ¢

jf Voos x dx = jz 2eos’ddy ¢ j2 (tcosi )1, +_c_0_sz__) dé

sothat x = cos™!cos® ¢, dx =

2“05v__+_5s_2_¢) do - jm {;‘_‘ d¢}

2“03 VE =St d - j xfi_s_ﬁl_qﬁ d¢}
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:2\/—_[\/[1 sm‘d)jdd) \/—J‘\/T%dd)

L ) sin” ¢
1 1
=2V E|—=|- 2K|—= Ans.
2)" = ) "
Example 27. Express F __dx in terms of elliptic integrals.
0 V(2 —cosx)
. 3 dx 2 dx
Solution. P —_— =
0 W2 -cosx) IO \/{2 - [2 cos? % - 1}
n L3
_[? dx _ 1 J‘z dx
0 \/>3—20052£ V3 % “—QCOSZK
N A
On putting x = ©1—2 ¢, so that dx = —=2d ¢
. I = 2dé
3 \/_ —COSZITTAJ \/— \/( —=sin? ¢

5 4

ﬁ|w
A

I|

I
q
ﬁ

I| |
=

2
NG

Kk —J—F \ﬁ —” Ans.

Example 28. Show that j dx 2 1]

0 VQax — x2) (@ — x?) - 3aKL§

Solution. On substituting x = 5 (1 —sin©) so that dx = — £ 050 do

Upper limit, x = %(1 —-sinf) = 6 =0

l\)lQ

a
2’

Lower limit, x = 0, %(1 —sinf) = 6 = 2

2 2
Dax — 32 = (h)%(l—sin@)—%(l—sine)z = %[4—4sin9—1+251n9—sin26]

a2 2
= Z(3—2sin6—sin26) = Z(l—sine)(3+sin6)
2 2 2
@22 = @ (1-sin0)? = T[4 1-sin>0+25in60] = -

7 [3 +2 sin O — sin® 0]

a2
= & (L+5in6) 3—sin6)
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a
g I B IO —2cos6d6

0 NQar - @ -2 \/“fu —sin®) (3 + sin e)“f(l +5in0) (3 — sin 0)

S|

_ ﬁ cos 0 db 2 de
0 %\/( —sin® 0) (9 - sin® 0) @ "o N(9 - sin’ 6)
2 7 9 2 (1
34 .[ , 3 = @K @j Proved.
(1 —(gj sin 9}
Exercise 21.4
Show that
_LL Y a1 (B
I 4(1_ n2¢) kF(k’ ] % Io ﬁmm—z’{g
1Y) gL = _ sinfd 1 B
J.o sin x {K(\E F[\E’ 4}} 4. .[ V- sin’g) do = 2 [F (k, 0) — E (k, §)]

) 555
\/_ 2T (2

J’¢ \](1_ i sin” ¢) ) do = (—— j [ ,xj+KE[/t, j and ksin¢g<1 [Hint. Put sin x = k sin ¢]
21.11 ERROR FUNCTION

X

1. 2 _[ e~ dr is called error function of x and is also written as erf(x).
Vi o

2 2. . . .
¥ _[ e " dt is called complementary error function of x and is also written as erf,. (x).
T “x

3. Important formula.

) 5 \]T—[
e ldt = —
I, ;
Example 29. Prove that erf(0) = 0
Solution. erf(x) = % r e=" dt
n Y0
0
erf(0) = % jo e~ Tdr =0 Proved

Example 30. Prove that erf(o) = 1
X

Solution. erf(x) = % [ erar
T 0

erf () = % '[o e dt = iﬂ% =1 Proved
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Example 31. Prove that erf(x) +erf.(x) = 1
x 5 2 o 5
“Tdt+—— e " dt
J-0 ¢ \/T? Ix

Solution. erf (x) + erf. (x) = r
n
2 | " g 2 e
:W _[ e dt+J; e Udt
2

_ 2"y 2N
_\/E'[oe dt = -2 =1 Proved
Example 32. Prove that erf(—x) = —erf (x)
2 f _p
Solution. erf (@) = = [ e rar
T 0
N
erf(—x):WJ-O e ' dt Putr = —p

% J'o e’”z(—du) = —% JI) e du = —erf(x)

Proved
Example 33. Show that
b
I e ¥ dx = %;[erf(b) —erf(a)]
Solution. g [erf (b) — erf(a)]
ol 2 " a2 (" (S S
=—| &= “Tdr-—= “dr | = i - “Tdt
2\/EJ‘06 njoe J-oe J-oe
b b, b
= e fdz+j =] e Tar=] et Proved
a
Example 34. Show that
I e~ =2br gy = %;e”z[] —erf(b)]
0
Solution. I e~ 2bx gy :_[ e’xz’““"bzwzdx:j e b’ Qb gy
0 0 0
i %0 2 b 2
= _[ e_’_dt+J‘ e_’_dr} [Putx+b = f]
b 0
r 0
= e —I e"'dt+erf(oo)}
| b
_ g—%erf(b)} - zg[l—erf(b)] Proved
Example 35. Prove that )
d _ -2a —d
lerfe(@n] = e
: d d| 2 —tz
Solution. [e@o] =3 \/—f dt}
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On applying the rule of differentiation under integral sign, we get

= %Ua L%e"szt+%(oo)e‘w—%(ax)e_azxz
= l[0+0—a.e’°‘2"q = —2—0(6’0‘2“‘2 Proved
i i
Exercise 21.5
Prove that
1. erf.(x)+erf.(—x) =2 2. erf,(—x) = 1+erf(x)

X

3. erf(x) = \/—{x—?+%.§

L x_7 ” ~@ta) _ﬂ -
‘—3!.7+...} 4. joe dx = 11 - erf @]

2 2
—at

5. J.terf{(ax)dx—terfp(at)— T T

2a *(l\

. geler @ = 22e

=)

2
—X

*®

e
7. e G = ﬁ A ) IR

21.12 DIFFERENTIATION UNDER THE INTEGRAL SIGN

The value of a definite integral _[b f(x, o) dx is a function of o (parameter), F (o) say. To

find F' (o), first we have to evaluate the integral I f(x, ) dx and then differentiate F (o) w.r.t.
a

o. However, it is not always possible to evaluate the integral and then to find its derivative.
Such problems are solved by reversing the order of the integration and differentiation i.e., first
differentiate f(x, o) partially w.r.t. "a" and then integrate it.

21.13 LEIBNITZ’S RULE

If f(x, o) and Qﬂax,_OQ
o

be continuous functions of x and o, then

’ b
% {[ﬂf(x,oc)dx} = J.a % b

Proof. Let .[b fO o) = F(w)
then F(0c+6(x)=.|.bf(x,oc+80c)dx
Hence F((x+6)—F(0c)=_[bf(x,0c+8a)dx—_[bf(x,(x)dx

= _[b [f(x, o+ 8a) — f (x, )] dx

FO+dw)—F(w) [ f,o+dw)—f(x o)
da _JJ)(I da. dx

Taking limits of both sides as do. — 0, we have

J” af(x W
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The above formula is useful for evaluating definite integrals which are otherwise impossible

to evaluate.

o 1
Example 36. Evaluate _[ %
0 X X

“ tan~ ! (ax)
0o x(1+x?
dl _ (7 9 tam'(ax)
da 7y Oa x(1+x?)

Solution. Let I =

X

:I S dx =
0 x(1+x3) 1+ax

Breaking the integrand into partial fractions,

L jn_ mf_ml-a _m 1
C1-a? |2 20 B

Now, integrating with respect to "a", we get

%log d+a)+c
From (1), when a = 0, then / = 0
Putting @ = 0 and 7 = 0 in (2), we get

c=0

Hence (2) gives 1 g log (1 +a)

e
Example 37. Evaluate _[ @ dx, o=0.
0

1

o _
Solution. Let I = _[ -1
o logx
1 o o 1
da _ [ 0 (x*-1 J‘ x*logx -0 dx :J‘
do. o Oo | logx log x 0

"o

Now integrating both sides w.r.t. "o, we get
I =log(a+1)+c
From (1), whena =0, =0
Putting o = 0, / = 0 in (2), we get
c=0
Hence (2) gives I = log (o + 1)
Example 38. Evaluate Iw —

¢ La—l+le“"’}dx
0 X X X

using the rule of differentiation under the sign of integration.

D X

Solution. Let I = _[ d
0 X

[a—i+le_‘“ dx
X x )

* 1 1 a? 1
- dx = —— |tan”!
'[o 1-a? L—i—xz l+a2x2} o l—az[

a+1
x* dx = d = 1
0c+10 a+1

()

Iw 1 dx
0o 1+x) (1 +a?x

o0

x—atan! ax}o

- (2)

Ans.

(1)

1

. (2)

Ans.

(D
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% =1, ﬁ—aa {%La—%+%e‘2""j dx = Io %x Ll—O—fe‘ j dx

oy @)
=1 .
d* “ 0 |e* “ e * !
“ s - e @™ — — ax — —(a+1)x
I J‘oaa{xk € )}dx on\xe )dx Ioe dx
@+ x|
N [ S P e
—(a+1) b a+1 a+1
Integrating w.r.t. @, we have
dl
v log(a+ 1)+ (4
Putting @ = 0 in (2), we get
dl
da 0
. dl )
Putting @ = 0 and i Oin (4), we get ¢; =0
di
From (4), da - log (@ +1)
I1=[loga+1) da=loga+1)-a-] ﬁ da = alog(a+1)-] (l_ailj da
I =alogla+1)—a+log(a+1)+c,
I'=(@+Dloga+1)—a+c .. (5)
Putting @ = 0 in (1), we get I = 0
Putting a = 0, I = 0 in (5), we get
0= Co
Hence (5) gives
I'=(@+log(a+1)—a Ans,
Example 39. Evaluate the integral
J‘ e *sin bx di
0 X
Solution. Let I = I ¢ "sin bx dx . (1)
0 X
dl [” 0 e *sinbx (T eFxcosbx (7 .
- Lix j dx = _[0 B — dx = _[0 e ¥ cos bx dx
ax
[We know that _[e""’ cos bxdx = ﬁ (a cos bx + b sin bx)]
¢ bt bsinbs)|
= - +
1+b2( cos bx + b sin x)0
dl 1
- (2

b 145’



Integrating both sides of (2) w.r.t. ‘b’, we have
I =tan 'b+c

On putting » = 0 in (1), we have [ =0

On putting b = 0, I = 0 in (3), we get

c=20
Hence (3) gives
I =tan" b
0 x
or I EISIbY 4o a1 b

0 X

Example 40. Find the value of

Gamma, Beta Functions

. (3)

Ans,

-[0 ‘H_Zﬁ (whena>0, |b|<a)
& dx Ta
and deduce that Io (@t b oo = @
T 7T
Solution. Let [ = I dx = I &
0 a+bcosx O lcoEasintElsblcoX —siE
2 2 2 2
N 0 | seczgdx
RN ) X B .zﬁza—b 0o a+b X
(a+Db) cos® 5 +(a—Db)sin* 5 a_b+tar122

2 Ja=b

a—-b

_1 X
[tan {tan2

2 b1 T

a-b a+b

a—-b n: 2
a+b o a-b

b [tan‘loo—tan‘loJ

= = = Proved.
N -b* 2 Na*—b?
Now differentiating both sides w.r.t. ‘a’, we get
dl 1 2 ma J’ni 1 dx——l 2 ma
da (a b2)3/2 0 oa La +bcos x 2 (aZ _ b2)3/2
& -1 —Ta
or dx =
-[o (a + b cos x)* (@® - b?)*?
& dx Ta
or = Ans.
-[ 0 (@a+bcosx)y  (a*-b>)Y?
Exercise 21.6
Prove that
1. J.x’ 1-e? e " dx =log(l+a) 2. J. dx = 10gé
0 X
3. J. € _SIX v — cot ! a and hence deduce thatJ. sX =2
X 0 2

J‘ Oga+1
0 10g b+1
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5. IO%(@ - )dx_—log . 22 (450, b>0)

+2A27
” - _ l T -d/b * - _ ﬂ
6. '[0 e cos 2ax dx = 7V, ¢ (b >0). Assume J.o e “dx = >
Evaluate the following.
7. jz log (0? cos? 6 + B2 sin0)dd (>0, B>0) Ans. mlog 2 ;
log (1 +d? %) T a+b
8. —=————"dx Ans. — lo
'[0 1+ b2x2 l £ b
9. J‘ a+bsin0) do Ans. 7 sin” ! b
a-bsn0O) sind a
2
0. J'z log (1 4+ cos a - cos x) d Ans.l T2
cos x 2 | 4
Prove that

L3 .2 -
i [’ log Utysind) o _ NIy 1] wheny> 1.

0 sin” x

s

2 dx (& + bY)
12. 2 il 2 22 3.3

o (a sin” x + b* cos” x) 4a b’

21.14 RULE OF DIFFERENTIATION UNDER THE INTEGRAL SIGN WHEN THE
LIMITS OF INTEGRATION ARE FUNCTIONS OF THE PARAMETER

If £ 5,00, L

be continuous functions of x and o, then

dr @ _[ o) o db d
(h{jw) £(3 ) ’“f‘jm Sl SR LYON Bl I ON

Example 41. Verify the rule of differentiation under the sign of integration for

I tan 'Y dx
0 a
Solution. Let I = r tam ' & dx
0 a
d \|/(a) o) o : d
—{ f(xoc)dxf=f L) g £ (00, 01+ ¥ Ly (0.
do |” ¢ 6w OO
j—z . {ai( }dx 0+2a{tanl }
:JJ‘ 5 [ J dx+2atan~la JJ‘ dx+2atan la
0 X a 0 a+x?
1+—2
a

2

= {—%log(a2+xz)} +2atan 'q = —%log(a2+a4)+%loga2+2atan’la
o




Gamma, Beta Functions

2, 4
= —lloga +2a +2atan 'a = —llog(a2+l)+2atan’1a (1)
2 a 2

Now integration by parts

2 2

I—JJ‘ tam ! X 1dx—[(tan‘1ij~x}: —JJ‘ #ﬁzé-xdx

0
1+
a

2
a 2

2
= |:aztan_1 %} J.o achcxz dx = aztan_la—% [log (x2+a2)]g
4,2
= @tanla-2 [log (a* + a®) — log a*] = a* tan™ -2 log ara
2 2 a2
= @tan la-2 log(a +1)
a _| ,_ 1 1l e 2a 1 2
o {a 1Jraz+2atan a} {2 a2+1+2 log (a*+1)
= a + 2a tamla - —llo (@+1)
1+a? a+1 2 &
— atar! a—% log (@+ 1) )
From (1) and (2), the rule is verified.
Ol
Example 42. Evaluate J. lmg(17+2(xx) dx and hence show that
0 1+x
J 10g(1+x)d _ loge2
1 +x°
(0}
Solution. Let = [ lgdron (D)
1 +x>
d (o) (o) af(x OC) d(I) dW
—_— L) dxp = s - —+ o), o] +—— ), o
ka{j , e dif Jow e vy S0 @0+ G AT (@,
o o 2
ﬂ: A log(1+ocx) d—af(a,a):J x dx+log(1+oc)
do. 0 do 1+ x2 do. 0o (L+x%) (1 +owx) 1+o?
Converting into partial fractions,
o ¢ dx 1 ¢ 2x o ¢ de log(1+0?)
=—-—7 + +
1 +a? -[0 l+oax 2(1+a?) J.o 1+ x2 * 1+a? '[0 1+x% 1 +a?
ol
o 1 1 o o 1 1 log (1 +a?)
=—-————|=log(l+ox)| +———— [log (1 +x?)] + tan~ ! —e———7
1 +a? [(x e( x)l) 2(1+oc2)[ e+, 1+(x2[ x}o 1+a?
2 2
= - 2log(1+oc2)+IOg(IJFOZL)+ i ztan’loc+7log(l+,oc)
l+a 2(1+0%) l1+4+a 1 +a”

2
:log(1+0:)+ & -
2(1+0?)  1+0d?

On integrating both sides w.r.t. o, we have
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1 o tan” !
1= [log(1+a o+ | EEE da e
1 ) 1 20 - o tan” ! o
I:—log(l+oc) tanm oc— 1+a2~tanlocdoc+J‘Tazd(x
I=%log(l+oc2)-tan_1(x+c e (2)
From (1), when o = 0, then / = 0. From (2), when oo = 0, I = 0, then ¢ = 0
Hence (2) gives
I= %log (1+0a?- tamr ' o . (3)
On putting o = 1 in (3), we have
log (1+x) _1 _1 r
_[ e dx log d+1)-tam!(l) = > (log. 2) 1
= %mgez Ans.
T
Example 43. Evaluate _[2; SINax .
L o x
Solution. Let = [ shex gy (D

6a

o) yoo)
{i{fq) Y fx, o) dxf - .[“ of (x. ) dx—% f[¢((x),0,]+;l,—af[ (oc),oc]}

do. 0@  Oo
T sina-l sina~£
ﬂ_J‘Ei sinaxdx_ii. 6a +i£, 2a
da = ()L dal «x J da | 6a J g3 da LZa E3
¢ 6a 2a
T
o [P Xeosax ;T n_m 2. T
. 6a” 6 242 71 2
a
T T
J‘Z 1 1 sin ax |2« 1
= cosaxdx+——— = —
i 2a «a a |z 2a
6a 6a
_ 1 sina ——sina~£ —L
T a 2 6a| 2a
D S 3 0 SRS DU & N NS SO N
T a 2 6| 2a a 2| 2a 2a 2a
Integrating we have I = Constant. Ans

X
Example44.If y = J' f @) sin [k (x— )] dt, prove that y satisfies the differential equation
0

>y
CEH Ry = kf W
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Solution. y = r f@sin[k(x—1)]dt
0

% - jo aﬁ £ @) sin [k (- 0)] dr 0 + % ) - £ 00 sin {k (v — )

X

- j' F@ keos |k (x—n) - dt
0

- kfo £ cos [k (x— 1) dr

Again applying the same rule

% = ]{Jz %{f(t)cosk(x—t)}dt—o-i-%(x)~f(x)cosk(x—x)

= 1] F@sinlk (0] di+ kf ()
0

Proved.
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Vector Differentiation

5.1 VECTORS

A vector is a quantity having both magnitude and direction such as force, velocity
acceleration, displacemerit etc.

5.2  ADDITION OF VECTORS

- —
Let a and b be two given vectors B
- - - - —
OA = a and AB = b then vector OB is called the =
50
— — 2 X
sum of a and b . o
Symbolically
G pryd @) > A
OA + AB = OB et
5 o — a
a+b = OB

5.3 RECTANGULAR RESOLUTION OF A VECTOR

Let OX, OY, OZ be the three rectangular axes. Let /z\ , ]A , IQ be three unit vectors and
parallel to three axes.

A

If O_ED = n and the co-ordinates of P be (x, y, z)
O—>A = x?, 5B =y]A' and O_)C :ZI/%
O_E’ = 5F+ﬁ?

= O_E’ = (O_>A+147F)+F_13

N N N - B >Y
= OP = 0A+ OB+ 0C &
A
2 - x? + 5 +ZI/% A > FXI
7 v X/ x. )

=  OP?> = OF* + FP?
= (OA? + AF) + FP* = OA> + OB*+ OC* = X* + y* + 7°
OP = \lxz + y2 +z°
|7| = ¥+ + 27
5.4 UNIT VECTOR

A A A
Let a vectorbe xi +yj +zk.
xi+yj+zk

oyt + 2

Unit vector =



Vectors
Example 1. If Z and z be two unit vectors and o be the angle between them, then

the value of o such that 4+ b isa unit vector. (Nagpur, University, Winfen@001)
Solution.Let O_/)l = ; be a unit vector and A_fg = E) is another unit vector and o

- —
be the angle between 4 and p . A
—

— - - . .
If OB = ¢ = g4 + p is also a unit vector then, we have

5
joA| =1 -

N
N a b
| AB| =1
-
|0B| =1 2
OAB is an equilateral triangle. o —— B
Tc =
So, each angle of A OAB is 3 atb=c Ans.
2
Hence o = 1 — — = =~
3 3
5.5 POSITION VECTOR OF A POINT
N

The position vector of a point A with respect to origin O is the vector OA which is
used to specify the position of A w.r.t. O.

N
To find AB if the position vectors of the point A and point B are given.

If the position vectors of A and B are ; and E) Let the origin be O.

N _
Then  OA = a, OB=b B®)
— — —
OA + AB = OB
— — —
AB = OB -0A
N o > Aa
= AB =37 @
-
AB = Position vector of B — Position vector of A

Example 2. If A and B are (3, 4, 5) and (6, 8, 9), find A_>B.

N
Solution. AB = Position vector of B - Position vector of A
= (61 +8]+9k)—(3i+4]+5k) = 3i+4]+4k Ans.
5.6 RATIO FORMULA
To find the position vector of the point which divides the line joining two given
points.
Let A and B be two points and a point C divides AB in the ratio of m : n.

Let O be the origin, then A m Cn B
— N — _ — @) (b)
OA = a, and OB=b, OC=?
OC = OA + AC
_ o m_ ol Ac=—""_ 4B
= OA+ m+n B ( m+n
- m - -
= a+ b-a) (.AB=1b-a) ©



Vectors

- m Z +n Z
oC = ————
m+n
Cor. If m = n =1, then C will be the mid-point, and
— Z + Z
oC = 5

5.7 PRODUCT OF TWO VECTORS

The product of two vectors results in two different ways, the one is a number and

the other is vector. So, there are two types of product of two vectors, namely scalar
- -
product and vector product. They are written as a.b and axb.

5.8 SCALAR, OR DOT PRODUCT
> |
al|b

- -
The scalar, or dot product of two vectors 4 and b is defined to be cos O i.e.,

- Ed
scalar where 0 is the angle between 4 and b .
-
a

—

b

Symbolically, Z . Z = cos 0

N
Due to a dot between 4 and E) this product is also called dot product.
The scalar product is commutative

> > -> o

ToProve. a.b = b.a

Proof. b.a = |b||a|cos (-0)
= [3ll3]
= lal|b| cos 0 0 = > A
= Z . Z Proved.

Geometrical interpretation. The scalar product of two vectors is the product of one
vector and the length of the projection of the other in the direction of the first. 5

0

g — - —
Let OA = gand OB=b |
1
then a.b = (OA). (OB) cos 0 i
- OA.OB.O—N :
OB i
= OA.ON i
N

>
=
a

N
= (Length of @) (projection of b along 71))
5.9 USEFUL RESULTS

i1 =(1)1)cos0°=1 Similarly, j.j =1, k.k =1
i.] =) (1) cos90°=0 Similarly, j.k =0, k.i =0

Note. If the dot product of two vectors is zero then vectors are prependicular to each other.
5.10  WORK DONE AS A SCALAR PRODUCT F

If a constant force F acting on a particle displaces it from A to B then,
Work done = (component of F along AB). Displacement
F cos 6. AB

> o
= F.AB

Work done

Force . Displacement|
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5.11
1.

5.12

5.13

VECTOR PRODUCT OR CROSS PRODUCT A

>
The vector, or cross product of two vectors a

and Z is defined to be a vector such that

—

b

- . . I
allp|sin 6, where 6 is the "

S

(1) Its magnitude is

— -
angle between 4 and b .
(i) Its direction is perpendicular to both vectors 0

v

Zand E)

(iii) It forms with a right handed system.

>

A - -
Let M be a unit vector perpendicular to both the vectors @ and b .

- sin 9.1A]

a x 3 =
Useful results

N
a

[}

A

Since i, ]A ,k are three mutually perpendicular unit vectors, then

Ix1 = }\'x}}:]/exﬁz()
Pxj = —ixizk xiooix]
]A'xlzz—kszi and JQX?:_?XJQ
kxi = —ixk=j /l\><]/€=—]/€><l
VECTOR PRODUCT EXPRESSED AS A DETERMINANT
If g = ai+ayj+azk
N A A A
b = bji+by,j+Dbyk
axb = (@i+ayj+ask)yx(byi+byj+bsk)

= by (Ixi)+apby (ix])+aby (I xk)+ab, (jxi)+a, (jx7)
T ayby(] x k) + aghy (k x 1) + ashy(k x J) + asby(k x k)

= (ayb5 - “3172)? = (mbs - ’13171)? + (a1b, —ﬂzbl)£
T |4y a az
b, b, b,

AREA OF PARALLELOGRAM

Example 3. Find the area of a parallelogram whose adjacent sides are i — 2j + 3 k and
2i +j - 4k.

Solution. Vector area of || gm =

N — =
|

_ N >

= W >
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= (8-3)i-(—4-6)]+(1+4)k =5i+10]+5k
Area of parallelogram = \/(5)2 +(10)? + (5)% = 5+/6 Ans.
5.14 MOMENT OF A FORCE ©

5
Let a force F (PQ) act at a point P.

N
Moment of F about O
= Product of force F and perpendicular

distance (ON. 1A1) N7 P g Q
= (PQ) (ON)(N) = (PQ) (OP) sin 0 (M) = OP x PO
= A_;I = 7 x l_-:

5.15 ANGULAR VELOCITY

Let a rigid body be rotating about the axis OA with the angular
velocity o which is a vector and its magnitude is o radians per second
and its direction is parallel to the axis of rotation OA.

Let P be any point on the body such that OP = 7 and
ZAOP =0 and AP 1 OA. Let the velocity of P be V.

~ - -
Let N be a unit vector perpendicular to @ and r .

Sx7 = (@rsin®) N = (0 AP) N = (Speed of P) n

N
Velocity of P 1. to ® and r
N - -
Hence Vv = oxr 0

5.16 SCALAR TRIPLE PRODUCT

-> o> -

Let a, b, c be three vectors then their dot product is written as 7. (? x ?) or [Z v ?].
N A A O A A A - A A A

If g =mi+ayj+azk, b=bi+bj+bk,andc=cii+c,j+czk

A

a.(bxc)

= (ayi+ayj+azk).[(byes —byey)i + (byey — bics)j + (bie, — byey) k]
= ay (bycy = bscy) + a, (byey — bycy) + ag (byc, — bycy)

Similarly, . (¢ x a)and ¢ .(a x b) have the same value.

a.(bxc) =3 . (Cxa)=c.(axb)
The value of the product depends upon the cyclic order of the vector, but is
independent of the position of the dot and cross. These may be interchanged.
The value of the product changes if the order is non-cyclic.

- o > T =
Note. a x(b .c)and (a . b)x ¢ are meaningless.
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517 GEOMETRICAL INTERPRETATION

The scalar triple product a. (Z x ?) represents the volume of the parallelopiped

. > > > . .
havmg a, b, ¢ asits co-terminous edges. G F

7. (B x <) = a.Areaof| gm OBDC n .
= Area of || gm OBDC x perpendicular distance *

between the parallel faces OBDC and AEFG. EF Sl r——7D
= Volume of the parallelopiped L/ b

S 5 o - 5 > o > ¢
Note. (1) If a .(b xc) =0, then a, b, c are c
coplanar.
1 »>>->
(2) Volume of tetrahedron — (a b c).
Example 4. Find the volume of parallelopiped if
4=-3i+7j+5k b=-3i+7]j-3kand c=71-5]-3k
are the three co-terminous edges of the parallelopiped.
Solution.

)

Volume = Z.(?x
-3 7 5
=|-3 7 -3 =-3(21-15-709+21)+5(15-49)
7 -5 -3
= 108 - 210 - 170 = - 272

Volume = 272 cube units. Ans.
> -

Example 5. Show that the volume of the tetrahedron having X +B,B+ 5, 5 + X as

-> o> o
concurrent edges is twice the volume of the tetrahendron having A, B, C as concurrent edges.

1 - - - - - -
Solution. Volume of tetrahendron = = (A + B) . [(B + C) x (C + A)]

6

1 - - - - - - - - - - N
:g(A+ ).[BXC+B><A+C><C+C><A] [CXCZO]
:%(X+ _>) (§x€+§x2+€x2)
- %[X (BxC)+A.(B x A)+ A.(CxA)+B .(B xC)+B .(B x A)+B.(Cx A)]
=%[X.(E?x_>)+B_>.(_>><X)]=%X.(B?><_>)

1 > > =

=2x—[AB

X6[ ]

= 2 Volume of tetrahedron having X, L? , 6 , as concurrent edges. Proved.

EXERCISE 5.1
1. Find the volume of the parallelopiped with adjacent sides.
JE— N N —_ N N —_ N N AN
OA =3i-j, OB=j+2k, and OC=i+5j+4k
extending from the origin of co-ordinates O. Ans. 20

2. Find the volume of the tetrahedron whose vertices are the points A (2, -1, -3), B (4, 1, 3)

C@3 2 -1)and D (1, 4, 2). Ans. 7 %
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A A A Ed A A AN
3. Choose y in order that the vectors Z:7i+yj+ ,b=3i+2j+k,
e A A AN
¢ =5i+3j+k are linearly dependent. Ans.y =4
4. Prove that
I T T S - > >
[a+b,b+c,c+al=2[a b c]

5.18 COPLANARITY QUESTIONS
Example 6. Find the volume of tetrahedron having vertices
(—7-k), (@Ai+57+qk), (3i+9]+4k and 4(—i+j+k).
Also find the value of q for which these four points are coplanar.
(Nagpur University, Summer 2004, 2003, 2002)

—

Solution. Let A = —;—12, §=4§+5;+q12, E=3?+9;+412, [_)=4(—§+;+12)
AB = g—zz4?+5;+q12—(—;—l@)=4§+6;+(q+1)12
AC = C-A=(Bi+9]+4k) —(-j-k)=3i+10j+5k
AD = 5—X=4(—?+f+l€)—(—f—l€)=—4?+5f+5l€
Volume of the tetrahedron = 1 [E AC E]
4 6 g+1
:% i ;O ; = %{4(50—25)—6(15+20)+(q+1)(15+40)}

%{100—210+55(q+1)} = %(—110+55+55q)

1 55
—(=55+55q) = — (g-1
6( q) A (g-1

If four points A, B, C and D are coplanar, then (AB AC AD) =0
i.e., Volume of the tetrahedron = 0

= %(q—l) =0 = g=1 Ans.
Example 7. If four points whose position vectors are a, b, c, d are coplanar, show that

[Z b ?] = [Z d 3] + [Z d ?] + [Zi) b E)] (Nagpur University, Summer 2005)

Solution. Let A, B, C, D be four points whose position vectors are Z, 3, ?, 2
AD = d—d, BD=d-0 and Ch=d-¢
If A_> , B_> , C_b are coplanar, then
AD .(BDxCD) = 0
- (d=a).1(d-b)yx(d—c)] =0
= (d-a).[dxd-dxc-bxd+bxc]=0
= (d-a).[rdxc-bxd+bxc] =0
= ddxO)-d.bxd)+d.Bx)+a.(dx)ra.(bxa)—abxc)=0
=_04+0+[dbcl+lddcl+[dbdl-[abc] =0
= [abcl=[abd]+[adc]+[dbc] Proved.



Vectors

EXERCISE 5.2
1. Determine A such that

a=i+j+kb=2i-4kandc=1i+A j+3kare coplanar. Ans. L =5/3
2. Show that the four points

-6i+3j+2k 3i-2j+4k5i+7j+3kand-13i +17 j -k are coplanar.
3. Find the constant a such that the vectors
2i—-j+k i+2j-3k,and3 i +aj+5kare coplanar. Ans. - 4
4. Prove that four points
4i+5j+k —(j+k),3i+9j+4k,4(-i+ ]+ k)are coplanar.
- > -
5. If the vectors 4, b and ¢ are coplanar, show that

- - -
a b c
-> o -> o -> o
a.a a.b a.c
-> o - > > | = 0
b.a b.b b.c
5.19 VECTOR PRODUCT OF THREE VECTORS (A.M.LE.T.E., Summer, 2004, 2000)

- - -
Let a, p and ¢ be three vectors then their vector product is written as 7 x (3 x ¢)-

- A A A
Let a =mi+aj+azk,
- N A A
b =bi+bj+bsk,
N A A A
c=Ci+cj+ezk

_Cl
A

Zx(ﬁxc):(ulz+u2]+a3 )x(b z+b2]+b k)x(clz+c2]+c3l€)

= (n l + ﬂz] + a3 ) x [(byes - b3C2)l + (bsey — byes) ] +(byey = byoy) k]
= [ay(bycy —byey) —ag(byeq —bycy)] i +[az (byc; —bycy) —ay(biey —byey)]j
+ [ay(bsc; — bycy) — ay(byes — byey) k]

= (a1c1+a202+a3c3)(b11+b2]+b3 ) (a1b1+u2b2+u3b3)(cl1+02]+C3k)

=(a.c)b-(a.b)c. Ans.
Example 8 Prove that
; x (b x 3) + b x (c x u) + c % (a % b 0 (Nagpur University, Winter 2008)
Solution. Here, we have

- - o - - o - - o
u><(b><c)+b><(c><tl)+c><(a><b)
> o o - —>—>

=[(a . c )Z-(a.b)c]+[(b ye-(b.)al+[(c.B)b-(c.a)b]
=[(b.a u)c—(a Dycl+l(c.b)a—(b.c)al+[(a.c)b—(c.a)b]

=[(a.b ) ( .b)ycl+[(b.c)a-(b.c)al+[(c.a)b - (c.a)Db]
=0+0+0=0 Proved.
Example 9. Prove that :
/2 X (Z x /i\) + /]\ x (Z x }) + ]2 % (Z % ]2) =9 Z (Nagpur University, Winter 2003)

A

N A A
Solution. Let 4 =a; i+a, j+a3k
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A A A A

Now, LHS. = /1}><(71>><i)+j><(2><j)+k><(2><l/;)

A A

= ?x_(a1?+a2]4+a312)xi}+]x[(al?+a2]4+a312)xﬂ+

AN [ /‘\ /} A /\}
kx|(ayi+ayj+ask)xk
A A A A A A A A

= x| (i x )+ ay(j x i)+ a5k x i)} T [al(i « 1) + ay(j x 1)+ as (kx ])}

A A

+kx [al(?x k) + ay(j x k) + ag(k x 12)}

A

Y S S T Y A 9 B

= —ay(ix k) +ay(ix j)+a,(jx k) — ay(jx 1) — ay(k x j) + ap(k x 1)

A

A A A A A ) A A
=gy jrak+ai+vrazk+ai+ayj=2ai+2a,j+2ak

A

= 2(u11¢+u2]4+u3k)=271> Proved.

Example 10. Show that for any scalar L, the vectors x, ]7 given by
_A=-pir)> p(axb)

- - e E) -
x=na+1 (zz2>< ) , Y= a 5 satisfy the equations
a q a
p >+ 6]]7 — 2 and x x ]7 - 5. (Nagpur University, Winter 2004)
Solution. The given equations are
- - -
px + qy = a (1)
> o -
xXxy = b -(2)

Multiplying equation (1) vectorially by X , we get

Xx(px+qy) = x4
p(Exx)tq(xxy)=xxa
L]><(¥><]7)=¥><Z, as;x;g:O
T = b [From 2) ¥xy =51 -(3)

ZX(;XZ):QXL]Z)
(@a.a)%—(a.x)a =4q(axb)
23 -(a.0)a=q@xb) = 23 =(@.¥)a+qaxb)
> o > - -
- (a.x)a+q(a><b)
X =
) i
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q(a x D) > >
¥ =ha > where A = 4%
a 2
5 axb 5
Substituting the value of x in (1), we get p{A a +% gy =a
(@ x b)
g d q a X
T =a-piha+-——~
qy P 7
S (1-pM)a axb
y:( pra p(axb) Ans.
q a

EXERCISE 5.3
1. Show that ;’X(ZX;’):(ZXF)XZ
2. Write the correct answer

(a) (1_4) x E) « C lies in the plane of

- - - - - -
(i) A and B (i) B and C (i) C and A Ans. (ii)
e T N
(b) The value of a .(b + c)x(a + b +c) is
(i) Zero iy [a,b,c1+1b,¢,dl (i) [a, D, <] (iv) None of these

Ans. (ii)
5.20 SCALAR PRODUCT OF FOUR VECTORS
Prove the identity

(@axb).(cxd) = (a.¢)

ol
X
SW)

Proof. (Z X Z) N

Q! 2

Il
—~

= ) 2

Proved.

EXERCISE 5.4

- - - - - - >

1. If a =2i+3j-k, b=—-i+2j—-4k, c =i+ j+k, find(axDb).(a xc). Ans. -74
> > - > D N

2. Prove that (a x b).(axc)= a“(b.c)—(a.b)(a.c).

5.21 VECTOR PRODUCT OF FOUR VECTORS
-> o> o -
Let a, b, ¢ and d be four vectors then their vector product is written as
- o> - o
(axb)x(cxd)
- o - o - - - N N
Now, (a x b)x(c x d) = rx(cxd) [Put gx p = 7]

> o o > o>

(r.d)c—(r.c)g
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=-sx(axb)=_(s.b)a+(s.a)b
= —[(cxd).Db]
> > > o - -
(a x b) x(c x d) lies in the plane of 4 and p . -(2)

Geometrical interpretation : From (1) and (2) we conclude that (2 x b) x (¢ x d) is
a vector parallel to the line of intersection of the plane containing a, 3 and plane

. . _) _)
containing ¢, 4.

Example 11. Show that

- >

(EXE)X(ZXB)+(EXZ)X(BXD)+(ZX§)X(EXB)=—2( EE)B
C

- > o > > - >

SOlutiOI‘l.L.H.S.Z(EXC)X(AX )+(C><A)><(B><D)+(Z><g)><( XB)
~[(BCDYA-(BCA)D|+I((CAD)B-(CAB)D]+[(~-BCD)A+(ACD)B]
=(BCD)A-(BCD)A+(CAD)B+(ACD)B-(BCAD-(CAB)D
= _(ACD)B+(ACD)B-(ABC)D-(ABC)D
- _2(ABC)D =RHS. Proved.
EXERCISE 5.5
Show that:

B e N e S Y R —
1. (bxc)x(cxa)=c (a b c)ywhen (a b c) stands for scalar triple product.

- - - > - > o5
2. [bxc, cxa, axb)=[a v c]
3. d[ax{bx(cxdl=[b.d)Na.(cxd]
4. g lax[a x(axb)=a®(bxa)

- N -5 o o

5. (axb)yx(axc).d=(a.d)[ab c]

5 - A - A2 - 2
6. 2a°=|axi| +|laxj| +|a

x k
- - AN A A A A o A
Axb=[(ixa).bli+[(jxa).blj+[(kxa).Dblk
5

8. px[(;x;)x(gx7)]+;x[(;x7)><(Z><_p>)]+7x[(_u>><_p>)x(;><;)]=0
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5.22 VECTOR FUNCTION

If vector r is a function of a scalar variable ¢, then we write
N -
,o= r@®

N
If a particle is moving along a curved path then the position vector r of the particle is a

function of ¢. If the component of f (¢) along x-axis, y-axis, z-axis are f,(?), f5(¢), f;(f) respectively.
Then,

P A A A
[ = h@Oi+ L)+ [0k
5.23 DIFFERENTIATION OF VECTORS

Let O be the origin and P be the position of a moving particle at time ¢.

— -

Let oP = 7
Let O be the position of the particle at the time ¢ + &¢ and

.. . — - -
the position vector of Q is 9oQ = 7 +dr
—> — —
PO = 0Q-0P
- - - -
= (r+dr)—-r=90r
N

1)
8_: is a vector. As &t —> 0, Q tends to P and the chord

becomes the tangent at P.

We define 7l S}iinog,then

~

U

is a vector in the direction of the tangent at P.

U oo
N, o~

is also called the differential coefficient of » with respect to “¢’.

Y
-~

2—)

Similarly, d”r

N
> 1s the second order derivative of 7 .
dt

- ,

L gives the velocity of the particle at P, which is along the tangent to its path. Also d”r
dt

gives the acceleration of the particle at P.
5.24 FORMULAE OF DIFFERENTIATION

- - N
d 2 2 dF dG i -
@ E(F+G)=7+7 (ii)%(F¢)=i—f¢+F% (U.P. I semester, Dec. 2005)
- - N 5
22 2 _ NN N
i) L FG=FL0 AE Gy L Fady=FxdC  4F G
dt dt  dt dt dt dt
) i[zzzh dap? +{Zﬁ4+ apdc
dt dt dt dt

- - -
(vi) i[Zx (l_7)>< E))]zd—ax(l_;x E))+ a ﬁx ?J+ Zx(l_;xd—cJ
dt dt . dt dt
The order of the functions F, G is not to be changed.
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Example 12. 4 particle moves along the curve 7 =(t° — 4t)? + (2 + 4t)3' + (812 —3t3)l€ ,

where t is the time. Find the magnitude of the tangential components of its acceleration

att = 2.
(Nagpur University, Summer 2005)
Solution. We have, o= (P —4nit 40+ 62 -30)k
Velocity = ler = (3* —4)1 + (2t + 4)] + (16t — 9t2)12
At t =2, V61001ty:8i+8j—4k
d2
. Ed

Acceleration = a = FER =617+ 2] + (16—18t)k

At t=2  4=12i+2j-20k

The direction of velocity is along tangent.

So the tangent vector is velocity.
N

v 8i+8j-4k 8i+8j—4k 2i+2j-k

Unit tangent vector, p=—= = =
¢ T v Jo4+64+16 12 3

Tangential component of acceleration, a, = 7 7

2i+2j-k _24+4+20 48

=12 2 20k =16 An
= ( z+ j- ). 3 3 3 S.
- - d
NN > o e
Example 13.Ifd—a=u><a and 42 _ =ux b then prove that —[ax b]=ux(axb)
dt dt dt
(M.U. 2009)
Solution. We have,
- -
d -~ Z > db da Z N
E[ax ] = X?JFE = ax(uxb)+(uxa)xbh
= Zx(;xg)—gx(;xz)
= @D u-(a.u)b—-[(b.a)u—(b.u)d]

(Vector triple product)
-> > > > o5 > i i
= (a.b)u—-—(u.a)b—-(a.b)u+((u.b)a

= (.bya-(u.a)b
= Ux(axb) Proved.
Example 14. Find the angle between the surface x> +y* + 22 =9 and z = x> + y* — 3 at
2, -1, 2). (M.D.U. Dec. 2009)
Solution. Here, we have
Xy =9 (1)
z=x+ y2 -3 ..(2)

Normal to (1) M= Ve + P+ 2 -9)

= zi+]i+ki (P2 +22-9) =2} +2y] +2zk
0x oy 0z

Normal to (1) at (2, — 1,2), N, =4i — 2] + 4k (3
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Normal to (2), n, = V(- -yt +3)

~0 ~0 0 2 2 . . .
- [la+ja+k5](2—x —VH3) =_2xi —2y) +k

Normal to (2) at (2, - 1,2), n,=—4i +2 + &k (4
My = [nyliny|cos®
nM (4 — 2]+ 4k).(—4i +2]+k) _16-4+4
cos 6 = = 2 n ~ 2 ~ A
IMilna| |48 —2)+4k||-4i +2]+k| JI6+4+16,16+4+1
~16 -8

621 _:8 J]Ji

6 = cos | ——
321
Hence the angle between (1) and (2) cos' [_—8] Ans

321
EXERCISE 5.6

2 3
1. The coordinates of a moving particle are given by x = 4¢ —% and y = 3+6¢ —%, Find the

velocity and acceleration of the particle when ¢ = 2 secs. Ans. 447, 2.24
2. A particle moves along the curve
x =2 y=~F-4 and z=3t-5
where ¢ is the time. Find the components of its velocity and acceleration at time ¢ = 1, in the

sv14 14

direction ?_3/} + 22' (Nagpur, Summer 2001) Ans. ——— ———
3. Find the unit tangent and unit normal vector at + = 2 on the curve x = 21, y =4t - 3,
1 N N N 1 N A
z =27 — 6t where 7 is any variable. Ans. —2i+2j+k), —Q2i+2k
3( J+k) 3 \/E( )
- -
T -
4. Prove that i(FxG):Fxﬁ.Fding
dt dt dt

5. Find the angle between the tangents to the curve 7 = 2 /z\ + 21/]\‘ K //;, at the points ¢ = £ 1.

Ans. c0571 (ij
17

6. If the surface 5x° — 2byz = 9x be orthogonal to the surface 4x2y + 22 = 4 at the point (1, —1, 2)
then b is equal to

(@ 0 ) 1 2 @ 3 (AMIETE, Dec. 2009) Ans. (b)
5.25 SCALAR AND VECTOR POINT FUNCTIONS

Point function. A variable quantity whose value at any point
in a region of space depends upon the position of the point, is
called a point function. There are two types of point functions.

(i) Scalar point function. If to each point P (x, y, z) of a
region R in space there corresponds a unique scalar f'(P), then f'is
called a scalar point function. For example, the temperature
distribution in a heated body, density of a body and potential due to gravity are the examples of
a scalar point function.

(ii) Vector point function. If to each point P (x, ), z) of a region R in space there corresponds
a unique vector f (P), then f'is called a vector point function. The velocity of a moving fluid,
gravitational force are the examples of vector point function.

(U.P, I Semester, Winter 2000)
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Vector Differential Operator Del i.e. V
The vector differential operator Del is denoted by V. It is defined as

0 ~0 10
vV = l—+]—+k—
ox "oy oz

5.26 GRADIENT OF A SCALAR FUNCTION
200 100 00

If ¢ (x, », 2z) be a scalar function then i —+ j— + is called the gradient of the scalar
Ox oy 0z
function ¢.
And is denoted by grad ¢.
Thus, grad ¢ = /z\@+3@+l/€@
Ox oy 0z
0 ~0
= —t j—+ k ,
gard ¢ [l o jay Z]d)(x Y, z)
gard ¢ = V ¢ (V is read del or nebla)

5.27 GEOMETRICAL MEANING OF GRADIENT, NORMAL

(U.P. Ist Semester, Dec 2006)

If a surface ¢(x, y, z) = ¢ passes through a point P. The value of the function at each point
on the surface is the same as at P. Then such a surface is called a level surface through P. For
example, If ¢(x, y, z) represents potential at the point P, then equipotential surface ¢ (x, y, z) = ¢
is a level surface.

Two level surfaces can not intersect.

Let the level surface pass through the point P at which the value of the function is ¢. Consider
another level surface passing through O, where the value of the function is ¢ + d¢.

Let ¥ and 7 + &r be the position vector of P and Q then @ =87

[l@+ 00 ka—d)] (zdx+]dy+kdz)

Vodr = ox oy
= a(I)af + ¢d +a¢dz=d¢ (1)
ox oy Oz

If O lies on the level surface of P, then d$ = 0
Equation (1) becomes V¢.dr=0. Then Vo is L to dr (tangent).
Hence, V¢ is normal to the surface ¢(x, y, z) = ¢

Let V§ = |Vo| N, where N is a unit normal vector. Let dn be the perpendicular distance
between two level surfaces through P and R. Then the rate of change of ¢ in the direction of the

29

normal to the surface through P is i
n

N
9O i S gy YOAT
dn n—>090n -0 dn
) |V¢|]/\\/.d7 N |N||6r|cos6
-0 on =|8r|cose=5n
Vo |on
= Jim O gy

on—0
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0
v = 2

Hence, gradient ¢ is a vector normal to the surface ¢ = ¢ and has a magnitude equal to the
rate of change of ¢ along this normal.
5.28 NORMAL AND DIRECTIONAL DERIVATIVE

(?) Normal. If ¢(x, y, z) = c represents a family of surfaces for different values of the constant
c. On differentiating ¢, we get dp = 0

>
But dp=Vo.dr so Vo.dr=20

- -

The scalar product of two vectors V¢ and 4 r being zero, V¢ and J r are perpendicular to
each other. d? is in the direction of tangent to the given surface.

Thus V¢ is a vector normal to the surface o(x, y, z) = c.

N
(if) Directional derivative. The component of V¢ in the direction of a vector d is equal to

V(l).c? and is called the directional derivative of ¢ in the direction of c_i)
2% lim %

o = oo 5 where, or = PQ

0
a—j) is called the directional derivative of ¢ at P in the direction of PQ.

Let a unit vector along PQ be N B

on on on
o cos® = or= 6=’\ " (1)
cos NN
. 50 A ArOd
0 1 =N.N —
Now —¢ = 6r1$0 on on From (1), 6r = on
or == N
N.N :
= NN|V¢| :N.V¢ (ﬁ[|v¢|zv¢)
Hence, a—j) , directional derivative is the component of V¢ in the direction 1/\\7 "
o Ay
o N Vo=|Vd|cos 0| V|
»
Hence, V¢ is the maximum rate of change of ¢.
- . - - - -
Example 15. For the vector field (i) 4 =mi and (ii) A=mr. Find V.4 and V x 4.
Draw the sketch in each case. (Gujarat, 1 Semester, Jan. 2009)

Solution. (7) Vector Z = m? is represented in the figure (7).

(i) Z - mr is represented in the ﬁgure (zz)
0 0
7 o= |i—+ —+k— Xityjrzk)=1+1+1=3
(iii) V. A [8x j P ( y] )
V.;l) = 3 is represented on the number line at 3.
(iv) sz = ?i+]—+ki ><(xl+y]+zk)
Ox oz
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N A A

i j ok

o o0 0

=12 = | =0
ox 0oy oz
x oy
are represented in the adjoining figure.

A ——+——+—— Number line
J 0 2 3

i
(ii) (iii) (iv)
Example 16. If ¢ = 3x2y — y322; find grad ¢ at the point (1, -2, —1).
(AMIETE, June 2009, U.P, I Semester, Dec. 2006)
Solution. grad ¢ = Vo

- [?a—ax + ?% + 1@%] (Gxy - 132%)
_ ?a—i Gxy - 1°2%) + }a—ay Gxy - °2%) + /Aca—az Gxy — 22
= T6x)+ ] (3x =3y2 ) + k(- 2)°2)

grad g at (1, -2, -1) = 7 (6) (1) (=2)+ 1 [3) (1) = 3(4) (D] + k (~2)(=8) (1)

= _127-97 16k Ans.
Example 17. [fu =x +y +z v =x er2 +2 w = yz + zx + xy prove that grad u,
grad v and grad w are coplanar vectors. [U.P, I Semester, 2001]
Solution. We have,
A a A a A a A A A
—|i—+j—+k—|(x+y+2)=i+j+k
grad u ox J o 82]( y+z) J
G, N O N 2 P P " A »
| i—+j—+k—|(x"+y " +z)=2xi+2yj+2zk
grad v ox jay 82]( y ) yJ
?—+A'i+122 (z+zx+x)—?(z+ )+A'(z+x)+IAc( + X)
grad w = ox jé‘y o Y 2 y)+J y

[For vectors to be coplanar, their scalar triple product is 0]
1 1 1 1 1 1
Now, grad u.(grad v x grad w) = | 2x 2y 2z |=2| x y z

z+y z+x y+x z+y z+Xx y+x
1 | 1
= 2lx+y+z x+y+z x+y+z [Applying R, = R, + R;]
z+y zZ+Xx y+x
1 1 1
= 2x+y+z)| 1 1 1 (=0

y+z z+x x+y
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Since the scalar product of grad u, grad v and grad w are zero, hence these vectors are
coplanar vectors. Proved.
Example 18. Find the directional derivative ofxzyzz2 at the point (1, 1, —1) in the direction
of the tangent to the curve x = €', y =sin 2t + 1, z=1—cos t at t = 0.
(Nagpur University, Summer 2005)
Solution. Let ¢ = x* y? 22
Directional Derivative of ¢
Vo = [z 8x+]6‘y+k82](x y°z%)
Vo = 2xy*z? /l\ + 2yx?z? /]\ +22x%y? //«\t
Directional Derivative of ¢ at (1, 1, —1)

= M)A 7+ 201 (1) + 2(-DD )2 k

= 2i+2j-2k (1)
2 = xi+yj+zk=ei+(sin2t+1)j+(1-cost)k
d‘)
Tangent vector, T = Er e+ 2cos 2t j +sintk
dt
Tangent(at 1 = 0) = €°i+2(cos0)j+(sin 0)k=i+2; (2)

N
Required directional derivative along tangent = (27 +2j —2k) %
+

[From (1), (2)]
2+4+0 6

= \/g \/g Ans.
Example 19. Find the unit normal to the surface xy3z2 =4at(-1,-1,2). MU 2008)
Solution. Let ¢(x, y, z) = xy3z2 =4
We know that V¢ is the vector normal to the surface ¢ (x, y, z) = c.

Nop ~obp  ~ o
— + i —=+k—
Normal vector = V¢ = ! o J s PY

Ao A O A0
Now i— 0’2+ j— () +k— (2
Ox Oy Oz

327 2 2% 2 312
= Normal vector = Y 2z i +3xy°z" j+2xy°z

Normal vector at (-1, —1, 2) = —4? - 123' + 412
Unit vector normal to the surface at (-1, -1, 2).
_ Vo =_4’_12/+4k=_L(?+33’_1’€) Ans.
Vo] Jle+144+16 11
Example 20. Find the rate of change of & = xyz in the direction normal to the surface
X’y +yx + yz2 = 3 at the point (I, 1, I). (Nagpur University, Summer 2001)
Solution. Rate of change of ¢ = A ¢

= [?%+;%+l€§](xyz)=?yz+3'xz+l€xy
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Rate of change of ¢ at (1, 1, 1) = (? + ; +/€)
Normal to the surface ¥ = x* + y’x + yz> — 3 is given as -

AN AN

[?i+j—+k 0

Vy

2 2 2
+ + -3
Ox oy 8zj(x FEYATE )

i2xy + y2) + j(x* +2xy +22) + k2yz
VMWa 1y = 3i+4j+2k
3i+4j+2k

Unit normal
J9+16+4

Required rate of change of ¢ = (i +j+k).

Gi+4j+2k) _3+4+2 9

Jo+16+4 J29 29

Example 21. Find the constants m and n such that the surface m X’ - 2nyz = (m + 4)x will
be orthogonal to the surface 4x2y +2° =4 at the point (1, -1, 2).
(M.D.U. Dec. 2009, Nagpur University, Summer 2002)
Solution. The point P (1, —1, 2) lies on both surfaces. As this point lies in
mx* — 2nyz = (m + 4)x, so we have

m—2n(-2) = (m+4)
= m+4n = m+4 = n=1
: Let ¢, = mx2—2yz—(m+4)x and ¢2:4x2y+z3—4

Normal to ¢, = V¢,

Ans.

o) A0 A0 7
= — t j—+ k— — — +4
[z j . Z][mx 2yz — (m + 4)x]

= i2mx-m—-4)-2zj-2yk
Normal to ¢, at (1, -1,2) = iCm-m—-4)-4;+2k = (m—-4)i-4;+2k
Normal to ¢, = V¢,

A0 o) Ao, P 3 A A A
= [l§+]8_y+k5](4x y+z —4) = j8xy+4x?j+3%k

Normal to ¢, at (1, -1,2) =—-8i+4j+12k
Sinec ¢, and ¢, are orthogonal, then normals are perpendicular to each other.

Vo, . Vo, =0
= [(m—4)i —4;+2k][-8i+4,j+12k] = 0
= -8(m—-4)-16+24 =0
= m—4=-2+3 = m=35
Hence m =5, n=1 Ans.

Example 22. Find the values of constants A and |\ so that the surfaces o — wz = A+ 2)x,
4x2y + 2 = 4 intersect orthogonally at the point (1, — 1, 2).
(AMIETE, Il Sem., Dec. 2010, June 2009)
Solution. Here, we have
Wz =0 +2) x ()
4x° y+ 2=4 ..(2)
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Normal to the surface (1), —Hz- (k+2)x}

y

(2hx=A=2)+ ] (~p2)+k (—w)
Normal at (1, -1,2) = §{ QA —A—-2)— ] (2w + kp ..(3)

=7 -2+ jzQu+ ku

=v|»’
A TRINT
=i

Normal at the surface (2)

[[i j—+k ] (4x2y+z3—4)
ox "oy
P @xy+ ] @)+ k(D)
Normal at the point (1, -1, 2) = — 8 + 47 + 12k ..(4)
Since (3) and (4) are orthogonal so
[f (x—z)+j(2u)+1€u].[—8f+4]‘+121€}=0
-8 (A-2)+42u)+12u=0 = -8A+16+8u+12p=0
-8 —-20pn+16=0 = 4(-2A+5u+4)=0

20L+5u+4=0 = 22 -5u=4 (5
Point (1, — 1, 2) will satisfy (1)
MD?—u-D@)=(0+2) )= AF2M=2+2 = p=1
Putting p =1 in (5), we get
M-5=4 = x:%

9
Hence A= 3 and p=I Ans.

Example 23. Find the angle between the surfaces X2+ y2 +Z2=9andz=x"+ y2 - 3at
the point (2, -1, 2). (Nagpur University, Summer 2002)
Solution. Normal on the surface (x> + )* + 22 — 9 = 0)

Vo = [?i+]£+kaa](x +y? +22-9)= (2x1+2y]+22k)
Ox

oy
Normal at the point (2, -1, 2) = 41' —2j + 4k (1)
Normal on the surface (z:x2 +y2— 3) = [la—ax+]a—ay+kaa](x +y? —z-3)
= 2x?+2y3’—l€
Normal at the point (2, -1, 2) = 4? —23’ —12 -.(2)

Let 0 be the angle between normals (1) and (2).

(4727 +4k).(41-2)-k) = I6+4+16f16+4+1cos 0
16 + 4 —4 = 621 cos0 = 16 = 6+/21 cos0
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8 _
= cos 0 = —— = 0= cos

8
321 321
1 N A A
Example 24. Find the directional derivative of - in the direction 7 where ¥ =xi +yj+zk.

(Nagpur University, Summer 2004, U.P, I Semester, Winter 2005, 2002)
1

Ans.

1 1 -
Solution. Here, ¢ (x, y,2z) = —= =(x*+)y?+2%) 2
X +yiez
1
Now Vv L l'£+j£+k2 (x> +y*+2%) 2
r Ox Oy 0z
1 1 1
= %(x2+y2+22) 2 i+%(x2+y2+zz) 2 j+%(x2+y2+22) 2k

3 3 3 N
= {—%(xz +y? +2%) 2 Zx}i + —%(x2 +y? +2%) 2 Zij +{—%(x2 +y* +2%) 2 22}/{

A A A
—(xi+yj+zk)
= 2+ y2 4+ 222 (1)
N A A A
and » = unit vector in the direction of xi +yj+zk
A A A
Xi+yj+zk

= (2)
Jx+yt 4zt
So, the required directional derivative
N N N N N N 2 2 2
xi+yj+zk xi+yj+zk X +y +z

A
= Vo.r=- 32" 2

[From (1), (2)]

()c2 +y2 +zz) ()c2 +y2 +zz) ()c2 +y2 +zz)2

1 1

- - - Ans.
xz + yZ + Z2 7"2
X +y?
Example 25. Find the direction in which the directional derivative of ¢ (x, y) = ——— at
Xy
(1, 1) is zero and hence find out component of velocity of the vector 7 = (1> 4 1)? + 12 ; in
the same direction at t = 1. (Nagpur University, Winter 2000)
o 20,90 0354y
Solution. Directional derivative = V¢ = o £y o v
/i\ xXy.2x — (x2 + yz)y +/]\, xp.2y — x(y2 + xz)
)7 )7

A Xy=y | Aot =X
! 12 |7 T 2
xTy X7y
Directional Derivative at (1, 1) = 10+ ?0 =0

Since (V¢)(1, =0, the directional derivative of ¢ at (1, 1) is zero in any direction.

Again 7= BHDi+



Vectors

_ dr A A
Velocity, 7 d—: =327+ 2t

Velocity at t=1is=3i+2j
The component of velocity in the same direction of velocity

_ (3/1\+2/]\) 3l+2] =9+4=\/B

Po+4 | V13 Ans.

Example 26. Find the directional derivative of ¢ (x, y, z) = x2y z+4xZ at (1, -2, 1)in

the direction of 2? _ ; _ 2/2. Find the greatest rate of increase of ¢.

(Uttarakhand, I Semester, Dec. 2000)
Solution. Here, ¢ (x, y, z) = x%y z + 4x2*

Now, Vo = /l\i-f-/]\i-f-;(i (x2y2+4x22)
Ox Oy oz

(2xyz + 422)? + (xzz)? + (2 + 8xz)12
£201) (-2)01) + 402} 1 + (1x 1) ] +{1(=2) + 81X}k

(4+4)i+j+(248)k = j+6k

Vo at(l,-2,1)

. 2i-j-2k 1

Let = unit vector = ==
a Ja+1+4 3

So, the required directional derivative at (1, -2, 1)

Qi —j-2k)

A A A AA A 1 -13
= V¢.a=(j+6k)%(2i—j—2k) = 119 ==7

= J1+36
= «/ﬁ Ans.

Example 27. Find the directional derivative of the function ¢ = X’ - y2 + 22 at the point P
(1, 2, 3) in the direction of the line PQ where Q is the point (5, 0, 4).
(AMIETE, Dec. 20010, Nagpur University, Summer 2008, U.P, I Sem., Winter 2000)

Solution. Directional derivative = V¢

. AN N
Greatest rate of increase of ¢ = ‘ j+6k

= [ii+ji+k£](x2—y2+222)=2xi—2yj+4zk

Ox Oy oz
Directional Derivative at the point P (1, 2, 3) = 2? - 4;- + 1212 (D)
PQ = 0-P=(50,4-(1.23)=@ 21 -2)

NN A 4/‘\—2/\’+l/€
Directional Derivative along PQ = (2i —4j + 12/{).M
J16+4+1
8+8+12 28

= =" Ans.
21 W21

Example 28. For the function ¢ (x, y) =

[From (1) and (2)]

X
24 yz , find the magnitude of the directional
derivative along a line making an angle 30° with the positive x-axis at (0, 2).

(AM.LE.TE., Winter 2002)
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N
Solution. Directional derivative = V ¢

(13+3g+£a) x _A,[ 1 x(2x)] - x(2y)

~

A oy oz ) x* + y* x2+y2 (x* +y*)? (x2+yz)2
/\ 2 /\
= A 2 2xy2 2 A
@ty e |
Directional derivative at the point (0, 2) L I 1 i
1 2
I
1

L5420 220@2) _ ©.2)] ~30°

1
0+4?7 T©0+47 4 | E:
\/7/\ 1/\)

—>
Directional derivative at the point (0, 2) in the direction CA i.e. (_l +—j

2
- >
(\/7/\ 1/\]
—1+—=]J

CA=0B+ BA —?cos 30° + ] sin 30°
2 2

{0y
2 2]

)
Example 29. Find the directional derivative of V', where 17 =x° n zy? ; + xz2 /@5 at the

oA
» |

-l>|~.>

Ans.

| %

point (2, 0, 3) in the direction of the outward normal to the sphere X+ y2 +22 = 14 at the
point (3, 2, 1). (AM.LE.TE., Dec. 2007)

- >

Solution. V= V.V

_ 2% 2% 27 2% 2% 27 _ 2.4
= (w itzy jrxz k).(xy i+zy jrxzmk) =B+ A+ x
Directional derivative = yp?

= ?i+]i+k (x?y*+ 22y* + x2zh)
Ox oy

= ot + 2x24)?+ (4x*y® + 4y322)3' +(2ytz+ 4x223)l€
(0+2x2x81)i +(0+0) ] +(0+4x4x27)k

Directional derivative at (2, 0, 3)

3247 + 432k =108 (37 + 4%) e
Normal to x* -i-y2 +27 - 14= Vo

_ 12450 2 2 2 4 2 - 18
Ox Oy oz

= @xi+2y)+2zk)
Normal vector at (3, 2, 1) = 6?+ 4; + 2]@ ..(2)
Unit et 6i+4j+2k 203i+2j+k) 3i+2j+k From (1), )]
nit norma r = = = rom >
Ormal veetol = R6 116+ 4 0ia Jia ©

3l+2]+k

Ji4
108x(9+4) 1404
— = Ans.

N 7R

Directional derivative along the normal = 108(31 + 4k)
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Example 30. Find the directional derivative of V (V f) at the point (1, — 2, 1) in the direction
of the normal to the surface xy’z = 3x + 2, where f = 2x’y’z*. (U.P, I Semester, Dec 2008)
Solution. Here, we have

f=28y2 7
~0 ~0 ~0 3.2 4 ~ - A
Vf = (la+]6_y+k§j(2x yz') = 6x2yzz4i + 4x3yz4j + 8x3yzz3k
V(V)) = (;a—i + }a—i + l%a—azj (6x2yzz4; + 4x3yz4}' +8x° )2 lAc)

= 12xyzz4 + 4’ + 24x3yzz2
Directional derivative of V(V f)

= ;i + }i + IACQ (12xyzz4 +4x’zt + 24x3y222)

Ox Oy Oz
= (12)/224 +12x%2% + 72)(2)/222 ); + (24xyz4 + 48x3yz2)}'
+ (48xy°2 + 16x°2 + 48x3yzz)lAc

Directional derivative at (1,—2, 1) = (48 + 12 + 288); +(-48-96)J +(192+ 16+ 192)12

= 348i — 144 + 400k
Normal to(xyzz - 3x - zz) = V(xyzz - 3x - zz)

= ;i+}i+ic2 (xyzz —3x- 22)
Ox Oy 0z

= (yzz - 3); + (2xyz)}' + ()cy2 - 22)/2
Normal at(1, — 2, 1) = 7 — 4] + 2k
Unit Normal Vector = 11614 E(z —4j+2k)
Directional derivative in the direction of normal
- ~ I A ~
= (348i —144j + 400k) — (i — 4j + 2k)

V21
1 1724
— (348 +576 +800) = —
V21 ( ) V21

Example 31. If the directional derivative of ¢ = a xzy + b yzz + ¢ 2 x at the point

x—1 -3 z
(1, 1, 1) has maximum magnitude 15 in the direction parallel to the line S =,

-2 1
find the values of a, b and c. (U.P. I Semester, June 2007, Winter 2001)
Solution. Given o = a X y+b y2 z+cx

Ans.

= "0 AD 40 ) ) )
Vo = |i—+j—+k—|(axy+by z+cz Xx)
Ox Oy oz

?(Eaxy +cz?) +3'(ax2 +2byz) +I?r(by2 +2czx)

V¢ at the point (1, 1, 1) = i(2a+¢)+ j(a +2b) + k(b + 2c) (1)

We know that the maximum value of the directional derivative is in the direction of V¢.
ie [V = 15 = Qa+ )+ @2b+ a) + (2c + by = (15)

But, the directional derivative is given to be maximum parallel to the line
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x—1 Y -3 _z . A AN
= T, 7] bes parallel to the vector 25 — 2 4 k. (2)

) _
On comparing the coefficients of (1) and (2)

2a+c¢ 2b+a 2c+b
= = =

2 ) 1
= 2a+c =-2b—a = 3a+2b+c=0 ..(3)
and 2b+a = —2Q2c+ b)
= 2b+a = —4c-2b = at4b+4c=0 ..(4)
Rewriting (3) and (4), we have

3a+2b+c=0 ﬁ—i—i_k

a+4b+4c=0 40 MW
= a = 4k, b=-11k and c¢ =10k

Now, we have
Qa + ¢)® + 2b + a)* + 2¢ + b)* = (15)

= (8k + 10k)* + (-22k + 4k)* + (20k — 11k)* = (15)?
= k = ié
9
= a = J_r%o, b= 15—95 and c¢= iS—O Ans.

Example 32. If 7 = xi+ y}\' + zl/é, show that :

- -
1
(i) grad r = L (ii) grad [—j = —L}. (Nagpur University, Summer 2002)
r r r
Solution. ()7 = Xi +yj+zk = r= X} +y?+22 = P=xX+)y"+7
2 or 5 N or x
R T A
Ox ox r
Similarly, 2= = £ ana L =Z
imilarly, o . an %
grad r = Vr = /l\i+3i+l/€£ r:?@+3’@+£@
Ox oy 0z Ox oy 0z
A A Az xi+ y;' +zk

7
=— Proved.
B

S

1 1Y (r0 ~0 ~0\(1) _~0(1)y ~0(1) ~0(1
i —| = — =i+ j=—+k= || =i ||+ |~ |+k=—|—
) grad [FJ V[J [l Ox +]8y +k82][r] l@x[i’j ]Gy[rj 82[;’)

P 3

j + ]/{_%fj - _xityj+zk _L} Proved.
r r

2
Example 33. Prove that V* f (r)=f" (r) + - f(@). (K. University, Dec. 2008)
Solution.
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d d
V£ (r) _[18_”5 +k— ]f()

rz=)c2+y2+z2 :Ergzbc :>8r E, or Zand @:E
Ox ox r 8y r oz r

0 0 0
DA N Ao By 3 () B s (5] iy gy o
ox oy 0z r r r
xi+yj+zk

=1 ()

VS () =V V0] =[f§+j%+k§j[fr(,)w}

R PR IR RPN A I -

—ax[f()r}+ay[f()r}+az[f()r}
rl—x @ .

- [f”(r)@j[ j+f(r) (f (r)—) [Z) N p—
Ox r r r

2 2 2
X y z

r—— o2

(o)) o (oo o
2
X

)
r r2
rr X X ’ 7'2— . y ’ rz—yz rr ’ 7"2_22
= (.f (r)) ()#f (r) 3 +(.f (r)r)+f (r)i3 +| f (r) . +/7(r) 3
x

y +22 yz x2 72 2

S R R R E WA
=/ ("){ y é} f(r){y iz +Zz+3x +2 ty}

e » ’

x4 2 2(x +y +z ) 252
- ()r— fn 2R (r)—+f()—
S RCITACE Ans.

EXERCISE 5.7
1. Evaluate grad ¢ if ¢ = log (* + )* + 29 Ans. M

x+y+z

2. Find a unit normal vector to the surface x* + y* + 22 = 5 at the point (0, 1, 2). Ans. T(j + 2k)
5

(AMIETE, June 2010)
3. Calculate the directional derivative of the function ¢(x, y, z) = xy2 + yz3 at the point

5
(1, =1, 1) in the direction of (3, 1, -1) (A.M.LE.TE. Winter 2009, 2000) Ans. ﬁ
4. Find the direction in which the directional derivative of f(x, y) = (x2 - yz)/xy at (1, 1) is zero.

N N

(Nagpur Winter 2000) Ans. -/

N
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5. Find the directional derivative of the scalar function of (x, y, z) = xyz in the direction of the outer

27

normal to the surface z = xy at the point (3, 1, 3). Ans. ﬁ
6. The temperature of the points in space is given by T(x, y, z) = X+ y2 — z. A mosquito located at
(1, 1, 2) desires to fly in such a direction that it will get warm as soon as possible. In what direction

Loa n oA
should it move? Ans. 5(21 +2j-k)

7. I ¢ (x, 3, 2) = 3x — 2 find grad ¢ at the point (1, -2, 1) Ans. —(167 + 9] + 4k)
8. Find a unit vector normal to the surface xzy + 2xz = 4 at the point (2, -2, 3).

1 A A A
Ans. 3 (-1 +2j+2k)

9. What is the greatest rate of increase of the function u = xyz2 at the point (1, 0, 3)? Ans. 9
10. If 6 is the acute angle between the surfaces xyz2 =3x + 2% and 3x° - y2 + 2z =1 at the point

(1, -2, 1) show that cos 0 = 3/7+/6.

11. Find the values of constants a, b, ¢ so that the maximum value of the directional directive of
o= axy2 + byz + e at (1, 2, —1) has a maximum magnitude 64 in the direction parallel to the
axis of z. Ans.a =b,b=24,c=-8

12. Find the values of A and p so that surfaces A X - pyz=(+2)xand 4 x y+ 2 = 4 intersect

9
orthogonally at the point (1, —1, 2). Ans. A = PR p=1
13. The position vector of a particle at time ¢ is R = cos (t — 1) i + sinh (t — 1) j + af’k. If at ¢ = 1,

the acceleration of the particle be perpendicular to its position vector, then a is equal to

1 1
(@ 0 ®) 1 © 5 (@) 3 (AMIETE, Dec. 2009) Ans. (d)

5.29 DIVERGENCE OF A VECTOR FUNCTION
The divergence of a vector point function; is denoted by div F and is defined as below.

- A AN A
Let F=Fi+F j+Fk
-5 > A A A A A A oF, OF: OF,;
dive=V.F= z'i+ji+ki (iF+jF+kF)=—L+—2+—2
Ox oy 0z ox oy Oz
It is evident that div F is scalar function.
5.30 PHYSICAL INTERPRETATION OF DIVERGENCE

Let us consider the case of a fluid flow. Consider a small rectangular parallelopiped of
dimensions dx, dy, dz parallel to x,y and z axes respectively.

Let I_/) =V, i+ v, 3 +V, k be the velocity of the X c R
fluid at P(x, y, 2). | S
.. Mass of fluid flowing in through the face ABCD in unit time D& —
= Velocity x Area of the face = V_(dy dz) Bl Jq
Mass of fluid flowing out across the face PORS per unit time il
=V (x + dx) (dy dz) o A P .

[VX + Wy dx] (dy dz)
Ox

Net decrease in mass of fluid in the parallelopiped
corresponding to the flow along x-axis per unit time
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= V., dydz- [Vx + o, dx] dy dz
Ox

= _ aa X dx dy dz (Minus sign shows decrease)
X

Similarly, the decrease in mass of fluid to the flow along y-axis = a—ydx dy dz
y

. . . ov,
and the decrease in mass of fluid to the flow along z-axis = a—dx dy dz
z

. o an aVy aVz
Total decrease of the amount of fluid per unit time = +——+—=|dxdydz
Ox oy 0z
. . ov, oV, ov,
Thus the rate of loss of fluid per unit volume = +—t+t—
Ox Oy oz
?£+A'i+lg (?V +3’V +I€V) VIV =divl
= ox J ay oz . x v z) = VV=divlV
If the fluid is compressible, there can be no gain or loss in the volume element. Hence
div’ =0 (1)

and V is called a Solenoidal vector function.
Equation (1) is also called the equatzon of continuity or conservation of mass.

+y+zk
Example 34. If v —M find the value of div .
V2 + 7+ 2
(U.P, I Semester, Winter 2000)
> Xxityj+zk

Solution. We have, v = > 5

il oo (32,50 50| xityjezk
vy = V.y = ox jay 2 (% + % + )2
0

o y 9 z

1/2 + 1/2 1/2

x +y +Z) ay(x2+y2+zz) 5Z(x2+y2+22)

Ox
1
{(x +y? + 2212 —x% (x* +y* +2%) 2.2x}
(x> +y? +2%)

1 n 2 2 22 L 2 2 212
{(x2+y2+z2)2—y.;(x2+y2+zz) 2X2y}+[(x +y°+z%) _Z'E(x +y +z) %2z

(x2 +y2 +z2)

+
(x2 +y2 +zz)
()c2+y2+22)—x2 ()c2+yz+zz)—y2 ()c2+yz+zz)—z2
3/2 3/2 3/2

(x2+y2+22) (x2+y2+22) (x2+y2+22)

yz+22+)c2+22+x2+y2 2(x2+y2+22) 2 A
= = = ns.
(% + y* + 22)32 (% + 2 + 22)2 m
Example 35. If u = x> +)° + 2, and Fexi+ y;' + Z/AC, then find div (Ur) in terms of u.
(AM.LE.TE., Summer 2004)
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N

N 0 0 0
Solution. div (ur) = l—+J—+k P+ +z )(xz+yj+zk)]
Ox Oy oz

- li+]i+k [(x +y +z )xl+(x +y +z )y]+(x +y +z )zk]
Ox oy 0z

= i()c3 + )cy2 + xzz) +i(x2y + y3 + yzz) +i(xzz + yzz + 23)
ox 0 Oz
=@+ P+ A+ @+ D+ P+ 43D =50+ +DH=5u  Ans.
Example 36. Find the value of n for which the vector #" 7 is solenoidal, where

—_ AL n
=xi+yj+zk.
-> -5 >

N -
Solution. Divergence F = V.F=V/"r=v(x*+y*+z2)"? (xz +y] +zk)

= /l\i-f-]i-f-k [(x +y +z )"/2x1+(x +y +z )"/2y]+(x +y +z )”/2 ]
ox "oy Oz

n
— 5(x2+y2+22)n/2—1

%) + () + D+ (x +y7+ ")

n
n/2 (xz +y2 + Zz)n/Z—l (222) + (xz +y2 + Zz)n/z

n/2

+(x +y +z)
n/2 —

LY ) 43y D)

nx2+y2+zz)
2\n/2

=n(x* +1* + 2% 2

If /"7 is solenoidal, then (n + 3) (x2 + y2 +z )"/2 Oorn+3=0o0rn=-3. Ans.
- - - - > -
Example 37. Show that v|(&-")|_a _nla.r)r (M.U. 2005)
}"” }"” I’”+2
a.r ( ita, )+ l@)(A'+ J+ l@)
a.r ai+ayj+a;k)(xi+yj+z + +
Solution. We have, P : 2 ? p = Mny%z
r r r
- -
Let b= anr :a1x+a2ny+a3z
r r
o0 ra —(@yx + ayy + azz) nr" (O / bx)
Ox 2
But /= x* + y* + 7 = 2r@:2x = 8_:£
Ox X
a9 _ ar” = (ayx + ayy + azz)n "2 x _ a4 n(@x+ay+ay0)x
Ox ’,2” " rn+2
obr Ob~  Ob~
Vo = —¢i +—¢j+—¢k
Ox oy Oz
1
= —(all+a2]+a3k) —_— (a1x+a2y+a3z)(xz+y]+zk)]
r" r"

a noo__._
- L@y
oo
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A b

- A A -
Example 38. Let ¥ =xi+yj+zk,r=|r| and @ is a constant vector. Find the value of

- >
div axr
rn
— A A A
Solution. Let a = aqi+a,jtazk
- A A A A A A
axr = (gqi+ajt+azk)x(xi+yj+zk)
AN AN A
i j k
A A A
=la a, a3| = (az—a3y)i—(qz—ax)j+(aqy—ax)k
X y z
- o A A N
axr  (az-ayy)i—(qz —a3x) j+(qy —ax)k
|7|” (xz +y2 +22)n/2
- - >
- X
div| 4| - V22T
N
| 7| |7
AN AN A
_ /1\2+3—+l/€2 '(azz—a3y)i —(mz —a3x) j+(a1y —ax) k
Ox ay oz (xz +y2 +22)n/2
0 az—azy 0 az — azx 0 (aq1y —ayx)
o (xz +y2 +22)n/2 ay (xz +y2 +22)n/2 oz (xz +y2 +22)n/2
_n (@22 —azy) 2x +£ (@z —azx) 2y _n (@y —ayx) 2z
n+2 n+2 n+2
(x2+y2+zz) 2 (x2+y2+zz) 2 (x2+y2+zz) 2
n

= - 5 (@2 —a3y)x — (a2 —a3x)y + (a1 — a,x)z]
(42 + 2% 2

n
= - — [ayzx —ayxy —ayyz + ayxy + ayz — ayzx] = 0

(x2 + y2 + Zz)T

Ans.

Example 39. Find the directional derivative of div (Z) at the point (1, 2, 2) in the direction

2 2 2 - 4 4 40
of the outer normal of the sphere x* + y* +z° =9 for u=x"i+y" j+z k.
. —
Solution. div(u) = V.u
A QO A QO A O A A A
= i—+j—+ka—).(x4i+y4j+z4k)=4x3+4y3+4z3
z

Ox Oy

Outer normal of the sphere = V(x2 +y + 7 - 9)

= /l\i+/]\i+l/€£ (x2 +y2 + 22 —9)=2x/i\+2y3'+2zl/:t
Ox oy 0z
Outer normal of the sphere at (1, 2, 2) = 2i +4j +4k

N
Directional derivative = V (4x3 +4 y3 + 423)

oy

(1)

100 RO 4 w442y =122 41207 4 1222 R
ox Oz

Directional derivative at (1, 2, 2) = 127 + 48 j + 48k

)
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A A A 2? L4+ 4/2
Directional derivative along the outer normal = (127 + 48 + 48 S R el

X 0z Ox oy oz

= nr"! P[Ej + 3[% +/A€[Eﬂ =" (xi 4y )+ zk) ="
r r r

{.‘rz =x2+y2 +2z° :>2r@=2x:>@=£etc-}
Ox ox r

4+16+16
[From (1), (2)]
24 +192 +192
=6 - 68 Ans.
Example 40. Show that div (grad /") = n (n + Dr" ~2, where
Fo= X+ R 2t
1
Hence, show that A* [—j = 0. (U.P. I Semester, Dec. 2004, Winter 2002)
r
. " 20w KO a2 0 o
Solution. grad ) = i—r"+ j—r" +k—r" by definition
ox Oy Oz
= /z‘\nr"1@+3’nr”1%+//€.n r"il@ =nr"! {?@+?@+l§ar}

Thus, grad (") = ;"2 x5 4 "2 y§'+nr”72 2k (1)

i " i P A P
divgrad ¥ = div [n "2 xji+nr" 2 yj+nr"? zk]

_[?a%*%”%)w”2x?+nr“y3'+nr“zl?) [From (1]
0 _ 0 _ 0 _

= — (" )+ — ")+ —(n ") (By definition)
ox oy Oz

= [n P b ax (n=2) "3 @]+ nr" % £ ny(n-2) r”’3@
Ox Oy

+[n Pz (n-2) "3 @j

Oz

= 3nr" 2 4+ n(n-2)r""3 x@+y@+2@
Ox Oy oz

= 3nr" 2 +n(n-2)r""3 {x[zj + y[lj + z[iﬂ
r r r

'.'r2=x2+y2+22:>2r@=2x:>@=£et01
ox ox r
= 3nr"‘2+n(n—2)r”_4[x2+y2+22]
=3 2+n(n-2) 1 47 (- P =Xty + )
=/ 2Bn+nt=2n]=r"" W +n)y=nn+1) "2
If we put n = -1
divgrad ¢ ) = -1 (-1 + 1) r ' 2

= v{lj =0
r

A A A r 1
Ques. If F=xi+ yj+zk, and r = || find div [r_zj (U.P. I Sem., Dec. 2006) Ans. —5
p
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EXERCISE 5.8

AN AN A RN 7
1. If r= xi+yj+zk and r = | r |, show that (i) div W =0,
7

(i) div (grad ¥y = n (n + 1) =% (AMIETE, June 2010) (iii) div (r §) = 3 + r grad ¢.

2. Show that the vector V' = (x+ 3y)/i\ +(y—- 32)? +(x— 22)//; is solenoidal.
(R.GPV., Bhopal, Dec. 2003)
3. Show that V.(¢ 4A) = V.4 + §(V.4)
4. If p, ¢, z are cylindrical coordinates, show that grad (log p) and grad ¢ are solenoidal vectors.
5. Obtain the expression for sz in spherical coordinates from their corresponding expression in
orthogonal curvilinear coordinates.
Prove the following:

6. VOF)=(V).F+b(V.F)

> > 5> oo
7. (@) Vi(V9) = Vo 0) vx AR _@omd wARR
8. div(ng)—div(ng)szzg—gvzfr " "
531 CURL (U.P, I semester, Dec. 2006)
The curl of a vector point function F is defined as below
curl f = VxF (ﬁ):}q?+F2;'+F31§)
= ?i+;i+££]x(ﬂ?+Fzy+FﬂA{)
ox "oy, oz
PGk
_|9 90 9 ;(%_%J_“[aﬁ_%};@(a&_%J
ox 0Oy Oz oy Oz ox Oz ox 0oy
BB

Curl F is a vector quantity.
5.32 PHYSICAL MEANING OF CURL
(M.D.U., Dec. 2009, U.P. I Semester, Winter 2009, 2000)

- > o . . = . . . -
We know that V' = @ x r, where o is the angular velocity, V' is the linear velocity and r

is the position vector of a point on the rotating body.
—> A A A
O=0;1+0,j+0;k
= R
Curl V = VxV - A A A
r=xi+yj+zk

—> b d - —> A A A N A AN
= Vx(oxr) = Vx[(oi+o,j+ok)x(xi+yj+zk)]
N N
i j ok
> 2 A A A
T Vxlo, o, o] T Vx[(0z-03y)i—(0z-03x) )+ (0y - 0,x)k]
X y z

- ?i+3i+;ci ><[(0)22—0)3y)?—(0)12—0)3x)3'+((oly—(ozx)lg]
Ox oy 0z
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» =

j J

0 0
ox o &
W)Z —3) O3X—OZ O — 0X

= (o, +0)2)?—(—0)2—0)2)3'+(0)3 +0)3)12 = 2(0)1?+0)23'+0)3l€)=20)

N
Curl V' = 2m which shows that curl of a vector field is connected with rotational properties
of the vector field and justifies the name rotation used for curl.
If Curl F = 0, the field F is termed as irrotational.

Example 41. Find the divergence and curl of ;)z(xyz)?+(3x2y);'+(xz2 —yzz)lg at
2 -1, 1 (Nagpur University, Summer 2003)
Solution. Here, we have

o= (xyz)?+(3xzy)3'+(xz2 —yzz)l?t

Div. 7 = V¢

Div ;) = i()cyz)+£(3x2y)+2(xz2 —yzz)
Ox Oy Oz

= yz+ 3%+ 2x z — )* =_1+12+4-1=14at(2, -1, 1)

P J

Curl y = A 9 = —2yz?—(zz—xy)3'+(6xy—xz)12
ox Oy 0z

2 2 2
xyz 3x°y xz" —-y°z

= —2yz?+(xy—zz)3'+(6xy—xz)12
Curl at (2, -1, 1)

= 2(=IXD)7 +{Q2) (“) — 1} + {6Q2)(=1) - 2()} k
= 27 —3j-14k Ans.

Example 42. If |/ :M, find the value of curl V.

X2+t + 2
. =2 -
Solution. Cul V = vy«

4
_ ?iﬁi@i}{ﬂ}
Oz

(U.P, I Semester, Winter 2000)

1/2

ox " oy (x> +y* +2%)
i j k
g 9 2
_ Ox Oy Oz
X y z
(Pt (P (R
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_MNo(___ =z . of_ »y @ N|_4of__ =z
ay (x2+y2+22)1/2 82 (x2+y2+22)1/2 J ax (xz +y2 +22)1/2
o ox  Jupof__ v Y of_ x
Oz (xz +y2+22)1/2 ox (x2+y2 +22)1/2 ay (xz +y2+22)1/2

_ ? -yz N y.z _3, —zX N zx
(x2+y2+22)3/2 (x2+y2+22)3/2 (x2+y2+22)3/2 (x2+y2+22)3/2

>

+ I{(xz +y_2xi}22 XE + = +y;c)jr 2y } =0 Ans.
Example 43. Prove that (y* - z* +3yz —2x) P+ (Bxz + 2xy)]/’\+ (Bxy —2xz + 22)/2 is both
solenoidal and irrotational. (U.P, I Sem, Dec. 2008)
Solution. Let F = (y2 —22 4 3yz —2x) P+ (Bxz + 2xy) ]/’\+ (Bxy —2xz + 22)/2
For solenoidal, we have to prove 31? =0.
Now, 6)}_:) _{;5_836 + }a—i + /;a—az}[(yz -2+ 3yz —2x)/i\ + (3xz + 2xy);' +(3xy — 2xz + 22)/2}

= -2+2x-2x+2=0

Thus, F is solenoidal. For irrotational, we have to prove Curl F = 0.

i j k
> |9 9 9
Now, Curl F = o oy oz

y2—22+3yz—2x 3xz+2xy 3xy—2xz+2z
= Bz+2y-2y+32)i —(—2z+3y-3y+22)j+
Bz+2y-2y-32)k
= 0i+0j+0k =0
N
Thus, F is irrotational.

Hence, }_7) is both solenoidal and irrotational. Proved.
Example 44. Determine the constants a and b such that the curl of vector

4 = (2xy +3y2) i + (x* + axz —4z%) j — Bxy + byz)k is zero.
(U.P. I Semester, Dec 2008)

Solution. Curl 4 = (;i + }i + l;ij x[(2xy + 3yz)/i\ + (x2 +axz — 422)/]\’
Ox Oy 0z
— (Bxy + byz) 1/2]
i j p
_ 0 0 0
| o o oz

2xy +3yz x* +axz — 4z° —3xy—byz
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= [-3x—bz—ax+8z]i -[-3y -3y]lj+[2x+az—2x -3z]k

= [—x(3+a)+z(8—b)]?+6y}+z(—3+a)l€

=0 (given)
ie,3+ta=0 and 8 - b =0, -3+a=0
a=-3,3 b=28 = a=3 Ans.

Example 45. If a vector field is given by

- A A
F=(x*=y*+x)i—Qxy+y)j.Is this field irrotational ? If so, find its scalar potential.

(U.P. I Semester, Dec 2009)
Solution. Here, we have

—

F = (xz—y2+x)i—(2xy+y)j

Curl F= VxF
" NO MO 2 2 " "
= |i—+j—+k—|x(x" =y +x)i—-2xy+
" ]ay 82] (" =y +x)i = 2xy+y)J
i Jj k
o 0 ol A A A B
e P 2 T i0=0)=j(0-0)+k(=2y+2y) =0
xz—y2+x -2xy-y 0

Hence, vector field 7 is irrotational.
To find the scalar potential function ¢

F=V¢
e, Aa
do = @dx+ ¢dy 8(1) dz = |i— ¢ ¢ ¢ (zdx+]dy+kdz)
ox oy oz o 6y
A s A | > 5o
= |i—+j—+k—1|0-(d - =
[18 jé‘y 82]4)(7”) Vo-dr F-dr

= [(x —%/ +x)2 (2xy+y)}'] (?dx+§'dy+l€dz)
= -y +X)dx— (2xy + y)dy.
o= I[(x —y + x)dx — (2xy + y)dy] + ¢
3 2 2

= j[xzdx+xdx—ydy—y2 dx—2xydy}+c = %+%—y7—xy2+c
22 2
Hence, the scalar potential is ?+— —y?— 0 +e Ans.

- A A A
Example 46. Find the scalar potential function f for A=y*i +2xyj—z>k.
(Gujarat, 1 Semester, Jan. 2009)

A N N
y2i+2xyj—zzk

- AO A0 A0 A N R
= Vx4 = |i—+j—+k— +2 -z°k
x [lax /3 aZ]X(y i+2xyj—z"k)

Solution. We have,
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[
19 9 91 _ 0= i) +k2y-2y) =0
ox Oy Oz
y2 2xy —z2
Hence, 4 is irrotational. To find the scalar potential function f.
A=Vf
gL La: - [1L 5L T Gy + ko)
Ox oy 0z Ox oy 0z
0 A0 20 -
=|i—+j—+k—|fdr =
[l o jé‘y 8Z]f r=Vfdr
= Adr U=V

= (y2?+2xy?—zzl€).(?dx+3'dy+l€dz)
:yzdx+2xy dy—z2 dz :d(xyz)—zz dz

3
z
f= J'd(xyz)—J' 22 dz = xyz —?+C Ans.

- i ~
Example 47. 4 vector field is given by A = (x2 + xyz)i + (y2 + xzy) J . Show that the field
is irrotational and find the scalar potential.(Nagpur Univeristy, Summer 2003, Winter 2002)

- -
Solution. A4 is irrotational if curl 4 =0

i j ok
- — bo) o bo) A A A 3
Curl 4 = Vx A= = 5 &l i(0-0)— j(0—-0)+k(2Zxy - 2xy) =0
X y z
X%+ xy2 y2 +x? y 0
Hence, ﬁ is irrotational. If ¢ is the scalar potential, then
A = grad ¢
0 0 0
do= 6_¢ dx + 8_¢ dy + a—(bdz [Total differential coefficient]
X y 4
~0p A0 00| A A A
= [la—i)+]a—$+ka—i)].(l dx+ jdy + kdz) = grad ¢ . dr

= ddr = [+ D) i+ 0+ 2 NG dx+ jdy + kdz)
=+ de + (P Xy dy =3P de + Y dy + (x dx)yt + () (v dy)

2 2 2 2 X oxh?
o= [Fdc+ [Vdy+[[(xdn) y” + () (v dy)] = ?+%+Ty+c Ans.
- A A A
Example 48. Show that V(x, y,z)=2x y zi + (x’z +2y) j + X’y k is irrotational and find a
scalar function u(x, y, z) such that 17 = grad (u).

Solution. 7 (x, 3, 2) = 2xyzi+(xX*z+2y)j+x’yk
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Curl 17 = ?i+3i+122 ><[2xyz?+(xzz+2y)§'+x2y12]
Ox Oy oz

Q>

J
9 9
Ox oy

] g)lQ) >

2xyz x22+2y x°y

(x* - xz)? - (2xy - 2xy)3' +(2xz - 2xz)l€ =0

— o .
Hence, V (x, y, z) is irrotational.
To find corresponding scalar function u, consider the following relations given

N
V= grad (u)
- -
or Vo= vu) (1)
Ou Ou ou . . .
du = —dx+—dy+—dz (Total differential coefficient)
Ox Oy Oz
= ?8_u+3%+128_u .(?dx+;dy+l§dz)
Ox oy 0z
= Vudr=Vdr [From (1)]
= [2xyz? + (X2 + 2y)3' + xzylg].(?dx + ?dy + l@dz)
= 2xyzdx+(xzz+2y) dy+x2ydz
= y2x z dx + X dz) + (xzz) dy + 2y dy
= Dd (%2) + (%2) dy] + 2y dy = d(yz) + 2y dy
Integrating, we get u = xzyz + y2 Ans.

Example 49. A fluid motion is given by V= (y+ z)? +(z+ x)?' +(x+ y)l@. Show that the

motion is irrotational and hence find the velocity potential.
(Uttarakhand, I Semester 2006, U.P, I Semester, Winter 2003)

Solution.  Curl ;] = Vxy

= ?i+§i+£§]x[(y+z)?+(z+x)3'+(x+y)IAc]
Z

Ox oy
PGk
0 0 0 A A A
= | — — — | =(0=-Di-(1-Dj+(1-1Dk=0
Ox oy oz

y+z z+x x+y

Hence,  is irrotational.
To find the corresponding velocity potential ¢, consider the following relation.

Vo=V

dd = % dx + @dy + % dz [Total Differential coefficient]
Ox Oy Oz



Vectors

A A0 A0 ) - > 5 >
_ (5-'—]8)/-”{ ¢J(ldx+]dy+kdz) [ > +]8y+k82]¢.dr=v¢.dr_ v.dr
— [y+2)i+(z+x)]+(x+))k(idx+ jdy + kdz)
= @+t)dc+(z+x)dy+ (x+y)dz
=ydit+tzdc+tzdy+xdy+xdz+ydz
o = I(ydx+xdy)+I(zdy+ydz)+j(zdx+xdz)
O0=xy+tyz+zx+c
Velocity potential = xy + yz + zx + ¢ Ans.
Example 50. 4 fluid motion is given by

- R R N . It FNEA
v =(ysinz—sinx)i +(xsinz+2yz)j+ (xycosz+y)k
is the motion irrotational? If so, find the velocity potential.

- > o
Solution. Curl v = Vxv
0 0 ) A . A oA
= l—+]—+k x (ysin z—sin x) i +(xsin z+2yz) j+(xy cosz + y° )k
Ox oy 0z
A A A
J J k
N 2 )
Ox Oy Oz
ysinz—sinx xsinz+2yz xycosz+y2

A A . . A
=(xcosz+2y—xcosz—2y)i —[ycosz—ycosz]/ +(sinz—sinz)k =0
Hence, the motion is irrotational.

So, ¥ = V¢ where ¢ is called velocity potential.
0 0 0
do = % dx + —¢dy + —¢dZ [Total differential coefficient]
Ox Oy Oz
= ?@ 8¢ ¢ (zdx+]dy+kdz) ¢d7 = ;)d?
Ox 8y 8
= [(y sin z — sin x)/i\ + (xsinz + 2yz) J + (xy cos z +y2)]/€].[?dx+3'dy+l€dz]
=(ysinz—sinx)dx+ (xsinz+2yz)dy+ (xycosz+)?) dz
=(sinzde+xdysinz+xycoszdz)—sinxdx+ 2yzdy+)y* dz)
=d (x y sin z) + d (cos x) + d (* 2)
b= jd (xy sin z)+jd (cos x)+jd(yzz)
¢ =xysinz+cosx+yz+e
Hence,  Velocity potential = xy sin z + cos x + y’z + c. Ans.
Example 51. Prove that 1? =r? 7 is conservative and find the scalar potential ¢ such that
F = Vo

(Nagpur University, Summer 2004)
Solution. Given

—r(x1+y]+zk) rx1+r y]+r22k

Consider v x f =



Vectors

oy 0. 0. 4 Ox y
= /l\ 2rz@ - 2rya—r - /]{2}7@ - 2rx@} + //2 2rya— - 2rx@
oy 0z Ox Oz Ox Oy

Butr2=x2+y2+zz,@ X 5}’ X,@=E
Ox 8y oz r

?{2}’21 - 2ry£} - ?{Zrzz —2Vx£:| + l/{ZryE - Zi’xl:|
r r r

r r r

?(Zyz -2yz) - ;’(ZZx —2zx) + I@(ny -2xy) = 0? - 0? + 012 =0
N
VxF =0
F s irrotational F is conservative.

Consider scalar potential ¢ such that F = V.

LA .

dop= —dx+ [Total differential coefficient]
Ox oy

~ 0 Aa¢ d)
=|i— dx+ jdy +kd
[lax 8y 8 ](l x + jdy )

0 0 A A A
= [la—+]a—+k ]¢(ldx+]dy+kdz) = Vo.(idx+ jdy + kdz)
x oy

= F(idc+ jdy+kd) — P27 (idc+ jdy +kdz) (Vo= F)

= (x +y +z )(zx+]y+kz) (idx+ jdy + kdz)
(x +y +z)(xdx+ydy+zdz)
X dtydy + 2 dz T (xd) Y+ () (v dy)
+(x d) + 2 (v dy) + X (z d2) + )P (z d2)

Ix3 dx + Iy3 dy + Iz3 dz + I[(x dx)y* + (y dy)x?]
+ [[(x d0)z> +(z d2)x’ 1+ [y dv)2® + (2 d2)y°]
4 4

4
1 1 1
R e A Errs +Ey222 +c

<=
Il

4 4 4 2 2
1
= 2 (x4 + y4 + 24+ 2x2y2 + 2% + 2y2 zz) +c Ans.
N -
Example 52. Show that the vector field F = is irrotational as well as solenoidal. Find
=3
|7

the scalar potential.
(Nagpur Umverszly Summer 2008, 2001, U.P. I Semester Dec. 2005, 2001)
P xz + i + zk
Solution. F= = y] 32
- |3 (x + y +z )

Cut F = 9P < [10452 40| xirrirzk
(x“+y"+2z7)




Vectors

Il
= Q)lQ) —>
< @)lQ) ~.>
SIS

(xz +y2 +22)3/2 (xz +y2 +22)3/2 (xz +y2 +22)3/2

? -3 2yz +§ 2yz
2 (P42 42 2 (e

A3 2xz _(_é) 2xz

A3 2xy _(_é) 2xy

=0
Hence, f is irrotational.
= F = 54), where ¢ is called scalar potential
0 0 0
do = 2% dx + —¢dy + —¢dz [Total differential coefficient]
Ox Oy Oz
= |12 500 R Gux s jay+hde) = Vodr = Fdr
Ox Oy oz
x/i\+y3’+zl/€ A A A xdx+ydy+zdz
= Lide+ jdy+kdz =
G2 + 2 + 7)) ( Jay ) 212 +22)"
3 lJ-Exdx+2ydy+2zdz
o = 2 (22
1
1 2 - 1 1
= 5(—TJ(?€2 +y?+2%) 2 =——1=—ﬁ Ans.
(x* +y? +22)2
Now, Divf = 6’ ]?)

_[(r0 ~O 70 x/i\+y§'+zl/€
Tttt ) 2, 23/2
(" +y +2z7)
9 x L9 Y L9 -
M+ 12 (Pt a2y oz (a4 )?
x>+ +22)Y2 (1) —x(;) (x* +y* + 292 (2x)
()c2 +y2 +Zz)3
(2 + 2 + 22)2 (1)_y(;) o2+ 37 + 2% (2))
(x> +y?+2°)
2+ +2)Y2 () - z(;) 2 +y* +29)% (22)

(x* +y* + %)

+

+
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(xz +y2 +22)1/2

. . - 2+ 232+ 2+ 2+ 232+ 2+ 2+ 2 - 3
(x"+y +2z7)

=0
Hence, F) is solenoidal. Proved.
Example 53. Given the vector field I7=(x2 — V24 2x2)i + (xz—xy + yz) j + (22 +x2)k find
curl V. Show that the vectors given by curl V at P, (1, 2, =3) and P, (2, 3, 12) are orthogonal.

_— > o
Solution. CurlV = VxV
= /z\i+}\i+l§£ ><[(x2—yz+2xz)/z}+(xz—xy+yz)3'+(zz+x2)l/:t]
Ox Oy oz
P
|2 o 2
curt vo= Ox Oy Oz
xz—y2+2xz xXz—xy+yz 22 4+ x?

= —(x+)i-Qx-20)j+(E-y+20)k = —(x+ )i+ (v +2)k

at Py (1,2,-3) = _(142)i+(Q2-3)k=-31—k

.
curl V
curl V at P, (2,3,12) = —(2+3)i+(3+12)k=-5i +15k
—
%

The curl

(=31 —k).(=5i +15k) = +15-15=0 Proved.
Example 54. Find the constants a, b, ¢, so that

at (1, 2, -3) and (2, 3, 12) are perpendicular since

}_«“) = (x+2y+az)i+(bx-3y—-z)j+(@x+cy+22)k (1)
is irrotational and hence find function ¢ such that }7) = Vo.

(Nagpur University, Summer 2005, Winter 2000; R.G.P.V., Bhopal 2009)
Solution. We have,

i j k
S 9 9 L
VxF = ox ay Oz

(x+2y+az) (bx—3y-z) (4x+cy+2z2)
= (c+D)i-(G-a)j+b-Dk
> .. . = 2
As F isirrotational, Vx F =0
i€, (ctl)i-(4-a)j+(b-k=0i+0)+0k
: ct1 =0, 4—-a=0 and b-2=0

ie., a = 4, b=2, c=-1
Putting the values of @, b, ¢ in (1), we get

}_,3 = (x+2y+42)i +(2x -3y -z)j+(4x -y +22)k
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Now we have to find ¢ such that 17“) =Vo

We know that
do = @ dx + ?dy + ?dz [Total differential coefficient]
V
= ?@+Aa¢ % (zdx+]dy+kdz)
Ox Oy 8

[?ai+ ]§+k ]4)(1 dx+ jdy+kdz) = Vo.(idx+ jdy +kdz)
X Y

F.(idc+ jdy+kdz)

[(x+2y+4z)?+(2x—3y—z)3’+(4x—y+2Z)l€)].(?dx+3'dy+l€dz)
x+2y+42)dv+ (2x—-3y—2)dy+ (4x—y + 22) dz
xde—-3ydy+2zdz+ 2vdx+2xdy)+ (dzdx+4x dz)+ (—zdy—y dz)
b= jxdx—3jydy+2jzdz+j(2ydx+ zxdy)+j(4zdx+4xdz) —j(zdy+ydz)

A

2

+zz+2xy+4zx—yz+c Ans.

Example 55. Let V (x, y, z) be a dzﬁ”erentzable vector functzon and ¢(x Vv, z) be a scalar

function. Derive an expression for div (9 V) in terms of ¢ . V div V and V.
(U.P. I Semester, Winter 2003)

Solution. Let 17 = Vl?+V2}+V31Ac
V(OF)
A O 0 0
= laﬂa_y”(a [¢Vl+¢VzJ+¢V3k]——(¢V1)+ (¢V2)+§(¢V3)

on % i, % s %
[d’ ox  ox ‘] [d’ oy +8yV2]+[¢ oz +an3]
e )

div (67)

1

ox Oy oz Ox 8)/ 82
AND AD 0p ~0p ~0b A A A
= —+j—+k Nni+Vv. +Vk + +j—+k—|Ni+V,j+V3k
¢[18x Jay 8)(11 2J 3 k) (lax Jay = Ni+Vyj+Vsk)
-
= ¢(V.V)+(V¢).V=¢(div V)+(grad ¢).V Ans.
Example 56.IfZ is a constant vector and 1? =xi +y} + z ), then prove that
- =\ > - >
Curl (A'RJA =4 xR (K. University, Dec. 2009)
Solution. Let 4 =4,{ +4,] + A4k, R o=xf +y] +zk

AR= A7 +A ] +AR). (] +y] +zk)=Ax+Ay+4,z

- o> o “ A n
[A.RIR = (A x+Ay+A;z)(xi +y] +zk)
=(AX+Axy+Azx) | +Axy+A)y +Ayz) J+ (A, xz+A,yz+ A2 k



Vectors

i j k
Curl {(Z-E)Iﬂ -2 2 2
Ox Oy Oz
Alx2 + Ayxy+ Ayzx A xy+ Azy2 +Ayyz Axz+ Ay yz+ A3z2
= U,z-A4)F —[A,z—Ax) ][4, y—4,x] & (1)

-
LHS. = AxR
= (A7 +A,] +Ak)xxi +y] +2z k)

i J k
= Al Az A3
X y z
= Ayz-A,y) P —(A,z-A,x) ] + (A, y-A,%) k
=RH.S. [From (1)]
- -
Example 57. Suppose that U,V and f are continuously differentiable fields then
> > - > > —
Prove that, div (U xV)=V.curlU —U.curl V . (M.U. 2003, 2005)
- N S = ) S SN
Solution. Let U = wi+twj+rushk, V=vi+v,j+vik
N i j k
UxV = wouy U
Vl Vz V3

A A A
= (upv3 — uzvy)i — vy — uzvy)j + (v, — uv)k

N ANO A0 A0 A A A
div (UxV) = (l_+1_+ka—zj'[(uzv3—u3vz)l—(ul"}— uzvy) j+ (v, —upvy ) k|

Ox Oy
0 0 0
= — (upvy —uzvy) + —(—upvs +uzwy) + — (v, —upvy)
Ox Oy Oz
_ {%%H}%_u}%_vz%} Ly Qo O, O O
Ox Ox Ox Ox Oy Oy oy Oy
il 2y, O, O, On
Oz Oz 0z

Ous  Ou, ( Ous 8u1j Ouy, Ou
=yl ——-—= |+ —+— |+ | ———
oy oz ox oz ox oy
N G Y +”2(%_%j+”3 v _ovy
oy oz ox Oz oy Ox
A A A | A Ouy Ou ~(Ouy  Ou A(Ou, Ou
= (i+vyj+vk)|i| =—=-=2|+ ’(—1——3j+k -2 -1
Gritvaj+vs ){l[ay 82] / 0z Ox ox 0Oy
oz Oy ox Oz oy  Ox

- o - o - - - -
= V(VxU)-U.(VxV)=V.culU -U.curlV Proved.
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Example 58. Prove that

> o> o —

Vx(F xG) = F(V. G) G(V.FY+(GV)F—(FV)G (M.U. 2004, 2005)

- - - \
Solution. Vx(FxG) = Zl xa(FxG)

= E?X(a—Fx5+F 8G] E?X(a—anj+2?x(ﬁx£j

X X X ox

{(A 5)8—F—[?8—F]G} - H?a—G]F (i F)a—G}
ox 0

S Z(Gz)——(?z el - eics Z(F.?)—G
0. 8x

X
I oY LA e R e z)a—F—Z(F z)—
ox ox
- FVG) -GV.F)+(GVF —(FV)G Proved.

Questions for practice:
Prove that
NN > > o e e e e > o> o
V(F.G) = (GV)F+(F.V)G+Gx(VxF)+Fx(VxG)

N
Example 59. Prove that, for every field V ; div curl 17 = 0.
(Nagpur University, Summer 2004, AMIETE, Sem II, June 2010)

Solution. Let V = Vl?+V2}+V31Ac
-> 5> o

div (curl¥) = V(Vx7)

ik
_2le o @
& o oz
h n

¢_+;_ P2 5Vs _5Vz ][%_%]Hg LI
oz ox Oz ox Oy
[8%_8%] 8%_8Vlj+ﬁ[%_%]

oz oz\ ox Oy
2521/3 62V2_62V3+62VI+62V2 v,

Ox0y Ox0z OyOx 0OyOz 0zOx 0Oz0y

_(@n_@n), (@ @n) (ot ot
- Oyoz 0z0y 0zOx Ox0Oz Ox0y 0Oyox

=0 Ans.
Example 60. If d is a constant vector, show that
ax (gx 7) = V(a ,,) (Z 3)7 (U.P, Ist Semester, Dec. 2007)

S S S
Solution. a = @qi+a,j+ak, ’”:’”11+’”2]+’”3k



Vectors

ik
S5 0 0 0 81’3 87"2 n 87"3 87"1 N 81"2 81/1 IS
Ver == &~ 2l =5 A T A A M e o R
ox oy Oz oy 0Oz ox Oz ox Oy
nonon
i j k
ZX(%X?) = 4 ) 43
O _On 05 On On O
oy Oz ox 0z oOx Oy
S S} _[_%%w}%j P L S S S
| Ox oy Ox Oz 0 Oy Oy Oz
B D S L L L R
oz oy oz
- al?al+az?ai aﬁa—’é + al;’%+az;’ai s o1
| 0 ox Ox oy oy oy
+ a112—1+a212%+a3126r3 - al?%+a1]a—2+a12%
0z 0z Ox Ox
- az?ﬁ+a2;’aﬁ+ 2/26—’3 - a3?%+a33’aﬁ+ 3Aaﬁ
0 Oy Oy Oz Oz Oz
~o ~0 120 0 0 0 A
= [za+]5+k§](alrl+azrz+a3lf3)—{ala+a2§+a3§}(rlz+r2]+r3k)
= V(a.r)y-(a.V)r Proved.

Example 61. If r is the distance of a point (x, y, z) from the origin, prove that

Curl [k x grad l) + grad [k.grad l)
r r

2

Solution. r
1

= —
r

1

grad B

k x grad

curl [k x grad l)
B

= (0, where k is the unit vector in the direction OZ.
(U.P, I Semester, Winter 2000)

=0+ @-0P+@E-07=x"+)"+27

(xz i yz i Zz)- 12

-1

V- =
r

NO A A0 ) 2 2 2y
—+j—+k— +y +
[lax J azj(x yo+zo)

1 N A A
—E(x2 + 2+ 27 2xi +2y ) +22k)

—(x2 4y 42 (x/z\ + y§'+ ZIQ)

k><[—(x2 + y2 + 22)73/2 (x?+ y?’ + Z/Q)]

-3/2

A A
(¥ + 227 (xj - yi)

2 1
V x [k x grad —)
,



Vectors

- %*%*%} 02+ 2+ A (- yD)]
i G k
0 0 0
_ ox E oz
)y —X 0
(x2+y2 +22)3/2 (x2 +y2 +22)3/2

_[_ gj 0@ 2 3 vy 4 [ 3 (0ex

2 (xz +y2+22)5/2 2(x2+y2 +22)5/2 2(x2 +y2+22)5/2

1 _ B »MEy 1 },@
3/2

(xz +y2 +ZZ)3/2 (x2+y2 +ZZ)5/2 (xz +y2+22)

_ —3xz A 3yz /]\ (3x2—xz—y2—22+3y2—x2—y2—zz)l/€
2+ 2 +22)2 (2 4y +22) 2 (2 + 2 + 222
A A 2, 2 N
=3xzi-3yzj+(x" +y  —-2z7)k
- 5/2 (1)

()c2 +y2 + Zz)

—Zz

1 A A A
k.grad — = k[-(*+y2+2) 72 (xi+yj+zk)]=
gra p [—( y ) ( yJ )] (xz +y2 N 22)3/2

12,5008 —Z
Ox ]ay Oz ()C2 +y2 +22)3/2
3 i@y 3 j(=2)(2y)
2(x2+y2+22)5/2 2(x2+y2+22)

3. (=2)22) 1 A
J{ = - 3/2}(

2 (xz +y2+22)5/2 (x2+y2+22)

grad [k. grad l)
,

5/2

= 3xz/i\+ 3yz3’+ (322 —x* - y2 —22)1/2 _3xz? + 3yz/]\’ —(x2 + y2 —222)1/2 (2)
(x2 +y2 +22)5/2 - (x2 +y2 +22)5/2

Adding (1) and (2), we get

1 1
Curl [k x grad —) + grad | k.grad —) =0 Proved.
r r
- o - - o >
Example 62. Prove that V x| & >;r _@ _:) a4 n(an.:’z) C.
r r r

(M.U. 2009, 2005, 2003, 2002; AMIETE, II Sem. June 2010)
Solution. We have,

AN AN A
> > l J k
axr 1
= |4 dy 43
I”n r"
X y z

1 A1 | n
= r—,,(azz—agy)z +r—,,(a3x—a12)1+r—,,(a1y—azx)k



Vectors

i i k
- >
v x (axr) 9 9 9
o Ox oy 0z
ArZ— a3y G X—AQZ QY — apX
r" r" r"
?i[aly—azx]_g Gx—az )| A i[aly—azxj_ﬁ ayz — azy
8)/ r" oz " / Ox r" oz r"
+l€ 0 [a3x—alzj _i[azz—aﬂ]
Ox r" 8)/ "
Now, =X+ + 7 = YKL = or_x
Ox ox r
. r Y or z
Similarlyy, — = —, Z_z
oy r oz r

- > 1
-~ Vx axr, _ i {—nr"l.[lj(aly — a,X) +—a1}
r" r r"
_n-1| 2 1 ..
—Jd—nr - (a3x — a;z)+ — (=) ¢ | + two similar terms
r

N n 2 a n 2 a
= {—W(aly —azxy)+r—n+rnT(a3xz—alz )+r_”

+ two similar terms

2a n n .
| 2, .2
i { o - N aq(y +z7)+ s (ayxy + azxz) | + two similar terms

Adding and subtracting Walxz to third and from second term, we get
r

- o
5
axr Al 2a na n
Vx| —— = | =L —L 2+ +2%)+ (ax® + ayxy + a;xz)
I " rn+2 rn+2
+ two similar terms
A 2a; nap 5 n ..
=i|l——-———r " +——=x(gx+ay+az)| + two similar terms
n n+2 n+2
r r r
Al 2a,  na n A 2a,  nay n
= i|—L1-—L14 5 (@ x + ayy + a3z) tj| 5+t y(@y+azt+ax)
rf’l rf’l rf’l+ 1 7 1
Al 2ay;  nay n
+k|:_n_ . +Wz(a3z+a1x+a2y)
r r r
2 A A AL A A A n AR
= —(aqi+ay,j+ask)——I(ayi+a, j+ask) +W(a1x+a2y+a3z)(xl+y]+zk)
r r
—n, AL AL AL ALAL A
= = (a1 +a2]+a3k)+_rn+2 (aqx+a,y+ayz)(xi+yj+zk)
2—n- n - - -
= — a+r’”2 (a.r)r Proved.

,
Example 63. If f and g are two scalar point functions, prove that
div (fVg) = Vg + VfVg. (UP, I Semester, compartment, Winter 2001)
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Solution. We have, Vg = =i+—=j+—=k

= rvg = r28G, 085, 108
ox oy Oz

. o 0g) of.,0g) of . og

= —| f== |+ == |+=| =

= dv(Ve 8x[f8x] 8y[f8y] 8Z[f82]

o ot o 0x &x dyody 09z dz
2 2 2 N N A A A N
_ f[za_ a_+a_]g+[ﬂi+ﬂj+ﬂk],[a_gi+a_gj+a_gk]

) f(az_gﬁ_gﬁz_gHw_aw_aw_gJ

+
o’ 9t ot ox oy oz ox oy oz
=/fVg+VfVg Proved.

- -
Example 64. For a solenoidol vector F , show that curl curl curl curl F = y* 1?
(M.D.U., Dec. 2009)

Solution. Since vector }_«: is solenoidal, so div }_«: =0 . (1)

We know that curl curl ;") = grad div ( }_«: - y? }_«: ) .. (2)

Using (1) in (2), grad div }_': =grad (0)=0 .. (3)

On putting the value of grad div F in (2), we get

curl curl ;“) =—y?2 ; w4

Now, curl curl curl curl }_«: = curl curl (- y2 ;) [Using (4)]
=—curl curl (v2 7)=~[grad div (v2 F)-v? (V2 F)] [Using (2)]
=—grad (V. v2 ;)4‘ vz (v2 F):—grad(vz V-}_«:)+ v4 }_': [V'}_; =0]
=0+ V*F = v*p [Using (1)] Proved.

EXERCISE 5.9

A
1. Find the divergence and curl of the vector field V = (x* — yz)/i\ +2xp ) +OF - xy)l/; .
N A A
Ans. Divergence = 4x, Curl = 2y —x)i +yj + 4vk
2. If a is constant vector and r is the radius vector, prove that
T - > -
(i) V(a.7)=da iy div(rxa)=0 () curl(rxa)=-2a

e n A A - A A A
where p = xi+yj+zk and a=aji+ayj+ayk-

3. Prove that:
(i) V.(94) = Vd.4 + §(V.4)
(i) V(4.B) = (A.V)B + (BV)A + 4 x (V x B) + B x (V x 4) (R.GPV. Bhopal, June 2004)
(iii) V. x (4 x B) = (B.V)4 — B(V.A) — (A4.V)B + A(V.B)

4. fF=x+y+ 1)? + /J\ —(x+y)]€,showthatF.curlF:O.

(R.GPV. Bhopal, Feb. 2006, June 2004)
Prove that

5. Vx(0F)=(Vo)x F +§(Vx F) 6. V.FxG)=G.(VxF)~ F.(VxG)

> o - - -
7. Evaluate div (4% r) ifcurl4 = 0. 8. Prove that curl (a x r) = 2a
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9. Find div 7 and curl F where F = grad (° + * + 2 — 3x2).  (R.GPV. Bhopal Dec. 2003)
- -
Ans. div F =6(x+y+tz),cul F =0

A
10. Find out values of a, b, ¢ for which ;) =@x+y+ az)? +(bx+3y—-2)j +Bx+cy+ z)z

is irrotational.
Ans.a=3,b=1,c=-1

- N A
11. Determine the constants a, b, ¢, so that F = (x + 2y + az)i + (bx— 3y —2)] + (@dx + oy + 22)k is

N
irrotational. Hence find the scalar potential ¢ such that F = grad ¢.
(R.GPV. Bhopal, Feb. 2005) Ans. a =4, b=2, c=1

2 2
X 3
Potential ¢ = (2 - % +z20 + 2xy —yz + 4zxj

Choose the correct alternative:

12. The magnitude of the vector drawn in a direction perpendicular to the surface
2+ 2y2 + 22 =17 at the point (1, -1, 2) is

2 3
@) 3 (i) 3 (iii) 3 (iv) 6 (AM.LE.TE., Summer 2000) Ans. (iv)
130f u = x* - y2 +Zand V :x§+y}+212 then V (uV) is equal to

= - -
(i) Su @) S|V | @@ Su—=IVD @) Su-|V]) (A.MIE.TE., June 2007)
14.A unit normal to x* + y2 +22=5at(0,1,2)is equal to
) =Grieh @ LA b =Gr2b @ e(-ieh
) =+j+ i) —=(i+j— i) =+ vy =—-J+
) NG ) ﬁ( J = k) (i) NG ) NG
(A.MIE.TE., Dec. 2008)
15.The directional derivative of ¢ = x y z at the point (1, 1, 1) in the direction 7 is:
1 1
@ -1 (i) 3 @iii) 1 @v) — Ans. (iii)
(R.GPV. Bhopal, 1l Sem., June 2007)

- A A A - .
16.If r =xi+yj+zk and r = | r | then V¢ (r) is:

- -

W& @r Gy 2 Gy YO G None of these Ans. (iii)
r r

(R.GPV. Bhopal, Il Semester, Feb. 2006)

N N N

17. If 7 = xi+yj+zk is position vector, then value of V(log r) is (U.P, I Sem, Dec 2008)

N — —
r r

(@) L @ — @) ——3 (iv) none of the above. Ans. (ii)
r r r

- A A A i Lo
18. If r=xi+yj+zk and | 7| = r, then div , is:

i) 2 ii) 3 iii) -3 iv) -2 Ans. (ii
@ @) @) (R.GPV. Bh(op)al, 1I Semester, Feb. ZO(Og)

- A 7 A A - . .
19. If V.=xy"i+2yx"zj—3yz"k then curl y at point (1, -1, 1) is

() —(j+2k) @) (G +30) (i) —(i +2k) Gv) (i+2j+k)
(R.GPV. Bhopal, Il Semester, Feb 2()()63
ns. (iif

- -
20. If A is such that Vx4 =0 then A is called
(i) Irrotational (if) Solenoidal (iii) Rotational 5\?}} None of these
(AMIE.TE., Dec. 2008)
N
21. If F' is a conservative force field, then the value of curl F is
@ 0 @) 1 (iiiy VF @iv) -1 (AM.LE.TE., June 2007)



UNIT-5
VECTOR INTEGRATION

LINE INTEGRAL
Let (x, v, z) beavector function and a curve 4B5.

Line integral of a vector function ]_; along the curve 4B is defined as integral of the component
of ]? along the tangent to the curve AB.

BN
Component of F along a tangent PT at P

= Dot product of 1_; and unit vector along PT

> (>
5
=F- dr | dr is a unit vector along tangent PT
ds | ds
—
o 2 dr
Line integral = ZF I from A to B along the curve
—
o dr 5 >
- Line integral = L F'g ds = [ F-ar

Note (1) Work. If F represents the variable force acting on a particle along arc AB, then the

B> —
total work done = J.A F -dr

(2) Circulation. If / represents the velocity of a liquid then @ [_} . LZ, is called the circulation

of V' round the closed curve c. ) o ) )
If the circulation of V round every closed curve is zero then V is said to be irrotational there.

(3) When the path of integration is a closed curve then notation of integration isqs in place

of .

Example 65. If a force F =222 yi +3xy] displaces a particle in the xy-plane from (0, 0) to
(1, 4) along a curve y = 4 x°. Find the work done.

-> -
Solution. Work done = LF .dr 7=xf+y]’
= [ @xPyi+3ap]).(dxi+dy)) dr = dxi +dy ]

= J.‘(2 x*y dx +3xy dy)



Vectors

2
. y=4x
Putting the values of y and dy, we get (dy =8 xde
_ I;.[zxz (4x%) dx +3x (4x%) 8xdx]
| ) 104
=104 xdx=104| | =2 Ans.
0 5), 3

> > - n N
Example 66. Evaluate ICF .dr where F = x*1 + xyj and C is the boundary of the square in the

plane z = 0 and bounded by the linesx = 0,y =0, x =aandy = a.
(Nagpur University, Summer 2001)

. -> > -> > -> o -> o - o
Solution. [ F.dr=[ F.dr+[ F.dr+[ F.dr+[_ F.dr
B . = o
Here r=xi+y, dr=dxi+dy, F=x"1+xyj
- I
F.dr =x*dx+ xydy (1) c < 3
On 04,y=0 ‘o Fodr=x%dx
3 1 3
g 25 | X _a Y
Jo i = Ode{z.L_3 @ 1
On AB,x=a Sodx=0
(1) becomes
R > >X
F.dr = aydy © A
NN ; yz a &
_ aydy=a| — | =—
[ F-dr _ [ avay { > L > E)
On BC,y=a Sody=0
> -
= (1) becomes F.dr=x"dx
370 3
NN 0, x —a
_ | x%dx=| — =—
jBCF.dr - I { 3 } 3 (4
- o
On CO,x=0, S F.dr=0
(1) becomes
- -
COF. dr =0 -(5)
On adding (2), (3), (4) and (5) ¢ | Fgo@,@ @ @ Ans
an w Lar =t = =5 .
naddmg (2), (), West e 372 3 2

Example 67. A vector field is given by

F= 2y +3)1 + xzj + (yz — x) k. Evaluate J.c;: dr along the path c is x = 2t,
y=tz=08fiomt=0tot=1. (Nagpur University, Winter 2003)
Solution. J.c;: Z, = IC(2y +3)dx+ (xz)dy +(yz —x) dz
Sincex=2t y=t z=£
b, | b

- =3¢
dt dt dt



Vectors
1
= J,Cra@dn+ @) @y de+ (=20 G d) = [ L4146+ 2% + 3 67 di
2 ! 1
_ 4%+6l+§15 +%I7 —gl4i| — |:2t2 +6t+215 +§t7 —§t4:|
0 2 0

= 2+6+%+§—§:7.32857. Ans.
5 7 2

Example 68. The acceleration of a particle at time t is given by
a = 18cos3ti —8sin 2t ] + 6t k.

5
If the velocity v and displacement 7 bezeroatt=0, find v and 7 at any point t.

)
Solution. Here, a_> = —; = 18 cos 3ti — 8 sin 2tj'+6tl€.
On integrating, we have
N

7= %=5I18cos3tdt+]’j—8sin2tdt+l€I6tdt
= v = 6sin3ti+4cos2t]+3%k+c (1)
At t=0,v =0
Putting #=0 and v =01n (1), we get

0 —4j+c¢ = c=-4]

dr
- Z=6sin3tf+4(coszt—1)j+3»tzk

Again integrating, we have
> = fj6sin3rdt+}j4(cos2t—1)dr+kj3t2 dt

=l

p
g 2 . A 37 d
— ro=—2cos3ti+(2sin2t—-4t)j+t k+¢ (2)
At, t=0, ¥ =
Putting ¢t = 0 and 7 =0in (2), we get
—> n - - n
0 =-2/1+¢, = (=2
Hence, 7 = 2(—cos3t)i +2(sin2t —26)] + £k Ans.

Example 69. If 4= (3x2 +6y)i —14yz] + 20xz° lé, evaluate the line integral (j‘PA_.)d?from
(0,0,0)to (1, 1, 1) along the curve C.

x=ty=1*z="~. (Uttarakhand, I Semester, Dec. 2006)
Solution. We have,

ch‘id7 _ jc[(3x2 +6y)i —14yzj + 20xz2k].[i dx + ] dy + k dz]

_ j L33 +6y) dx — 14 yzdy + 20x27dz]
Ifx =t y =4 z= 71, then points (0, 0, 0) and (1, 1, 1) correspond to # = 0 and # = 1 respectively.

Now, [ A.dr = [T16A w62 d () -142  d () + 200 () d (1))

- jt’_:ol[9r2 dt —14¢° 2tdt+2017 .37 dt] = j;(9r2 —28/% +60¢°) dt
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t3 t7 th !
= |9 = |-28|— |+60| — —3_4+6= X
(3] u (wJo s 4i6-3 Ans

Example 70. Evaluate Hs /T n ds where A= (x+y*)i—2x] + 2sz€ and S is the surface of
the plane 2x + y + 2z = 6 in the first octant. (Nagpur University, Summer 2000)
Solution. A vector normal to the surface “S” is given by

V(Q2x+y+2z) = P2 +j'i+1€i Qx+y+22)=2i + ] +2k
0x oy 0z
And 7 = a unit vector normal to surface S

20+ j+2k 2

il
Ja+1+4 3 3

oA (2, 14 24) 2 i n
n=k|-i+-j+-k|== ik
[3 37 3) 3 L0 MY
- - . dxdy R
ISA.nds = ”RA.n r L
Where R is the projection of S. X
A A A (25 14 24
Now, Zﬁ—[(x+y2)z—2xj+2yzk][§z+51+§kj
2 . 2 4 2, 4
= —(x+ ——=X+t—yz=—Yy +—-yz (1
3( »9) TRAET S, (1)

Putting the value of z in (1), we get
- on the plane 2x + y + 2z = 6,

Z.ﬁ_3y2+iy[MJ (6—2x— y)
3 3 2 e
- 2 4
AA=7y(+6-2x-y)=—y(3-x) (2)
3 3 "
- - _ dxdy
H A.nds = A.n—
ence, J‘J‘S nas J.J.R |kﬁ| (3) 3
x
> 5
Putting the value of 4.7 from (2) in (3), we get J’\\@
- ., 4 3 (3 o2
HSA.nds = HR 5y(3—x).5dxdy—j0 jo 2y 3—x) dydx
3 ) 6-2x >
_ 2(3—x){y—} dx 0 L
0 2
0
3 2 3 3
:jo(s—x)(é—zx) dx=4j0(3—x) dx
3-0t |
=4 | 8= (0-gny=31 Ans.
4D |,

A A

- 7 oy Jx . . s
Example 71. Compute I F.dr,where F =———"and c is the circle x* + y* = I traversed
¢ X" +y

counter clockwise.
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Solution. v =ix+jy+kzdr=idc+ jdy+kdz
s 2 _". . R n
[ Fodr = [ 2255 Gax + jdy + kdz)
¢ ‘xt+y
ydx — xdy
= | == (vdx—xdy) S .
e NG LD [ 2= 1]

Parametric equation of the circle are x = cos 6, y = sin 6.
Putting x =cos 6, y=sin 0, dx=—sin 06 d 0, dy =cos 0 d 6 in (1), we get

JFdT - joz“sine(—sinede)—cose(cosede)

- ..‘ozn(sinz 0 +cos’ 0)d 0=— Oznd 0=- (e)(z)n =-2n Ans.

- . . .

Example 72. Show that the vector field F =2x(y* +2°)i +2xy] +3x°2°k is conservative.
Find its scalar potential and the work done in moving a particle from (-1, 2, 1) to (2, 3, 4).
(A-M.LE.TE. June 2010, 2009)

Solution. Here, we have
% A A A
F= 2>c(y2 +z3) i +2x2y j+3x222k
- -
Curl F=VxF
P
9 92 8
Ox oy oz =(0-0)i - (6)cz2 —6xz? )]+ (4xy—4xp)k =0

2x(y2 + 23) 2x2y 3x222

Q) »‘)

> .. .
Hence, vector field g is irrotational.

To find the scalar potential function ¢
> >
F=V¢
@dx+@dy+@dz = f@+}@+l€@ .(fdx+}dy+l€dz)
Ox Oy Oz ox "oy oz
1945950 ol a7 |=ved T =F. a7
ox "oy Oz

= [2x(y2 +2° )i + 2x2y}' + 3xzzzl€J (idx + jdy + lédz)

do=

= 2x(y2 + 23)dx + 2x2y dy +3x22%dz

¢= J[bc(y2 + 23)dx + 2x2ydy + 3x222dzJ +C

j Qxy2dx +2x2 ydy) + (2xde +3x°2%dz) + C=x32 + X223 + C

Hence, the scalar potential is x%? + x?z3 + C
Now, for conservative field

2.3.4) (2,3,4)
(2,3.4) (2,3.4)
Work done = J.]_; dr = J.dd) :[¢](_1’2’1) :[ 2.2, .2 3+CJ

(-1,2,1 (-1,2,1)

= (36 +256) — (2 - 1) =291 Ans.
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- ~ ~
Example 73. A vector field is given by F = (sin y)i + x (1+ cos y) j. Evaluate the line integral

over a circular path x> + y* = a%, z = 0. *(Nagpur University, Winter 2001)
Solution. We have,

Work done = ICF-d”
= jc[(siny){+x(1+cosy)j].[dx{+dyj] (-+ z=0 hence dz = 0)

= ICF,dy = Ics1nydx+x(l+cosy)dy=Ic(sinydx+xcosydy+xdy)

= ch(xsin y)+Idey

(where d is differential operator).

The parametric equations of given path
x?+3y?=a*arex=acos 0, y=asin 0,

Where 6 varies form 0 to 21

IC;.Zr = Ioznd[acosesin(asine)]+jjnacos9.acos9d9
2n . . 2n o )
:IO al[acos(9s1n(czs1n9)]+]‘0 a”cos”6.40
= [a cos O sin (a sin 0) 15" + j;naZ cos>0d 6

P .
_0+a2J-zn[1+cos26jde:a_[e+sm29}
0 2 2 2

2n

0
aZ
-~ 2n=mndad’ Ans.

Example 74. Determine whether the line integral
I (2xyz*) dx + (x*z* + zcos yz) dy + (2x*yz + y cos yz) dz is independent of the path of
integration ? If so, then evaluate it from (1, 0, 1) to [0’ E’ 1),
2

Solution. I (2xyz®) dx + (x*z% + z cos yz) dy + (2x*yz + y cos yz) dz

= I [(2xy 2%0) + (x*2% + zcos yz) J + (2x° yz + y cos yz) I:r].(fdx + jdy + I:rdz)

- >

- j F-dr

This integral is independent of path of integration if

P =V = VxF=0 A

i ki k

_ o 2 d
VX = Ox Oy oz

2xyz2 x*z? +zcosyz 2x2yz+ycosyz

= (2x%z + cos yz — yz sin yz — 2x%z — cos yz + yz sin yz) = i — (4xyz — 4x yz) j + (2xz% — 2xz°) k
=0
Hence, the line integral is independent of path.
0 0 0
do = 99 4y 20 dy + 9y (Total differentiation)
ox oy Oz
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0 ~0¢ ~0¢ -
= —+ + k=2 |- (idx + jdy + kdz) — - F.
[l o ay e (idx + jdy + kdz) =V ¢-dr = Fodr

= [(2x02%) § + (x22% +zcos y 2) ] + (2x2yz + y cos yz) k). (idx + jdy + kdz)
= 2xyz? dx + (x’%2% + z cos y z) dy + (2x*yz + y cos yz) dz
= [(2x dx) yz2 + x* (dy) 22 + x* (2z dz)] + [(cos yz dy) z + (cos yz dz) ]
=d (x*yz%) + d (sin yz)

o= Id (x*yz?) + Id (sin yz) = x*yz® +sin yz

B

[¢], =0 (B) -0 ()
= [x?yz* +sin yZ](o L [x?yz +sin yzla01) = {0 + sin (g X 1)} —[0+0]
>

=1 Ans.

Example 75. Evaluate HS A.id S, where A=1827 - 12/ +3y k and S is the part of the
plane 2x + 3y + 6z = 12 included in the first octant. (Uttarakhand, I semester, Dec. 2006)
Solution. Here, 4= = 18zi —12) +3yk
Given surface  f(x,y,z)=2x+ 3y + 6z— 12

0 0
Normal vector =V [ = [la+]—+ka—](2x+3y+6z—12) =2/ +3j+6k

A = unit normal vector at any point (x, y, z) of 2x + 3y + 6z =12
2i+3j+6k 1

- =—(2i+3]+6k
Gror36 7 HIAe0
c{xd%/:l dxdy : dx6dy 7d dy

ik S@ie3jeehk 6

ds =

Now [[ 4. sds = [[(18=F ~12]+3yb).2 27 +3] +66) L dxdy

dxd
_ H(36z—36+18y) oy = [[6z—6+3y) dxay
Putting the value of 6z = 12 — 2x — 3y, we get Y
6 ¢ La2-2v 4
:J-oj-(f (12-2x-3y—-6+3y)dxdy B
1
_ 60, (2-20) 2
jojos (6 — 2x) dxdy “5,
P, NG
—j 6— 2x)dj dy
2x) o A » X

6 712—
210(6—2x)dx(y)g

6 1 16, 5
:j (6—2x)§(12—2x)dx:§I0(4x —36x +72)dx

6

1] 4x

=§{T—18x +7ZX} :%[4><36><2—18><36+72><6] :7?2[4—9+6]=24Ans,
0
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EXERCISE 5.10
Find the work done by a force yi + xj which displaces a particle from origin to a point (i + /). Ans. 1
2. Find the work done when a force F = (x2 - y2 +x)i—(2xy+ y)] moves a particle from origin to

2
(1, 1) along a parabola ) = x. Ans. 3
- . . .
3. Show that V" =(2xy+z°) i +x%j+3xz% k is a conservative field. Find its scalar potential ¢ such that
-

N
V' = grad ¢. Find the work done by the force J/ in moving a particle from (1, — 2, 1) to (3, 1, 4).
Ans. x2y + xz3, 202

4.  Show that the line integral J (2xy +3) dx + (xz —4z)dy -4y dz
c

where c¢ is any path joining (0, 0, 0) to (1, — 1, 3) does not depend on the path ¢ and evaluate the line
integral. Ans. 14
2 2

5. Find the work done in moving a particle once round the ellipse pY + T =1, z = 0, under the field of

force given by F= (2x—y + z) i+ x+y-22) J+ (Bx -2y +42) k. Is the field of force conservative?

(AM.LE.TE., Winter 2000) Ans. 40 &
4

vy =02-202) 1 +3+20-x2) ] +(@-332) £, find¢. Ans. 3y+%+xy2 ~x%y 2
> -
[R.dR

is independent of the path joining any two point if it is. (AMIETE., June 2010)
Ans. (i)

C
(i) irrotational field (ii) solenoidal field  (iif) rotational field (iv) vector field.
5.34 SURFACE INTEGRAL

A surface r = f{u, v) is called smooth if f* (u, v) posses continous
first order partial derivative.

Let F be a vector function and S be the given surface.
-
Surface integral of a vector function F over the surface S is defined

N
as the integral of the components of F along the normal to the
surface.

Component of F along the normal

N
= F .7, where n is the unit normal vector to an element ds and
grad f dx dy

" |grad f| )
Surface integral of F over S

([ (F-iyds

Note. (1) Flux = J' J' ( F. i) ds where, F represents the velocity of a liquid.
S

N
=XF-n

- -
If _” s (F-n)ds =0, then F is said to be a solenoidal vector point function.

Example 76. Evaluate H s (vzi + 2] + xylé) ds where S is the surface of the sphere

x° +y? + 22 = & in the first octant. (U.P, I Semester, Dec. 2004)
Solution. Here, ¢ =x?+y?+ 22 — a?
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— . ? ¢ ¢ @
Vector normal to the surface = V¢ = i — +J
Ox Gy 62

li+]i+ka (x> +y*+2° —a?)= 2xl+2y]+2zk
Ox oy 0z

Vo 2x1+2yj+2zk _ xi+yj+zk

>

[V \/4x2+4y2+4zz xz+yz+zz

:JCI+J’]+Zk [ ¥*+ )2+ 22 =d7]
a
Here, F o= yzi +2x ]+ xpk
. . ~(xi+y+zk) 3
Foi = Ozl +2xj+ k) (xz o J -
a

dx d a® —x? 3xyz dx d
RS ey
al £
- s
3!:!0azxzxydydx=3j:x[y—2zJ dx

0

EY RSN 1 i G 1 AR N
=20 272 "4 202 4 o Ans,

Now, HSFﬁ ds

=, 3 R N .
Example 77. Show that ”SF'” ds:? where F =4xzi —y] +yz k

and S is the surface of the cube bounded by the planes,
x=0,x=1,y=0,y=1,z=0,z= 1

S.No.| Surface | Outward| ds
— —

; a 1

Solution. || f7nds = F-nds norma
I Nome 1 |0oABC| —k |dxdy|z=0
+H Fnd”ﬂ F.ﬁds 2 | DEFG k dedy | z=1
DEFG 3 | OAGF —j dxdz | y=0
+ff Fi ds +[f Fh ds 4 | BCED| ; |dxdz |[y=1
BCED ABDG 5 |ABDG| i |dvdz|x=1
2 6 | OCEF| —i |dvdz|x=0

+HOCEFF'n ds (1)

Now, HOABCI_;-n dSZHOABC (4xzi —y* j+ yzl:t) (k) dx dy :I;I;—yz dxdy =0 (as z=0)

HDEFG (4xzi —y* J+yz I:f) -k dx dy z
- IIDEFGyzdxdy:IOIOy(I)dxdy G 5
7]' dx { } ]él:l oL 5 G %
2 2 A B

”OAGF (4xzi =]+ yzk)-(=j)dx dz = HOAGF ¥ dxdz=0 (asy=0)
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“.BCED(4XZ;_y2]A.+yZI€)'jdXdZ = HBCED(_yz)dde
- f ok -

HABDG(4xzf — 2]+ yzk)-i dy dz = H4xz dy dz:jolj';4 () z dy dz

- 40! il=4(l)[1]=2
“12), 2

. . P 1p1
[ oopp @zl =32+ y2 k) (= 1) dy dz = [,],~4xzdvdz=0 (as x = 0)
On putting these values in (1), we get
= 1
HSF-nds:0+5+O—l+2+0:% Proved.
EXERCISE 5.11

—> b ~ ~ N
Evaluate JJSA.ﬁdS, where 4 = (x+y2)i —2xj +2yzk and S is the surface of the plane

2x + y + 2z = 6 in the first octant. Ans. 81

i e e 2.7 . . 2. .2
Evaluate J J s A.nds, where 4 = zi +xj —3y“zk and S is the surface of the cylinder x~ + y* = 16

included in the first octant between z = 0 and z = 5. Ans. 90

2 ) 2 2 r 2 <
If7 =t-127+@¢—-1D)k and S = 2% + 61k, evaluate Jo 7S dr. Ans. 12

- = n N A
Evaluate J‘J‘SF'ﬁ dS, where, F =18zi —12j +3yk and S is the surface of the plane 2x + 3y + 6z =12
in the first octant. Ans. 24

- . . -

Evaluate H SF -nds, where, F = 2yxi — yzj + x2k over the surface S of the cube bounded by the
1

coordinate planes and planes x = a, y = @ and z = a. Ans. 5114

- A .
If F=2yi-3j+ x*k and S is the surface of the parabolic cylinder y> = 8x in the first octant bounded

N
by the planes y = 4, and z = 6, then evaluate JJSF'ﬁ ds. Ans. 132

VOLUME INTEGRAL

N
Let F be a vector point function and volume ¥ enclosed by a closed surface.

The volume integral = [[f F dv

- ~ -
Example 78. If F =2zi —xJ] +yf, evaluate HIVF dv where, v is the region bounded by

the surfaces
x=0 y=0 x=2 y=4, z=x* z=2.

Solution. [ Fav = [[[@zi - + k) dx dy dz
= J‘Oz dxj: dy ,“52 (2zi —xj + ylg) dz = J‘Ozdxj‘:dy (20 —xz] + yzle]iz

2 4 A A Y T S
= J‘dej‘ody[4z —2xj+2yk—x"i +x° ] — x"yk]
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4
2 . . - . 22 A
—JAOd){4yi—2xyj+y2k—x4yi+x3yj—%k
0
2 ~ ~ ~ ~ ~ ~
:jo (16i —8x] +16k — 4x* + 4x> ] — 8x%k) dx
A A ~ 4x0 L 8 . ?
= [16xi —4x*] +16xk ———7 +x*] -2k
5 3,

. . L 128, 4 64~ 327 32k 32 .. _»
=327 -167+32k 27416 -k = 22L 228 2237 45k i
i J 51 J 3 s 3 15( ) Ans
EXERCISE 5.12

= ~ ~ ~ -
1. If F = (2x?-3z)i —2xyj—4xk, then evaluate IIIVV F dV, where V is bounded by the plane

x=0,y=0,z=0and 2x+ 2y + z = 4. Ans. 8
3

2. Evaluate J”Vd’ dV, where ¢ = 45 x%y and V is the closed region bounded by the planes
4x+2y+z=8, x=0,y=0,z=0 Ans. 128

e ~ ~ ~ —>
3. If F =(x?>-32) i —2xy j — 4xk, then evaluate JJJVV x F dV, where V is the closed region bounded

8 -
by the planes x =0,y =0,z=0 and 2x + 2y + z = 4. Ans. E(J*k)

4.  Evaluate JIJV(ZX +¥)dV, where V is closed region bounded by the cylinder z = 4 — x> and the planes

80
x=0,y=0,y=2andz=0. Ans.?

- A A N
5. If F =2xzi —x+y%*, evaluate ”I]? 4y over the region bounded by the surfaces x = 0, y = 0,

y=6andz=1x% z=4. Ans. (167 — 3] + 48k)
5.36 GREEN’S THEOREM (For a plane)

Statement. I/ ¢ (x, ), v (x, ), ? and %V be continuous functions over a region R bounded
y

by simple closed curve C in x —y plane, then

oy 0¢
qSC Odx+ydy) = [f rlox oy dxdy (AMIETE, June 2010, U.P, I Semester, Dec. 2007)
Proof. Let the curve C be divided into two curves C, (4BC) and C, (CDA).
Let the equation of the curve C, (4BC) be y = y, (x) and equation of the curve C, (CDA) be

Y=y, (%)
Let us see the value of

x=c )=y, (x 0
HR%)? dxdy = Ixza{jjzyyl Ex)) a—j})dy} dx
oGy = o]de = =0 0e ) de=[ 0 (x ) dx
[[fee e [ ]
- -|[ s b nd] = § ot

J‘:[d) (x, y)]y:yZ (x) dx

y=y
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Thus, $ oax - —ijz—j’ dx dy ()

Similarly, it can be shown that

oy
dy = ||=tdxd
dvar = [[“Fdvdy e
On adding (1) and (2), we get

$(odr+ydy) = ”R[aa_i/_g_j)] dx dy Proved.

Note. Green’s Theorem in vector form
> > 5.
J'CF-dr = ”R(v x F)-k dR
where, }_7) =§i+vy J,F=xi +y, k 1is a unit vector along z-axis and dR = dx dy.
- A ~
Example 79. A vector field F is given by F =sin yi + x (1+cos y) J.
> >
Evaluate the line integral _[CF' dr where C is the circular path given by x> + y* = a’.
. - A A
Selution. £ —sin yi + x (1 + cos y)j

- —> ~ ~ ~ ~
jCF.dr _ Ic[sinyi+x(1+cosy)j]-(idx+jdy) _ jcsinydx+x(1+cosy)dy

On applying Green’s Theorem, we have

qsc(d) dx+wy dy) = ”v[aa—\j:—g—i] dx dy

AY
L
= J‘J..[(1+cos y) —cos y]dx dy 5 »X
where s is the circular plane surface of radius a. \\/j

= J‘J“ dxdy = Area of circle = a>. Ans.

Example 80. Using Green's Theorem, evaluate IC (x> ydx + x> dv), where c is the boundary

described counter clockwise of the triangle with vertices (0, 0), (1, 0), (1, 1).
(U.P, I Semester, Winter 2003)
Solution. By Green’s Theorem, we have

Ya A
oy _9¢ (1,1)
[ @ar+vay - J.J.R[a—gjdxdy .
[ @Pydvea®ay) = [[ @x-x) dvdy )
1 x 1 . P R
= J‘O(zx—xz)dx J‘o dy = J‘O(zx—xz)dx[y]o < Ov(o’ 0) TR X
3 4\
= J‘;(zx—xz)(x) dx = J‘;(2x2 —x ) dx = (2%_%]
0
_(2_1)_ 3 A
3 4) 12 ns.

Example 81. State and verify Green s Theorem in the plane for q3(3x2 —8y%) dx + (4y — 6xy)

dy where C is the boundary of the region bounded by x >0, y <0 and 2x — 3y = 6.
(Uttarakhand, I Semester, Dec. 2006)
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Solution. Statement: See Article 24.4 on page 576.

Here the closed curve C consists of straight lines OB, B4 and AO, where coordinates of A and
B are (3, 0) and (0, — 2) respectively. Let R be the region bounded by C.

Then by Green’s Theorem in plane, we have

PLG3x* —8)%) dx + (4y - 6xp) dy]

0 0 .2 2
- ”R{a (4y—6xy)—5(3x -8y )} dx dy (1)
= [[ 6y +16y)dedy=[[ 10y dxdy
30 (0 3| )? ‘ 53 2
= 10'|.de].%(2x_6)ydy=10 J.de{T}l = —§j0dx (2x-06)
$0x-6)
s[x—6 ] s 5
X — 3
A N Ot ) ) B PP - 2 216)=-20 (2
9|: 3x2 i| 54( ) 54( ) @)

Now we evaluate L.H.S. of (1) along OB, B4 and AO.
Along OB, x =0, dx = 0 and y varies form 0 to —2.

1 3 .
Along BA, x = 7 (6+3y),dx= 5 dy and y varies from -2 to 0.
and along A0, y =0, dy = 0 and x varies from 3 to 0.
LHS. of (1) = $[ (3x* = 8)%) dx + (4y — 6x7) dy]

= [ ,L6x7 =8y ) dx+ (4y —6xp) dv]+ [ [(3x7 =8%) dx + (4x—6x7) dy ]

2 2
+f LGx* =8yP)dx + (4y —63) dy]
2 o3 3 0
:jo 4ydy+j_2h(6+3y)2—8y2}[5dy)+[4y—3(6+3y)y]dy+j33x2dx

0
=[2)"1,7 + j_z{% (6+3y)" —12)” +4y — 18y —9y2} dy +(x)}

2[4+ IZE (6+3y)> —21y% - 14y} dy +(0-27)

3 0
_ 8+ 2w—7y3—7y2 —27:-19+{ﬁ+7(—2)3+7(—2)2}
8 3x3 5 8

=-19+27-56+28=-20 ..(3)
With the help of (2) and (3), we find that (1) is true and so Green’s Theorem is verified.

Example 82. Apply Green's Theorem to evaluate IC[(sz - yz) dx + (x2 + yz) dy), where C

is the boundary of the area enclosed by the x-axis and the upper half of circle x> + y*> = a*.

(M.D.U. Dec. 2009, U.P, I Sem., Dec. 2004)
Solution. J.C[(zx2 =) dx+ (% + %) dy]

oy 0¢
By Green’s Theorem, we’ve j(d) dx+wydy) = H [a— - a—] dx dy
c s \gx 9y
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L

0

—a

P o + %) —i(zxz —yz)} dx dy

:J‘iﬁ.‘“z (2x+2y)dxdy—2j dxj o Xz(x+y)dy

0
X'«

'\’azfxz
2 2_ 2
—2jaadx[xy+y7J —ZIaa(x«/az —xt 4+l 5 al ]dx
0

. xmdx+ja e [* reyax=2["r(dx, fiseven

=0, fisodd
2 X ’ 3 @ 443
- ‘(@ -x¥dx =2 A .
=042 (-2 dr = (ax 3]0 (a 3] : Ans.
Example 83. Evaluate 4} 4 S dx+— al 5 dy, where C=C, U C, with C, x2+y2=1
X2+ X +y
and Cy:x=%2,y==+2 (Gujarat, I Semester, Jan 2009)
Solution. @ 4 dx +— al > dy v
X2+ y? x4y A y=2
_ J‘J‘ 5 +i 3 y 3 dxdy X2+y2=1
5xx +y ayx +y vy {
B X < —» X
| @120 |y, AR
- (> + %) (x* + %) x=-2 A
_x2+y2—2x2 x2+y2—2y > y=-2
= .” 2 22 2 232 dxdy M
L (7 +)) (x +y) Y
M2 2 2
Yy —x X" -
= + xdy — > dxdy =0
I L2+ () } ”(x +)7) Ans.
5.37 AREA OF THE PLANE REGION BY GREEN’S THEOREM
Proof. We know that
ON oM
jde+Ndy = [, [——E]d dy (1)
On putting N=x a—N=1 and M=-y a—le in (1), we get
0x oy
[-yar+xdy = [[ [-CDldxdy = 2 [[drdy =2 4

C
1
Area = —I(xdy—ydx)
2C

Example 84. Using Green's theorem, find the area of the region in the first quadrant bounded
by the curves

1 X
yExy=y= 7 (U.P. I, Semester, Dec. 2008)

Solution. By Green’s Theorem Area A of the region bounded by a closed curve C is given by
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1 Y\
A= Eéc(xdy—ydx)
A)
. X 1 o
Here, C consists of the curves C, : y = 17 O y=—
X
and C;:y =x So \]4\/1\
1 1 1 1
= — = — = — C 2,’)
{A 2<j'>c 2UC1+J'C2+J'C3} (Il+12+l3)} J+ 2 AR S
X Cs Cy
Al C, — =—dx x:0to2 _X
ong = =X
1 x
I = J- (xdy — ydx) = J- [ de—zdsz
O (0,0
1 1
Along Cz:y:;, y=——2dx,x:2tol

Nyl
Il

1 1
I (xdy — ydx) —I { [_Fj dx—EdX} = [-2log x]l2 =2log 2
Along Ci:y=x,dy=dx;x:1t00;
I, = I (xdy — ydx) = I(xdx xdx)=0
1

A= —(11+I2+I3)=—(O+210g2+0) log2 Ans.

N

EXERCISE 5.13
L. Evaluate [ [(3x% - 6)z) dx + (2y + 3xz) dy + (1—- 4xz%) dz] from (0,0,0) to (1, 1, 1) along the path ¢
c

given by the straight line from (0, 0, 0) to (0, 0, 1) then to (0, 1, 1) and then to (1, 1, 1).

2. Verify Green’s Theorem in plane for I C(xz +2xy) dx + ( y2 +x° ) dy, where c is a square with the
vertices P (0, 0), O (1, 0), R (1, 1) and S (0, 1). Ans. —%

3. Verify Green’s Theorem for J.C(x2 —-2xy)dx + (xzy +3)dy around the boundary ¢ of the region
y*»=8xand x =2

4.  Use Green’s Theorem in a plane to evaluate the integral J C[(2 2= yHde+ (2 + y?) dv],

where c is the boundary in the xy-plane of the area enclosed by the x-axis and the semi-circle x> + y* =1

4

in the upper half xy-plane. Ans. 3

5.  Apply Green’s Theoem to evaluate _[ [(y =sinx) dy +cos x dy], where ¢ is the plane triangle enclosed

b 2 2
by the lines y =0, x= — and y_7x Ans. -~ +8
2 b 4n

6.  Either directly or by Green’s Therorem, evaluate the line integral I e ¥ (cos y dx —sin y dy),
c

where c is the rectangle with vertices (0, 0), (w, 0,), (n, gj and (O, gj Ans.2 (1—e ™)

(AMIETE II Sem June 2010)

7. Verify the Green’s Theorem to evaluate the line integral I C(Z y2 dx +3x dy), where c is the boundary
of the closed region bounded by y = x and y = x2.

27
(U.P, I Semester, Dec. 20005, AMIETE Summer 2004, Winter 2001) Ans. 7
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_ - . . - . .
8. Evaluate ” F .nds,where F=xyi— xzj +(x + z) k and s is the region of the plane 2x + 2y + z= 6
N

2
in the first octant. (A-MILETE., Summer 2004, Winter 2001) Ans. 77

9.  Verify Green’s Theorem for JC [(xy + y2) dx + de)’} where C is the boundary by y = x and y = x2.
(AMIETE, June 2010)
5.38 STOKE’S THEOREM (Relation between Line Integral and Surface Integral)
(Uttarakhand, I Sem. 2008, U.P,, Ist Semester, Dec. 20006)

Statement. Surface integral of the component of curl F along the normal to the surface S,

taken over the surface S bounded by curve C'is equal to the line integral of the vector point function

N
F taken along the closed curve C.
Mathematically

N
C.‘;I?Adr_: J.J.ScurlF-ﬁds
where 7 =cos o.i +cos P/ +cosyk isa unit

external normal to any surface ds,
-

Proof. Let ro= i+ yj’+zl€
d7 =idc+jdy+kdz
F=Ri+FBj+Fk

- o
On putting the values of £, d r in the statement of the theorem

qS(Flf+F2j+F31€)-(fdx+jdy+/€dz)

.0 .0 0 . . R . . .
= ”S[laJ"/aJ”kg]x(FliJrFZ Jj+F3k). (cosai+cosP j+cosyk)ds

qS(F1 dx + F, dy + F, dz) = ﬂ{[%—aﬁ]h[%—aﬁjﬂ[aﬁ—%]é}

oy oz 0z  Ox ox 0oy
(fcosoc+j'cos[3+l€cosy)ds
:H 6&_6& cosa+[%—aﬁ)cosﬁ+ 6&_% cos y |ds (1)
sf{\Loy oz 0z  Ox ox Oy
Let us first prove
oK OF
qSCFl dx = HSHB—ZI cos f3 —a—ylcos yﬂds ..(2)

Let the equation of the surface S be z = g (x, ¥). The projection of the surface on x — y plane

is region R.
¢ Fxy2de = § Flx pg(x lde

0
- HRG_ F (x,y,g)dx dy [By Green’s Theorem]
y
R gy 0z oy

The direction consines of the normal to the surface z = g(x, y) are given by
cosa  cosP  cosy

-0g -0g 1
Ox oy
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And dx dy = projection of ds on the xy-plane = ds cos y
Putting the values of ds in R.H.S. of (2)

J'J' [5171 sB——cosy]d - H [ os P — y y] izsdi:
OF cosp OF oF ( og) oF,
[ (e gy Ifk[a—;(-ag}a—;} s

R\ gy 0z Oy

From (3) and (4), we get

gt (%
Similarly, qSCFz dy = Hs(aaixz 0s Y — —= cos 0‘) ds ...(6)
and qSCF3 dz = ”S[

On adding (5), (6) and (7), we get

OF

% co sB——cos y] ds ..(5)

8& 0s o — —3 cos B] (7
y

OF, OF, OF,
qSC(F1 dx+F,dy+ F; dz) = ”s[ . sB——cosy+Ecosy—Ecosa

OF: OF:
+—2cos o ——>cos B |ds Proved
Oy Ox :
5.39 ANOTHER METHOD OF PROVING STOKE’S THEOREM

The circulation of vector F around a closed curve C is equal to the flux of

the curve of the vector through the surface S bounded by the curve C.

qscfwz'? - ”Scurll?-i}dg;ﬂscurll?-dg C

Proof : The projection of any curved surface over xy-plane can be treated as kernal of the
surface integral over actual surface

Now, [[(FxF)-kdS = [[ (VxF)-(7'x j)dxdy [h=ix]]

o = 0 9
= [[ 17D (F = (V- ) (F iy dv dy = ﬂs{a(%)—a(ﬂ)} dx dy

= ﬂ (L dx + F, dy][By Green’s theorem]

—

= [[JiF+ iR Gdx+jdy) = § Far
”Scurl I?ﬁ ds = @Cﬁ.c_ir.

where, = Fxf+Fy]’+FZléandc;=dxf+dyj+dzl€

Example 85. Evaluate by Strokes theorem 4)( vz dx + zx dy + xy dz) where C is the curve

2, 2 2 ¢
X +y =1z=y" (M.D.U., Dec 2009)

Solution. Here we have qS yzdx +zxdy +xy dz
= I(yzf + zx}' + xyl:r). (idx + }dy + kdz)
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— 0 o0 0
=@ Fd - = = =
qs x Curl F o> oy oz
yz zZx Xy
:IcurlF.nds =x-x)i+@-y) ] +Ez-2k
=0 =0 Ans.

Example 86. Using Stoke's theorem or otherwise, evaluate
I [(2x —y)dx — yz°dy — y*z dz]

where c is the circle x* + y? = 1, corresponding to the surface of sphere of unit radius.
(U.P, I Semester, Winter 2001)

Solution. IC[(Zx — y)dx — yz*dy — y’z dz]
= IC[(2X—Y)f—y22}—yzz K1-(Fdx+ ] dy +k dz)

N - -

By Stoke’s theorem iF'd;) = HSCurl F-nds (D)
o o 9

Ox Oy oz

Curl F =VxF
2x —y —yz2 —yzz
= (=2yz+2y2)i—(0-0)j+ O+ k=k

5
Putting the value of curl F in (1), we get

- J'J'Iéﬁ ds = Hk” d:iy = de dy = Area of the circle =7 { ds = f:iﬂ

b d b d A A A
Example 87. Evaluate ICF .dr,where F (x,y,z)=- v+ X+ 22k and C is the curve of
intersection of the plane y + z = 2 and the cylinder x* + y* = 1. (Gujarat, I sem. Jan. 2009)

Solution. @Cﬁ).cﬁf:ﬂ‘s curl F . ids =HS curl (= y?i +x ]+ 22 k) Ads (1)
F(x,y,2) = _y2{+xj+22/€ (By Stoke's Theorem)

ik

Curl B 0 o 0

r - | £ 2 “

WET1%x 8y o2

2

-y x oz

=7(0-0)—j(0-0)+k(1+2y)=(1+2y)k
Normal vector = V 1?
~ 0 A0 -~ 0 A n
=|i—+]—+k—|(y+z-2)=j+k
[lax ’ay az](y Z-2)=
. A J+k
Unit normal vector 7 = 3
dx d
ds = Ax?}
n-k X2 +y2=1
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On putting the values of curl 14:: n and ds in (1), we get
> - ~ T+ k dx dy

[ F.dr —jjS(1+2y)k.TW
7|

1+2yd d
—.U . J’ = H(l+2y)dxdy J‘ I(1+2rs1n9)rd9dr
75
:Ioznj‘;(r+2r2sin9)d9dr

2 3 1 rdodr
_(™a0| 12 sine =I2n{l+zsin6}d6 S
0 2 3 L0273 A

0 2 2 2 2 Zall
—[———cose} =[n———0+—j— T Ans.
2 3 0 3 3
Example 88. Apply Stoke's Theorem to find the value of
Ic(y dx+zdy+xdz)

where c is the curve of intersection of x*> + y° + 22 = a° and x + z = a. (Nagpur, Summer 2001)

Solution. Ic(y dx+zdy + x dz)
= [ g k)G dx+ jdy R dz) = [ (v + 5+ xk)-dF
- H curl (i +zj + x]é) “nds (By Stoke’s Theorem)

= z—+]—+ka x(yi+z +xk)ids = [[ —(+j+k)-ads
a . (1)

where S is the circle formed by the intersection of x* + y*+ 2 =a*and x + z = a.

[fa+}a+/€a](x+z—a)
X 0z

.V a oy i+k
s Vo _
Vo Vo Ji+l
ik . Y
BENCRNG) S

Putting the vlaue of 7 in (1), we have
= —(+j+hk)|—=+—|ds
[[—G+] )(Jr JEJ
” ( ]ds Userzsz—pzzaz—a—za—
2 2
2 2
- -2 a na
=—|| ds=—2p| — | =——=— Ans.
alle-GlE)
Example 89. Directly or by Stokes Theorem, evaluate I I curl V-ids, v =iy + jz + kx, S is

the surface of the paraboloid z = 1 — x* — y?, 23> 0 and # is the unit vector normal to s.
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i)k
_ o o0 0 -
Solution. Vxvy = o 6_y = =—i—j—k
y z x
Obviously i = k.
Therefore (Vx;))ﬁ = (—f—j—lg).lg:—l
Hence [[(vx7)-iids = [[-Ddcdy = — [[axay
* :—ft(lzz—n. * (Area of circle =  7%) Ans.

Example 90. Use Stoke's Theorem to evaluate | 7 - dr, where vV =y + xyj + xzk, andc
> y 3/}

is the bounding curve of the hemisphere X2 + 12 + 22 = 9, z > 0, oriented in the positive
direction.
Solution. By Stoke’s theorem

I Vedr - _”S(curl 7)4% ds=ﬂS(V><7)-ﬁ ds
ik
0 0 0|=00-0i-(z-0j+(r-2yk
ox oy Oz :_Z]‘_yjé
=

Xy xz

.0 .0 0 2 2, 2
—+j—+k— +y +z7 -9
Ve _(lax ! o az](x yreed
V¢ A
_ 2xf+2yj+2z/€ _ xf+yj+z/€ _xf+yj+z/€
\/4)c2+4yz+4z2 )c2+yz+z2 3
(V><7)~ﬁ _ (_Z}_ylg)'xf+yj+21€=—yz—yz=—2yz
3 3 3
ﬁ-éds:dxdy:w.é dx:dxdngdSdedy
dszédxdy
z
> —-2yz\(3
”S(va)'nds—ﬂ[ ; j[;dXdJ’j——ﬂ2ydxdy

2n 3
= —H2rsin9rd9dr: -2 jsinedejrz dr
0 0
3P
= —2(—0089)5“{%} =—2(-1+1)9=0 Ans.
0

5
Example 91. Evaluate the surface integral Hs curl F.ndS by transforming it into a line

integral, S being that part of the surface of the paraboloid z = 1 — x* — y? for which

z>0and F = yi+zj+xk- (K. University, Dec. 2008)
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i)k
, > o> |0 0 O s s g
Solution. VxF = oy o o J
y z x
Obviously A= k.
Therefore (VxF)h=(—i—]—k).k=—1
-
Hence II(VXF)'ndS = II(—I)dxdy = —jjdxdy
s s
=—n(l)Y=-m s (Areaof cirde= n %) Ans.

- = e d ~ ~ N
Example 92. Evaluate @CF dr by Stoke’s Theorem, where F = yzi +x2 J—(x+2z)k and

C is the boundary of triangle with vertices at (0, 0, 0), (1, 0, 0) and (I, 1, 0).
(l)/.P., 1 Semester, Winter 2000)

N -
Solution. We have, curl p = Vx F Za
i k
A~ A A Y
_|92 9 9 =0.1+72(x-y)k.
O0x Oy Oz
2 2
yooxt —(x+2) A

We observe that z co-ordinate of each vertex of the triangle is zero. y (1,0.0) (1.1,0)

Therefore, the triangle lies in the xy-plane.
A=k
- n A A
curl F-n=[j+2(x—-y)k].k=2(x-y).
In the figure, only xy-plane is considered.

The equation of the line OB is y = x
By Stoke’s theorem, we have

qS;“)d_; _ ” (curl F-7) ds
c S ]

I::OI;:Oz(x—y) dxdy = 2I5{xy—y—;}0 dx

1 2 1 y2 37
2I - dx:2j- x—dx:lezdx: * :l, Ans.
0 2 02 0 3 3
0

Example 93. Evaluate @c; J;: by Stoke'’s Theorem, where }_7) =(x*+y))i-2xyjand C

is the boundary of the rectangle x =t a,y=0andy =>b. (U.P, I Semester, Winter 2002)
Solution. Since the z co-ordinate of each vertex of the given rectangle is zero, hence the given
rectangle must lie in the xy-plane.

Here, the co-ordinates of 4, B, C and D are (a, 0), (@, b), (— a, b) and (— a, 0) respectively.

i 7 k

Curl F = 2 9 i:_4);](
ox oy Oz
x2+y2 -2xy O
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Here, n=k, so by Stoke’s theorem, we’ve

@C;")J; = ﬂscurlf-ﬁ ds

a b
:”S(—4yl€)-(l:f)dxdy = -4 I Iydxdy

x=—ay=0
a 2 b a
——4[?-} de=-20 [de=—4ab’ Ans.
2

—a 0 —a
Example 94. Apply Stoke s Theorem to calculate .'.54 ydx+2zdy+6yd:z
where c is the curve of intersection of X’ + y? + 22 = 6 zand z = x + 3.
Solution. j Fdr = Ic4ydx+22dy+6ydz

— [ @ yi+22 +6 yk)-Gdx + jdy + kdz)

F=4yi+25+6)k
Pj ok
Lo le 8 o|=(6-2i-0-0)j+0-4k
VXE =lox oy oz |-4i-4k

4y 2z 6y
S is the surface of the circle x? + y? + 22 = 6z, z=x + 3, /i is normal to the plane x —z+3 =0
[g+}g+/€g (x—z+3) A oA s
V¢ Ox oy oz B z—kzz—k
v V¢ Jiv1 2

VxF)q=@Gi-ab) ik o444 _ 4

NN

jcl?d_; = ”S (curl F)-fids = HS 42 (dx dz) = 42 (area of circle)

Centre of the sphere x> + )2 + (z — 3)> =9, (0, 0, 3) lies on the plane z = x + 3. It means that
the given circle is a great circle of sphere, where radius of the circle is equal to the radius of the

sphere.
Radius of circle=3, Area=n (3)>=9

[ (VxF)-ids = 4209m)=36v2 Ans.
Example 95. Verify Stoke’s Theorem for the function F =zi + x j + yk, where C is the unit

circle in xy-plane bounding the hemisphere z = \[(1 —x? =y?). (U.P, I Semester Comp. 2002)

Solution. Here F =zi+xj+yk (1)
Also, r:xf+yj'+zl€ = Ef:dxf+dyj+dzl€.
' F-dr =zdx+xdy+ydz.

@Cp.d,/ = @C(z dx + x dy + y dz). )
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Z
On the circle C, x2 + 2 =1, z= 0 on the xy-plane. Hence on C, we +
have z = 0 so that dz = 0. Hence (2) reduces to
$ Fdr = ¢, x dy. -(3) . .
Now the parametric equations of C, i.e., x>+ )? = 1 are
X =cos ¢, y=sin ¢. ..(4) X ¢
- 2n1+ cos 2
Using (4), (3) reduces to @CF.di’ I _,Cosdcosdd ¢ = _[ Td) ¢
1 sin 2
= 5{ (ﬂ =7 ..(5)

Let P(x, y, z) be any point on the surface of the hemlsphere x>+ )2+ 22 =1, O origin is the
centre of the sphere.

Radius =OP = xi + yj+zk Normal = x7 + y j + zk
xi+yj+zk

\[xz +y2 + Z2

(Radius is L to tangent i.e. Radius is normalg

n = =xi+yj+zk
x =sin 0 cos ¢, y=sin O sin ¢, z= cos O
i =sin®cos ¢ i +sm9s1n¢] +cos 0 k

i b k
Also, Curl F = |8/0x 8/dy 0/oz|=i+j+k A7)
z X y

Curl Fofy = (F+ j+Kk).(sinOcosdi +sinOsin ¢} +sin 0 £)
=sin 6 cos ¢ + sin O sin ¢ + cos O

[ cutt Frivas = [3 ], G+ i+
(sin®cos¢ i +sinOsind J +cos O k)sin0do dp
= j‘(izosin 6d0 J‘;:O(sin O cosd+sinOsin ¢+ cos0)do
[+ dS=Elementary area on hemisphere = sin 0 d 6 d¢]
= [ sin 8.46[sin sin ¢+ sin O (- cos §) + ¢ cos O™ = [sin0do

i T /2
- IO/Z(Q+O+2nsinecos9)d9 _ njo/zsin29d9 _ 7t|:_cos29}
2 o
=—(n2)[-1

_1]=
NN .
From (5) and (8), ¢ F-dr J' J' curl F-7d S, which verifies Stokes’s theorem.
s

Example 96. Verify Stoke’s theorem for the vector field F =(2x — y)i — yz2 = y2 zk over

the upper half of the surface x* + y> + z> = 1 bounded by its projection on xy- plane.
(Nagpur University, Summer 2001)
Solution. Let S be the upper half surface of the sphere x> + 3> + z2 = 1. The boundary C or S
is a circle in the xy plane of radius unity and centre O. The equation of C are x> + 3% = 1,
z =0 whose parametric form is
x=cost,y=sint,z=0,0<¢<2xm

—

J' Fd_)r = J.C[(Zx—y)f—yzz}'—yzzl:f].[f dx+}dy+l€dz]
c



Vectors
= IC[(zx —y)dx— J’ZZ dy _yzz dz] = IC(2x — ¥) dx, gince on C,z=0and2z=0
2n . dx 2n . .
= IO (2cos ¢ —sin t)Edtzj'O (2cos ¢t —sin ¢) (—sin ¢) dt

2n on . 1 5
- J- (- sin 21 + sin’ 1) dt:j [— sm2t+&tj dt
0 . 5

[cos2t t sin2tT’T 1 1
= —— =—+n-——=7 (1)
2 2 4 |, 2 2
i b k
o 9 9
Curl g =| 0x 0y 0z |=(-2yz+2y2)i+0-0)j+0+)k=k
2x —y —yz2 y2

A A

Curan: n=n.

IR Curl F. hds = [, n/édl:—ﬁ 5k a”fiy ’\
‘ .

Where R is the projection of S on xy-plane.

P ae ] w e
_ 4[%1/1—33 +%sin_1 x}l =4{%.§}=ﬂ ..(2)

0
From (1) and (2), we have

> - _
ICF .dr = I Curl F . nds which is the Stoke's theorem. Ans.

Example 97. Verify Stoke’s Theorem for }_7) = +y-4)i+3x0]+Qxz+2%) k
over the surface of hemisphere x> + y* + z> = 16 above the xy-plane.

- -
Solution. LF -dr, where c is the boundary of the circle x? + y? + z2 = 16
(bounding the hemispherical surface)
_ j [(x> + y —4)i +3xy] +(2xz + z2) k]-(idx + jdv)

= [ I3 + =4y de +3 xp dy)]
Putting x=4cos0,y=4sin6,dx=—4sin0d0,dy=4cos0d0
Iozn[(16cos29+4sin9—4)(—4sin9d9)+(192sinecos29d9)]

16 J‘Ozn[— 4 cos” sin® —sin® O + sin® + 12 sin O cos> 0] d O

2n . ) ) .
16'.‘0 (8sinB cos” B —sin” 6 +sinB) d O
2n
.[o sin” 6 cos 6 dO=0

= -16[ "sin>0 40
T 2n n .
:—16><4J'2sin26d6:— [lﬁj——wn. .[o cos" 0sin0d0=0
0 22
i j k
) N 0 0 0
To evaluate surface integral v x = o 5 £

x2+y—4 3xy 2xz+z°
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= (0-0)i-(Q2z-0j+CBy-Dk=-22+By-Dk

vo (fa+}a+l€i](x2+y2+zz—l6)

_ x "y

T vel Vol

_ 2xf +2y) +2zk _ Xi+yj + zk :xf+y}+zl€

B \/4x2 +4y2 +47° \/xz +y2 +z° 4
(Vx;l).ﬁ—[—2z}+(3y_1)/2].w_—2y2+§3y—1)z

Fonds =dvdy = W.kds:dxdy - %ds:dxdy
4
ds:;dxdy
R -2yz+Q@y-Dz (4
H(VXF).nds: H 1 Jdrdy )= H[—2y+(3y—1)]dxdy = ﬂ(y—l)dxdy

On puttingx =rcos 0, y=rsin 0, dx dy =r d 0 dr, we get
= H(rsine—l)rdedr = jdej(rz sin 0 — r) dr

2z " 2 ! 2z 64
— jde L sing-"—| = jde[—sme—sj
‘ 3 2 : 3
64 64
—[—ﬁcose—SGJ =—-lon+—=_161
3 3 3

0
The line integral is equal to the surface integral, hence Stoke’s Theorem is verified. Proved.

0

Example 98. Verify Stoke s theorem for a vector field defined by }_7) =(xr =y i+2xy] in

the rectangular in xy-plane bounded by linesx =0, x=a,y =0,y =b.
(Nagpur University, Summer 2000)

> > —
Solution. Here we have to verify Stoke’s theorem I JHdr = H (VX F).nds
Where ‘C’ be the boundary of rectangle (ABCD) and S be the surface enclosed by curve C.

_> A A
F = —y)i+Q2x) )

Fodr =% =y +2xy J1.[F dx + Jdy]
= F.dr =2+ dx + 2xy dy (D)
Now, [ Fodr=[ F.odr+| F.dr+[ F.dr+[ F.dr (@

Along OA, put y = 0 so that k dy = 0 in (1) and F.dr =x2dx,
Where x is from O to a.

5o e, 24
[ JFdr=] xdx =173 73 -3
Along AB, put x =asothat dx=01n (1), we get 7 7, =2aydy

Where y is from 0 to b.

N o o24b 42
J'ABF.dr—J-O2aydy7[ay Jo=ab ..(4)



Along BC,puty=band dy =0 in (1) we get F.dr = (x> — b?) dx,
where x is from a to 0.

3 0 3
| Foar = [l pyae=| 2w =2 b7
BC a 3 ; 3

Vectors

..(5)
Along CO,putx=0and dx=0in (1), we get F.dr=0 Ay
- > y=b P B

- [ooFdr =0 .(6) © “(ab)
Putting the values of integrals (3), (4), (5) and (6) in (2), _o

we get =Y Ax=a

3 3
J‘ Ejr :%+ab2—%+ab2+0=2ab2 (7 2 A x
c

O y=0

Now we have to evaluate R.H.S. of Stoke’s Theorem i.e. Hs (V x Ij") ).nds
We have, A
[ J k
VxF = a—i aﬂ %=(2y+2y)/3=4y1€
x? - y2 2xy 0
Also the unit vector normal to the surface S in outward direction is 7=k

(- z-axis is normal to surface S)
Also in xy-plane ds = dx dy

HS(V xF).n.ds = ”R4yl€.l€dx dy = ”R4ydx dy.
Where R be the region of the surface S.

Consider a strip parallel to y-axis. This strip starts on line y = 0 (i.e. x-axis) and end on the line

y = b, We move this strip from x = 0 (y-axis) to x = a to cover complete region R.

([ (VxF).ds = I:U;’4ydy}dx=f:[2y2]3dx

- j . 2% dx = 2b* [x]% = 2ab’ (8)
From (7) and (8), we get
J- c F.dr = ”S (V x F). hds and hence the Stoke’s theorem is verified.
Example 99. Verify Stoke's Theorem for the function
F = xi-xj
integrated round the square in the plane z = 0 and bounded by the lines
x=0y=0x=ay=a. v
A
- 2 A
Solution. We have, F = xX*7 — xy) c y=a .
ik
VxF = g g g x=0Y AX=a
ox Oy Oz «
k- xy 0 o y=0 A

=(0-0)i-(0-0)j+(—y—0)k=—yk (74 Ltoxyplaneie. k)
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[[ (v xFyds = [[ vk dx dy
a a a yz “ > &
= [dx [~ ydy = jdx{—T} =5 M= - (1)
0 0 0 0
To obtain line integral
- —> . . . .
IF' dr = j(xzi —xy))-(idx+ jdy) = j(xz dx —xy dy)
C
where c is the path OA4BCO as shown in the ﬁgure.c

- — - - -
Also, [F-dr - [ Fdr_ [Fdr+ [Fdr+ [ Fdr+ [ Far Q)
Tl 04BCO 04 AB BC co
Along 04, y =0,dy=0
=7 line | Eq. of Lower | Upper
F,d}, — 2d _ d q pp
Jou Jou (% =) line limit | limit
a , N & OA|y=0|dy=0{x=0 | x=a
:IOde: ?0:? AB |x=a |dx=0|y=0 | y=a
Along AB, x =a,dx=0 BCly=a |dy=0|x=a | x=0
CO|x=0 |dc=0ly=a | y=0

jABE.Zr = [, dv—xydy)

a 2 ¢ 3
—J‘O—aydy——a{y?} -4
Along BC, y=a,dy=0 ’
-

370 3
N 2 0 > X a
) = dc—xydy) = | x“de = | 2| = -2
[, Frdr [, (v —xyay) = |, {3} 3
Along CO, x=0,dx=0
- > 5
J.COF'dr - .[co(x dx —xy dy) =0
Putting the values of these integrals in (2), we have
NN 3 3 3 3
a a a a
J.CF'dI" :?—7—?4'0: b (3)
- - - =
From (1) and (3), H(V xF)-nds = IF'd”
S C
Hence, Stoke’s Theorem is verified. Ans.

Example 100. Verify Stokes Theorem for ; =@x+y)i +(2x-2) J+ (v +2) k for the
surface of a triangular lamina with vertices (2, 0, 0), (0, 3, 0) and (0, 0, 6).

(Nagpur University 2004, K. U. Dec. 2009, 2008, A.M.LE.TE., Summer 2000)
Solution. Here the path of integration ¢ consists of the straight lines AB, BC, CA where the
co-ordinates of A, B, C and (2, 0, 0), (0, 3, 0) and (0, 0, 6) respectively. Let S be the plane
surface of triangle ABC bounded by C. Let 7 be unit normal vector to surface S. Then by
Stoke’s Theorem, we must have

@c;;; _ ”Scurl I?ﬁ ds (1)
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c o - g 2 2
L.H.S. of (1)= J-ABCF'dr = J-ABF-dr+J-BCF.dr+J-CAF- r

Along line 4B, z = 0, equation of AB is§+3
3 3

=—2-x),dy = ——dx
= y 2( ), dy 5

Atd, x=2,AtB,x=0,7 = xi +y)

j I;)d_; = IAB[(x+y)f+2x]’+yl€]-(fdx+]’dy)
AB

= IAB (x+ y)dx + 2xdy

= J' [x+3—3—x)dx+2x[—édx)
4B ) )

=(7-6)=+1
line Eq. of Lower | Upper
line limit limit
Xy 3 At A | At B
AB | —=+==1|dy=——=dx
23 T2 k22 | x=0
z=0
y oz At B | At C
BC | =+==1|dz=-2dy
3 6 y=3 y=0
x=0
x z At C | At 4
CA | —+==1|dz=-3dx
2 6 x=0 x=2
y=0

Along line BC, x = 0, Equation of BC is §+§ =lorz=6-2y, dz=-2dy
AtB,y=3,AtC,y=0, 7 = ¥ +zk
- - . . .
IBCF~dr: IBC[yl+ZJ+(y+z)k]'(]dy+kdz) = IBC—zdy+(y+z) dz
0
= [, (6+2y)dy + (v +6-2y) (- 2dy)
0
= [, @y-18)dy=(2y" ~187)5 =36

X z
Along line CA, y =0, Eq. of CA, 5+g =1 or z=6-3x,dz=—3dx

AtC,x=0,atA, x=2,7 = xi +zk
- —> n n A n A
ICAF-dr = ICA[xi+(2x—z)j+zk]-[dxi +dzk] = [ (xdx + zdz)

_ jozxdx+(6—3x) (= 3dx) = joz(lox—ls) dx = [52% ~18x = 16
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i - = - - - -
LHS. of (1) = [ Fedr = [ Fedr+[ Fedr+[ Fedr=1+36-16=21

— — ':a ':a ~ 0 2 a
Curl F=VxF =|i—+]—+k—|X[(x+»)i+Q2x—2)j+(y+2)k]
ox dy 0z

=(1+1)i-(0-0)j+Q2-Dk=2+k

Equation of the plane of ABC is il I

Normal to the plane ABC is

Vo = [fi+}i+éij(f+l+i—lj L)Lk
ox 2 3 6

dy dz)\2 3 6
LI Y.
Unit Normal Vector = %
—+—+—
4 9 36
1 . A
n o= (Gi+2j+k)
Ji
il P B
R.H.S. of (1) = J.LcurlF-nds = IIS(Zi +k).T(3,- 2]+ dx dy —
| ) Gi+2j+k)k
Jia
Cqp 6D dedy B
*Us\/g 1 *7”dXdy*7AreaofAOAB

Tz

7[lx2x3j =21
2

with the help of (2) and (3) we find (1) is true and so Stoke’s Theorem is verified.
Example 101. Verify Stoke’s Theorem for

F=0-z+2i +0z+4) ] -2k

)

(3

over the surface of a cube x = 0,y =0,z =0, x =2,y = 2, z = 2 above the XOY plane

(open the bottom).

Solution. Consider the surface of the cube as shown in the figure. Bounding path is OABCO

shown by arrows.

[Fdr- [[(r =2 +2)7 + (= +4) ]~ (x) &]- G + v + )

j(y—z+2)dx+(yz+4)dy—xzdz

- - - - - - - -
I;,dj _ [ Fdr+ [Fdr+ [ Fdrs [ Fdr g
0A AB BC Cco

(15 Along 04, y=0,dy=0,z=0,dz=0
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Line | Equ. Lower | Upper | F. dr
of line limit | limit
y=0|dy=0

1| 04 220 | dz=0 x=0 |x=2|2dx
x=2|dx=0

2| AB 220 | dz=0 y=0|y=2|4dy
y=2|dy=0

3| BC 220 | dz=0 x=2 |x=0|4dx
x=0 1| dx=0

4| CO 220 | dz=0 y=2|y=0]4dy

2
de? :jzdxz[zx]§:4
04 0

2
IE.;; _[e-0+2)ar=@xn) - g
BC 0

F-dr = j(y—0+z)xo+(0+4)dy—o
Cco

= 4fdv=4(»; =8
On putting the values of these integrals in (1), we get

- -
[Fedr =4+8-8-8=-4

c
To obtain surface integral

i ki k
0 N
VxF =|0x y oz

y—z+2 yz+4 —xz
=0 P ~(z+D) J+O-D f=—yi +@-1Jj—i

Here we have to integrate over the five surfaces, ABDE, OCGF, BCGD, OAEF, DEFG.
Over the surface ABDE (x =2), /i =i,ds=dy dz

”(Vxl?)ﬁds = ﬂ[—yi+(z—l)j—k]~idxdz=” —ydydz

o= f,(5,7)
= HR[F3 (x, », Z)]z=ff(x,yy> dx dy
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Outward

Surface ds

normal
ABDE i dy dz =
OCGF -1 dy dz =

BCGD j dx dz
OAEF —J dx dz
DEFG k dx dy

SIS S e
[
DO (NS

N[ |W( (N

2 2 52 2 ,
_—J‘ydy‘[dz=—{7} [z],=—4
0 0 0
Over the surface OCGF (x=0), 5 =—i,ds=dy dz

H(fo)ﬁds = ﬂ[—yh(z—1)}'—1€]~(—f)dydz
2

2 2 2
= Hydydz=‘([ydy‘([dz=2{y7}0=4

(3) Over the surface BCGD, (y =2), 5i=j, ds =dx dz

H(fo)ﬁds = ﬂ[—yf+(z—1)}—l€]-}dxdz
2

2 2
= [l macar = o Je- e = - op 2] =
0 0

0
(4) Over the surface OAEF, (y =0), n =— j ,ds =dx dz
[Jvx Fyoias = [[l=yi+(@=Dj—kl-(- ) dx dz

2

2 2
S e e .
0 0

0

(5) Over the surface DEFG, (z=2), 5 =k, ds=dx dy

H(fo)ﬁds - ﬂ[—y5+(z—1)}—1€]~1€dxdy - ﬂdxdy

= ol - g - -4

Total surface integral=—4+4+0+0-4=-4

—

Thus [[ curl F-ivds = | Fdr— 4

which verifies Stoke’s Theorem.

Ans.



10.

11.

12.
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EXERCISE 5.14
Use the Stoke’s Theorem to evaluate J yzdx +xydy +xzdz,

where C is the bounding curve of thechemisphere ¥+ >+ 22 =1, z >0, oriented in the positive
direction. Ans. 0
Evaluate J‘S (curl F)-7n dA, using the Stoke’s Theorem, where 1? = yi + 2 +xk and s is the paraboloid
z=f(,))=1-x>-)*,z20. Ans. 1
Evaluate the integral for I c yzdx + zzdy + xzdz, where C is the triangular closed path joining the points
(0, 0, 0), (0, a, 0) and (0, 0, @) by transforming the integral to surface integral using Stoke’s Theorem.

a3

Ans. ?

b N N A
Verify Stoke’s Theorem for A =3yi — xzj + yz°k, where S is the surface of the paraboloid 2z = x* + y?
bounded by z = 2 and c is its boundary traversed in the clockwise direction. Ans. —20 1t

27 > - 31 37 . . 2 2 _ _ 19
Evaluate J‘CF' dR where F=yi+xz j—zy'k, Cisthecircl x>+ y*=4, z=15 Ans.
2

5
If S is the surface of the sphere x> + 3 + z2 = 9. Prove that IS curl F-ds = 0.
Verify Stoke’s Theorem for the vector field

—

F=Qy+2)i+(x-2)j+(-xk

over the portion of the plane x + y + z = 1 cut off by the co-ordinate planes.

— - n A
Evaluate J F-dr by Stoke’s Theorem for F =yzi+zx j+xy k and C is the curve of intersection of
c

¥ +)y?=1andy=2% Ans. 0

> R
If F=(x—z)i+(x>+yz)]+3x? k and S is the surface of the cone z = a — \/(x2 + y?) above the

N
xy-plane, show that I I curl F-dS =3 na*/4.
s
- A A A
If F=3yi—xy+ yzzk and S is the surface of the paraboloid 2z = x> + y? bounded by z = 2, show by
—
using Stoke’s Theorem that J‘J‘S(V xF)-dS =20 .

- " A n =g :
If F=(? +22-x?) i+ +x2 =12+ (> +y? = 25 k, evaluate qurlF -nds integrated over

the portion of the surface x> + 32 — 2ax + az = 0 above the plane z = 0 and verify Stoke’s Theorem; where
A 1s unit vector normal to the surface. (A.MIE.TE., Winter 20002) Ans. 2 1 a°

Evaluate by using Stoke’s Theorem I C[sin zdx—cosxdy+siny dz] where C is the boundary of

rectangle 0<x<m, 0<y<l1, z=3. (AMIETE, June 2010)

5.40 GAUSS’S THEOREM OF DIVERGENCE

(Relation between surface integral and volume integral)
(U.P, Ist Semester, Jan., 2011, Dec, 2006)
Statement. The surface integral of the normal component of a vector function F taken around

a closed surface S is equal to the integral of the divergence of F taken over the volume / enclosed
by the surface S.

Mathematically
[].Fds =[] divFan
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- A
Proof. Let F =Fi + F,j + Fk.
-
Putting the values of F, 71 in the statement of the divergence theorem, we have

” Fll+F2]+F3k nds = Hj [z—+]a£+k j(Flz+F2]+F3k)dxdydz
Y

-1, [aFl ue a?]dxdydz ()

We require to prove (1).

OF:
Let us first evaluate H V—3 dx dydz

(1, v i = (][0 e v

= [ G 3 fo) = By Gy, /)] dx dy - 2)

For the upper part of the surface i.e. S,, we have
dx dy=ds,cosr,= i, [ ds,
Again for the lower part of the surface i.e. S|, we have,

dxdy=—cosr,ds = n,. léals1
[[ 5 Gy ydedy = [ Fuiy -k ds,

and IIRE(x,y,ﬁ)dxdy: _”S Fy iy ds,
1
Putting these values in (2), we have

myaai;dv — Hszg A,k ds, +HSIF3 Ak ds, = HSF3 Ak ds e
Similarly, it can be shown that
M2Lw-rije @ 1
0,55 = [[maia )

Adding (3), (4) & (5), we have

m [8171 OF, aaF;]dV

ZHS(EHFZ}'mg/é).ﬁ.ds o

= [, P [P s,

— -
Example 102. State Gauss's Divergence theorem HSF ds = _U Div Fdv where S is the

- A
surface of the sphere x> + y* + 22 =16 and F =3xi +4y j+ 5zk.
(Nagpur University, Winter 2004)
Solution. Statement of Gauss’s Divergence theorem is given in Art 24.8 on page 597.
Thus by Gauss’s divergence theorem,

J‘J‘SI_’).ﬁds = HVJ.V.;dv Here 1?:3xf+4y}+5213
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- ~ 0 A 0 ~ 0 A A ~
i —+]—+k— |.(3xi +4yj +5zk
V.F [lax Jay azj(m Y +5zk)

N

V.F=3+4+5=14
Putting the value of Vv . F, we get

- A
HSF .nds = HVIM -dv where v is volume of a sphere
=14v
= 14%1 4) :_35§4n Ans.

Ed Ed A A A
Example 103. Evaluate HSF .fiids where F = 4xzi — y* ] + yzk and S is the surface of the
cube bounded by x=0,x=1,y=0,y=1,z=0,z=1.

(U.P, Ist Semester, 2009, Nagpur University, Winter 2003)
Solution. By Divergence theorem,

Hs;'ﬁds = IIVI(V-;)dv

= ”J{a—ax (4xz)+%(—y2)+%(yz)} dxdydz
= [[ Jeaz =2y +y) axdya:

2 1
- IIVI(4z—y)dxdydz=I;I;(%—J’ZJ dx dy
0

S TP o KR

1
2
1 y 31 3 13 3
= _ — = — = — =— 1 = —
jo(zy 5 Jodx Syt =¥l =5 W=7 Ans.
Note: This question is directly solved as on example 14 on Page 574.

Ed Ed A A ~
Example 104. Find H F-ii-ds, where F=Qx+32)i —(xz+y)]+(? +22)k and S is
the surface of the sphere having centre (3, — 1, 2) and radius 3.
(AMIETE, Dec. 2010, U.P, I Semester, Winter 2005, 2000)
Solution. Let V be the volume enclosed by the surface S.
By Divergence theorem, we’ve

HS;.,%.dS 1] Vdiv;:dv.

- 0 0 0
Now. divF = —(2x+3z)+—[—(xz+y)]+—(y2+2z) =2_1+2=3
’ ox oy Oz

7 = [ 30 =3 [, a0 =5
Again V is the volume of a sphere of radius 3. Therefore

v=2ar =4 6P =36
3 3

.
HSFﬁ-ds =3V=3x36n1=108 Ans.



Vectors

N
Example 105. Use Divergence Theorem to evaluate HS A_>~ ds ,

where 4 — 3 V3 i+ 2k and S is the surface of the sphere x* + y* + 2 = a*.

(AMIETE, Dec. 2009)
Solution. HS A_>~ dz = m‘v div Z dv A
= J.” [fai+}%+l€§]-(x3f+y3j+z3l€)dV

v X z

= m Gx* +3)y% +322)dV = 3”L(x2 +y2 +20)dV
On putting x = r sin 0 cos ¢, y = r sin 0 sin ¢, z = r cos 0, we get

E
= 3[[[,* ¢ sin0draoap) =3x8 [do [sin0d0 [ s dr
0 0
I LAY - S 12nd
= 24 (¢)2 (—cos 0)7 (%j =24 [5) (=0+1) (?Jz_S s,
0

Example 106. Use divergence Theorem to show that
HSV (x2 +y2 +22)d§> =6V

where S is any closed surface enclosing volume V. (U.P, I Semester, Winter 2002)

Soluti 0 2424 2 = li+ji+1€i .(x2+y2+22)
olution. Here v (x*+y*+2%) = | I 7 oy oz

= 2xi+2yj+2zk=2(xi+yj+zk)

J‘J‘SV(xz +y2+ %) ds = HSV(xZ +y? +2%)ads

7l being outward drawn unit normal vector to S
= .”52 (xi +yj+zk)-hds

= 2IIIVdiv(xf+yj+zl€)dv (1)

(By Divergence Theorem)
(V being volume enclosed by S)

i 2 LA l?i+A'i+l«;i ~(xf+ A'+zl€)
Now, div. (xi +y j+zk) = |' 5./ Py yJj

x oy
_Ox O 0z _
“ovtayTas 3 (2)
From (1) & (2), we have
[[va?+y?+ztyas =2f[f 3av=6][f av=6v Proved.

Example 107. Evaluate ”S (y?22%1 + 22x2 ] + 22y%k) /i dS, where S is the part of the sphere

x° +y? + 22 = 1 above the xy-plane and bounded by this plane.
Solution. Let 7 be the volume enclosed by the surface S. Then by divergence Theorem, we
have

HS (P2 + 25+ Zzyzlg) nds = ”IVdiv (yzzzf + zzxzj' + Zzyzl:t) dv

_ ﬂjy{a—i (yzzz)+%(z2x2)+§(zzy2)} av [ 22 av =2 [] =7 av
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Changing to spherical polar coordinates by putting
x=rsinBcosd, y=rsinBsing, z=rcosb,dV= r251n9drd9d¢

To cover V, the limits of » will be 0 to 1, those of 6 will be 0 to 5 and those of ¢ will be 0 to

2m.
2[[ % av zjoz“jo“”jol(r cos 0) (+* sin? B sin? ¢) 2 sin 0-dr dO dd

_2 joz“jo“”jolﬁ sin> 0 cos 0 sin® ¢ dr d6 d
1

n 6
2| 02 [ 2sin’ 0 cos 05in” ¢ {%} 6 do

0

2 20 ) 2 1 2n 2 T
ZEIO sin ¢Ed¢ = EIO sin“¢do = E Ans.

- 2 - 2 27, 2f
Example 108. Use Divergence Theorem to evaluate I J' ¢ F-dS where F=4xi =2 y"j+z°k

and S is the surface bounding the region x* +y* =4,z =0and z = 3.
(A-M.LE.TE., Summer 2003, 2001)
Solution. By Divergence Theorem,

[ Frds = [[f diw Fav T

—m [z—+]—+k ](4161 2%+ k) dv

_ mV(4-4y+2z)dxdydz

3
= [Javdy [(4—dy+22)dz = [[dxdy[4z - 4yz + 2
0

= ﬂ(12—12y+9)dxdy = ﬂ(21—12y)dxdy
Let us put x = r cos 0, y—rsme

H(Zl—lzrsme)rdedr— J‘dej‘ (217 =127 sin 0) dr

b 2 2 21
_ jde{zlzr —4r3sin9} _ [ d0(42-325in0) = (42 0 + 32 cos O);"
0

0
=84 n+32-32=84n Ans.

Example 109. Apply the Divergence Theorem to compute H wn ds, where s is the surface of

the cylinder x> + 2 = & bounded by the planes z = 0, z = b and where u =ix — jy + kz.
Solution. By Gauss’s Divergence Theorem

([ -dds = [[] v-u)yav e

J.” z—+]—+k ](zx ]y+kz)dv

,m a___ E]dv — [, (t=141)av

= ,[,” Vd" = HIde dy dz = Volume of the cylinder =7 a%b
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5
Example 110. Apply Divergence Theorem to evaluate m F.hds, where
v

g A A A
F = 4% —x?y j+ x*zk and S is the surface of the cylinder x* + y? = a’ bounded by the
planes z = 0 and z = b. (U.P. Ist Semester, Dec. 2006)

Solution. We have,
N

F = 4x3f—x2yj'+x221€

_— 0 0 0 32 2.4 2_7
div F _[la+j8_y+kazj 4x7i —x"yj + x"zk)
—(4X)+ ( xy)+—(x2)—12x —x2 a2 =12 2

ufx,aﬂﬁ e

Now, I”Vdiv ;")dV x~ dz dy dx

:12L_,J Jﬁx (2)g dydx =120 [° x(y)VJ—x

:12bj‘7 x .2\/61 —x% dx = 24bLax \/az—x dx

—48bj‘ X’ a? - x* dx [Put x = a sin 6, dx = a cos 0 db]
:48bj0 a’ sin* 0 acosBacosOdO

313
= 48 ba* I:/zsinz 0-cos> 0d0 = 48 pa* E_;

L

— 48ba* % =3 ban Ans.

N
Example 111. Evaluate surface integral _UF nds, where ; =+ +2) (+j+k), S

is the surface of the tetrahedronx =0,y = 0,z =0, x + y + z = 2 and n is the unit normal in
the outward direction to the closed surface S.
Solution. By Divergence theorem

Hs;'ﬁ ds = [, div Fedv

where S is the surface of tetrahedron x =0,y =0,z=0,x+y+z=2
J.” [z—+]—+k ](x + 2 +Z)(z+]+k)dv z
|[[[ ex+2y+22)av CN0.0.2)

2IIIV(x+y+Z) dx dy dz

2!02dx J‘;ﬁdy "‘027X7y(x +y+z)dz

) 2—-x—y
2 2-x z
2I0dxfo dy(xz+yz+7]
0
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2-x-y)
2

2 2—-x 2 _ 2
2_[0de0 dy(2x—x Xy+2y—xy—y +

2—x
y_3_(2—x—y)3}
3 6 0

2
2I0dx{2xy—x2y—xy2+y2—

(2—x>3+(z—x)3}
3 6

= 2I;dx{2x(2—x)—x2(2_x)_x(2_x)2+(2_x)z_

2-x° (2-x)°
:2,[2 4x—2x2_2x2+x3—4x+4x2—x3+(2—x)2—( *) +( X)
0 3 c
2
B P A ANIPCNE E AN SN e ) M C ) M AV
3 4 3 12 24 0
2
=2 —(2_)6)3+(2_x)4—(2_x)4 —2F—£+E}—4 Ans.
3 12 24 o 3 12 24

Example 112. Use the Divergence Theorem to evaluate
Hs(xdy dz + y dz dx + z dx dy)

where S is the portion of the plane x + 2 y + 3 z = 6 which lies in the first Octant.
(U.P, I Semester, Winter 2003)

Solution. [| (/i dvdz + f, dx dz + f; dx dy)

1 [@‘1 % 5f3jd dyd:
dy O
where S is a closed surface bounding a volume V.

” (xdydz+ ydzdx+zdxdy)

m {— —+—}dxdydz

_ mV(1+1+1)dxdydz _ 3dexdydz
= 3 (Volume of tetrahedron OABC)

=3 [(% Area of the base A OA4B) x height OC]

11
=3 =] =x6x3|x2| =
{3 [2 ] } 18 Ans.
Example 113. Use Divergence Theorem to evaluate : II (xdy dz + y dz dx + z dx dy)
over the surface of a sphere radius a. (K. University, Dec. 2009)
Solution. Here, we have

” [xdydz+ydxdz+zdxdy]

o 0 of- Ox Oy Oz
_“‘I[fl J;z 3]dxdydz —J.” [ai ai aZ]dxdydz

= HIV (1+1+1)dxdydz =3 (volume of the sphere)

4
—3[571613) =4 nal Ans.
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Example 114. Using the divergence theorem, evaluate the surface integral

H(yzdydz +zxdz dx + xy dy dx) where S: x> + > + 22 =4,
s

(AMIETE, Dec. 2010, UP, I Sem., Dec 2008)
Solution. [[ (/i dvdz + f dvdz + f; dxdy)

_J'” [8]‘1 9f aafjdxdydz

where S is closed surface boundlng a volume V.
ﬂs(yzdydz + zxdx dz + xy dx dy)

- m [8()/2) (Zx)+aa(xy)]d dydz = [[[ (0+0+0)dxdyd:

z

Ans.
Example 115. Evaluate HS xz2 dy dz + (x*y — 2°) dz dx + (2xy + y*z) dx dy
where S is the surface of hemispherical region bounded by

Z:Jaz—xz—y2 andz=0

Solution. || (fi dv dz+ f, dz dx + fy dx dy) [ [afl

where S is a closed surface bounding a volume V.
ﬂ xz® dy dz + (x*y — 2°)dz dx + 2xy + y*z) dx dy

% 9

dx dy d:
» 8] v

J.” {— (xz%) + (x y-z)+ 82 2xy + yzz)} dx dy dz
4
(Here ¥V is the volume of hemisphere)
= IHV(Z2 +x?+yY)dxdy dz
Letx=rsin 0 cos ¢, y = rsin 0 sin ¢, z= r cos 0
= [[[r* ¢ sin0drdode) = [a [2sin6d6f " dr

a

5 5
— ()" (- cose)“”(sj ~ om0+ _ 2 Ans.
0 5 5

Example 116. Evaluate ”SI? .nds over the entire surface of the region above the xy-plane

bounded by the cone z2 = x> + y2 and the plane z = 4, if F = 4xzi + xyz° ] + 3z k.
Szolutlon If V is the volume enclosed by S, then V is bounded by the surfaces z =0, z =
2Z2=x2+ )%

By divergence theorem, we have f
X2+ }/2= 16 z=4

ﬂsf.ﬁ ds = ijdiv I;)dx dy dz

= J.,”V{a_ax (4xz) + % (xyz?) + % (32)} dx dy dz

- (4z + xz* +3)dx dy dz z=VxZry?
I,

Limits of z are \/x? + y*> and 4.




Vectors

xz3 !
Ijjjm(4z+xzz +3)dz dy dv = H{Zzz +T+3Z} o dy dx
_ HKBQ +—+ 12j 0203 +2) + x(2 + 2?2 +3\/m}1 dy dx
—H[44+ —2(x +y) x(x +y)3/2—3«/x2+y2jdydx

Putting x = r cos 0 and y = r sin 0, we have

= ”[44+64FT(:059—2r2—rcos@r3 —3rjrd6dr

Limits of r are 0 to 4.
and limits of © are 0 to 2.

2
= Izn_[4(44r +64r—cose_2r3 - cos9—3r2Jd9dr
o Jo 3

4

do

27— L _cosO-r
9 2 6 0

64x7r° cos® r* #° 3}

zn'22(4)2 L6 @eosd @' @° o _(4)3} o

0 9 2

4)°
352 +Tcos 9—128—Tcos9—64 do

J
J
J-Zn 64 x 64
J

o 160+(64;64 (46) J cos e}de

6 2 6
1600+ 8204 W G0l _ 160 my+| S0 @ G on
9 6 . 9 6

=320m Ans.

Example 117. The vector field 7 — 27 1 5 ¢ is defined over the volume of the cuboid
p F=x"+z+ yzk
givenby0<x<a,0<y<bh,0<z<c, enclosing the surface S. Evaluate the surface integral

_”.S; . zs (U.P, I Semester, Winter 2001)
Solution. By Divergence Theorem, we have
ﬂs(xz i+z]+ yzl:r) .ds = mvdiv (xX*i+z]+ yzlg) dv,
where V is the volume of the cuboid enclosing the surface S.

= l—+]—+]€i (xz+z]+yzk)dv
- Il 3:
= J.'”.V{a (x2)+—(z)+i(yz)} dxdydz

_Ix OIb Iz o(2x+y)dXdde_I dxj dyj‘ (2x +y) dz

y=0
= Idx jz[2xz+yz]8 dyZ]l‘dxji(zchryc) dy
0 0 (U
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a b a yz b a bz
c‘([dx‘([(2x+y)dy=cj{2xy+—}o dx=cj.(2bx+7)dx

0 2 0

2 2.4 2
c 2bx +b_x =c azb+ﬂ =abc[a+éj Ans.
2 2 0 2 2

Example 118. Verify the divergence Theorem for the function T = 2 x’yi — y’j + 4 x 2%k
taken over the region in the first octant bounded by y* + 2> = 9 and x = 2.

Solution. HIVV . ;") dv = J.”[[ % + ] % +k %j (2)(2)/1 ] + 4x22k) av

dy‘.‘\/i

= [[fdxr -2y +8an)avdyaz = [Pax |’ (4xy -2y +8xz) dz

— Iozdx I;dy (4xyz—2yz+4xzz)0“97y2
= J‘Ozdx I; [4xy\/9—y2 —2y\/9—y2 +4x(9—y2)] dy

3
3
_jjdx{—ﬂze )3/2+§(9—y2)3/2+36xy—4zy}

— [J0+0+108x~36x+36x~18)dx = [ (108x~18) dv — {108——1836}

=216 -36=180 ()
N
Here HSF.ndS H F nds+ H Fnds+ H Fnds+ H Fnds+ H Fnds
= 04BC, OCE . OADE ABD BDEC
H F-nds = H Qx*yi — y* ] +4xz*k). i ds z |
BDEC BDEC A
Normal vector
~ 0 0 ~
v =789k 2y (0,03) E D
Ve 8x jay z] 07 +2-9)
=2y +2zk
. 2y +2zk 5y 2k 2,00
Unit normal vector = # = 2 = _ W zk o) ( ];
\/4y2 +47° \/y2 + 22 A X
A on oo (0,3,0)
_J’j+Zk_yj+zk c B
Vo 3
» A + zk
H Qx*yi -y ]+ 4xzk)-2—= y] ds = 5 ” (- +4x2)ds

BDEC BDEC

dx dy

=3sin 0,
L e S Lo (7700

BDEC
3

I I —27sin” 9 sin’ 8 +4x (9 cos® 0)
3cos0

dx dy =ds (ﬁ'k)=ds(¥-/€J=dsgords=



Vectors

_j dx[ 27><—+108x><§)— I;(—18+72x)dx

— [-18x+36% ]o =108 -(2)
J' }_;ﬁds = H Qx*yi = 2]+ 4x2%k)- (- k)ds
O4BC 0ABC
= H 4xztds =0 ...(3) because in O4BC xy-plane, z =0
0A4BC
- A ~ A ~
H F-ads = H Q2x2yi =y ] +4x2%k)- (- ) ds = H v ds =0 (4
OADE OADE %écause in OADE xz-plane, y =0
5
j Fonds — H (2x2yf—y2j+4xzzl€)-(— i)ds = H —2x*yds =0 ()
OCE OCE

9€E pecause in OCE yz-plane, x =0
5

[ Frivds — ([ @xyi =12+ 4 (yds = [[ 242y ds

ABD iBD D

[h_2
= ﬂ2x2y dydz = I;dz J‘O%Z 2(2)2ydy because in ABD plane, x = 2

922 3
— 3 yz _ ’ _
gjod{Tl 4j dz (9-z%) = 4{92—?}04[27—9]72 ..(6)
On adding (2), (3), (4), (5) and (6), we get

R
jSF.ﬁds =108 +0+0+0+72=180 A7)

From (1) and (7), we have HJ.VV~;dV = ”S;ﬁ ds

Hence the theorem is verified.
Example 119. Verify the Gauss divergence Theorem for

}_7) =(2—y2) i +(?—2x) j+ (z2—xy) k taken over the rectangular parallelopiped
0<x<q,0<y<h0<z<c. (U.P, I Semester, Compartment 2002)
Solution. We have

- - 0 0
div F =V-F = l—+]—+k— L = y2) i+ (3 = 2x) ] + (22 = )k
ox oy Oz

8 8
- a(xz—y2)+5(y2—ZX)+E(zz—xy) =2x+ 2+ 2z

.. Volume integral = _U VV';:dV = HIVZ (x+y+z)dV

= ZI;:OJ‘;):OI::O(x+y+z) dxdy dz = 2I:dxj‘:dyjoc(x+y+z) dz
2

2I dxj. dy(xz+yz+7]0 = ZI dxj dy[cx+cy+§]

2 2 Y
a ¢ . 2 2
2I0dx(cxy+cy7+_y] —ZIde(bcx+%+b%]
0

2
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bctx ‘
2

bex* b ex
2 2
=abc(a+b+c)

=2

0

5
To evaluate H s F-nids, where S consists of six plane surfaces.

- - -
”s;ﬁ ds = HOABCF"% ds + '”DEFGF"% ds + J-J-OAFGFﬁ

- - -
+ ;”BCDEF"% ds + J-J-ABEFF.’% ds + '”OCDGF"% d

HOABC;'ﬁ ds = J.J.OABC{(xZ —y2)i+ (0 —x2)j+ (2 —xy)l:f}

(22 = xy) dx dy

Shaml)

a* b?
4

(0-xy)dxdy =

!
I

S =

N
'”DEFGF.;! ds

ab a
= jj(zz —xy)dxdy = J‘])‘(c2 —xy) dx dy
00 00
ffor-z]
0 2
2

= {csz— x'b

b

dx
0

2

(2

= [a*bc + ab*c + abc?]

HDEFG{(X2 — ¥+ (07 = x2) ] + (2 - )k} (k) dx dy

H‘OAFGI_; nds = IIOAFG{(xZ —y2)i + (3 —2x) ] + (22 = xp) k} (=) dx dz

2
oY — ) dxdz

I

dx [(0—2x) dz = de
0 0

s

-
0 0
5
F

ey,
2
0

«.(A)
ds
s
Z
Iy
Gl |D
J 1
T3 El |
! 1
I e e
KA B
O
S.No. Outward
Surface ds
normal
1 | OABC -k |dxdy | z=0
2 DEFG k dxdy | z=c¢
3 OAFG —J dedz | y=0
4 BCDE J dxdz | y=5b
5 ABEF i dydz | x=a
6 | OCDG -1 dydz | x=0
_ e[ _di ;
- i 4 . = 4 ( )

HBCDE i ds :II{(XZ —y2)i+ (0 —zx) j+ (22 —xv)k}- ] dx alz:ﬂBCDE(y2 — xz) dx dz

—de j(b2 —xz)dz = T(bz
0 0 0

2 a
{bzcx—

CL

2
X

R
HABEF F-nds

b c b
- .”ABEF(X2 —yz)dydz = J(;dyj(;(az -yz)dz = {dy(azz—

2
Xz

z -
2

2.2
ac

= ab’c-"—

4

c

0

a

dv = |

0

2
(bz c —%J dx

(4

= IIABEF{(xZ —y2)i+ (7 —x2)j+ (2 —xy)lé}-fdy dz

Y

2]"
z
2 0
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b 2 2 27k
c 2 2
:I ale 25 dy — azcy—yc = azbc—b ¢ ..(5)
0 2 4 4

HOCDGEﬁdS = IIOCDG{(xz —y2)i+ (7 —zx)j+(Z —x )k} (~D) dy dz

i snae -l cne - [ 27]

2 2 27 22
_rbyc _| Y el _be
= J-O_z dy = |: 4 :|0 =2 ...(6)

Adding (1), (2), (3), (4), (5) and (6), we get

2,2 2,2 2 2 2 2
”F'ﬁds _(a4b J+(abc2—a4b J+(a4c J+(abzc—a4c J

= abc® + ab’c + a’bc
=abc(a+b+c) ...(B)
From (A) and (B), Gauss divergence Theorem is verified. Verified.

- A A A
Example 120. Verify Divergence Theorem, given that F =4xzi — y* ]+ yz k and S is the
surface of the cube bounded by the planesx = 0, x=1,y=0,y=1,z=0,z= 1.

— 2 8 0! 8 r 8 o 27 ~
; F=|il—+]—+k— |- (4zxi - + yzk)
Solution. V- F [ R o 82] ( Yty '
=4z-2y+y (0.0.1) e o e /-,-,:D
S -
:4 _ // : . 1
- F . E i
Volume Integral = H V.-Fdv ? !
0 | !
kol e mi il J———py
_ _ . vk
[[f4z=y) dxdyd y: e
1 1 1 X v B
= [ dx] v (4z-y)dz A (1,0,0)
1 1 1 1
= [dr [ dv @2 =2y, = [ dx [ dv(2-y)
! Y 1y 30 3 3
- _Y | A3 3 a3
_ jodx[zy > l - jodx[z 2) Zjodx_z(x)o > (1)

5
To evaluate ”S F-n ds, where S consists of six plane surfaces.
Over the face OABC ,z=0,dz=0, i =— ds =dx dy

H? ads=[ [ 7)) kydvdy=0
dds=| | ) y
Over the face BCDE, y =1,dy =0
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”]—;ﬁ ds = ,“;,“01(4 xzi — j + zk)-(}) dx dz

i= Gods=dvdz = [ ], - dvdz

~[la [z =~ @b @ = (D (D) =-1
0 0 0 0
Over the face DEFG z=1,dz=0, n = k , ds =dx dy

[[Frinds =[] 14 =22+ y 1-(hyd dy
1

= [ Joydcdy = [Lax [ vay = ) (y_;] - %
0

Over the face OCDG x=0,dx =0, i =— i, ds=dy dz
- Lel o 24 » 2
[[Fods = [ ] F =]+ yzk)- (=) dy dz = 0
Over the face AOGF, y =0,dy =0, n =— j, ds = dx dz
- 1p1 . o
ij-nds — joj0(4xzi)~(—j)dxdz -0
Over the face ABEF, x=1,dx=0, = i , ds=dy dz

jj?-ﬁds - joljol[mzf—y2}+yz1€)~(f)]dydz - jolj014zdydz

= J‘;dy J‘;4z dz = J‘;dy 2% = 2I;dy = 2();)1) =2

On adding we see that over the whole surface

. 1 3
J‘J‘F,ﬁds _[0_1+5+0+0+2)_5 (2
- -
From (1) and (2), we have j j VF dv = j jSF.ﬁ ds Verified.
EXERCISE 5.15

. 2,225 2 27\ oo
1.  Use Divergence Theorem to evaluate “.Y(yzzzl +2°x7] + x"y"k).ds,

2437w
8

where S is the upper part of the sphere x> + 3% + z2 = 9 above xy- plane. Ans.

N
2.  Evaluate HS (V x F).ds, where S is the surface of the paraboloid x + y% + z = 4 above the xy-plane and
- . . .

F=(x2+y—4)i+3xyj+(2xz+zz)k. Ans.—4n
3.  Evaluate J‘J‘v[xzz dy dz + (Xzy - 23) dzdx+ (2xy + yzz) dx dy], where S is the surface enclosing a

region bounded by hemisphere x> + y? + z2 = 4 above XY-plane.

- ~

4. Verify Divergence Theorem for F =x% + zj + yzk, taken over the cube bounded by

x=0,x=1,y=0,y=1,z=0,z=1.

. n -
5.  Evaluate “S (Zxpi+yz 2] +xz k)-ds over the surface of the region bounded by

351
x=0,y=0,y=3,z=0andx+2z=6 Ans. ——



10.

11.

12.

13.

Vectors

- A~
Verify Divergence Theorem for F = (x + y?) 7 — 2 xj + 2 yzk and the volume of a tetrahedron bounded
by co-ordinate planes and the plane 2 x + y + 2 z = 6.
(Nagpur, Winter 2000, AM.ILE.TE.. Winter 2000)

- .
Verify Divergence Theorem for the function F = yi + xj + z> k over the region bounded by
¥+3y2=9, z=0 and z=2.
Use the Divergence Theorem to evaluate J J < dy dz + x2 ydzdx+ X’z dx dy,
s
where § is the surface of the region bounded by the closed cylinder

Snah
4

¥ +)y2=a% (0<z<bh)andz=0,z=b. Ans.

Evaluate the integral J J (z2 —Xx)dy dz —xy dx dz + 3z dx dy, where S is the surface of closed region
s

bounded by z = 4 — 3 and planes x = 0, x = 3, z = 0 by transforming it with the help of Divergence
Theorem to a triple integral. Ans. 16

ds

over the closed surface of the ellipsoid ax? + by* + cz2 = 1 by

Evaluate I I ,
s \/az

X%+ bzy2 + 222

47

J(@bo)

applying Divergence Theorem. Ans.

Apply Divergence Theorem to evaluate J’ J’ (x> +my? +nz?)ds
taken over the sphere (x — a)? + (y — b)? + (z — ¢)*> = %, I, m, n being the direction cosines of the external

normal to the sphere. (AMIETE June 2010, 2009) Ans. 8n (a+b+c) P
3

Show that “.I_[(” V';"‘V”' 17)dV = J‘J‘Sul_;'ds.

If E = grad ¢ and V2¢ =4 n p, prove that J‘J‘SE';)dS - 74“J‘J‘J‘pdv
v

where 7 is the outward unit normal vector, while dS and dV are respectively surface and volume
clements.

Pick up the correct option from the following:

14.

15.

16.

17.

N > -
If F is the velocity of a fluid particle then IF .dr represents.

(a) Work done (b) Circulation ¢ (¢) Flux (d) Conservative field.
(U.P. Ist Semester, Dec 2009) Ans. (b)

5
If f =axi+byj+cz Z, a, b, ¢, constants, then I I f.dS where S is the surface of a unit sphere is

b 4
(a)g(aerJrC) (b)ETE(HerJrC) (¢) 2m(a+b+c) dr(@a+b+o
(U.P, Ist Semester, 2009) Ans. (b)
N
A force field F is said to be conservative if
(@ Curl F—g (b) grad F =0 (¢) Div F=0 (d) Cutl (grad F)=0
(AMIETE, Dec. 2006) Ans. (a)

The line integral [ x* dx+ y? dy, where C is the boundary of the region x> + 12 < a? equals
g c

1
@0, OF ©na @ 5 md’

(AMIETE, Dec. 2006) Ans. (b)
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