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Lesrmiing ouleomes:

Students will acquire Rnowledge

»  Toanalyeecharacienstics and properises of - two and three dimensiongl seomeinc shapos:
» Todevelop mathemmatcal arpumenls ebosl peometne relalionships.

e In Geometry and sz applicalwons moreal workd,

LINIT L

Cleaed of civnget — polar #nd poie - conjligale points pid conjogate Hacs - chord wath (& Y0 a8
s mondpoint - diameters - conpegate diameters of @0 elhipse.- semin dimmetorss N
duameters ol hyperhols

Chaplar 7: Sectioms 7.1 10 7.3, Chnpier - 8 Section 8.1 10 83,

UNITTI

Pokar coordimales: General polar equation of straizht ling — Pokar equation of 8 circle on

AcAs as diameter, Equation of a sishigin line. ¢ucle, conw — Equation ol chord, lngent, normal,
Eouations of the asymptotes of & hyperbola,

Chapter 102 Sec 10.1 (o 10,8

LUNIT 11
Introduction — Sysiem of Planes - Length of the perpendicular— Crihogonal proectson.
Chaptar 2 Sac 2.0 4i 22140,

UNIT TV

Representation of line — angle between a ling and a pline- oo-plapar lines- shortest drstance 2
skew lines- Length of the perpendicaiar- intersection of three planes

Chapter 3 :Sec 31 038,

UNIT YV

Fuoulion of a sphere - geperal equation - section of a sphere by aoplane - dguation ol i
circle - tangent planes - angle of imersection of two spheres- condilion for the orthogonality -
radvzl plang.

Chapler & : Sec 6. o 0.8,

Comtents dnd (reatment a5 In
. Arslytical Geametry of 270 by P.Durs Pandian- Mubil publishers for LUn — | and 2

1. Analytical Solid Geonssiry of 3D by Shaothy Narayven snd Dr P K. Mittat-S . Chand& Co.
P LAl For Ulnat = 3 0 §
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UNIT-1

CHORD OF CONTACT
POLE AND POLAR OF A CONIC

13. CHORD

13.1 Chord of Contact

s defined 25 thedine jmrimy the gonl of interechion of Engerds Soawn ram.sny pomb The sguaheh 16 the

chord of contdet of tanigent dresm S2m & point P, v o the hyperbals S A e r‘tr{;;- =1
L E S E = i
13.2 Chord Bisected at a Given Point .
The sguation oy the chomd of she hepers :::——1';- =1, nizemi=g at tha-point (%, .3 5 i S s ;-'- - Jl
= 0 R A = -

=FiT= 5y, whete Tafid 5, Hauelhar LEim) msanimngs

13.3 Chord of Hyperbola (Parametric Form)

ehern of alkos —l' 'j_a:_:'ll_-.-l '_':I_.i- = ":_:'_E
b o o e e 'l:r-!ﬁ\\ \1/
Fara ‘-'sf_l'ﬂ'i.‘n;":'!ﬁ it F[ﬂ.ﬁ
F c . e ! =
Zgos| =E | —Lgq = ﬂ'ucn::.|” |
= O - 7 Vit T

. i il a=F| - 1
Pazeing (Hnaugh (o, 8 oo S5 | = gog TF | Figure 12,27
= = &
g _ LCS | [ =Rl E
a caslie—8T2
dea  —Zobsa/2 sz
-5 Foosa S B osing A
22— =
B e tant
3vd E 2
L= {3 i
f A=ge—= = 13_11?.1‘3!'.2
1-% Z £
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Blusteation 23: 1 tangents to the pambiols §° = St iosersact the hyperbicis '—’;--ﬁ =1 3t 5and B fhet find the
temis oF poAnt & IntereSchon 6T ANGeTE S A ST L & b {IEE MAIN)

Sol: ThHa pgict of intsrpoction of the fSnoents #F 2 ang B k5 noéhing but-she poink 3or Whith 4D 5 the chard &
contact, Lsa this information to find the lomus.

=== (R kjoe the gointotimtatsectich obiangsnt st & and 3@

- Eguation attre chond ot contact A5 s %—% EL paslll
Which touches the parsboiz Egustion ol the fengent to the parsbolz §* = dav
§O= i —aim oS mr—y =—&m o]
equstion (i} a2 (I must besamz
L S | . =.-1-'|-'|=!!1E: L)
G e kF v
Wt =k R R .
e i DR TF P Sy = =,
R PR
THustration 24: & pont 2 moves sEcn that the chord ofcontzctof = par of Tengants from oy = duEuchas the-
raetangubar hyporbinla o - v =5 i locus of D1k b dllipes find o (JEE MAIN}
Solb Write 1hs zoustion of the i of centact 10 the. paralvals Wit s pelmt i hu ‘han _r.nh.@ :h-l,i Edua b with
ke egaation Bl the: huperbole

Flgiare 12.29
y'!,- = Dafu w4} ; ye=Ny=Hh] = ,,I_E_$ ':f:- -ﬁ.%—ﬁ
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Abt = 36— D! 35:- {n -1 PP &= 5
' E 8
liustration 26 Find the tozus of the mid-poln of {ocal hords of the hijparbols ii-% =1 (JEE MAIN)
ﬁLUuﬂmﬂmwsT—imwwmmﬂmnﬁMrﬁMsmmMMmlﬂEﬁm
Lot= = h Ul be the mid-guin _
< Efuation o the :hm:l whm.&nﬂ:li'p:ﬁntlh L} s ghven -mT—-hL:'—l: !".'--:—: —immll_s;-fu!eglihm
& PO oy e
Tt pages mmghﬂsfﬂtm 'El'lhg-‘;E. Jperi-22 0)
Ll Li T E— a3
TR
IHustration 26 Find the Coraiipn &n'at and b Sor wikigly twie gistinct chaiide of the: mnpﬂ'bb]!-%-fs_- =-1
pﬁﬂﬂﬂtﬁ:ﬁgﬁ.m b gre bisacted by e ling £+ =1, AJEE ADVANCEDY

Sal-'Consider s Boint Th the iing &+ |y ="& z5d Shenp #nd 8 thord with thic poink asie mid-peint. Then Zbstitute
the peint n the aquation of thi chard ta gef the fonmtion betiesn & 2nd b’
et the finss « = Bbisest the chiordat Plal f—a)

Equatian g the chieid Whoke sifd point is Be -0

“..ﬁb'“‘-"‘_—,i'f__ —-"l-f
S R B

J_-l.-l- :L..-"I- r.;.-_,l_.- = — ==
EL:F*an*L ol =
Emﬂhn a7 mmﬂht mid paints of ma-‘aul mmﬁ; of 1he hygerol f: -1; =1 wm:rﬁypmmlu
whise eccerifanp s & L (JEE ADVANCED)
Sal: Lizs the forrmlls V= & andl friocels furdhet ”
T =5 -'rﬂ_l'% = E_E_z

-I-:i: IE_ a,: h.-_ ! m{hlu

—
it passes throuoh focus = !;.h = Ef-...t:.‘ M
' E F
- - A I E o w B
Figure 12.30

Hamiethe lotes-5 & Ryperboia of ectarnamye,

Nustration 28 Fing the focuzof e midpoint of the chiml 37 ihe fpemc!s E._ng =1 which-subiends a.right
T & - s -

sngle 3t the sngin (JEE ADVANCED)
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Sol; Use theformulz T = 2, and then homogense-the equationof the hyperbels veing the equation of the chord
e find th lenu.

Lot in. ¥) be the mig-point of the chom of the hyperbcla, Then its equation is

E:-E‘ — E‘I-E— .“rl].
Lol

The eagation of the dmes joining the gnigin to the- paints of Miersection 6 the hyperpota and tha chord 6} i
obiwnes by m ﬂ:irq & Mnm;enenurt}rperh:dtwmmm?ppﬂu

. {thon 5%) = thy 4671

F P |:ﬂ1‘rr1—#‘.!h?:l.i

i @ afe BT, . 2.
) ';(f? EF]T Ja[L E'_J' .Er.r ﬁ*:" guh;“ il
Thi i reasion By () W B o T angies e Queoient of ¥+ the cosisehic ey = 0

1 @Y ¥ afe el e . 'ﬁ_lﬁ:_:['_l__i_.]=h¢ S
: =2 e g R Lu? RN ) R

Honte T IneuE e T m:[_.. JLL'._.-_ % }'_;,

14. DIAMETER

e lmeus af the mud-peinteof 2 systsm of paralisl ihards of snyperbiols 5 aall=d = Qlamatan The paint whise 5
iﬂlMFE intersets thi H}a‘ﬂrﬂﬁh 5 KDWY 35 TIE WETTas OF ThE dimeser

14.1 Equation of Diameter
The squakioh mmaﬁﬁm bisscting & sysiem of paralisl shirds of slopsm of the Hyperisls

E—T—' =1ldnyp= -—1

s B s

14.2 Conjugate Diameters
Two dismeters of 2 hypesbols ere 951 10 ba comuonte diametess if gacn besaes: the ohonds parahiel tothe othat

T

LR = MR = M b cenuate diameters of the hypertoda ;—f-?ﬁ =1

Then y = mx blects the system of dhirde sarslielte y = m s 3o, Hs sgustion

1' =. 71'_:—-' |l-'tﬂ
Fmn .
5 &
Tleardy, I end y = o represent the seme e Trerefors m, = —— Pnhrn.. }:

Thias § = 7,8 308 y = e 1 coniugate diamarrs fﬁFl‘Fsﬂﬂtﬁﬂg—g =1, = F,';-
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+ 023 of conjizate diametars of = fypemiola only ane mests 4he fyperbols oo 3 real aoine
v |=tPlassci o wﬂ't@ﬁmm:mmﬁmi—;&% =1 such that £F-and C0 arenonjugats:
sfismeters of fhe fynedtodz Then, the conramates<i ) ars s tan i, bisecd)

+ K e o conlyga Galnaies et Pyl and s cofugat -4 B sespecly on
= eR=E Shivam Agsrwal [JEE 2008, AIR 27)

15. POLE AND POLAR

Lty Ly ) Beany poind insse the hypiarkaia, A chive thrsogh P inlersarte The hypsibots 3l A 2nd B respecivey
if EorgEnts 1 1he Nyperbods ot & snd B meer at ik K then thiIocus oF Q Is called the polar of @ with réspec 1o
thehyperbols and the point Pe Gitsd the oofe

iT Play ¥ ) @ any point cutside the hiperhola and Tangents i Srewn, Thep the e passing thiough The donfac
‘pomts iEcelar of Boand Pz oalied the pole of the goler

Note: If thz pola fies outéics the Typerbols then the polsr pasiss thicugh the hyperbols. I ihs poie s nsde the
hyperbatz then the poldr fias compistaly sudsrie the Muperboizcif pole e es an the hyg=shelz then ihe polsr
Becomes e sameas the fangent.

Equation of polar: Egqualon of the polar of the pairt (. p. | with nespect to the hyperbols ﬂ—_—iz =1 Eaien by
i = a BT

e S B WP NS &0
b

- 3
T .- :
Cooidinates of Pl The piie o 1hETing b +imy 1= 0 with respien 16 hypesbise = = =1 is2| “—ii E'—jﬂ
i
Froperties of pole and polar;

L [Frhe paler et P e, y. ) psssesthmosgh Qho y.) thenthepolarof Qix. y.] goesthough® le,_y. | and such
poirs gresad- e he cenua e points: Condittor tor chnpigals painizle i}iﬂi =i.

4. e pole cfling kx+my-n =0 lies.on angther ine Lemay -ny =10, then the pole ol the sasand lire ol
li2en tha frst @nd sach lines ore 5310 torbie ConjLoste lines

3. Fole of o ghven line ks the same as the paint of intersection of the tangents at ity Extrémisies
4, Falar of foces it i directye.

16. ASYMPTOTES
AN RYMOtoTE T CUIvE s a Straight Ting. such -that distanos Detwesn
the N and curve Approaches 7em a5 they fend fo infnimy,

Imeothar worss the ssympteteto s culve touches the sarves 33 mftaity
L& ssymptobs fo 3 0urE i its Engant 3 mfinity,

The gouahins o bve asvmptetes ol the hypsbiols

oy

-—?=1arr§:.r::5'rdt iE:‘f =0
5 ® S Floure 1231



Mathemaiizs | 12.23

Y

Note: If the angis Bevween the ssympicies:gf the hiperbola i $, theris sceentrcily 55580 0.

I.=1 ‘:l"r&..i'is
BT

uu? b=, theasymplotes sFihe restangiar Wyperbela st =y =o' 2re = £x whickare aldght
Srjgles.

’ -.Ammniﬁmhmhmﬁﬁmm:mrm
o Thesdation of the odif of asymptotes diffesTiom thi yperbol and the sonjugite Ryperola by the:
same cangtant. 1 Hyperhola - Asympiotes = AsimpTotes - Canjugats hypertiols
. -mwmwwwmmw
- iz ahgle's Biahs T, "'_miha&mﬂmm

. ﬁwziswn

et wtiols 2 e disgen: '_"-""ﬁe =ctangls fasina ki tha lines dizwr ihrodigh
the iltemities o sach 30 geallel o ura:ﬁtl-mlﬁus. o
v Asymplates are rﬁemm WisetBals iy e ceotie
'+ The tingent 8t Sy osin g_ﬁ =1 ittt the cente. = mests Feymmpiotes 3t 0 2 3nd cul off
| 3CQRo ﬁﬂ'.lsflmtafﬂ =‘-i|h|-
» ThY pacsoftie angant itercepted Detwaen the dermpitote is blsscted at thi paint of contact.
. R ﬂﬂﬁﬁmﬁ%ﬂh%@%%ﬁa%%hﬁ%ﬁwhﬁwﬁbﬁhﬁw
L = —_—
ﬂh: ﬁmw u’ = i L — - <4 =
Hlugtration 29:Frd the asymprates ol vy -3y =2 = &, LEE MAIN

Sol-Proceed zocordng 10 the defnitions! ssympiaies,
Simce the eguation s a Myperbola ang 45 gsympiotes differ in constart terms oaly
Foir o7 asymptolEs S given by xy =3y «Ix+ =1 il

where L 15 #ny.constant sush that represents Two. stenght lines

g o Mgh—aE—bgt—dr =0
= Oejr-3x—1eYl-0-0-3132F=0

=
From (i} Ine asympretes of gven hyperbola aregieen sy oy =3y -+ b=deor (y — &) [r—3] =30
CcEsymptotes sra - 5= Dapdy -2 =0

[lustration 301 Find e shuation of that dismetar which bicects e chord T+ y - 20 =0 oF the hyperbels
=¥ 5] [JEE ADVANCED)

=

=]
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Sol: Consigen & diameler i = my snd sotve | with The eguaten uﬂhaﬁmﬂhﬂsmiam sguadrata 10w Find the
midgeint o the intersection of the thur#mﬂ mjiperhals, LLks this pmm: e ﬁnd th= slope of Thae damaeter

The zentre of the hyperaeta 150, T Letthe digmeter ba y=ma « o
The #nds of 1he chord:are found: Dy soiving
Tesy-20=0 i
-ﬂ':j_ ig-y.—: =77 =t ﬂi]
3T

S0lving (). (07} vee gat % -, %%W-.W= =3

Ot 7R = F400 =FE0N -+ 405 =21 Of 1900 = 8400+ 1FF5.=

Let tha roots be x,

i s 247 =

THen :t=|=.-£E—H - (g

T i Wl W ) bEEnds then 7a, - %, - 2020, 7%, = %, -20 =7
Agdlog The, = 1 =y = 9 -2

S - B e B
Tmmmnmwmeﬂmm=L‘ %= »’-“”‘J =L~==~]=i1-u

THEs i an (S8 =1 =3m Lom=a— . (heeguston of Wiz dametersy = _%;

uél’.i

Tiustration 31: The asymptotes oF a hypecboly having centte ot the pdint (1, & ate paraliel W the lings
7 ¢ Jp=0and Ix + Ty = 0,1 the hyperbols pases through the paint {5 3) show thaf R sguanion is (Do Jy- Eil
fAs+ dy+ T)=184 :EE-IE‘MHEEE]

Sal: With tha infarmaton gieen, find out !ﬁeﬂu#ﬂﬂ-ﬁmmﬁﬂﬂm then use-ths fzct that Hm Rt (5 3)
fies o the: hyparbolato find the sgpatanofthe hyperbolal

LEt e dsympituies Be 2= 3y + 5 = 0and 3% + 2y + = 0, Since the asymblole pastes thigugh (1 25 than L =&
#d p=-7 - a

THUS tha g arion ot she Sympales 3re 24+ 3y - B = BEAEI =2 -7 =0
List e souation of the Kyperbofa Be [y + 30 <) {3+ By =7 = V=0 Al
1t passss thbugh [5, 1), then (10 » 3— 8 (15 * 6—7) »+=0

= 11 = 344y

< [FE=Es £1

prtfing The vallis o v in () wectitsin (@x = 39— 8) B2 1 By —7)-134 =3

which is the equstion of the requires hypecbata,

17. RECTANGULAR HYPERBOLA
A hyperbols Whioss ssympidies are #f tigiht angled to 250 ol s caffed = rectangufar ypertivis

Thid SqUEE B S S s s :—lj% = vy = & 2
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The 2 anze between thase two Ssymototes SQmen By
LSl N T
- Li—.-rt_:;a:u—tl;r'f@_]',lJ = gt
i 1he asymipiniss ar-at nghtsngle;, then f=wi2 = wnd=mnwil= ;:E'-- = 'szles— = F=H.
Thias the trensvsrss ang sonjugates s of -masrgular hyperbols are sgust and ﬂmﬁm@n-ﬁira Hyperbnls
EE-p=2
Remarks: Sinci this tramverss and-conjugste 24z of 5 reciangular hyperbatz me sgoal 5o, ite sccsntricty o ix
gaver by

oot - et

Equasice oF the Typedbala seicmed 1o the tranmstes snd coblugaie ais siong the:aied of to-grdingfes, thiv
squstionof the rediangular hypetbata s w-y =2 il

e E@'ﬂmf.d‘.taﬂ’r Wl-are v = papdy = Ezch ofthesehiv Esymplotes isnclmsd ot 2n-angle oF 455 wiih-iva

ttansverse auis So. it we rotdte the coordmate sues through an Sngle of -n/d keeping the orign fiked, then the arer
coincige with tha asymptotes of the yperbola and. wa Kaie

£ = K Loita/A) - Sinf=ad) = "i;}"i ity = e ity = ok

Subetiing the wdlues of k2 v m 0), v olitam the rx_,i'if f ] =

ri.;lﬂ.t.

= W'%-W—ﬁﬁhi &
Thiis the sgushion ot fhe hyperbols -I‘E"EmE-EFiB-ﬂEéHmﬁ'h:!EEi a= 1 soordinglss daEs s

o= whered = %

Remark: Ths equstion ofs nectangstar nyperbols heving coorgmats srer 55 its 3symptotss 5 ay = i
Hthe zsymptotes o 2 peckangular hyperoalz are s =0,y = ﬁ'&mr&&ﬂﬂﬁm-t&

fia) y — B 2o o sy—av—bepkef)  (Lkaf

17.2 Tangent

Paint Form

Thi sguation oF the taRgEst 3t i, ) Te he RyRaibols sy =6 i g, ¥ 3, = Sc7ot ? 4‘;— 3
Sarametric Form .

The =qiation :;-Ftheﬁﬁg-e&taf n‘. ] 1o the hyperbicls iy = & 4 5 — e ii=3c

2eve
anhgﬂmnntgl J“ﬁﬁ[ﬂx*"imﬂﬁw"‘ﬂﬁm“i“ o intarsact at | =

prepa
.;J.:H
II"F
r
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17.3 Mormal

Point Form

Thie sguation 62 He Aormat sEE y ) e thehyperaks iy = 4 o, —yy, = 57 =%

Paradigtric Form S

The equation &4 the narmia! a:-{-n;.?—] to.the hyperbiols sy = & iz l'l'_"E.":'T-E-_"t-'Eé'E

Mok W

) 7HE eauation of méﬁum;a-m-{ e:.’;EJ 3 felirth Sadree duation in 1 S, in gersral &t tiost fous narmais
gan e drawn o3 point 1o the hypabals xy = & |

) Tresquaticn ofthe Daler o any POINT RIL. ¥ ) With rEspEct1e sy-= iy, + ) =20

(i) Tre pquarion o tha'chard ofThe hyperbiola sy = e whose midpaint iy Ty, 4 = 20y, an T = 5 when
Tanp § ravs their wsus rsanings

[iv) The squation of the chird of cantsct of tihgenss draum from & point (Y | o the rectangular sy = ¢ Is ),
- m - ;_I‘:!

Hiustration 32: A3, C are theee points on the redtangulas Hypestiols xy = < Fnd
(M Thearss of the mangie ApC
My, The arey of the triangle faimed hyr-t!i!f’tu'ns_gg!'hﬁ-& BangC (JEE ADVANCED)

Sol: Use parametic co-ordimates and the farmula for the ares 1o g#t the desined rediilt

g i PR i -

() Egsation of 2ngents A B, S atex + Y12 —Zek, = 8 0=y~ 201, = Candw = 15208, =8

I

Reguired Ares = ———— It 1 -2ap, ot

T s S CRR S VLS L e

_ s R T
framfl| = —— e — . SESP WS N MR g 2
YT I gy - U T T e

=t = =]
Sl S D
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PROBLEM SOIVING TACTICS
fal, m_rpmarai capvert the given hpetislaseuation ints the standard fom u‘:_lj Li':l' =1 and compade st

!.!.nﬁl"rr-- ﬁ-.. Thenﬂwewgﬂeﬁperﬂﬁﬁﬂwhwm&; %-L Lo, lrumi-ﬂﬁmremnﬂnr

tha stangard results:
(B} Mostof thestandand results 3f 3 fiypertiols Sanbe cbrainad fram the et of 3 sifjce .E*ﬁ' =1 justhy
charging e sign o 7.
FORMULAE SHEET
HYPERBOLA
Hyperbols | £ y* Ly
Imp. Terms = 2 B
=13 ;i':-::.—gl—i

Carkie [1:411] L

Lamemtiy o beboiaris Eyle p e

etk of conuasta s Ih ia

Faig e (0, =enay
Eguation of directrices r= g ae y=1 bie

Fecsi -!' T :I

LehigtreT LR s 23
Barametric stciacinates. R s b FEa b3

DEg- DLty Zx
rozal rady 5P =gkl =5 R e
Sifi—ga o3 S = ey

(4052 = b
e i=-3y=2 il
Efoatics: of the triaretedi y=g e=0

Squbticn of e Tonjugets iy =5 F=0
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(b} Special form of hyparbola: ¥ (h k) s thedaniie of 2 hypmibols and e axes are paaiiel to the co-ardingte

aveg, shenthe equition of the Ryjierbals Jp-'“‘;:"lf'_.tr :r =1

(e} nmmaquunmn‘hmrpmh-m:qu:w: lm-undy=bmiﬁ-!tmmﬁrhtmmmsfm
agupticn of the stngard Mypertdla)

--i--z:; =3

s BN € i
HE=a- hen 5 =—=——=-1:T= o 0 - S
= B 51 a" h‘ .i.'|" h" :

|d} Position Iﬁﬂﬂﬂﬁtﬁﬁmﬁlhﬂbﬂﬁmﬁ'ﬁﬂﬂﬁmﬁ%y”lmm ot eutzide the hyperbelz

B _?

; EF; =1a mﬁﬁqﬁﬁ- # =3 bEjng =, = or < R
The line ' = i = ¢ intersecs st 2 distinet paipts, L point erdoet nat mwmmmﬁmmmmhr
» = of < #m =,
o) Tangent:

I’ i

(1 Point form: The sauaton of tangent 1o The hypersala :ﬁ—,-:—-—liﬂhuh}ﬁ

E-_.w.;'. =

F B e
_ﬂlf Parametrlc form: The egualicn of Emm.m.mehmahﬂ;i—.i—: = 13l parametrl coondinates fa sec g by

T R
tan g 2 %—m{i—%}pnl

ﬂHﬂ Slope form: The souation of the tangents having depe m 1o the 'r'.-'p&fhnt:-:-;- —-E;» =1
§ = fn-r‘ -5° and the coroltiiates oF paiiits of contaci =

(= T N,
'.-;;I*rrr'-rh"’ -.!'am-h‘J

] Wﬂﬂam&ﬂw@m&mmanmhﬁlmﬂi)f,l.i'a-tt&h!mémr—E Vis 58, =19

"LI
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(g} Normal:
{il  Point form: The squaton of msﬂmmﬂtn-mahwbrh’n]ﬂ £ HE- = S EM B
é_—ﬂ = 5 #1F,
®E X

{iil Parametric form: The sgusiion of fhe normal 3t persmetiiz coufinetes &= sec®, b tand) to e hypesbals

£J§ =15  astebyati= B
F b

(i} Slepe form: mt@nmmmmhmgmﬂmmwﬁm,_ﬂ =1k

=l -

Iiv) Condition for normality: y = M*:E;nmnc—mngggmuhl;-—f; =1 E

b
2 i
T
(85 = by

(v} Points of contact: Comordmates ol 1he sointt of cont=ct s t: : 3 —_—— _
NE b P mt

(h) Tre suustion of the dimctor sz of Yhe hyparboia 2_:_, =ticgiventy =ey =
_;. lE - -

=

(i) Equstion ot the chond of sontact of the tangenis drawn fom the sxismal point ik, ) 1o thetyperbdis .

En b Koo R S
il = &
ke ik
) Theequaten of the chero @i‘ﬂ“té.-*w]ﬂﬂhﬂhg -ﬁi = 1 whasemd point (% v) BT =5,

i Eﬁmaﬁtrnﬂl:d:mﬂ-_inlruhg péings Bizssl, bish {jand Qs HEn )
=ty 3
}h-ﬂ'l"lt 1 cm{-n—ﬁ

M Eguation of the-petar of the pant{x. v, wrt. the hyparbols isgves by T= &

1 ol i bt | i |
Thiprieohihal e & o ay. ¥ e Bt et =1 it T
1 A . g':h. b.. ™ i }

{m) Thesgustion bl s dizmeter of the hyperbola %_J_f =1 conrdapending Lo the ehords efziopamsy = -'-f':
[}

n} The dlametersy = moand y = moe 3 conjugste mﬂlgz}
{a} :I.I_Fm]lhtﬂe

& Bavarptefe bo s gurve Ioushes IR uryesE infnily

& Thzeguation of msmmmm.ufihé.ﬂjﬁgm-i;% & Lam:‘;::.-;t%:{
!I . ]
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®  The zepmpioteal 2 hypesbale pdsees herunh e cantreof the hyperhais,

5 £ ) £
s " Thedombirgd &ustion of theawmptater of the Fperbiia i.-—g? =15 -.-—%: =0
F y b
S -2, S
. g =ngie Geteesn the ssymoioiss o _—b—_ = 1EiET —orZsscte
= £ |- o

4 hypesbois and iz conpugsts hyperooiz habs the same ssymptofes.
s Thz bizsctr of the sngles betwesn i =ymptates gis the conrdlngie sres.
‘Fipuation of the hypesbota— Faualioroof the asymptores = constanl

(g} Rectzngularor Equilateral Hyperbola:
o A hyperteely forwhich 2 = t_'&_z.;uu 1o b = rectaniular pperbily e $ﬂ_ua_lj_ﬂll T e
s oy = reEphesents arettangular hypedbold with asympiotesy =0 y= 0.
o CEssntrgtyof 2 ssclanauidr rypertels o JE and the angie between the stymplates of 5ractangulsn
e 15 <08,
s FErmEcegeation of the hyperbdia 3y = Semx =40y = f whend T B SITETEn

* EQuUENGN OF S Onofdicimng L, 0Ny =T Ex - YL =clh - 1)
o EQuation OF 8 TanOBNT AT (L. ¥ 50 Ry = &5 : . .:.
o 5 3

=2

s Equatipn of @ wmoentattisx =y =20
» Equanon ciihenatma atly vitexr=CE e -y = el yi
o Bnumice of the mommal 6t pno = & F - t=ad™s o=
e Feur remmials oin e dradm rem 5 apin te the fyperbala kv = &
» Ifo'triangle’fs insenibed in # reciengular hiyperbots then s erthagenine s on The hyperbpla:
*  Egustien obclorg offhe hypechole oy =c whosemucdle point = ghvEn B T =5_

- A |
+ Poivboimietzsthon obigngerts atd and i toihs hypestola sy = |2 |ﬁ -3 hr |
ar e L

JEE Main/Boards The equsfion of the hyperbaia s
& -J..."l_{:.' -4y 1
Example 1: find the equatior of the Hyperooia whose = W

foct ars (&4 and {=3, -4k and scpentrty 53 Thher chishas i the fori e e = 1 =l 5
- ! F

Sol Catcuiste'ths wvalusef 3, by esmoithe distancs L T T, =Er_4-. 1) = E

Betwesn-he twe foe and Sepinicsy Theh fais=ilais ; e d

thesatue oL, L=ng Ihese e valuesfind thaeduaban. i . =

! enes the sgostion of the ~ypsrbola i

o i Hyeerhods Wy sy? ¥

' =1 fy=-45
18t 5 5'be the foo and C be the cenkee of The hypedsota = L Pme i
£ L ane € ieonife line =4 The co-ordinames of ihe F 5

centreate il 4|,



Exampie 2 Cintain the eguation & hypesbela whose
Bsymptotes dne. martralgm Inesx=2y~3=0& 3 =
2N B= bn‘aﬁwhthm:mm;ljthegmn,—n

Sol: Use the following formulal
Equation of hypefbots — Equation of seymiptotss =
Edmstart
Theeguation ot the hypertola n
2= Jy=- ,—.H&:e-:l:,r =5 = k, k baing = cometaar
This-passas Mrpsgh (he pant (1 -2
(a3 £ AL B =k
= Esf=a=g
Th sguatiar ofthe hypertala i
e By A=Ay =5 =

Eumﬂ:kﬁtmﬂriwih&immﬁﬂhﬂl
Wﬂulﬁmwﬁmﬁtﬁﬁﬂ?ﬂ

1
show that _+=—~=.L

& &

Sol: Sran with the stancard sgquation of two hyperiiaias
amd elh'mm& & ang h

Vo
=tand - =1
b i“_ ¥ |
be ihe 1ng hypeibolas with eccsmristies = #nd =
resEecively

Lr.f?
£

ﬂ‘
;E E —i:’
£_E z: B¥
e -nf"J
Example 4:1f sry pomt Bon the rectanguian yperbola

=yt = g = Jeine ol huﬁ&ﬁnm&miﬂp.ﬁﬁﬂ =
CF whiiee C is the mnmalmehﬁer&ﬁm.

Sal: The SOCENLICL) G & TectpuiEn R perbizia ik J_
Corgider o pEtamettic paint on the hypesbaia and
sirqity iz LS

Ay poiit  on fHe  restangular Py perticla
i = 2 Pz smzA @ tand) | eccentrioty of 3

rttenguiar lyperbola (s 42
51080 0) 5 15 (=38, O) and C = [500)
(EPFISTY = [{a sec8 ~ gelt = panig] »

Mathgmatics | 1331

[(2:3208 + 50 = Famgl

ATRETT ST E’F’ detzectn]

= afiFsecs~ 1 7 -4 2wy
= FfEsacE - 1~ EE-EEﬂﬂJ
= FFSECE - 117
SRR = Feeta- 1)
=ANsec® » 1307
= [CBF.

Example 5 Finc the sgusbon of the I'rfﬂsbult
sonisgate to the hyperbala
et 3y = SeisSpeD =10
‘Equation Hyperkela + Conpugate Hyparbels
= 2{Agyinpototes)
Let 3syimetotes b
o | e
The equatien above represents # pain ot ines 1F
gEe-+ 2gh = 80 —bgi = cHE =2
=-§
Equation Wyperiola + Conjugsts Hyperbola
= Hasympotofes
. Comugsis Fyperbois
= Jfhsymplptes] - Hypsstics
e e o i | T
imphi:'ﬂti :lrmm (24 Traethie fociofahy
‘assling through the argin Heri the Ecﬂbtn:ily of thie
hyparboiais
Sel: Use the gefinition of the hyperoals 527 - 57 = 25,

patS(3. 33) 8nd-524; 7) be the two foct anc PO 0) be
@ peant on the conic fren

SR = JIE-Ehiﬂ =l = 1T
SeE =245 -7 = 3 =
and 550 = B0 - (712 = i =5 = BEE

sincs thecemc s shyperbiols 557 -25 = 23 the: hana_th
‘o transisres avis 3nd 55 = 2ae & blng the ettentriciy.

= pao B _ yBE
8 12
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E;mmh?mmmm of 2 Tamgent 1o ths yperboa,
L6 = 25)F « S - 100y - 355 = 0 which makes an ancle
s/ With the transverss 5xi5 4

Sal: writa the eguation af tha Fypeibala in 1he standard
fnmw:mmmwﬂmeqﬁmnﬁd-em

tquatiocnof the hyparboiz canme Wit &5

b SIL=E L7 et walt]
where® =2 —Famd¥ = y-2.

Equaton of 2dangent which makes 2n angle, i with
:hemna-ém.-,uz-ﬂnu~ gl (i e

?:ﬁﬂ%}ﬁ&'

= peaZ=ue= 1;;,'«;125—55

= y—It=a-3zi

Eﬁﬁni:—ﬂ

= =k I-ﬁt?:i o

Example 8 It fie ngimal =t 7 1o the sectanguler
hyperbols o - = 4 mests the sees of xandy in G 2nd
g respectively ang s the cantre of the byperbala. than
prove that Ge=29C.
Sol: In the B
interEEchion. with
Eandg:

LetBlx. y.) be-any point on the hypertelz o —y =4
then egustion of the nomtat st 7

on, &f a rommal. find the point f
e aned and fing the copsdinatsdnf

Y-K= .—:Ef?‘“-‘r_?

= MpEpA=Iy
Then dnardrstss of G 5 {2, Sand af gas B2)
,E:I]-‘Hai

e i (ke Cialas
E‘g; ﬂfj_:'; tjiili--hll'l: = .Jr;@.?-ﬂ = po
and

Gy = ffenF+idyf =3 +F =2PC
Henes prevet:

Example 9: The normal 1o The curve 31 PV ) mesls the
vl 3T (3. 1 the distance oF O from s arigin is twice
the sbsoiEsg of B then the cutye -

 Simikar s fhe previads guestion,

Toxi=te00.0):= l’ig- ¢

CEduanen of the nesmisl 2t (i y) s

Y == —ﬂt—;}whmhmem!:hexa‘u;n'ﬁ

Dl--h!-ﬂ-!}]'lrm;l.*f%—='h

= sy Lans yoyj=ra

= ==t

or vy ==l

= FEsp=e

Thus theourve iTesthera hypsrtol or 3n2llips2.

‘Ewample 10 Firid the coptre sccentnoty, fook snd
dbszmﬂthehypm

Afr— ﬁ-#—ﬁx 28y - 184 =D

Sol: Sepresent the equstian of the hyperbaiz in the
it!nd:‘nﬂﬁiﬂﬂ'rm camjiRE

168 33+ 16~ EF 35 = 36 - 144 =0

af AE e SF—O —pF =1k

el gp-2F
EE
Buttinigx + 1= ¥and'y =1 = ¥ theequiation Becomes
2w
g 16
Witk i i The Sranelaead Farm.
Q =2 heed=anp=
B ST A Y.
4-‘_;.—_.!.: €= iaye= 3
Now wnte =(B0), =410

3o =i,

= 2 E 5 WE =EE)
Directriges in 6 ¥ tooidimatzs mivt-ﬁ'qmjmn:

e Y .+L':_-§_-r='a



UNIT-2

CONJUGATE HYPERBOLA

1. INTRODUCTION
& hypsropis s the loqus of apointwhich movesin the piansn such #veay that

thie tatic of ifs distancs trom & T gointin tis same plane to o distence
from 3 hwed line i3 always constant wivch s shvays greater tnee umty

The Fzxed pomt scslled: the ooy the fized e E czlied- e dwecirn. The
cardtanl faho e nEneally densted by s and = Kndwn 2 thesctastinly of the
Hypiartiala. & hydernols car alio be dafintd £ the Incus of 3 RNt suE hat
the shapluis vaiee of e differencs i the distances from the two fised potnts:
feil = constart I S & thefonus 22 s ﬂmﬂmﬂnind 2 I ary it on the:
hypedbiola 25 shaw in fgue Figure 121

Than B definitisn m-w%' =% s> 3L
Note: The genesst sdquaton of 3 come o bE daken ssas’ —Thiy by = e =Thy—z=0
This Biyusbon ragesients 3 yperbals if il i non-cegensratt (L. eq.cannot be wiitten it bno linsd fetors

B 4 h
AR B shl Whare {s=t b F ‘
= f : _:I

LThe ﬂﬁmﬁlﬁ'-ﬁﬁlﬂ#ﬁ @ﬁ%ﬁt@#ﬁfﬁtﬁ# EF e written In matmn form =
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2. STANDARD EQUATION OF HYPERBOLA

Lt zhe enier 0 of the hypeshoiz-beat bhe crgm D nd tha docl F, 2hd F, Beon thic s-ain:
The sporringses nf e F.znd E = - 0] and (e ).

By thegefinbes ol hypednata,

Drstsncs batwenn 3 pomt @ and Focus = — Detancs beladp Pang fodus £ = donstsnl fsay 23)

PE.—BE = 2nylin=6F —(y—OF —yflu—¢&F —fy—0FF =23

Snusnmg bath the snides we get (4 =€) =i = g 4 I -.|||:1:—J!“iE S e
= Nt Ea s = AR wda *l!I:t—:]‘::—lfl,ﬂ']_‘ e sl T
= A= dF -'l-’.|1il =g =W = a=aiaf-d =2l o S-F=afeeT -

Sguating-=gan weget
Fi=d57 » == » ]
O - 2070 & =0 40 #1070 — Jafe vale e aly

i —ghit —FyF = wipi—gt

_ [c:_34H¢_iLHiT¥[{1—ﬁ: ﬁ——_l'r: - =13
5 ' I
£ e b,
=4 ___!"__ i tating br=¢—a¥
¥ B o e
H=noe, amy it e vl onths hypertioie sahshes (e sGuation I_;_Ei' =1
5 [

3. TERMS ASSOCIATED WITH HYPERBOLA

{a) Fooust The two fixed pointe stz c3li=a the fool of the hypedvala and 2re depoted by Foand FL The distanee
between the two fo0 F, and F e genated by Ir

b S

—
.Fl F,

(b} Centra:The midpows-of he e poimirss the Tocl B called the centgy of thie peroola

" e
VA

Flours 1x4

Figure 12,3
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ek Transwerse-fods: The e thraugh the fon) Ecalled the vameverse 3oe tonglitel thetrensverzeans 15 2a.

S
=X

(d) Comjugate-Axis: The ling sagmenl Uirsugh the center. and perpendicular i Ihe trassverse 20z cealled the
COMUDATE A4S Lengil OF The Corlugate 24T i 2,

N\
VAR AN

Figure

B ——Conjugaeses—

fa) Vertices: The goints at whigh the hyperbeld inressects the transverse:auis ane calied the verfices of the
hymerkcle The distanc=s betwesr the too vertoss | dencted by 22

-
N,

{#) Eccentricity: Sccentnony of the hﬁ:ﬂ!t‘hﬂhtﬁ deﬁnedas Znd it & dencten by e And 24z dlways grastacthan
1encec b orater than L

Figure 2.7

{g) Directrx Ciirectric e 3 line perpendicuter to the transyerse ses and cuts (1.2t 2 diétance of a? bam the tentrs.
T

i =
k& o0 Beid—
E '
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fht Length of The Latus Rectum: The catus rmotum of = hyperbola = 2 lnessament serpenaicutsr 1o the
transvetee s and passing thiough any ot ihe focr and whete £nd poirts lie on the hypertala) Let lﬂ!}&nmh
of L= e & Then the. cotrdinatas of Lars (£ 4)

simen, Ll o Ipetbot == =y \\ (/FE‘
i a i: t'
e S . - - o E
Ti I | "
— - - | g - = . B
B & iaf b -2 - )
= —— 1= - 1 | =] = — I8
b & Lf] F # FimoiE
Latus rechum L= iF+1iF= E—Ezzi
a @
(1} Focal Distance of & Point: L=t Fix. y) b= ay point an tha hyperais f—«—ﬂ = t=vshownin figure Thenty
gefnition, 2 B :
W N S = 200 and SEb-= wai'
= SEEsEhNl=a{CH—CE) = n-[a_..]'m—c-ﬁemiﬁﬁ-znmr} — ﬂ+ ﬁt 5
Fs F,
= BN~ £ = ELR—-]- &n=a " \\
= SEP—SP = {ex + a)—lex -3 = 24= length ol Wareverss 2 Frgure 12,10
Tlustration T =g e Rguation of ke hppe-rh-n!ar where tha fori are (=3 0] and :hE verieee ste (22 aj,
(JEE MAINY
Sol: Use the niation * =a* + bi, 1o fing the waloe of b and hance 1ha
equaticn of the hyperbols. \\ {r’/
Worhzse o= (35 8= (L300 = E=3

ani yertizer (a2 ) = 123 1)

a=g
Bl reselt =  @sdebim bef-d=3 = b-=% Figare 12.11
Here the foo and verlices iz on (e w-2ils, theredine 1he aguztion of the
hyperhots i of the tom )

h-:--l--y-:.-. = ﬂ-ﬂ =¥

BE 4 5 7

[lustration 2; Find the dqiaton of thi hiperbala. whbre the vertices are & £3) and the "l,;ﬂ.ii
feci ar {1, + 30 (JEE MAN) \h_ :
Sol: Simifar to the previgus question

Wahave wrlicek R 3 =10,23] = &=3% —
foo (0 =2 =45 = ¢=§
Bk, we ki that E=3FrE =5 2P+ E

.=. 2 : .hh_ﬂ_i&:..ﬂi : {..;-;;!&

Here the T and vestices le on the y-axls thénfoie the sauation of

|

i
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s,
5%,
I

hypeitioia it of the Bm ::;-r;‘—:z v
whtichy 16 the required squation of the hypesbain.

Tlustration 3.3 circle cisa rmgmt nbﬂut;ri_mﬁaﬁaﬂthﬂ:lasg anu'n,ﬂ*mshnwﬂ:awmlm of ¢ i5a Nyperbols
with C_ #n0ic, &s the Sagl. LIEE MAIN}

Sol: Refer. ko the definition of 3 hypemioks.
.:':‘_:J:'rilfl‘: Ei:';z_rlrl
B, = Q6. =T =Tp= comsant

ll:lmhﬂinni.&m the equation of iha hypsibols whoss direcin sy = y = 1mdﬁm& = :ﬂ;m:l: sccemimnty \5‘
LJEE MAIN)

Sol: Uss thedefinilion of (he hppebals o genve ke saualion,

Let3(n, i beany peint dn the hyperbola. Draw oM perpendicular from 2 on e dinetiic

They by definition A= ePM

i s i Fop
= M= SPME (oo (g -2 =3 {—J"’——i‘: = 508 g Bi- Ay = S I S S T e By - 2y -4
D TP IR =23 =0

Whith 1§ he quirsd hypemivcls.
Niustration 5: Find the eguation of the hyperboia when Ihe foot are st (2345, o0 and the latus rectum 15 of
iength ®. (JEE ADVANCED)

Sol: Uis= the formus for The lengtn of inelatus reetum 0.9t relation betyesn sanc b Then = the faciand the
s=lgtion betwesn g and bro getthe equstion of the hyperbols

HeietoaiarmatisafE o) = c=z 58

st of the St restime = b =78

F

= pr=da
We b that
eostets - T /’

i Fi
g‘g]?&ai_-r-.q; * '-'l_: " F.:IE #*
E=F: 5 HEI-/WJ L i
Fraa-45=0 '

I'rhuru:.l.ﬂ#
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{F=9a~51=10
=A =5 i catnol be =)
FLTHing 3-=5 |0 )L wa get
pi=5»4=00= Bt=30
Sinee. foo lieion the w-axis therefore the sauation of the hyperbioia 15 of tha form
"l 3
| —— | A = =k
5 1 o
= A -E‘.Ef:—ﬂl!} = ﬂﬁ--’jﬁt‘_’_:-iﬁl
\Which s The regyires equation of typeroaa,
Tiustration & Find the equation of the hyparbiols when the oo 2re a1l + 410 |, and passing thugh (2, )
' | ' (\EE ADVANCED)
Sol: Start with the standard squatiss of 5 hyparbols and wse the focl 2t the point &, 3] to fins the sguatlon.
Hgm.,-fﬁ-zra_re;ﬁ-fﬂ, 1{1‘5 i
= g£= qFj Here e fad lie 51 e y-ans
S0 ihe equation of Thetyoerbola is of the form

Yo oy B
_.— E"
Tayint [, i b=z on )
9 4 g oA g b4 it
Eor a.f ﬁ= =1 =3 __ai'_"‘"-_lhz f—1 ?-- hI llzﬁta-d. ]
==k 5
G
— 1'3 : +.B= |
i OJTOHE,
.é. 3 - ) J B
L sestead o \\%_ Ao
b2
= 108 +40=5 «18h —
= b WFa=0
= (Br=giF-F=0
= bkExdedb=5=z0
= brz=88 b= 5= -8 pot postible]
= br=3ingl) weget
;o B3 45
= ta i §
Apsin putting =* =S and b =S in (), we g2t
i:_‘i =1 = Falyt—rm
§ g = SN

Wihich i the rmiguired squation of thefyperbala
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Hiustration 7: An silipse and hyperbols 2i= confocsl |e. havmg same forus-and conugate ans of hyperbaia &

Frilar anes yg_qlig_:,e.:ﬂ =, 20 e&#m;mmﬁlip; gllih= HH:IH_FI#_!_I_!I_E-_&H afljgee then find Mt

£a
(JEE ADVANCED)

Sol: Coniiger the standurd equation of snellipssand Byperbals by t=king the
accentrclty a5 €, ang 4, reapectively Fing the relation betwesn the accantnctiss : :
hyumng ::ha mndmmmalﬂwhmﬂmmfmuﬁ. ; \(<

X i
L!t?- : -1:::13-5-1- : -1: =Ae and E=h ;

5

¥

= F=p = Algfen=eiiiee)

¥ -
=

-i;.‘ 'FE':_: =1 =-'.E;ﬂ'-T E'!-"‘] = é*-']% ==
= L Figure 12,16
ustration &2 Find the eguaton of & hypetbala IFthe distaoce of one of it verboes from the fociare 3 and L.Find:
3l tre pessible egustions. (JEE ADVANCED)

Sol: Capsider o cases when mu majm‘ ﬂh’- 5 parallel 1212 X - anln.f.arui the fimar auis B paraliel to the Y-akls
#nd wine veiEa,

Casel: seca=l : /
ga+a=3 \\ A, ‘*’1-/-

= 35T

= b=3
Flgure 1247
_Eg.laljm':;ul Ijl:.rpahe.hq; iy
Casell - b=t

Equatio Fo? hystheis e Fﬁ--? =

4. CONJUGATE HYPERBOLA

Tha hyperbiola whise transvelse and conjugate ases 2(e raspectively the
EoviiDate 3 tranpverse avis of 2 given Nypemoia 5 called the conjugate
heperE of the given fyperbola The Hepsitinls conjugaie T2 the
nyperooiz

i—ﬁ =1 l!*i-—‘f— =]

¥ b

The sbcentnicty of the confugates Mypedocia s given by 33 = Bl - 1
an the length of the letus rmoiem i .1__’1 Figore 12,10
Condition of simifarity: Twe hyperbulas s sais to tie-similar i thaly havs the same valus o sccéntriaty.
Begifrlacs) hyperiols: 53 b or(PA) =UCARTIeH R Sr squllifal erieammilar Pt
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i-; Py . ::E
A oele gesenikad 0N ihe dr2rsien LA
nmeﬂmww#mum

e

B @ amcalied 2o
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Then, n= 9L = EMseed = 3328

Bultng ¥ = 33263 In i‘fg = Lws:obtamy = Bland

Thiss, the sourchistes of 2o peinton the fyperbola %—E = 1= {aued bian 8, whes 2 [Fiffe psmameter
smchrthat 055 € In These coprdingtes gre known atthe parametric coordinates: The parameter B = sleo‘calisd the
ereaning angle of pontf on the fyparbola.

e

The souebien & = & s8¢ 5308 y = B lan & zre knewn 20 the pacameing gaua.bw_sﬂth;g_-hppgr_mtg-?u? 5
Note: (1 The gyl v = = =3 18 kngwn 32 the auvibiarg cucleof the hyperbols
et @ zseCd, b lan E}qmqgQpa;hhnﬁ,}hsiﬂpﬂnhmthuhﬁmhn!af; *:; = 1.
=

Then The scuabipn-of the ¢hand B i

£5ane, - bian e S R [y o l
_h: 1- ) T [, | - m‘_
y-paeng,= gl aa) = w&L—T I i J 'ﬂ__ii

Mustration §: Finc the eecentnaty ofthe hyparbels whoes i3us moumishef of de ireraverss anst  (JEE MAIN)

Sol: Establizh the r=latitr Detwesn = 2hvd b-=nd then use the stcentnioity formul=

L. -
Led the squaton of-the hpperbols Be 55—-& = | . Then transuerss 3zt = T2 ared 1336 rectum = %
o h

arrarding T The quashps % = }—[Jaj

= =% o e-11=¢ = i=-2=1==3 :;:..]I'é' I

llustration 10: ¥ the chard JpEming twe points f25ec &, btan ) and (2 sec 8, b tan &y passes thiough the focus

st thaTjeenil = 3 *ﬂ =1 fhien prove et ianELtaﬁ = 1—;2 {IEE ADVANCED)

Sol: Gbiaid .z'ﬁefaﬂarﬂné’cﬂaeh‘:ﬂﬁh tein given sefentng angleshy subsifuting
Yhe: g Irithe eaustion o chord
The squaticn of the chomd joining (zsec 3, bian &) and (2eec @ biangy s

i@qg]'ﬂ‘_‘f[__t;-h"&:!:ﬂ[ s ;-c_;;j'!i;'.;] ¥ i
¥t paszes thrgoah the focuz 2as, mﬂmmegmi ]‘ s |E_:._ﬁ]

wei8 —8)/3]

sl /3 Mt

B
uing compenendo dividenaoruls u.ru»ga miﬂmz-l = ;‘-—

mi:hr

—1 o

8. POINT AND HYPERBOLA

I H
THE paiiit B 5-'11 lesoutside oR of intidds tha mypertch -—g— =1 Iiﬂ;ﬂ'#-l.l"lg o E—%-l T Qr=C g 0
Proof: Draw oL perpendizular o =axis Suopiieit cols tha bypertiols s1Q0 L
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ﬂﬂﬂiﬁ e ﬂL & v = =
= YERyy = E’.‘}% = i‘i—&.—ﬁ.: %_;{é_g = E_:_i.,l
it i
= E:__E‘%_._:‘H :ﬁ[ﬁ.?‘;ﬂlﬁm‘}n—.-‘g,-‘l
& ¥ 2 5
e
3 ﬁ N .
Thess the peict k. 7.1 lez outtide the hyperbols :_:5 E‘-i.l[v::n.— ~A<

Similsrly, e ea provs tha the paint e, .| will i inide &r an s Fjperbiols stéording to

¢
%—" P r.
G pE T

"
n.unm:idiﬁmfmm—f; -='=;-;- —l<Dr=0/50

Miustration 11: Finc {he positien of the points {7 —3) and . 7) ralatiye to the hyperbals S8 -4y = 36
UEE MAIN}

Sal: Usz theconcept of potition of 3 point woil thehyperbola:
The equation ot the given hyperboks BgE - 3= = 36 ur,"% —uit =10 ek,

- W e | r qE
r-'—aE-‘E—I-:'.—L' =3 | anal = .?_= = 1—.£ =obo= =—— il

4 g9 4 -4 .8 ) 3
Hanog, the poant (7, =53] les maide the parapala whersas the pom (L 7] ez ottssoedhe hyparboiz.

Mustration 12: Fin the poztian o] the point (3, 1) retative 16 he byperbots 26— = 1 (JEE MAIN)

Sol: Use the conrept o aetition ol 4 paint
Since RS — = 2 = 22518 - 1 =308 » 050 Unepoint (5 —4) insids e hyperbola 2= 1

9. LINE AND HYPERBOLA
Cotidider & line 3 =me = ¢ and hyperbibls ]-’;—i-: =1
} ol =
-‘Eﬂﬂlﬂgf:mf{ﬂﬁd?—h—f— =1

= bid_amz+ _:]":a*h' = :ﬁ"'—e"m';’?ﬂ—'lgﬁmu—:'f_h‘ + =10
|

| ¥ '
D@ G=a B=q
Secant Tangent  eithersecant
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Niugtratlon 13: Common tangent o y* = B and 3 -y = 3. (JEE MAIN)
!ﬂ-?ﬁﬂﬂr trse standid Eduation of 2 fandent 1o 3 Fsnsliola 3nd apply The donditisn fisr it be 3 tngentia
B -y=3

Tangant ta the acabcl s e fm y = e = Rt ne o betangentio % -t che s
= ;}*wd = P4 - el aw e conmon g

Polnt Form: Te aqstion o7 targent o e Iiiiﬁf‘ "'L;-;*}-*J“rﬂ}“%—% S
Slope Form: The aquation of tangints of 5506 m 1 the hperbols g-aﬁr-=1afgm by

§= nﬁim

tﬁ mwuﬂvemun sar 8, b 1an ) and Q f2sec 5 b otan B Inteisent at the peint %

[ﬂ%r&lﬂ! nsin((3; + Lﬂl]
| eosite =5, /2 cosi(a =80/ |

Q) i8-8 | == then thetangents at thace poinis (6, 2 &) ara paraliel,
e
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(i) TheresretwopaafEl lsmgens having (he samesiepe m These fEnoentilouch the hypabola st thesytremime
of 3 dianjater

i) Lotus of the feat of the parpendiculsr deawn Som Focss of e hygerbols £ .—% = 1 lipde iy Tangert e
auiliary crle 18 £yt =2t and the gratuetof these perpandiculars s &

{v) Tme partion oF the tahgem hatyess the point Hmnhﬂﬁ*ﬂﬁdrrmr& subizende 3. flght gnale ar the
COMmEspanding fatas

vll Thedhe citheh: ola and the pomts® and { in'whith any tanigent misels the tangents 3t the Vet dre
cancedic with B3 25 the diametsr of the cirgs,

Hiustration 1d: Prove tal (hestisght litete = my = n-=90tetckes the hyperbel = —-"E;- =3I EP=fment
& b (EE MAIN)

Sal: Apply theconaimen of targency gnd prove the sbovs resym.
Thirgiver fing s lk=my = n =0af p=-l/m%x - fnr
Companing thisime with y = Ws + ¢ W = -l ands = —nim werkll
This fine ) will huckthe hpsinatiy f:— - % =TI =3"=p

== _h" iq?_"wéz s ! L
= = or # -1 Hence proved

Hﬁﬂi"ﬂhq 18: Fend the equidtions of fhs tengent fo'the hipetrhola ¥ — 207 = 38 which W perpendicalar b the ling
x—y=4=140 (JEE MAINI

Seol: S=x the zlope of the perperdiguizs ine =nd vse mio gel the egusbion of the fangent
Lt e the slape ot fre danger. Singe the fangentis perpéndicularta the ingx —y =10

M=
- 1'I'|=—_"._1.:
. . el i
HRe == a1 —

* =iy =36 e

oo .
Euﬂpandgm&mmTE-=1 LoE=EGang bt =T

x B

So the squation uiii‘lenlanﬁlm_s;_lgy = {1l = _iji.'lﬁiti_—!__]‘-:—!
= yYs=aEaEr o r.+;.n-i-NE =B

91-1 2
q-i]‘.t.l-ll
".r
=
&

Mlustration 16:7F two targents drawn from any point an hypertioly © <y = 3~ Pro thaellipse
:snglané znal b, with the 2eus then tanb,tanfl..

Sulrfst;hjﬁhiquam;m m where m & the dope of the twotangents Then use-the sem and product of the
ooty to find 12, taﬂﬂ.

Log =4 - I

Ary rangent io the elipsey =.m=-_:f:_.fﬁn': 5

ftam B = e sacl = AR < B )
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cfian B—msecll =at 2 b
{ob see sy 5ot + L Jm = ehatee —F = 0 = e e spraduct of the robs.

_ Sentept

T Cada-
11. NORMAL |

“pran B 3 ik B e

Point Form; The squazcn of the nw-iﬂ.-*h@.hmaﬂlﬂlﬂ.; " i 3t &y ek R B4 +8
Barametric Form: The'sqliation o e el ot bs 50 % b t3n 4] 1o the Hiyperbola —LE_ <ilsaucost by
opd= g =4
Slope Form: The equstion of 2 nﬂﬂﬁ@lnfﬂnggm#nthahyparhala -'i :; = iz green by

. i [ e .. \
" = i Ehﬂ‘;ulnu iﬁ'd— | IS i
& —pnt A b

b ==

Note:
) armostTeur normals can be Sawn from any Boint 123 hypertala,

{I]. Poinis.on Me hyperbela thrgugh which, nermalthiough = Sven paiE Pass aTe-EalED ce-normal points:

Ui Tretaagest & normalat sy saint of 3 hyperbols bisser the angle berwaet thie fogai tadii. Thiz llustrates the
reflection praperty of Trne hyperbola as “An incoming light ray" aimeq tolwards ane Zcus i refigciag fram
Hhe oisder susface of the mypetbols towsrds ihe other focus K follows hat i zn elfipes znd Fhyperhals Have
Ehe £ame Too] Hiey cub 3T Aget ansles 2t =hy of Their comitsan pomis.

Light Ray

= %
() Thehyperbolz = ¥ =1 and she hypetbals ‘;L-?_FIEE = 143> k> b §)areconfocal and thersfore
F b | ok k- | o

orbaemnal
v, Thesum ef thieeceentne arales of co=notmal points i an vid multiple of =
W) £ 5. B and 3, sre-eccentiic 3hakés of thres piints on the hypeiols f-_-;__- =1 The noimale 31 whigh gie
= i . = r 3
CORBIMmEN. then Sing. + 95 + s = 61+ Sl + 8y =0 '

{wit) 1F the narmats at four paints Bl v 1 Qe iy Ky g =nd Se, 1, 2n the hyperbols E}—f} =1 sce conpurant
1, ¥ a4 1)
B (=5 o =0t 1)) [—:-:-r 4 i
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Thusteation 17; How many real tangents czn be drawn from thepaint 4 §) 10 tne hypsracla E.—J"— =1, Fingd the
Eﬂ[uﬂ'hrﬂftﬂmthhgm 2ret the srle batwees tham 150 3 g MAINY

Sol: sz the concept of Péstion of 3 Peint it s hyperbais to fing the number of r=al tepgents
Guan pamt P = (23}

Hypetbola 5= o gt =1=0

w5
'335% —% S3=-def

= Bant Be 4, 3 e outside dhe hyperhials
Twe tangents &an b deawn from the:pomtSi4 3} Equetior of 3.par of tangents w55, = =T

f:!- L] 5 3
[m}; J' --rr___‘]_

i:._il % e II—-L.—«E =3 UEE
e Mg i

!‘rﬂ.l.E " e T Mar tangents EH:_m%mmmﬁemmﬂ, ations1o find thevalue
s ' '
Tatgent to H, \\
y = = N b \
g e . 7

S b =) '
Fmé = B = =B mh - g

#ne 1) = L —mid
m==1 _ Figuere 12.26
Fenann el CaR e Engonk sty BRSNS

Dlustration 16:1 the. ETMAIS AT, i F=123, #ﬂnﬁatwﬁwﬁmﬁmuw o me2t at tha oint Gt k)
provs that the sum of the sedinates of this ol pofns is k. lss prove that the oroduct af she ww E‘TF
f &Hﬂm

Salr Wt the Eqmtmn =fthe ﬁE:mrETl'n- tha parematectnmm shd them peethe thanry of Bqustons
Ary pont anthe conve £y 2 -8 | ol J
The equation ! the narmal 1o meh:,rpnﬂmh 2t the pomt | o ‘|

i
f—m = fa—aty
! ﬂ]
el

Hﬁ_l-‘,:_.#:;:_-m:,;:%;. ﬂf__,%
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@) L.
e, ::. ﬂlt‘ tF
= ﬂitiﬁquéﬁdnnhhhneann##t[.ﬂ.i 5

r-*{':; = ti=cyarty—< = Yie—Borcf=¥sly—c=0
The rasreal passes Whreugh 159
AT = =2 =3 il
Lot ine fostrof (0be1, L 1 1 Thenx =<ty = E
sutn 'of cxdifgtes =y, = 'a'l"y'*fs-"—" ¥:

SiE R R o o ﬁ"'ﬁmﬁ =t T L
BT Ll oty
=c. j—ﬁ* =k, {fram reots of theseoushon (i and. groduct of thaosdinstes
wak BN B - & o
—

Ulustration 20: The pependicular from fhe centrs o ths normal =t any poiit of the hyperisia ;]-—E = 4 mest
stR find the leausof 3 (JEE ADVANCED)
Sol: Solve ths egusbon of the nonmsfaitd the souatice of ins perpendiculzr o pesing through the ongim

Lt .} e 3y 6int i the Fypashats

m:ﬁt—f__,n =1 W
_ =Ny R - -
The squation o2 The naomat 30y, ¥ 1 ? = I T _;‘:.ﬁl'— ﬁ]!—r%h ~%] =0 il
& ¥
‘g e marhal = h'
- Thimmq.-at-mﬁ:mﬂhrtm the cantre 10, 0) on [if] &
pot @
=y
The intersection af (i} and {i) ISR ang the required \oces 15 obsained by sliminating X, v, fram [, &0 ang i,
¥
v (], e = e =3,
zrn (1) if-y. v 5y}
Puiting by Lyl Teat) == s =9

G e s B =
Bt 1= 557 then o, ) = 10 0) which & Aot irue.

= _F:_._I:.:i i _E—w-].':l-u'l = E:"""‘"é‘ _]
T T )
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7y Ll
.= —-u——ﬁﬁr
R R )

18wy 1w =y
—= ﬁ:w]] Tt N 1
. R -

an s r: hﬂ] ={= =5
[
THustration 2124 nosmal [ the hvserbsla ;fiT_‘; = L mestsi e akesin Modnd 1§ 20 lines Mognd KB are
grwi perpendiculs 1o e auas resting 21 AL rove that the locus of 8 1¢ the hypeibtls 89— Bl = (3 5 052
(JEE ADVANCED)
Sol: And the co-trdirated of the pomnk M o3Ad No3nd then elifminzte: the gassmeter Bobieen [he: oroinsie: Fnd
abtgistas. = =
The #augnon ¢f noemal 31 The point S6g-3&c ¢, befan §hto the Nyperbols E— 1;_: =14
a'_ 4
N ohsp v rpT s =B — iy
T sermral ()] medts the s-asis in 4 fl-‘-"’—j"‘]dlw: ﬂ]and}r umnn{ h:n'w-J
Eguation of MR the fine thrdugh M and pergendicubst to ads, i
;-=[£+hjlsm-ﬁrz.mr=. = o
e g 271
and the equation of NE tha line theoosh N 2nct perpandicular te the v s
-H-!-."hlrl r ea | i -
|t p—— ﬁ'ﬂ*ﬁm{-:__ﬁlf_r, T
) [ £ J b :

Thee Idcus of the poimt = the ristsechion of M2 2nd P and will b2 offainsc By =iiminsbng & from (nkand (in), s&
we have =2y —tan's = 1
= E_?ff,_ _EH% = 1 or - S = R4 B IEthe remuinad lasus 619

Tlustration 22 Fiove thit 1he length of the Aangent at any point of hyperbola intercepted between the phint ot
contactang e trankviie zun s e Harmasic missh netiween the iengikt-af fergendicutse Srdwn from lhE {eci

&n the nomal at the same-point. [JEE ADVANCED)

Sok: Mroceed accamding 10 The quastion % prave tha shove Statement.
B _$6 _ su-ar _ e’ -aecess

ETE ewm-a3msd @ -00nd

ﬁ_ .- ele—coss) = f__-_-q-':mra = cOEh
TP [eeosiE-oy 0 B & =
Similarty 'ﬂ'e.gﬂ;%=1—¥ %4-%:—1 = %%:%
Hzmoe Srowed:
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PFLANES

V1, Genesal equation of Best degres. Every spmition of the forsl
dégrea in =; i, = reprisimie s plowe,

The pusat pvrctal equation of the flres dejpces bn e, gos &
a4 biy-f-va -l =10

whore &, b, ¢ are ol sl Eoro.
Th naug of thin equation will be & plane i eeery point of tho
%

My Jooiritess @mey toyo penoia ontle oone ey ey on (e loca
Tonhow tlibe, we talo sow Lo ol

Plwe, wyp oph ol Gy, . 4,
g blie boomay e ik we have
oy bict-en -t d=0, il¥)
aimy o Bivg | ey bl =1, was(H)
Multighying (00 by Eoasicl sibding £o (i), we et
srEs i SR L, o i)

_ I+ ik "+
The relitbon (ifi]) ehotwd thatb e geodnk
(i'ii,—t:ﬁ; gy bEyy 5 fkg
lak ' 14k TTHR
B aboion the etuw, Bual, Me dilfeesal valued of &, these are thie
gonoral co-ording lm of sy polot on the Hue PO Thus evofy point
om bhe sfradght line joiniig sy’ bao arfabmey ol onile fncos aldo
Lien on Lhe oo )
The given pqoation, theeefoor, reproscnis & plane,
Hemen overy eomation of the fired degrec in a1, 2 ropresents

Bz Figd the so-ordingt oa af s points whom tho juns
o by ez =40
imonde Hlen thron ap-ordimadn e X

‘_"'".I'.'_I. .:Eu{uﬂ form of the equation of & plane. To find the eguation
Sa T o e dicion. astos ol et Rermaal § e s 40 B0 Siign
e e T
Let OF be the normed from O to the given piame @ 5 baing the
Thin &= p snd §, m, n nre its:dicootion oosines,
Toks any point Pie, y, & o the plann
Hdw,ﬁj_ﬂ-ﬁ,hlﬁﬂmhthﬁphmvﬂnhh AOK.

LY
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Tharefore the profoction of 08 on (5 = 0K =g
F A

Fhir. 12
At e e otion oF Lie i OF
(0, 0, 0 st P, g, 2,
on the fine A whose dimotion’ copines nre

i, m, i,
Hz—0)0 miy—0) 4 wijs— Of=Iz 4y my b ne.  (§1°54, p; 14)

Memon b+ iy - == s

Tl equabion, b sabinfim] by the co-oriimtes ul s ik
J'r ‘g 8} oo e piven line, mlm-lm':tfﬂm pland zisd 4 hﬂi?wgiu

mwifw_nl of the equation of o pinne.

Cor.  Tho equition of any plane ivof dhe first dogree i 3, 9,2

Thie iz the conveess of the theorem grovediin g 271,

Ex. Faol thy equstios of phe plae conbulsig iho G Uhrigh the
wrigin wrvih diyocdion cispes e perbiom ] ta (1 — 2,08 dod 283, — 10

[ Ama i:..ﬁg.-.'n—-lr

2. Transformmtion fo he Normal form. To frneform fhe
Tl iR

I the mormad form
bt iy wa=p,

Ar thees two oqustions reprosent Lo same plane, v hsvo
_d_e_b e Wietlbid
P & m om - f1F11m‘—i-n‘l*if{ﬂ.+H+ -
Thun, —dip= 4 o (o +8 o) anck an g, mnﬂr'ng to o oo
venddon, i oW be wuf&, we shall ke posibive of degsbive
g with the radigal inp o, f, i negative or poaitive.

Thun, if d bx positive,

b
=== s JH:P"i' ;ﬂ‘

i

AL -h e fd=0



PAILALL B ol AL l‘mmtl.'ﬂ"l' Lo '.I.";i!l'('.l rLAMEY

If d be negative, we have maly W chinge the signa of all Bhese,
‘Thms the normal form of e oqintion e+ b e fd =0 3

o b n d . <
TV e e Ty O e pentie:
& i
vt = o A e i

T31. Dircction cosines of sormal w8 plaoe.  From above wio
deducns vory imporlant fact that the direction cosings of nermal o
ey plane e proportionsd 1o the m-efcients of =, ¥, £ m i equntion
i, b iliroction pativs of Lhe oocmal fos jlose wee Che -
efficionts of =, v, 7 it 1te couakbs.

Thue,
a0
are the dircction mtior of fhe wormad fo &r plame
 ardby petd=0,

Fao b, Phsl ifm skisedion opsis sl Blisphirmsids G gl jlaes
-[l}-lt-dglﬂ:'-'l'. ||1, ol Pad | =L

mn (0] ST, =T, 07, (LR, R
l.'l.i.. Eﬂm*:ﬂm:ummmuuhtqdmi:

== gz | i dy—f T
DT o TR T PR T G AT T e

" 23L  Anple between tra planes.  Angle betwwen two planes in
wejunl o dhie sngle befween Lhe dds - por Ureen fram any poknt
Thve the nogle botwoin #he bwn pinges

A byefona A=A, miiel w2 b b =0
Im vegmnd fo, e augls botween Ll Jines wikth directbon rmtsos
,“'J-"E"i- €
hIl LJ.I cll.'l
ansl k=, therafure,

ol iy I-H'f -
i 0772 ﬂff,*i}

~ 233, Parallefism and perpendicularity of two plames. Two
?WEWWHHM ai. the normalp to  them
nen parallel or enlnr.  Thns the fos planes
wrf-by ez il =0 awl ngr gy e tdg=1
wmill ke paralicl, if
afs b =cle ;

i will fe perprudicular, if
aay | by ooy =1
Erasehs
L ¥ind ehosngle betwoon th planes
0 Be—giiswl, B iy e, [Anw. - ooa=F (215,
(1) Epe-pdr=t, 5] gide—T1. ldms. =fl,
= ] H+&-J].:h—1|-—!:--ﬁ. Cena nfd,
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1. B slisl thil gvjriaie
aird I ol b e gl s ok =0
Mrﬂm-ﬂunllvﬂy pripeindcsibar fe X1, ¥3& 82X plaes
o Bhow thal ardbypesfodolf poprinenls plodies, poeseralieslne Feepon.
Mm?&%.ﬂ fibramea 07 i, B, o ppeindely- vmiiadic  CRiamber Lie 50 ),
4. Bhow tlist tie plise
el Hejiab

is purpmndizular toomscle gt the plenea
_ Er fp pAn b bl L2 Ty iz § 3l _
" I'lli.. Determination of & plane umder given condisinng, The genaral

rOEALIoN E-'F'I"b? ez dde 0 nf o plunn voriaing threq arbitmey  cons-
tarils ﬂfu.lm e coceoints w, b, d, d) aml, therelire, o @ ikt

b frard 1o satisty. thevo m.l.l‘ﬂum pach 5?]:1[: tiee Lo ooky ooe
relutiins Betwoen tlie rosslants Tho thow sendtunts con then be
determined from thi theee resulting relatiine
Wa give bofow o Fow sets of eobitions which déterming s plo:—
{3 ‘possing tirowugls e noseolliver poiute |
[l plh.'iﬂﬁg tloromyly fied given pokuts wed perpedidicalor to o gl
Phane ;
foed) pisming Vheaph o plvan peint aml pErgendieglar Lo e faven

< 24l I.nl.ﬂﬁ']lt form of the equuiivn of & plune. To fsd Be
E‘m@npﬁnrlq ﬁumtﬂ'tﬁrmhntcph ﬁ-ﬂ‘-‘ f uhich o makes o
WSeS.

Lt the edpuation of Her. jlatde b
Ad g My iD=, )
The co-urdinates of the pont in which this pline mocs the
X-nxin are piven to e la, O, O),  Bulafiating ese is equation (1),

we kb
ol =1,
i = A = | ;
I a
Bimilwriy

s Tl i | e
The eipustion (1) che be powsLbin i
A I e
e
g that, alber pnhatitulion, wo obtain

X ,E_!__'__l 'l"ll

a8 the required sguation ufthﬂ Ijlm
Mole. The fast st l.pl.l.nnml:ﬂ:m:hqu:hl. lln..mﬂ'mt]:mu.uil

wpaivmlinh b bk bt ansiml Usad it jusess thirugh i, 10, H:n
(% b 8, b B ) st wha v v o ey s B
.ﬂ.ﬂ;u:& ooctiripntain (L) i veder thet the suoes sy pam ﬁhj::-u;l:l tl:.u-h

'E



PLANE THROUGH THREE POIRTE

EBx, j, Fisd the dorropls of the plane Zr—dyf 4= 12 0t tha daanlinnie

{4nn & —!- M.

Er T A pilamn moats Lhe po-onlinals sson @b 4, 37, 0 sich ihal 1hs

reniovad wf the b 45 G (B guilut G, 3, ¢ 1 slisw Lhet e squation of the
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Therelice; denominstor of p={HASFASHAN=24,
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.
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UNIT-4

STRAIGHT LINES

¥1. Egustions of a fie. A line amy be determine! as the
interssction of any two plnmees through i )

Now, if :
aer §bar boen o d =4 el ey b e 4 dp =1
Lz the equations Gf aoy two ploaes Lle thipawon . lite, then thnee
two sl ons,  taken teaplhier, pive the tianm ot the Tins, This
Eallows from tlee faed thab any pobot oo e line les on both thess
plomes wml, themdure, 18 go-enlinto s31820y Iidh e equabions and
eonvermly, wny  goint Wlisn  eossilaates . satinfy e te egnations
Hezam Dty thesn plades, e, (enefoune, (n the e,
Flina, o alrreghl lne sn spaee vg srpresenbed by D cpemtions of (e
Sl desrren an ;WL T
dsiee Uy faiva, Hes ouk 1_.|.| rogieviesiied by diffivend paira of
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the ‘.!fmml&ium aof e Vinxb s z=0, el sl of the S-sxis ane
= y=0.
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— —y -
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i Nl A |
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l:. Find the co-prdinated of the Toot of the Fdruwe from tho
wraygin b s pleee h—hb—-—ﬁ+‘|=ﬂ~ alea Vind n:ilh.l.l-u.\ull'ul- grestisl
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1L Bhow tkalb tla lns
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To fransform those 1 the synometsical form, we toquire
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haghpibils” oty —a b
Thies, o bl sy munetrieal foro, e egiabns of - e plden s
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tr byt a1, Brpdy—a—05
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= Byl



ANALYTIOAL soLin aEoMETHY

il Lha lioo §fe—Th— —{y 4 B Jla =3} fr i plns
Lo ly—a | B,

;h.hl'i Fimd she exgrmion o chi gl thrangh tha podad [y, gy my) mml Bhromwh
i

e —all | it a, T, T
Ther gomemml eqpundbomcof b plano ponbemog tha. mm]t-:lu
Lie—al M y—bi ¢ Lhe—ai— 10, sl
o bty A, B, €7 bebtr MEry (e b e Bfeste Da) SR eriai fikisn
AL M | =y L)
The plane (i} will pos throwgh {25, i. gl _
Ay =i — e Ulsp—e) o 0. i)

Bligndnebing A8, 8, 17 fromm i), Pl mnal (il wo lawi
CE—,. =t 2
'S i i | =k
e gl e
ik i mwspebned e b i

3. Fiabche nijratsise af Ui jEsmn coatainisig Oai-Tem
Loty kb~ jis—4)

wert) Wby s 0, @, 05, Lana, Lo j3y o 1ai
& TR T Yy
it -y oy iy iy Ty

arn Ewie Jn.u:llt oo, Fusl Tl mguataes uf U planseontainng the fime -Il-ll!
nnd pardbol. o tho seeondl, .ll X vy oy rmygn o
q H}m thead Ll mypamb im0 sho prlant thrmgh dbo 1|.|:|.u
—
s T R
R T :hn.ihql Bhoerpoink |2, 1 =i} lignoa 11, What ks
thin gabenebrienl =alation leotween tB0 L Denss deel this plana T
6 Vimd tho eepuanbom of the plane ocotsonig: Hae douy
— i) =y -t {13}
and the potns (0,7, =7] eod shone that the lees ge= §77 =)= o T) Gem im0 -tha
waime plano, Pdme, Fhp4a=it
T Find e aqmediva of the plane which condaiz the ling
j=—1j ——-{:—l =fz=tH
abil n perpmnilieuler L5 thupl-.u
ef b =1
’ Plasbiiee ghub (llsuetimn misdies o Ehe grsfoton oF the glues ik o 1|-Iu¥l-hln
uiit, {1,
[dmm, Sr—2p—SipAd w0, <7k, I, whes k—1fy/[185),
B - Fioad theopguskions; i the syrmmelriesd form, of the projeciion of s

Hep Eowrbhiagatl

Finn

i tho plame
F=2y+ Tr—i=i),
[Ame.  fo— 300w iy 3 TR0 = (e~ D18,
¥d. Coplasar Lines. Coodifion for npt-m of fines
To foul the comdition the ths tro given nﬁm linea inlorsect,
wr, i coplanar, :



CIOPLANAR LINFR
Lat tha given straight lives be
.‘—I.-‘IF-'Ell—I_ll “_’
El oy L * i
AWy 7Ny =g
et - 42
I tho 3imcs indorneck, sk fivdm a plane.  Egustion of oy
plane rooskaining the fine {ﬁ?lr
Alz—=g) b Ay =g is—g) =0 wcft)

with the comditinn
Al 4 By | Cmg=1, vt

The plune (@) will contide the {oe (35 6 the, p‘llnt [Ei. W5 on)
iﬂﬂplmltlhnﬂzlhﬂﬂ.uﬂhpllgﬂnﬂmﬂirluhﬂ!mlﬁ LR

This reguiires
Ay —a) 8wy = ) 00 - nl=0, w1
Ayt Moyt Cny=0, i
Eligbpating A, B, € from (6], (i), (o), we gt
L e T (T
LT My, ny | =0, ~ LA}

T
kld:l.l.lhl.lur m? wndition for the linms to lntecsect.  Agin
£ feom (W1, (i), {irp we got
A=, = H B

h, mg wy| =G

JII iy, Ky
whiph = e uf'_l:ml:lun of Lke Tlh:rr Dfll:ltilm‘il‘l“ i twen fincm, i onon
shey Intersece,
Bpeond Nethod. The condition for mtemection may abko ba
ohiminol an follown =—
{fire - my mara o marcEsd and e, mare oy maryt-5)
sre the pemeral eoonlingte of the pulots on the Tines (1) andd ()
reepoetively,
In cose the llnee iniereect, these poinis should coincide for some
vitlies of rpand v This prguires
=—=a] ¥ IHT_IJ."_I =1,
[y = dff g — gy =R,
fEy=gg) | myry = mgry =ik
Eliminating vy, ry, we o
[ Fy—imy, "l' "I:

|h—h. My, Wiy =0

=gy s Mg
which s the same condibbon ns (AL



ARALYTICAL H}LI]] E_Eﬁ:&ﬂ'ﬁl'ﬂ'

Nt |, Tai gesiieal, Ll oegisnblish
F—Fpe Y= =5
Gy  Mp By |0

G my 9w
ropresnnts dhe plans iarengh (1) aod passdbed b0 | 2), and the spustion
i LR

B gy ong =D

. e
mgroeonda. o plaar lhedsgh (2)-and pemaflol o (I8

In moso the bmeoo wm, copbsnaer, . the ronddms LA ﬂ'n'nlhmtnllrn'rd
r-“,.-j r..|l|-u'nuliu.ﬂn-l. L andd the iy e Exl o vha pecdasil, Pl

ppt s J-I-nl.-nl wipd comtai whar gibipanct g lnesy,

Tha the- egoaiaon of & plang sustninge b dntersesiiag fames £ ol Ldmed
Ty fhodng Lus phnnth:;qh:nlhumd]mlﬂ'::i Ilu.'lillﬂl'l"_n'l'.. 'I.h.zrr-n‘;-:ih' L
Imnqndll.: F-:n.lt oty sihes,

-ﬁ"nﬁ-“ Toru Foes. will mbames if, mel iy ¢, theen raets mgumnk whbm
oui oriimnsos mtiady the fewe sgquacione, two cof oeoh o, lak we koo thed
s Tnknowns, w2 e determarmt un mE B AHron eustaiE, Tlu:ufhf
lnmhriﬂu,u-tmlmihu tha Tour piginfions shoild B ofisisbost ddaong
I.'hmh'l:rl.. i.h valups of the mrknowas 5, ¥ 508 ahtgioed Trom sne thro
anuitione, -t‘i.ﬁ the fnorth nloe,  The vondidien ol ranmskamey of | Foay
ppemblang ummnh-; ron iiksieny s ahlamml by alicmeabang Tha nelode s,
k& e Limea omiEaTRtn ey snor convorimt o feklew il neetboill 0 obiasn

v ek o af mtmﬂmm’tnmlbn'hﬂ oo 1o peectom b pen Lmsba

Mo 3, The condition for the bmod, whoss pquatisns, oG m tho ey .

unirrcal form, wrd _
sl By e faly =0, agmd by foge 4oy —T4
e dgndagrdey <l wpg byt b=

Lis B eogibanur, Lo, b niirsocl, un stz Iu' elitiating =. w, = feiin (e
sgrmkinen. 8

ng, by oep W
g bpy By
ngr by en My

g b oy iy
I einste, dlihe parvilitdion s sadinfiod, Wvs i aidinalbeG i tis posin of Jikenae.
hirm oo mldnbne] by sofving soy il of bhe fosre squsdenne oimadsmouealy,

Examples

b, Proee that the links
r—4 g3 e+l ai=l y+l I-I-]-I'.I
T S IR - a3
iﬂfﬂ-nﬂfﬂlﬁ:_&um#lﬁrplﬂ#m
Now,
frd4, —dr—3, Tr—1) and (241, -3 —1, 5" —10)
srv the peneral eo-ordinntes of points on the teo lines respectively,



m
Thoy will imtersest if U Liree ¢gunbions

=243, 1
dr—3r A 2= e 1)
Tr—dir' 4 P=f o AT

are dimottunocady Lroe,

(i} #nd k) give r=1, r'=3 which olée, cloarly, satidfy ().
Honer the linen interseet and thir point of intesmetion obimined by
puttng r=1; vr v =2 iw (b —7; ).

Note, This egustien can also be-solved by first finding the point
snkinfying I.h:m EvEnd inn

—A_+d oy tA_eH 21 _igt]
l e e T 3 -
gl Uham elwwing that the same point alsn estisfien the oquation
¥t I=z| 11
_3 H 1
1. Shime therti%e Lines
:lE!.:;r-l-ﬁ 2= bl i)zt
b3 =5 M 1 b -1
are coplanar |mdﬁnﬂﬂur-jmm:m£ﬁ’rﬁu AN penliinieg them-

The equation of the plane eonkining th first Tie and parlbd
to the steomit in

P, g, 121
h [ _H' |='n
=T iz =i~ 2=l

which I clearly sutfelied by (e pednt {—1, —1, —13, 2 'paint on U
sooanil Hine,  Hemoo thin plane comtainn alna thie' secand Tine,  Thun
the ten lines are caplanaciind the oquation of the plons ontaining
Lien B
Ga— Gy—==0
3 Elumn thet the fines
£30_His_3-T
3 1 =
3z b 2ybr— T Dy Br— 1F
ase coplanar g find the sypeation o the plane in which tey lie.
The general pyuition of the plane thrvugh ee seocnd lee i
dr4 8y 42— 24 Hr—Ry | Q2= 13)=0

. Ik A2 — 3R] + o1 + 2k} —2— 13k,
Thle will be parallel to thoe first Jine.
if . .
3o ) 4 (=) ~ 200+ 2L = 0, de, k=1,



ANALYTIOAL SOLI GEOMETRY

Honoo the woguation of the plum containing the gesond Ine and
penlbiel bo b Bt e
2he— iy  Pl2—125=0 _
which elearly pannen Lhrongh the L =5, —4, 7} anil 8o enntnivs
alio thy frat foe, e *
Thies the two lines wre coplanar sl He'ln e plage
w10y | 225 —126—0,

e
1 Sl i the feers
Ha g =dpap= o)
fe=tpd=4i—l=bri Tt -1
wre eopinane,  Fesl st Ui meomdmnkes o el et of alsrectin an)) ke
rrpuhnn'lnrih plun= mywhech thay be .
L Proeeothoad Eho e
e RS oy T I e e
| e | ="
(ntermewt,  Fiml il thesr it of orieeersion ol Lhe pilieree b b R,
felaw e =% 01§ Lix w e Sa T,
X Doy thoy tho Enim
o T, o 1 - e T TS
i T R | [ L
ftorwerd.  Frod their peint of mber toacandl fhe place inowbech 1o le,
- [T ey Sl it ot
. Hes sl dao Lok

e e g B lrilr e g e
Sty —a—-He B dr—llpt 58
S Prove thaf (hre e
b e o e PR s, TR R
B Zyfifo fe=D=dy =
ttberri pnsd Bl Ui co-snlitmtes of Qs peithd ol fbemscbbim,
{ifna. [ B, =2,

T A, =] T I SEr L

i ?.'_I'I!fnl.lllﬂml_lhr.l
= y—4h 2= e e e
Tl o i ey

1 o firud b mlmatrs af the palad’ ol iubeessos tion sl tep cquant icm
WM’H vk Iﬂ;]ﬂ-,m " |.ﬁr.t._n PF-.';.:’,ﬂ.r.i*. ;‘-: | ,“mm-':?i‘q..:n,
v Sbow thas tho eemditron thud o ten strmaght. ors
= e W R B T S TR ST T L E

ghoald mitermot W
for= " =i (i —m ),
B Blnw flimt e plooh whinh. poitszn b ten porstlel beos
s—g=—dip—N=li- I P TR L
in given by
| lg—g—dexlifi,

o Timl ki uf fhiie Empfme=ain, wnd
41.1"%13-'“"“""%“ pusening Chervugh  ofE=prfem=sin

=] =i gyinl = = - I L0 AT Flonea, :
afin=gim==ft il sfn=sfi=sfim r ‘11“ i ﬁﬂ‘



CONITANTS 1% THE EQUATIONS OF A TTRAIGOT TINE

1L Ehover dhmd ke |.i-l§ill.l‘-|-rlha]||—|-i-i=!+ﬂfiﬂ1lirﬂl'_ﬂm,fﬂﬂl limra
(i) wmidl, pe= (6 s=0 s F ek (W) =0 s fy=2a
fih =2l Bl e — b AT g Al

st reghib mngine i_fl.-f—ll+iu-'|'l

U Ol Uher il iasd T Ol un

it oy o= Wi 2~ 0

b3 e b foran of 4l rmin e Bl |, ra ),

i g e e [ TP TH= S PUE S T T L S T

35 Number of arbiteary eonstunls In the: equations of 6 straight
B, T beur phat ey aes fpir arbiteany ponstiants din the epuatiima 3l
@& alraight fvsa,

A ling P éivn be teparded ga-tho intemsetion of ey 1o planos
Heonphit, In particnler, wémir fake the, two e perpendicoiue
ter bwis al the poderdinate phines, dny, P38 and B4 plines.

Thie vgriatitvio of e planss throuph M perpendivalas o the YE
and ZX phis o respertavely ol ma)}:nu

) r=ey | d, and ==t
winnh arn, themfes,  the cque oo of the e P9 aned comiaim Gur
arhitrary conwtanta o, b, %, d.
 Hene= thie cquntions of o atenlphi fine dnpelie four arbiifary: conas
fearidn i It e alwiw's gt hde b0 exprow thee in the abeve firm,

Mpta, ' prammectricsl foem nf e f ot & L mrperen by v
abic padnplE o, g 7y 3 8o, n':“hn';n sy Eﬁqﬂa pliet. :rr.ﬁ'rl.i.rrul:d.iz_-:g
gapskon s ol wn (o phiwn beles :

[ 1 'n._nhuhl.ul wapnsetind by dhi plabinn F{—ﬂ’.{; ni=l G mgivaleul
fn B sl pemn il anpeiapls= sy

Alsc, of il Lhrve apparcmly dvpomdine msmBices Fa by 55, 0ely bW
s drh s D s sim il rlmm ciba abdliye det tlabicraly choss de desigieal

..'t-l-ll.lil eannob be ginmblil booadl s oo e pliame, Lot gl piern e,
i porbeuise, Lo nel opordlol Ds e FE prlan E{. o, 2y e saspned pey
E:lu.n‘ W EL pakon Llis |.-.|J.|-.L valaisee Llsin Jape moceds s i ety s jeoint

1+ M =k

Tirnite W oLy e Bo g oy vl e plcann, The three  mrmben
Sk ¥ s S oAy MErdiine ﬂp-ln-l-h wh fa o mplepencunl gopstapds iy,

Thic fuct thet the-renemml comatioss of & ltl'lig'l-i line eoptain

rblieary fonatants way ol Les mastias directly nn ul o e

Weseo that
BN N P
i m ! m o om
are popnividont o

i ety —Fynd m (mpry—may]
Zam g BT, g =

mepaciivaly, S0 thiad
Eome el onnmn

o on m n

aro thi four arbitrary eonetants or pammoters.



AMALYTIOAL SOLID ORCMITRY

X351, Delerminatbon of focs satisTvinp given conditionm.

. Wo now oomvider the wariow scly qf condidions which rdeterming
o ligere,

'-"a'l.- ke that the vquations of & stmight lioe fovolve for
urbitrury constamts ped hones any foar-geomietrical  ennilitions, sod
pivimir rise Lo nbe relation etwecn’ the constants, fix a straight line.

It m;[ be moterd that the condtions fora lme to mlemect o

of be perpenidicalne to it stparaicly mvolve g polclion
Etwﬁcmm&num and bonce thred more’ selstions ane reguired by

A& piven ophition oy somctames pive Tise B L el
bistwoen the eonstiorty sk, for metanee, the condition of the  line
{i} to papa-through o given point.
of {w] Lo heoed o mivens dieection.
An such enser only two more nolations: will bo required te fix 1he
shoaight line,
Bejtmticim of look b alnody bien dbocusised wnidee el
Ing pote-of eomdiiions
in pimnhlhmu.phl:gﬂmnpﬂtnt.mi having a piven dieon ;
(i} passing through tvn Ziven points |
{iif) poewingy throngh & point smd gl to 9o given Tinms
[ an;: throsph & point snd perpendiculic to by grivom

M.Emnu furtber aotn of concabnes which determione o e pm pven
W Te—
v} pes=ing b b s miven poiet nnd imemseek e S given lines
(i} inbersectinge twn pwnhmmi Tenving o mivin dimckion
(wtd) Interseetiog & miven lime at right anyrles nnd psing through
A pivyn paimt
(wiE) dntersectli vws piven Tines st ripht saples
{ix) intomocting o siven live parnllel to n gives line and peseing
Glamarph 0 g pednt.
{=} Immﬁu}i‘mm. n piven pumt and  peepmdicadir to; two

i
and ap an.
An Imporizni Node :
ug=T=ny nl ng=Hf=mny,

hﬂnmﬁh B, thon fhn generel npeirdiums s o stradgde e dnderssiting e
o

gLy el g Rmy
arkers iy, hmwmm neddibrre.
‘The hnml;.‘:_flnﬁ- tigtagty i im the plabe wigdpg=10 which agein
Thn durip e
Mgyt Dby | Ky o w0y =Derry
e, Lberofiore, eoplanos sl hinsew {hay interanct,



XA MPLES

HierilarTy, i sareni e Imbocols Ui T ag="N=ry

¥ bty =eineumiom: will bo foimd wery Lindulad in wht foblswen.

Yo fhaianke of [Hhmirabon, we glve boluw s fow commpli=s

Examples

L " Fird thet sqpuinaliimd of e lone thaat snldrstely the lives

Bpfy-de=lh=g b e | 2 4He—=4, Bet Te=H
and puises through e point (2, —1, 1),
T e

Drdyd bR 25 =0, 2437 — A2l 2r |- O — H) =D
fipteersets . Lo twva Fiven Hsee S wll valuea-ol b, %
This line will pas through the peint (2, =0, 1), 7f
—Lg g =0 il 1-f-Ag i),
e i =1, Ay= =1L
Tha required sgquations, thomefon, o
why i a=4 anil 24 32==4.
L. Find iho cquations, Hi the Iive that fedrmscly the linen
drty— il — Myl e
Yo p st dr | Gy Tr—8

and fx paruldel io the Tonn
B 8
i 3 A
The potersl oquitiors of e Gues lnbeosobing the two glvon
linca dre

2 Fy— L+ hir—Sy | Sep=0)
dr=ytr-tdfhalda 4 ﬁg—ﬁ:-«-ij-.-.ll
which will be merallil b the =iven !mﬂﬁ'i:,l; b chosen thet the
Lo pilaes v presesbing i.Lu.m sopaniboly paralied te Ll given e

This terilires
(24 Ry) 200 —24) £ (B ) 0, de, hy—=— 14,
and 4+ 3 — 1 30 Hrl-ﬂ.u-.h——i.
The roquired eguations of the T, therelire, pmo
te -T2 ~= ), BTy 4 4 F7 =0,

A, A line with dircebios sowines proportiors o 2, 1, 3 merls ook
njﬂai:mp‘;:hﬁy 'rq-.ulim

r=y-tamg ; afa=ty=12y
Jimid ond the co-erdiiin of each of the poi e aff {mteriection.

P, r—a, vy and P (20— v, ) are the penered coonlinstes of
Imnhm'r.}:nf.nn pmluml.

—Jyiu_=x =tu

- Pt A

.'L I %% 1 1
The direction coaintg of PP ot prapartional to
r=ir'4a, r—r'—a, r—r"



ABALYTILAL SO0LID GHOMTTRY

Now, “dmf:i‘?dzf guels that thoe e 20 kan divestion  comines
5 :r—..".‘r'—}-d-r—r'—.ﬂ.h__ e P
= s 1 B
which give
r=ake, r=a.
Putking re=3n snd #'=g'in the co-orfinsto of *sud 1, 'l:H!'E-H‘l
(3, S, ) mmal {a, s, w)

whilali are the seguired pointa of intemontiom.

4. Find (he squations of Hhe perpendicalor frim Hhe poim
(5 1 11} o the Lo

b= fy— &) ==1e—3).

(i alay Lhy foul of the prrpewdunnlar.

This eoevrlinntes of wny polnt on the gives Hue aro

Pr, Uk 9, 4r 30,

“Thie will bo the recuiirad foob of e perpeadbeadar 1 the Bae frining
b i polnt {3, —1, 11} be perpemiicaler to the given Doy, Tl
requines

R 4B 24 1 4 AL 310 =0 a7 r—L.

Therafore the reguined Gob Iy (2, 5, 7] ansd the requins] eoqativs
of the perpendiculans nme
=13 g+l _£—il
1 | SR S
Exzerrises
L Vel [ho erpilaas o i e eailbiabar Tsiom
) (2 A =11 e b=y | 3= Lz,
(i) {8, =T b Xl L = -3),
s i, o B - iy | B D B gy 4 W
t"} """‘"I J‘I h!p'y—!-‘—:‘—lu LI-.'—JL
hitals mbeis 1l Triel ol Ll :..l-r:ll'-l;hrrllhm_
(dne {6 §a—2|=Hr—€) == “ =4, 1, =3
o) W R=—{—=2l= {043, (4 1, =2
(] —rfEegy—did, 0, ~1/3, -4
fEr} dle b B <y Heiz 1, [, <20
2. A lipr with direcbion ositors | posporesied S (5] 4, <} = deiin ia
indrreyt tho lnes
-l 1" =] ¥ .
A il En-mrruﬁuqr-ciﬂ-urr F indrrsscting nod (ko
wepiodl oo i gzl |,-|l|.|.mll|::'l+ a1 {ll. £ 13, fhl:q_
A Finul tho onprintiimin te vhi ling thar insemmae fha Tines
Ery e, Irepre=ii | ne oz, Sxf dy—r=1
and phane Uromgh Ae pod (11, 1. Huﬂu.hul.‘upumu!mﬁurﬁln%mim
[Ans fo— Uiy 1l ={em LA (14, —di 210, 0, -2

=1 §—T_ #}F =X _y-2 _==n
%



EHTIETEST DMEIANCE BETWELR TwW(E Lidey

& Finel tho omebions W lde simight hnts dmoen from’ $ba ocrgan o
imbimsst thir bioare
fie 4 Oy ) s =n=ia, T Pl ol =l ) Ba—Ay 2| b=t dy L23.
i, Le—ly i ol Ay i e
[Ana  JHe—l8pd-24e =B le— 18y S,
Ctain the cquations of the lme drewn Ahrough the g
lmlmlnn-mﬁ:tmﬂ this Joues An woa . S =8,
l—--!;jl-h P Ar-bp=—]y iz | pe—IL
fime, . —fa [ Megr— (e L0 0,
b, B the sguatme te tho lng s ymralisd fo wfd =l =g/d o0 s i
anteriioi b o fajina
Yripreddmllmlicde il 0 Byt e Ba p 2 b2,
| atwim, {l-l—l_'lf‘..—yjﬂ'—l—dl
T T-mﬂlhlpﬂmdthrlunlm'nlhmuhthu i,
st Hid 415 Vs el 0 — == dir s B emnet Ul mﬂw el
) 1_;1- l:l,“ F’-—-l”":-:—?-—ﬂ
Yol Blemg dlve prant @F peteraost nm,
[l i B T e 0 g 1B
B P e diibanen of o poist | <3, 3, —4) Lo dhe lnn
{4 BB e B L
mrmyredd Terndlid to Bl fofuiten
de i Lry—0: 44 =0 [Ape AT
Fieal the syuniems of the gbimdght lihe Wiraugh the painn 3 5, 8}
|-rffn'w|:|-1=1u i l-lru‘ymm mal ptespae et Ble loae c—asa
Ama. ==15, y—a=1,
B, Winad the mvpusatioes ol Bl sitesijpad b gt gles e sehiel weill
nmprrees &l Limien
qp—-l]-,r!l_—q-ﬁ- PR 2 - |=—l-_#£={:| FAlNeap==140a
oed preove Lt the acenod on dovidesl md the: oreio o e setie 1 i
18, Hisd Ao e ddiea of Bl b Iu-urrn ihirriigiih i orighe mhich Hbiome
e Jan, o=l 1 L — sz o st ol G
{dns, Fopffe— gt —yagll
12 ‘Yoo strmight lne whivh peses throigh thopommae (LE 11, L8, (8, =1, 3
Ia intimecrtonl Wiy = steilglel Do deswis Birgdc (13 30, 8) st righl anglos ja
Loprin | shenw that slie s hnew stienes wl the paing (5, 3, &,
'Iﬂ-. A etrnarhid T o afrmn Bcasgh Dheoirgore peadomg posjpdiegisely e
Tty “bhromgehy (ng d nl owilh deroelane cosimes’ 4 wie, mog |'|-|'u:|m-l’r|.|l. o
daroction rammrs of fho Lne sre propar soond 2o
I, i, e— ik wlim Dol 40 [
14, Froma the poing ), ﬁ,:.:j. :-phdjtullﬂ 4, N an dawn S bk
littus gy, #—| il w3, 8= — ¥ | Miill i wo-adiLed ol 3 el D
T'rovs thnt, IF P movoes eo that the :!:'I.F.Hh & P
hﬂlﬂ-ﬂt};ﬁ ot e ﬂﬁi alwaye & wight anglo,
[Ame, AT ) ol (40 m.lﬁ F) 5B O01iE, (48 —2alf, -1}
U";'i. The shortesl distmnce befween two fines.  To shos fhal e
alioriest distones botwees, tow Noed lise along the Tine mecting (hewm
hoth wt right mngles,
Let A8, 05 be two given lines
A Ene s s mpletely defermingd i i intersoels ten Boes ob
cight anplos, [See § 30, Ciess wini),
Tlus, there is one wod only e e which interssets the twg
gaven lintn ot night sogles, ==y, st & and .



ANATNTIEAL SOLID CEOMETRY

GH =, then, the shortest ditaner bobwedt the two lbes for, i
A, be twn_lpnmh:,m.rl:uh eneh of Uhe fwo given Tinm, then i
i clearly the projection of A on ' Tiself pnd, thorelone,
L= ALY om ),
whoee i th angle Bebwern 5 nod 400
Henen [ Sl
Thus QIF & the shockat distamor
P RNPEETTR N BT RSN PYTUL T 1 YT
361, T ﬂml ke mpu.llﬂﬂ!' awnd e
L eghiations of the line of ahorles  disumes
T 3 Belosin b straighi Hiea,
g < LF AfE, 8 b twa given lines nod
P GIT tis Hue whivh mests them bth at
right i at & nidd fF, thon G8F b the Lo of  aleortoot - distunce
botorenn the given Mo sl Shye boget I GF 0 ches meagitailo,
Lty coqoations ol Tl pivem Tves be
Fd Bt F 3
by L0 ™ =4
".-_ !E-ﬂ_ﬂ-" _ I_F :1 i
"'l wmy o oug i
and bl Lhe shortest distidboe 8 bedang tle lins
’F“EF‘I;T .r.h'll'l.]'
Lins {ini] s perpetilioithin b both thae D (5] aned (1), Tlopebim,
we hove

Uiy 4wt =, -
B = =it =
- I . i u?
LY T R H O R i:ﬂ-
1
#’f{ﬂm—q-;:l* =n §

whern § © the angle brtween the given lines,

= (N Wy L T Ty

wan i min nn ]

This litim of shottont distonte is | porpondicolar o both tho Hines.
Thartfors the magnituds of the shorieat diskaner ls the grjeotion on
Ui lins of shorteat distonte of the hino joining asy twe points, oo on
et of Use givon lnem (o) amd {m).

Taking th jire winm ol the i of (= -:r i..':..{:t.n, | nin gha
Mﬁlhdmumcjr:mfu,u we e thal, L o

=fzg— =)+ — it !=| %Jﬂ-.

where I, o, » have tie valuss as given in (i)

T finnd Lh= wqundions of the lne of shortesi distancn, we obsacve
that it is coplansr with both the given linos,

s==fim)



BXAMILER
Tl egjnntion of the pliw cortaluing the soplinor linve (i) and
h“} " =¥ ¥ =5 .
Fi. P ™ [--ﬂ- werlip)
L m h
snd that of tho plse cuntaining the ui;lﬁni:rl'mﬂﬂ-llil'] aritl (i) in
e N T2 |
L, om0, o)
L, 0, n
Thiae () win] {a0) are Lhe lwa I'.'.I.j'dhl-.iﬁl'_:lﬂfﬂu; Huwr oof 2hiietant i=larion,

where f, mi, oo aee @ivels o f@Go),

swede  Diifer Gmrnhesla ol ibgernpiemg G shinekeet s ane s given
s faig Wit hin ﬂu..-uj.h' Poviar | iy el liy Akirme lJlrﬂ_ﬂ\'rllllﬂ'lJl'ﬂdHr

L. Fawl the wotimipieds wwed e epumtfoms wf the Jar of aborieat
e hitieven (A [usy 2
=8 g s—10

ST 4y
=15 _w—20 -0 -
i i PR - ki)

First Methad
Lovt, m, n be the' divetion comines of the llse of ahertor
clmld i,
Ak i perpedienier 40 Lhe Lo loes, we have
8 1m T,

net | A A —fpe
y J_ .
" g4 a4 1

f_m_=
o + B N
Hemiom

I;ir “"":"QH F:'-gr
The magnibmde of the shorlest dictanees is the projection of the
juin of the points (8, —0, H, (15, 29, 5, on the line of the shertest
ilistanee mwd m, thomifore,
=184 38§51 =11=.

Awnin, the squution of the plune containine e fimt of the twe



ANALYVEOAT. BOLITH CEOMETRY

plvvin i wrnd bl lioe of shoslesl distiinoe =

=i, y0, 2—1i
a4 —16, 7 =0,
2 3, ]
#
oE -

%4 g — A le— 480 =1}.
Adso el pgpuation 0f o plose edofainleg the-sccam] o and
tho ahortost distanon line is
=15 y— 00 |

o4y B, =0 =0,

. B 8
uE
fr —Ay—a=—1d
Henve Lhe copenliiang of Lheshorfest distanen fing e
1%z dy— 1 le— 21 2 O—fa—dy - 1—14.
Second Method
MAe8, — 16 =10 Tef 1, 770" 1106, 8§ 20, —8¢°4+5)
o the penerl dre-orclinates of the rainte on he Bea Hes respec-
tively.  The direction cvaines nI'J"FEnm proportional ko
Ar— 3¢ =, o [lir- ST —3%, Trd-br' 4
Mo .I"‘f_"' will be the regeinil hoe of sluwriut didtance, i 0 &8
prrpentdionior to bath the given lines, whish rermires-
ﬂ-‘l_a_r =T} =160 <18r -8 E_Iit i 7I:Tf-|-f_ﬁ;F1+-ﬁ-]“==u.
and e — 2 — LR — e — B — ) — 30 | G- =i,
it 167+ 70" 311 = mnal Vet Tl 4200 0
witinh give r=—1, r'=—1
Theeakoee co-ordinam of 1 and [* am
(57, &) wad {0, 15, 15)
Hence, the shorfest thstance PF =14 nod iy eqwstion e
zb_y~T_=-3
2 ¥ B
Thin methed is somttimes yory convomient aned |2 specintls nusdal
bt we rogalee sk the pobnty whers the Hys of shordesl distans
mesis Lho Lwi lines,
Third Method. This method o tho folly ETiLi B
R Servptec depende upo wizg

Lat Af, COD be the given lnes aosd 68, the e of sher bt
distapee betwern them., i



Lot ' (emoby the plans theomgh AN and paralie] to (010 and let
B b then pluoe theough COF nd paradis] to L8
The b of shortest distanes (25, ey pecpendicalar to buth
Al GD v normal to the two pisnes s that the two planes am
purndiel.  M'ha Jenghh @0 of Uheshortest dintancs is, therndors, the
bldanoe bitwen the parnlist planse & and 5. Thiv distasis betwoen
parnlel plinea bring the distance of sny peint on ono from the other,
w £ e kit 0% in enangh b detarminn only onn plane sy e’ ool thn
e i onbinde o bl alioe et distanes is the distanes 6 any point
nm tho stoond ine e the plivne
Ajgain, we wsily hen thet the plane theough thie boet AR, 041 i -
porpeiilivnlar W lhs plase *6' aod bl plane theouph R, GH =
ratar fo tha plang B° smd, therfore, aleg to "e’, Ths GFF, e
eaf ahorinad diaiuen ja the bine of indéoanction of (he plomes aeparalely
draivn trorgl A8, U5 perprndicular b the pilaes s
W auii sl ve: the orjua s
Thee equation of the plane oetaining the bae (7 sl parallel
tho line ({#) &

z~H, g4, :--.I-l'.:IJI
h =g, ol

:t! Hl _ﬁ
or #r +3y L =—40i—0 suflanf
pendicilar distance of the polnt (£, 20, 5), Iving on Ehe
ol lime, Fromy thas plamo B
0 W 4
T
"=]'.".|

whith 1& th tejuire] nugnitode of the shorts Elstano.
That cogusdinrrad the plone-theough (1) perpanitieukir Lo the plans-

(Rl b
=8, 18, =10
| 1, —18, 7 =il
Bk L
OT 117#']‘!?""‘]:"""”"'“: ---[‘IFI:

The-ogmation of tho plane throagh (7)) ol perpensfiouine 10 the
pline (m)

210} y—20, 25
T 8 —& (=0
% 3 9
g P —dy—z=14, -
UHence (i), (¢} sse the equntions of the line of shorbist distance.



ANALVTIGAL SOLLD GEOMTTRY
2. Fismd the shortesi disiancr betvein thi aria of ¢ and the fine
e T oty N -
T CibE. isni Pou tr, 1983
The thivd wethed given cun pugs 66 will prove very veoveniont in
thin ol
Kow, any piane through tho meeomd given: e
- Byt ztad o e 0y e ) =10,
LRy (atika')e 4 (b-H e+ i p A =D. _—3
It will by poeadiel to zaxen whose dimochion cosines am @, @1, iF
tho normul o the planeis & =oal, de, il '
Uiu 4k’ )+ 040440 ) - L fe+ k") =0,
[958 $za —gfe’,
Subsiibuning this value of & in (), weess st e sguition ol
the pinns throwgh the sscomd line parallel w Lhie firet i
[me" = n'elr-fr "= &y | (" = o) = 1) |
Thie roguired S.IN by tho distante ol nuy poiot on-axi fom’ she
plane (],
rs H.].I'.-:F'rl'wu'l'["pmlﬁt' Iroem {[I. ﬂ1 ﬂ!. LY Fl'h'lr. Fi1s] z—u.'.n'.n':l
i el
“Wliae —aeft o (het et
Excrcises

1. Find tho mepovingles ooed the cquatime of the bno ol shirtos destanse
betwoen tho bwe lmoa s

'—-j'_:..q-:ln_i--ji o T

L R g e THE Rk
N aierd 323 ael oy T nkd
1) —1 i T L - o

[tme §f) a=y—r  d4F0
G == iy— ST ~ —is 0 0,
L Fmad the imaih -ood o sqmuotiona of the shoctoat ihdenes hebwon
fe—p—=0 sy ity
o - Tl -z 0=0
[&in, Tranefvem thnoogushions to bho symomeict fiom)
[t 12580y Hs 39 - 0. Bt 3y 303 | 07 ¢ 11456,
W ¥iriel the mogmitide and thi powtios of the shorbes dutanm ety

) Rebp—sath a—prpla =l a iy e, U - Bad 44T,
%) x ‘:!in-l"!:.:h—“‘—\h'l'n”u.f—h-r-:’.p—i- o,

4 b
[Ane. (3} Befe=0=28r Gy b7, 24147,
: O] TSy Tle 90 0Lk 1 24§ 17 {0,
i, Obtem (i co-mdiciies of b poonts whire Lhe shoctort daedanes
bbworn the oo
F—Bl p—M_—30 =18 gl 2—F

5 A ¥ =¥ _d i
moita L, [Ane (18 15 31) aad (3,5, T




LENOTE UF THE PENFESHOULAL FROM A POINT

1 il o ewoordmaites of the pank o khn o of [—30 % —= 13} wod
[ =ty by == 20 wiliicly 1o Bensat b Lhsts mrsLosgork o of. Lo pl:.a.r-ul
Iz p—2i - Dl Uz -I-!ﬂ [ {rE

[Tme =T, =0, —0),

B Hbiew this the klurios distunes Botwsan the lios
wrf =Ty = i and | = A
113
T Fusl the shortost-distanee boiwoon U linee
r—l =1 3. w8 g I s—1

2 3 at gy
ibyibe b b i Lisien: ord oo pladiae, (L. 0
5 hl Fimd ihe bengihy and egmntions of the line of shortoet, dogono:  hoboresy
i ErEm

s AL i

[chnw, . U g $E=4 34 4 VEET0W -0, 127 B0y (e —Bl=0,
4 fiow thot b leopthof the shbirewt dhaunee befween dboe  finn
= hiinl g g ] iy Tistmis g the ellpeteS am® g gyt a® g e eosemant,
W Pl Wb e elyrbesil sz Dlsdnn iy Uws ajenile slgis ol e
Petmidiilron. famnit Loy Ao planies
g =il =0 w3 =il N
da /B i i) i Ly Lo boos of shortowl distancy inlorses b Dho jesisb
LRI {Lr, Frana JONI)
37. Lengih of the porpegdicular from & poinf to o line. To
Jid fie Lenggth of the peepencdionlar from o given poisd ey 8y,2,) & a
i dine _ s
e—a_y—f_ =¥ FLT ey
I m no
IF 8 L dhe pedet (e, 8 ¥) on
the given S el £ the foot of the
porpendiculnr from £ un ity we ive,  AecE 1)
PR B, Fig. 11,
But IR el OB R
anal H Q= proerthon of 111" vu the given line
=iz —u) iy, — ) -niz—7),
pravihed { oy, n, are the sedual dinecbion cosles,
. PP =i ==+ fm—ll-li'-l-!ﬁ—'ﬂ"
i ix)-Emly, =P H el — Y
Tl v prpdicen Sae 0" eai ba puj.luunﬂiginl.ﬁﬁrm s -Follown :
Weo have, by Lagmnge's identity,
Pt sl — a4 (0 =Y P I 4wt a]
by~ ﬂi‘ﬂﬂ'.‘“ﬂ]‘l‘“‘fﬁ—-ﬂl‘
= (Mg~ B —mlzmy — ol - imla ) —nly, -8
+alz—) =N
I Iy _rt_'ﬁ ll“nl *l '-"T r El_"ll"rl Ej—x
B -

-, n | ay L'k

=
I, m



AMALYTICGAL SOLID GROMETRY

Exercises
L Fiddl oo liegik of the perpendieclor feom the palnt {4, —5, 3} ta
o line

r—nn_r;l'-:- s—8 Lidsz \ul"l':lﬁ'l
A Find tho frean of the poind which moxnn so thez it lietance Fom Lhe

Ine- =1 iy Awimo itm dumiaTee &mn'rh-unjinnmf pelmair
[Ame. Lol |ob) Sy Syrp oo - de—dg— i 80,
1. Fuul e lvigerhoad 1ie porpondsmdne foom the poink P, 4, —1 ) aypum
the L }Lt i]-.i:.r-i- Telie, o S0l E b0

.'rl.. bmtevsiction of three planes. Vo find the comdilions dhat
qu&
gty besld=0; (r=1 2.3

ehould kaey & covvoon fine of iersciion.
L ﬂu:mr.- !:.'hrl:e planes hav a eommion e of inkoroection, lion

L !"J!'Tﬁr +ih=0 i)
munb repronent U mame ol
e E-.y-l-n‘t-rd;t—hlu.ﬁ Baty - o8 -yl =1, e lni)

for some vidoe of A
Companing (i) :'H-'] [ii), wao ﬁ
Eu:l'"ﬂ_ ;:'['* 2k hey_dy- *M-_t {asi e

:i d_1_+h|_h-ﬁ=‘“
fiy -y — Kby =0,
1Nty h‘;—ﬂ
oy 4 huly — derky 0,
Elginabing A and & from these four quufi:mn taliing them
throo hy threo, wo chinin

oy, ill.. 31 iy 2ye iy Dyy T i.i . " ﬁ;!

:ﬂﬂ'-'t-fti—':'-"b'lrﬂﬁgt =4 -“l.‘.’;.-‘q —ik, nﬁﬁﬂ".l-.__:_i

gy, By §hy, o, oy 0, tp, il iy, by, ily
which ars the mguaired roodition,

Oindy bt of thimie Bonir eonditionn bbe éndependent for, ([ the
pamoe have two poimts in o common, they  have the whale ne in
cornmmon and i Bact reguoren, onfy v cooditions,

Theme four  detormreants will mapectively Lo denoted By the
Mot e e Agelivadc jroal of Abis fiol, thit

Node, Tho wing e o L vl
two uf the n-hnw,l"wu:fﬂ]‘mm a:'nj.tl:tu;m;'::i“;ﬂ g8, if twe of Ihwai
four detirminunts vanish the oflsr twe must adso e,

gy By oy -’lh gy iy
Let o b €3, =M= by e 0

g, by, '-"r' fra T dl =
o "1-"1'7‘"1-'!-4 gy =T}

dy Ay dpdyt dydy=0



THLARGLIT AR RIS

4, Ay Ay 1
ety gty iy —ay & EROES)
or gy by, wply - mida - By, tydy - agli—bids
“Thuan wo ohtain
By Loy ol ¥ bfmady —ndy) b ylanyely — o)
=kl A - Aghg=0,
iuh.-b“:iu ||

By | 'H:-*"t-"-r (=

3, by |
Bimilarhy- it can by proved that

L IIIl
ull. :I}i-lii -:h

dy, iy dy _
Node, The smd conditkzoe wHl alio bo. oltiined 0% 282 0n =
difforens mannor.

.EHH. T:w prism. Del. Three plawer o said to forer
nﬁruhr if the thyve frmen f.!lf' ilersistion of the thive gl
fepkief iipﬁﬁ e pearnfied,

Larly, the three pliaes will fuem o (obangalar pelsm i the fne
i mteraentinm of twe of them ba pinraliel fo (e thiel

F8L Vo fimd tha comdition fad the Hree pianes
a0-4+-hytestd =0, (==1, £ 1]
whombi form @ e or fuderaocl (8 o i,
The lie of Intendvethon of the fiest ban planes is
a— bl —!'l"?"'_' :!”“l'!'#" ll‘!h] e y—fregl, —1_1.-'1’71 ”_“ l':'r_ "J’Ij
bty —yr, Uyfy — iy

Ry T i) (e Pae 45




AMATYTIEAL #I0 (MLRcTRY

Then line (1) will bo parallel tor the thind plans, i
aaylhyty ~ b )+ Babepmy— ogon ) Feglaity—oulyl =4,
[l LU bl.l- [l
g Bas 7 =0
i, by, e |
Ty H=i
Apnin, the planes will interseet in a lne iF the Tine (f) Ties in the
piome dgr Hhay ez Fly— 0. Thin reaquiees
{L) this line is parallel 1o the Wil plase which ghea A =0, il
, . gy, gl — g, T
(2 the paint ({5300, B —n.h.'”j tiew.om it which gives
eyl oy —bged ) 5 Dolomprl, —nla) -l by —a ) <0,

[Lis By ""Jr 'II.

| wy, By, dy | =1,

Mo ety |
i, L=,
Tl bhe-dhrew plones aill inderweet o o fime, 5
D= Hg=_,
wned wall form o tringular preoms, if
Sy Oamed A2

Notz, Theee distinet oo phrallel planes bebave i eelation 1o
ench other inany of the Inllowing Wiros waks 7—
(¥} They may intezsoct in s fine which requiree that twn of the
four determmemionds S, Sy D D ahomid vaedafi,

(i) They midy form o prism which cigeites Chat oaly S showld
il .

{fif} They may intorsedt in o unigue finite point wihich PUepuiECs
that 420,

Exercises

3 B N Tl o
1 Bl bhad e Tollowing seta ul s atarsect il :
U0 e e T O, By b2 T 0~ Te—Dll,
Tl Eatpdaad=t, g—c e A By e e
3. St shat Lhe following sobs of ponee form: risopnine ol
1) =h W P =0t =2 b A 2y T L
g a——l=0, dy—B 3= D r—Ey 4050
3, Exoapise il pulars of Lbe istemecdlon of L Tallowing sowd of pliodes ;
) Ar—by— STl By B f 2l e Bgn ma— 1ML
(i) Epd—a—0ui, lr-l-_:j == = B Sl
el G My 8 T — 0, D B e, T iy LR
) Sedtly b ), Nz Mg —fe 400, Oy— | Bed =0 _ |
Ldma. (7} prmmm, (36} poiot, [i5]) lse, [=) prem.



4, Troye that tho plines _
F=ap e festtir, s—brtay,
e through nein bne 1
at84? & Sado=1,

] absrw thot the line of imtcrsection, thus, 1

= gk [ =9 ¥ -— ¥ ¥ o
VTS Ty 0= s o
£ Enow thet Phe plonis
be—uyeen, en—pe =l er—ar-m;
will imgeroeat m o T iF
T o o i

mndl s ol peviie. robies o (e Lo, then, e, o, b, 2
[ T T T L T
Ei=gp=h- £, Br—is—=e=a, Wy -fe=p=h,
s el cos G Lerg 1, amd Do e plasrs
Lot~ (a- By b b,
[:I-"—FIJ'J.'— LI;;—q':'-n-[—fn
B | e L
thrsigh prodber It Hhew tlat th dooew d end B e o
ﬁhuumi‘.uh. Lee, way (3 Hhow tlat e ot righi



UNIT-5
THE SPHERE

611 Def. A-sphere iy the locda of @ oaied okich rosgies of o
eometant diziamee fram g fized poind,
The cormtant distases iz called tho radics and the fixed point
thn condrir af the aphoce,
Gri12: Equution of @ sphere. Let {a, b, ¢) be the sunbre and r e
raddi of a4 given Gpliers,
Faoating the raditte r 8o the  divlanse of any paint {2, 45 2) e
the sghore from its sontro e, B, £ wo have
{2 = al 4 (- L —e) ="
e P p bt ey e L fal LAY 2 ) ssf)
wihich (s the roquised squeation 6f Hie given dphere:
We note the flbwing cheraclersatios al the equntion (A} of the
aphere
1. It B ol the second deoreein b, i1
2, Tho coofficlente of ¢2, 47, 2* areall equil ;
3, The produch terii oy, g2, Scaroalsent,
Cunwracly, wo shall now aliow st the geners! equation
ard b ay® T 3 T | Ley - B Ll =10 w40 .. (B
having the-above tlhiee chametoratiod fepinesenin o spheci.
The équotlon (B can bere-wriiben 25
e DR ¥ ol ptlte®—ad
PRI Bl C % E e
el tlids mmoger of reowrnibing sbows e Lhe dlistaney bebwesn ths
varishls point {2, &, 2) al the el poing )

E

_Q'.'JII!.- + l'. + -I-'-'E"_'-ﬂ]

st ,Int_,l.ﬂ-u.ri'-ﬂw, ptlint, *
The lovas of the equation (B) = this a sphice,
Thue raictine s, theeefor, tho sphere i imaginery when
P B L TR A
el it Ul e o el it o erhedd aphere.
13,  General equation of 2 sphere.
The ogoation (W], wheo written inotho form,

Ayttt zfﬂ;‘ H—%: + % =0, ugt
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BT ot 3 o auE B Es ST TR T e i
I taken ae the generad epwndion of @ sphere.
Ex. ). Find Sk pomtrns and medii ol fhe apleres 5
) #aptiat Grd iy el =0
0 gt e —dy— D =)
(4] LiM g gl 8B} apd 2o =D,
fbivas NG U3, —0 Bp s T O (LR e e i L, — L=,
1. Obisin the pgmatien-of the spbory duscribed on the jokn o
Age, 3,482, 08, -7}
a dilaenomis, Eoloas =B fu% bt p e —y 42 —midl
A A poved v o thud-the siom of e mprares o vk disbices from Be o
foeeer af wrconsdanl sk thed £ Joous 8 o s

‘Tuba the ten of b cubo the ans] Ak 1h
- i ::::Ll. = cubo na O pdnneco throogh the

Lot tueh adpgs uf Lbe ool oo b il bo 20
e A lury eoogrymd prosm ool e Fvme ol oo e wen
Fug; r=—ajiF=il , y¥—o [ o=, = —i¥;
1T [ £, gs &) beoany print of the Jeciis, s e
a2 ol e b bl (A3 =8 [, Boonatank)
Br Bf JRl B AL =
wn khng ko laoun i
i B [ e

ity i A i,

A, A plase s oo Tl el G B @) S Uk (Fo lems of

tixn Foob of Uhn prmpinodeulne oo is Srmel arign s P sjdiom
b ey )

5, Throogh w point I theee motmnlly  perpendicober struglc o e
ilrwmom | Gm | v tl.l.ﬂ'mu!l. R luhl. 7 opin B =t elalacthie niiees
bipdrrmecl il eaxin aml yessis, respoelorly o shaw DSl Ul etz ol P oaow
aphors nf winch i in dbn mnrd

&2, Tho sphore four piven: polntz.  Conersd eguation of
phen nln‘-l:nm.'l Jour éffoctive eunstnmis and, l-ll.nrrﬁ':jr. n aplen:
tﬁ.u ariquely déteredoed s s= to slsly S conubitfuns, wich of

whizh hnuh d b Eivess rine 0 vne pidstiog botwern the sonstunta,
In purticolar, we con fnd & sphers -throogl for non-ecplanar
puints
Eﬁ' El' I.:"' “.I md *}i {tf 'rli't’l]‘l !t[. Fl. I :ll.
Lt
St A Bt ey L S b d—0, W 11
be the sguation of e splrs through the four gives poitte
W hawe then the equniion .
ritHyt 2 b ey By 4 A=), i)
il thees more simibis egoations curmssponding fo the remaining
throe gusinta,

Elimmating w, v, te, d, from the equation () and from the four



FHERUEE:
equukions (i) fust obtsined, wo have
N T A TR e |
Bt gyl
AT AL PN o N I
LR SRR

| R T SR AT
rhmhulhnﬁqnl-h:-n of the aphom throngh tho four:given points,

aie ammericel gerstcon Siemt el Ebo vebuom ot &, o, m o
Ilm'lhllﬁm.rﬂmﬂlhu.l:[ﬂ anaf thain mhﬁ:uﬂmmﬁqum (€}
Exerclses

L Tl i o it ling oF Doy spbanpe Dpiag L B paiicks
(e — LB Oy =S L, =8, — 11, 8,0 )
oy, ALyt Ll el Mt LR,
£ Fumsl ths et uf fhe ephire tirmugh the four points
U =, b, D —H e Bl =]
mml dlotorspine e il LT, Bk T4
5 !'I'E. H -~ =
[ dna BTETR TSN oy R )
A Dhdaln she sguating of the lqrhlrn- vimpeiigieiladiig 1 bakrababrin
whes Lacrs iy
w4, B ==, b e =T
Ieilme =5 ptep a2 = hy =cr =ik,
& Wldmim She ogumbemn of e ppbsory whivls prisscs therugh U pombs
£V B B 10 1, O 0],
] has fe rmdine ae snsil Gapossisie
Filie, et ot — Bl S —1 =),
&, Ehow thel the squation of the ;ﬂﬂumlmng threagh 1he throe piinis
L =, =1 1y, i —as A wnsl T R PRUR U 4l Jiuis t.n-[n:lnq-.-r_—l:l
J.u;.-*—bgl-i-:-‘-l—i_q--ik. [N
9 “LHB?.:_!M n:phnm:l Tean ia eontEe o 2o 1I.n]: e —H-rz.r—\jq e
weeanjp il Bl b plaide (0 —2, —4, (3 — I
: sk A R e
T oA mpher sl condnn s i (e e ockpnl pesos | himsegl B
tigln med owie thy plepes s, g6, 2 =0 i e ol el of B, it 5,
rofpEvety -:-u].l.rr ik rogumbion i
FLEGS BE LW TS IR S S T R R B S TS

E Hhrgugh i t PR | mll‘ e, e e
PP ™ g e i i L il AU

mir4-hf 4z =0 '.I'.I'.ﬂ' Hong,, TS, g
Lt h wpinyeen ALY T
slfytt pitist Roy+ e, -]

wck tlbs u, ®, uw oAro Aifferanl .i.lml.runl.q‘h.ubu'. T polestd A e i
mm-ﬁmmm[“ﬁ.mn} [N i_E',ﬂFu—d!Hj. Hﬁifqulh.lnr
tha pidaey ALEL ln

o W oy

e T TR AR Pl



ANALYTIOAL ROLID QEMETRY

Blnee I posscs throngh (o, B8} = hneo

L] ﬁ' n
—_!'HI--—].H I_m;—lu -1,[15?

o, g, rbothe costre of tho spkers (1),
W, e O, T was (]
Feom (4) nnd {§), wosbtain
L LSS
. L R -
i bhe regurined bucna,

B & ephoen of ronatend mdtun ¢ paess dhmongh e ecigin GF.nnd l"llh.dll'l
wavn i A, r" Final Bhay B e Lk l]l-:n'l o iy peerpaiislinadne froms 01 b She
phana 450, (PR, 1840 ; LI, b

[Ann (284 BT e T ¥ e,
W0, LF £ bie the cemdn of @ sphero of matbos nndby and 4, 10 be vwe peints
el £ mierdh huk
[ o B
iwed i b miny wwsiabibe il o { e ppdues, by thid
ol BH e S TR pPLEE, Iﬂﬂ':
I A .lihrrn il earatanil swillia 26 preems througl the s moil men

the amos fn £ M, Ehow fhab che lstoi of she esitood o this tetschodmn
A B rllhlnq:lhn:

B L
631 Plane section of n sphive. A plose sestion uf & sjphere, .,
thhe lorus of potsitda comman fio a aphene amd a plane, 1a w0 eirde.
Lt ) 1hq-f.humnlrrr of the sphere e 2, ﬁpﬂmﬂ.m the plmms

pertivh. Lt (1Y hn]u'prmlk‘nl-rt-uﬂln mven pinmin § & bong dhe
fct of the perpendictlar
= ..!l.iﬂ!‘.’ll idtiie 1o the pline which
r”:’.-" = eonidins the line N7, we bav
ox NP

Hener

B et U
Now, £F nnd N biang fixed poinis, this rela-
trom nlgwn thind W" is consf=nt for nll positions
of 1* umw the seetion.

Heaoce the foone of Ml a crclewhose cenipe
in N, the foor of the perppndiculsr from the
mu.tnuflh;l;thml.uthnpimu-_
Tl m.:hm wlm nphers by & plone theangh i confre i knowsm
B gredl sirpls
_ The eentre’ and widiun of o gresat cirde are tee dimie ol thase of
the mphiere,
Cor. The civels thiowgh thee given peinfe idi entindly on
Ephere Chrewiph the saine thre points. s B
Thus the vondition of a sphére runtelning o given sSnole B egod-
walent to that of its pebming thromgh sny three of its pointe



EQUATIONS OF A CIRETR

63 Intersection of two spheres, Tilr cure of imbersaction of
fwo gpheres 4 0 cirele,

The eo-ordinstes of points common to sny two aphores

e B R TP . R R A R
Symma® | bt Rugr - Ingy + Sngz fadg =1,
pistinty  bisth  those rquatéspn and, thereber, e also setisdy he
AT
8y — s By = my) F Pl — w5 Bl — ) b Iy —dyp==0
whicl, being of the Eost degres, repronents s plane.

Thin the pomts ol inbeesection of Hhe fwin aplicsm ore the same
an thase of any one of them sml this plane wl, Sheefon, they be an
o-irele, [Boe ALY

X1 Sphere with o given diameter. P Ind Wie eonnffon of the
sphere deseribad e thel frne jusning the points

Ay, ya Hieg v, =)
w ifanEmefeT,

Let P be an ik (i, &, 2] iy bhe sphere desemibied omo A0 as
ol bt LR F o
Bimen the sertion of tezphore by the plane  Urouph the  thes
pomtn £ oA, B B s prest cirils havieg A4 os diameter, ' 1w o6 o
sbmcirele and, Slieesfor.
A | BB
The dirsction tosinoa of P4, P2 ass proportional to
E= mpe § e BT and] w— w0 - gy T,
reapeetively.  Therelfom they =il Le perpendionlar, if :
X=X HX— 2y — ¥ (¥ —¥a) | (B E i —x )= 0
whivh 2 the regoingd equetion of the sphore
Fr. Bhow thef I!':_.rrllnlﬂlr1 Il:l:rr l-lll.;_ qlhr AT
T, Lt DL B Bas b =

: :-u;u:u-h,:-pm,mninr:-.‘l
an s ok o by o

Sarm -y 4 Damey — [y - 2l
whimirs ey 18 U rnclin ol (T Inibar sjilinen
&4, Fqustions of a cirele, Ay oirele 3s the inlerseetion of s
plane with some sphers theosgh 0. Thetolise & circle an be
represented by fwe ogquations, one boing of & eplere and the othor of
kb plane,
Thuns the two cquationn
=4yt b2 e By 4 Tiee - d =0, B 4 oy ue=p
taken bopether fepeesent b cirels,
A gircle can also He represenited by the eguations of any Two
sphoron throngh it
Awte, —Thi etmlent ey mote I.}ul.:l.'buiqutm
el Lt b Ay =), e=1
nlss mpresenk a cirvle whish mibs intemenoos of 1ba elisder
. e
with i gl By L e 1

&l



ANATYTHIAL SOILID QROMETHY

Examples

1. Froud the rowoirons the gircie exrcurmacrdiing Lhe frvigle

Jormed by the three- paints ¥ Ca
{a, 0,0, A0, 5, M), (6,0, .
(Honn wlon the co-ordimoiee of the crmire of thwa-pircle,
The eqpuuntion of the plane paaning throwgh these thres pomts i
win + pib-tele=1.

The rogmiredd eirete i the curve of intomeetion of this plaoe with
amy sphere throwgh the three painta,

Tofind the equation of thin sphero, & foarth point i neconsary,
Ihd‘nﬁ for the gslio of mmnyorimen, we Lake ke oeigio.

224304 2 e+ Ty - S - =0
bir the yphore theoogh thess four points, we hove
a4 2ug b d=0; P4 2oh+d =0 ) Swo Fd=D;
d—Il,
Theso give
de=il, w=—qa, t=—jb, w=—4n
Thus the eguation of Lhe sphero s
PR NE ST )
Henee thwe squations of the cirele ae
. - g ﬂ - |

To fnd the contre of thin dircle, wo ehtiin the fied of tha
perpendioalsr from She contre {4a, 35, fo) of the g)here to the plane

e

The oguatiins of the porpendicular sre
s—fu_y—4b_s—dc
LT I = e "=y

(s, 2l Ty
R L | [ B R ” fr
t mny point on the e, Hs mteesection with tho plioe i given by
1 1 1 i | - 1
F (}F"i‘ﬁ +_ﬂ-j i‘—i- =0 i '=__{i.‘_.¢";.
Thos the centen bs
allr 14 gl el 4-f
[t Mespeh sesyen)
& Ehene that the einire of oll srctivma of the 2phere
gl [ I g
by plomes through a point (2, ', &) [ic on the aphere
dAr—=")tply—y) s =0

#r Vhat



FUERES TTGTmT A QIVHH Ceden

The plune whicl suls the wpliers {i o cheeke with contrs (F, g, 4 =
Hi=—Tipp—g)+ hiz—hi=n,
b will pana through {2,y 2') 08
Jia' =gty — )4 W' — =0,
el wresriinghy the bocus af [ f, 9, &) lo the sphere
O —aly — =0
Exercisis

1; Finif sho pomirn snd the medanm of -the el
L A5 SR LR o=l
% 3 b [T - [ TR
L Wil ihwwggnt o oF ek seothon ol s spbops:
whfy® =l o,
i whieh & given imemmnd q'l'rirl {85 Ay _,_l:ill.ir ORI, [ o LT
(X | H.ltn.lu.'i [P Wy =) e porperdioalar b e Bre jocicg Lhis
jusink 1a mmm. (L0, ) ul‘ EI-I. thrﬁl et Pt il AR Pl sl i g
& bbb peguesk oo o then o bymes ome 2 melems
i3 ]l'-l-.a*—,."!:h-l--'i,r—ﬁa'* - B
ORI sin-pirndr ol 02 1, —4
e ‘{Iu iuz.-*r-‘"!-ruy B2 oo Ah- gy = Tr =48
&, Ol the oplpln il 4, 3, £ mlli.ulmlnd.-
i, ) H-ﬁ,h luh.k.,:hr £,
Bhewr thet thin ephem
E R R = R (TR felet-Bibe oo ok - 0 =
et dspomyls Qe oo i o orelive o Bl Bieos o T L enbedrom 0,800,

R Pmil e rmiioa sl fi linmmer of rhujlm i u® =30 such
Ehnt & rotulons alaol @ will Danafep e ot i o lJ:n;u-:n:l:l:l. (6, O i)

m Erehl i zhin fi, il alssibe Hnl.ll el N
e | P P el i s v
& Fhow that U filliwing uemts i :w-;_-hﬂ —
LT T Al R T P A t':hﬂ Ir, &i
i'nH—'l' B A =0 AL =), (=N a, ), t—h'ﬂ-ﬂl

+ Spberes through o given circle.  “Tho egquation

FE M=,
obvimsly repretonis o generl sphore prsing through the ande with
el
S=0, U=0, Flanated by
whery ey Mr, Ty, Sk e
H=is4 oy § mz—p ' ol
Abo, tho squation
_ HEAR =D
represenin o gusieral sphisne Uheogh Uhe circle with eguatings
w b

H=r 2 S Doy Burpd,
Fagdf gty A d'e 4 W'yt 2’z 42



AMALYTIOAL Hiill.'li'.lI CEOMETRY

Hore M an arbitrary constant which may be so chesen thut
these oipmtions fulfit eoo more condition.

K T, h‘hnut-tm’th.l.r.r.hnn:p.li.umul‘thn pinnn of the sieds through
i b jgiven sphinnm e

L DT PR S TR T S P B L
Froam thild we oo Sliall Uss edj bl af sy sjilir Bl W shivle
Bl & -
stnn. ndeo bo tidsen of the foem:
RS =y

&, h-ﬂﬂ_ll.j’-ldl'ulﬂ' pamchamt.

Thiiw Fivetm guamiisdicned i eospmmbively s ek

Hote 3, B ba rparant i rernemiiier thoe thea geninesl nqui S af s s pliom

whiFumigi W ey

Eaas ¥ Lk gl O T
is e BETH /R R
wimre & io differmt fos the ddfermnd apborea,

Faamples
1. Fimd ike equation of the aphnee: (hepugh the sivele
P et=0, x+ipfd=<i
and the pornt (1, ),
Thees-aphuiten
2 o i U Bl B B
preine=s throppbe bhs pheen cirede Tor ol valoes of &,
I will gesss- thirongh {1, 2, G5
T I=0 e A——1,
Thw regalred eguation of the splwr, Woerelure, b
ML o 4ot —Re—Ag—fe —2E=0,
2. Hhew that the ton mnoles
eyt e bl =0, z—g+i=2=ly
4t -yt 0=, 2r- gt 4210 ;

fie om the some aphere aend fd oy oyuation. (L) Hana, 1947
Thar sgiation ol amy e through this Bl circh b
Al gt g B Mp— g2 —2) = D), i)
and that of any sphere through the second eirele i
= oSy o= S il -y de—1) =0, o)

Tho eguntiona (7] and (i) will regrosont thie samn ephoro, i &, @
o e ohoren s to sptssiy the foor eqontioom

A=41,
o L R e
R TR S
I DS~
Thisfrut two of thess squations pive A=3 5 =1, and thsie values
chesrly satisfy the remaining two equatine ales. Theze foar equations



TRTRRSRCTION OF A SITRRR AND A L1kR

i A, p being coneistent, the twnecivdles lisan the samo sphere, wiz,,
byt gt S He—pda—B)=—0,
ii,
¥yt e s —dy G- =0,
Exvreises
1. Fonal the spustson of thn spbore Chemgh 1he wincle
BT I i Ay B T, Ry e —0=0
&l tho pesitrn ol [he ugiliom
[ R R oL BN PR S
[dmn. af e afeh Ta— Hrg S4—10,
1. B thst tho squetion af the sphose bnring 16l comfru on tho pluoe
1II ﬁ.!l __E
el o Sl the o lp with ogoatbome
Spybiat oty dpgdo bR 6 ¥yt i —les 20
i
AR B R T I B!
% - Ubtom she pudioncof the ephinpe baving: pha vordle
g T 2 — =0, a4y e A
aa Ll real eerdn,
1M wenfep o Loy popuorred. wpilicrs bies om, sy pln'l-u: Twka=2]
frbwe, ad g gl By B -
d A wyilsen & linn pinamia Lﬂ.l,ﬂLrE. —&, ) ol lppunh:iqh i

aluteeben, Tl bs gkt of Se spileres Taylog - fnlemsvilos ef 3 Wik
U pletyy

[ 17 B Tl TS
e parnal i, . ,
[ TR R B S R e 1]

& Ubtmm tho ogeabkeean of this sphoerd which pesses throogh the eirels
aB by 4, mﬂmﬂ.iﬂt‘ull!}lﬂmpmn?i-ul-‘ ﬂmlllﬁ:mfm.dlu].u

Pdme. of ot ebbbe—b=iL
B Ehaw Lhasn Ui b mirelus
ETES BRT REF W SR L TPRRE 5 Y o I N PR, R, 1
2y A e g e, p—pb E—d

ta e thio Gumd spfmes snal Besd T eg
_ LAnn, 29448404 fe—tly e a8 -0,
7. ‘Provo thot the iieelos

a2t bads fat My e =F -0, Byt 100

st yh )l e dye—0=0, /B Te-i]
hie-on the spbore and Ak ies pmmtion, fErtd Hook, JO45
[ e aglp st myfy g O

5. loterscotion of & spheee and n Hne
IM -
PRy | und Wy | e -d=0 (1}
HHI [} .
sRELEs, =

'hﬂthu'ﬂ_qnlﬁfjnlnfﬁiphmuml & liem rmp:tﬁwl:;.



ANl TicAL SOLin oEOMETRY

PO a g - fhd A g g g i
e oquaticn _
P ) S| w)-p o) |l )]
¥ B ¥T e b 20 4 D) - B, ki)
i) Bhefs Ilibh'rbr.lnﬁ & dindie equation inor, gives bwo validd say,
Fy, rg ol v, The
firgds, mmrg 38, w7, U, megd B, w4 ¥)

e Ui twe poinlé of nbeteeciion.

Thes abrariphd Jivks mbels o spphere 1o Al ok b
ek mmﬁr.u'“:y?w cultipidend, e -

Ex.  1%nil bl ste-neillppine of b jusinhe sl e Hue
b= dbti=—ti—

e
Ldmar jH; = ..,.ﬁ:ll!r: B =
Al Pnnﬂrnf:ﬁllt!. EE , m, o, are the sotual dizeciion
e of the piven (k1] In“iﬂ!u i elih P 0t I, then
i Py ATD Gh distances of the point A ja. B ¥) fom the points of
intesseation £ anl €,
A APKAQ—riry=et -y e S B
*hnﬂnlﬂ independent of the direetion mmmm, § m, w
This if from a feed podnt A, ehords be deown in auy divestion
foranterseel o groen sphere in P and O thom AP AQ i constant.  This
e liant i bl the sower of she posnt A wisl respeet oo Lhe sphire

Example
Show Uhat the sum of e spaares of 1A intirsepds wiads by 0 given

aphere om any thren mutvatly perpeardicnbar strmght Bines thivugh o fard
ol ix consleril.

Taks ithe Gxed peint £ ns  thee arggin s oy threo mduﬂ;
perpeedicniny linoe throoghit ss the poordisate sxvs. With this
edhizave ol aves, kot Lhe cdguition of Lhe v Hphige b

"+ £ e Du - Bues+d=0,
Thie snxln, (gr=00=2) spiiets Lhe apliome i pointe given by
S dwafd=0,
oz Ehat il o, oy oo iki pooks, Whe Lwo poitits of inlecsselion aes
12, 0, O, Ly, O 0],

miersecki Lha apioon

Alsa v binve
_ ¥yt —du, myrydl,
o (intercept on 2-AxiRF =tz — )
. = (F g i sy = 4 ud—d].
Himilarly
{intéroept an yoaxis = d(s*—d),
{imteroept, of s-axix} =4 —d).



TaRORENT PLANRE

The seen of the squares of the intoroepts
—siut i)
=4e¥ ot b —d)—5d
=dri—fp,
whisrw v o the rmadins of the piven apliere and p s Lhe poosr of thi
Eiven peint with respoot to the apher.
Hinen Ukn sphere and tho. poant aro both given, raod poore both
onmiElaniy.
Himim the reeuit.

Nige, The coeffvients u, v, 0 and of o tle sepation of the
sphioro will be differant for difficeent sets of mwtoally perpendioulsr
bt through £ ue dres.

Bl 1|||.-ﬂ'.|.-u'|.-|.-n'1 1.h¢ sl 18 el s Ui paaint £ o alet Bxod,
1I:En:pmm
P=utt et d
fuir thp symmre. of the waudian iwnd
P-dl
for she power of the. point, w.ord, the sphere will bo invarinngs.

Exeroses

1 !|I"|p,|-|l-1:1.|-| lisisil a1k ik el [riwer e mill gt L Lkt gl
Hpilueros s an s cgmEbunl sl

2 Hhis ddaad g Do ol b il i-nmr.r-f-h syt & pammlie) chionds
of =& chrn o ehikem S hroeiph ife amtee porpeishgalar b U g chirds.

6. Equation of tangwal plape. Ta find il squalion of the
tanpenl plane ol ang point (x, i, 7] of the sphore
224 0 57t il b ey B ),
As fu, #, Y] L on the splieee, wee have
a2+ A0 - ue 4+ P+ Sy deB0 . ;)
The poicts of intersertion of nay line
g=w =3 ==Y .
=y i
throtish (g, B, ¥ with thi plved uplens s
tir 4x, mr4-B, a4 ¥)
whrm the waloes of rare the pois of thir oqustion
PP w2l fu) £ '-H':ﬂ'+1ﬂl +n{Y+ wl|
=t B B B 2wy ) =00,
By wirtm: ol Uwe mmlih‘ruu (], o rund of this qusdest]s vajuatine

1[- .IEH.'n-]ln fhul wne al e pldnte of interstefion mincides with
'mlﬂh?'l

Tn order Lt the dopamd point of interscotion may o esincide
with {a, i, ?].fhnmd!ﬂq of v must aleo vanish and this
reguires

Ha [-x )4 #8 ed rriF+wt =0, .-k}



ﬁmml. ﬁ?l-l-.'ﬂl- mﬂ‘
Thus the low
g-u_y—f_=—%
' e i
merks ihe ephom dn two coincidont pointss b (2, @, ¥) sndss R a
Bmngerd bine fo 4L theread Bor any sil of Valoies of £, o, o which satidfy
the comdfition ().

This bacais-of the taopeit nea ab (o B, ¥)is, tlon, obtainml by
elimmasting f, m_ 1 between | (G5} anl e eguations (90) of the Line
und thin givas

(=M {uw) [y~ BHE b oh H[e=YHF ) -0
oe ez B+ ot aled el vly + 8 ls FYid
= a® p[i*+ ¥ G 4+ Sl - =13, Fom ()
which is o plane known as the lasgen! wane ol (2, 8, Y
Heneo
febwbe {0 | by 0 4 whe +lus o3 +w¥ 4 dl=0
i the egprition ol the tangent plane to We given sphers at (o, §; 7).

Cor. 1. The ling joming the pondre of nsphere io an ud om if
in grrpentbivudir o the 'r.fugm'r piﬁ:ﬁrfﬁn‘;:, flr the 'Fmﬂ sl e
of the Tmm giimang

blieoenton {(—a, =&, w0} Wy thiy poant (= f, F)
o Ll sphene e propeithenal o
fo--u, fp, )

whith are ulsa the socefficins of & g, # in theequation of the tmngant
plang ot =, B ¥}

Car. 2. Ifa plano or s hne Soaeh o aphiers, then the length of
Ehe perpendicular it veatEs tothe plage or che line-38 ggoal
to its coadins,

Hoge.  Mng-binn m the tgopt plone deroogh By poing of comtact Sgmches
the sodfam of tho pplero by ey plane throogh that me,

. Fxamples
1 Sk Hhaat the plany l’:.r+mr+rm:l—_-p|'rﬂ]' [.ﬁfg]ﬁ.l‘h.f. uiu-ﬁm
2yt e Soy + Sz 4-d =0,

{ul 4 emfaem Lpit= 0 m T e e,
uating the rlhs o/ (u®+o® 40 —d] of the sphere o the ogih
of the porpendionler from the contee (=, =, =] to the piano
= my - are=g,
we ol the requirel condition,
2. Find the foo tamgrnd planed (o the spharn
2 Aty —fis 4 5=

which wri porallel fo the plane
Leg Ly =i

if



%4 by 22

The peootal eguation of o plaoe pocills] o the given plane
e+ 2y -0,

eIy —2i=10.

This will be o tangent plame. if ite distanse from the centre
(2, =L, 3) of the sphero 1 oqusl o the rdive 3 aml this roguins

—1+A
I-b.i-

A=10ur —%,
Monee the raguired laogent plinss are
o4 Py —z F10=0, snd 224 By —z— G0
3. Find the equodion af the aphere wiich fouches he sphers
o — e iy 2=,
atdl, 1, —1} und peroes Hﬁuﬂquh.un}h.,
"I'tutungmshpl:uututhu aphimes ad (1, 1, —1) fu
=z k—ﬁy—»ﬂ__:l.
The sepuation of the veguired sphes G, m_zu.l'nu-, of U Bopan
Syttt p By a0 L Fhy—0) 0.
This will pass Uirongh the arigio if
b=—}.
Thus the eeguired wijuation i
a4yt —Fe |y =10
d,  Find the cyuniione of thesphere Throsgh e civele
4yt bat=l, 2rd-dyde=b
The s

T

==

= bt L AR +dy B=— 6] =0

punnen thrnieh the given ;irn&n_fur all yigbues of A_

Jta contro e [—A, — 24, —J), snd mdias i

SATH- AT 43I0 1§ 4 6h),
Bimiew it booches s=0; wo hnve by Gor. 2
—Ah= AN BRAY L ot

e DA BN -1 =ik

Thie pivee

- ESR)

The swo carmsponding sphorm, theerfue, wre
P b byl =1,
G2 o'+ s =2 —dy —0e | 1 =10,
8. Fiwd tha apmitions af the foo fompend plomes to the apherr
an e it

:-:]-H-ﬂﬂ‘ F—itp ="



ANALVHEAL BOLID GLUMETRY

Auy plase — .
b= Mz S2-)=0
throagh the given ling will toteh o given sphaen
if
= ===,
eI e V8 bl
FHim B |l

ur
Thin given
.!l.a:l1I —i.
The fwo corresponding pleces, thersfore, wra
i fy—2s=D, o Fiy+4+ =10,
Esercises

1. Fied the equation of thil tnagent paon o ths sphmm
M= 0 e —2r—lly—4s—22-0

ML By ik (19, ).
Fame Am2fyg lde—08- 0
b | Fmdlhﬂuqmuflhnmlmwtnmunﬂh
Sl et b e Ty 42— 0, Me—dpbde 00

at (ho point [ 9,8, 4),
_ B et Lo -0 — [y — BN~ — 2 —037.
3. Finid bin valor wF @ for which tho pls

FfydEaii
Gt 1Y B oy S3—d=0
[4m, B30

4. Bhow that the plaau Sc—dy & 24 13 <5 lenches the sphem
s [N |
sad find the point of rontacs.

temchen the apboro

[dme, f=1 4, =¥,
il al bk of it pimon thn whom the ling
'mwmrzmnnp:;umﬂmdu.mﬁmmnm;m -pﬂma o
£ Fiod theoocerdingges of $he pendsom Uin spheee
gt deody i
tho tangont plsors al which are pu[hl tn kb plone

fo— iR,
[ns (&, —3, 25 000, —
6. Show ihab the equation of the spduere whink Goulos Sie sphine
ANt o 10— By - R,
wb (1, 2, —2 arl i Wheungh the pind (— 1 0, 07
byt L gy Hy e h =
T, Obinin Sho sgquatiom of tho bunggae Plaome b the sphee
i 5 AR Farh e, PN T B |
which pase fhrngh tho line
Al —z§ =z =0y,
fdan SrdSpez- Ul w4y 0 M=
B Obiais the oqustions. of the ephees which poss ibkrosigh She. ciechs
; Bt - =R B R PR R i N S R
el fimarily B pliann Sr-4y s 14,
fme, sAppbpafidsddydfio—|l=ll ohpp o _Sali 4y 8o,



PLANE OF CoNTact
o i «if tlsn’ hiieh has fls ooodes ot the argin’ aod
. uﬂﬁﬂ (1 wpinre W ol o argin
o pl)=t yezidy
[Ame W=t ptpct—a

18 Tind thr copmtdon, of & spshnrn of mdling # whith touches ths thess
ag-ordinnse gmue. e miiny sprhiros cdn b oe drawn,
(e Bprlo yd 2504 T8 desdoy frapr | rhe=0 | might,
. Frovi Phat the squmdaon of U sykoe whidh Lo i the ocieal Q00 )8
wanl Yrpobes thie co-ordinatn planss = of the (Hon
2R A Bl L) ML
felliie & ik Vi pelisres can b alemien Blemcigh w ' ]
fooch B Mﬂrﬁm I il fhed - For b pﬂ;ﬁuul?.-u urwpﬁ:‘lh
ephored seD
{u) voml, (B) evimidmi, L e
[ - dopemess af the esntes Peom the so.ontinots plahess oo l.tl.m:pllm
Bl pobaBires don Wlymd wee ey dopipenin’ Phal ) 2 phee padbos gl £A A w)7 e im
owatry | i bumg Lhe pornrmcter |
12 Show thit tho ophioros
P S
PLTSY NS ST Y YR B
il i sty i) STl W alinh OF §T4 dniivbadl
[Ama. (I3/R MIL W{EY
13 Fiomd the sentess of the ten spibrres which tonnh-the plonn
da pdiy—dy
of e poim {58, 4] misd whick tioch the sphoed
o
[, e Bodh (o), BT/HL, ;:.
2bbnin the agontiunm of aphemn Sl thsrmugch the poands. 5, 1
,-t;.fj., 1,0 and souch this plapo ' Bx Haymu_ _ (LR, ey
[.-'.'mr ot R st ey e - R ) — L e ST Rl — O
185, Find phe equakiog ol Bns sphiere. lbeerhed 46 this taiesBolenn  shism
Tt irm
i =il gl o=, w13yl
(o) =<0, w=ll, 3l BTy 42 40 =0,
L e s R e N H-H‘+=‘l+l|=—ﬂ+rl+= -8,
i Tan Talidns &l A il tho m 47— ot tha
wuaidipala nf::ﬂ} om0, vrll-uhi Wb o o e pqui‘nl- af ket

il plemon Ainnes puenlind s tha o-onlmmte plincs theomgh A, 25 28 bho aetines
“Epy L Y,

&6l. Plaoe of Contacl. Vo find the lomw of the pormis of contacd
ef the tewenl planss which pusy through o given poind {3, B, 7L
Lot 127, s 2°) Do any podnt on the mphiore
A e 2 b 2 4 O
Thn banpent plaos
el Fultaly'd o) (e ) {ue’ by’ e d) =0,
al this poink will pass Wheough {2, § ¥),

i .
afe' b u) + B o)+ 7+ 0 Fur oy e’ £ ) =0,

ot u) (P b b o) b (e b P ) =0,



ANALYTICAL BOLIi :ug:__ﬂn‘u‘
which i the condifion that the point (&, &', 2} -shoukd fiv on the

i u) b plf & o) b2 fom) § lex-boglgowy o dj=0,
1 ie enllnd the sloes of comfoct (or the poiak (=, 5, ¥,
Thua the locos of points of contset i3 the crcle in which the
plnoe unts the sphese,

Bz 1. Fhow thst the biee join nt-i*ia the cenim of & given
qﬂ:un'lu_[m'[m:h;ﬂn:tuthu pui:lnnm&?ii‘ nn; |IJJ",.I"' .l:.m:ﬂ'. h:.ql,mm

= sl
Ex, 3. Hbow vt thr plosoe of coptart . of sl pod ot s tho. o
Al g =y s = dl )4
wrlly ol Lo il lljl_llm p."—|-,|'|‘-j-.'.’-=ﬂ'[-ln-l-|'lhlu||;|l ke lam
= b 1R {p—al =z,

661 The poler phane. If o varioble: bine ir drovn thragh o
ficed point A meeting a given spfers in F, (] and point 8 is taken on
fhie dine awek ifed ihe’ pivais A, K doviede thia Iine infermily wnd
exterwatly o the anane rafee, fen phe loow of K s a plape anlivd polor
plans of A wr. fo the sphers.

1t may be onsily sven thos if the points A, & divide P(} mtormody
atie] sxbernally in (b some ritio, then the peiate 17, @ sleo divide
AR internally and externally i the sime ki,

Cemaider-thezphors .
e e g ek 1Y
il Jeb A bee e geind {a, B, )

lot (2 2} bo the cosnbinates of fhie point & on any fine
through 4. 'f‘hﬁuﬂmdiunuﬁdthapuintdiﬁlﬂnﬂiﬂ In the st

R T g
Yy A Ay
[ A4l )' (.!liﬁ.]' l: A+l J]
Thm poml will be oo thi spheee (1) foe valeis of & which nes
ruote of the quadlratie seguation
he i hy AT fhe R
G+ +Hxe) ==
., Aty et —af 4 Thine Py - Ye—a") &
i o el I R £
Fte route &y aned Ay wre tho rotion 0 which the pointa 8, @ divibe

LH.'mt-a P divido AB mernally sodd sxtarnally inile ssove retio,

win have
_ Bid ha—t
Thos from {3}, we lave
Py + Y0t S E S
whioh [ the melntion sssdefied by thy w-onlimmbon [z, &, ) o R,
Honoe (1) is the Jocus of B, Clesely-it i s plane )
Thun wr have seen bere thet the sguatlon of the polar plane of



POLES AND POLARS

Ehe polnt {x; & 7] with sespct to the spherss

; Sgpiogt
in
er | fiy HYa=at
It mny sinilarly be shown that the polar plase of {2 [, 7 with
sk fo t{tc:aﬂlmr ) v )

by P - Do S0z 0,

4wl FE | vhy (¥ Foke | (ued of o wd b d) =00
O compering. tho eguation of tho Lnrglmwwlt.h that of the
tamgrent plane {f 6°60) aml tho pleng of m‘_lnE.nt i), we wee Ehad
the polar pline of & pofnt Iying o Uie sphiees 3 tle tangent plane at
B paiml andd that ol s poant, by omissde i, et plees of comiaet.
H = b the polar plune of o point P, teen 0 mealied tho pede of

the plane =
63, Pole of a planc. Tofind the pofe. of the plons
iz fmyne—=p - [i}
it el o e s
20|yt gt
I, B, %1 be Lbe mequinsed pole, dwn we scn Llink the crjealion {5
ia-ddenlbeal with
x| fiy 4 ¥z =g -« (i

g6 i on compoaring (f) mnil (i), wo obiain
® i X g

w3

™ n F

I—"H-ﬂ.:rtllb:l'. ﬁ-;n‘mfp. }':q’_n_.".u.
(b, s, a®nlp)
8 the euaguiredd poie

4. Some resulls concerning poles and polsrs In the following

dizctmston, wosdwoys toke 1o equution of o spheerin the form
Lyt —gt,

1. The fine jotning ke contre O of o q:giiu'lh'uw_pui:ﬂ F ol
prorpodinular fo the polar plana of P,

The direetion eadioe of the line ining the contes & (@, 0, 0) to
the point Mo, B 70 are 2§, 7 and thess ane aloo. te direction ratio
of ihe normal 1o the pafar plane sx 4R 4 Fz=a® of P{a, B, 7L

2 If the Hine yarming e condre £ of o sphiore o awy: potsl P wacdls
g poior plake of P in O then

P = at,
wihers o 8 Uke rosbiug uf the rphers,

Wi have,

Thss

OP =/ (b P ),



ARALFTICAL SOLID DEOMETRY

Abaq, 0, whith I Ui leagth of thiv peepsndicnlsr fom  the vt
20, 0, 1) 40 the polar-plann a4 By g’- of I3z ghorn by

PO= ey
Honee the reull
3. A b podor & g £ prirdber potad O,
i I d o af {m'l’-n FI-“F! remarh ‘peid )
Thamdltlnnlhltihu[mlﬁ:‘phnu
T P+ Yz—at,
of Play, By, 7)) peasen thromzh Gz, By, Y o
hich in nlso, by :m-l_&%iﬂ::l:'r'ﬁ:mmﬂi kin ol
which in Fymmakes, or dis ion khint bhi T
plans.of #mul.hmmghl*
Conjugnte polmis.  Two  poiats sweh thint e polir plose of sither
passsr rough the slfor are cafled conjugrie poinds.
4. 0 th-p.ﬂfu_ﬂmnhnmunﬁﬁwﬂt:.,ﬁmﬂ:pdﬁ
df iy e b o
Ttnﬁhnﬂﬂllﬂhlhﬂllh!?&h

(ﬂﬁiu“’%&
0 0 Hy ¢

il B pnris

s foe—rny -} np—p
len oo the phane w5
& lyr gy ot =y

H"I:f;fl'Fﬂjﬂ-rl"ﬂ'xﬂlj.—.F.r_‘Fl
which i alio, clesrly, the condition that the pole

{afal Py a* ol Pe, Anslin)
o wy liea on ny,
mmg T"ﬁﬁfﬁ ruoh thal the pode of esthar lieg om

5 The all the printe on g line | i
% Eulr;mlarﬁma’ prinks o paas throwgh

Tha polar plano of sy point,
(ir-4n, me 45, wr i),

on the line, L,
r—a_y—f_ a=%y
i m n
i
fir ket (et = Fip -t P,
or

(a4 By + ¥z —a%}+ rile +my 4 mzi =0,
which charly panm thremgh the line

a4 py A Fe— P =1, Ief-my § ms =0,
whatever valoo, r, may bave. Henee the roslt,



CONDITION FOR GRTHOSORALITY OF TWO LrHELE

Lol thin b Bed', YWae shdll pow prove ezt Hha plisis o
svary point on T posees theoogh £ E ar
Now, a2 the polar plane of any srbicrary poine P on [ pasees.
thromgh, paind of I, thersfom, the ane of every paing of
' pnssiun Tf:ugh tlue poirt ol £* v d wﬁlfﬂ arbutrary, I[n;nm:u-
thirpugh evory point of ¢ {1t paanss thmngh 1
Thus we see-that i1 &ths lns gach that the polir plines, of oll
the pobnta o line L pass: theogh i, then the polae- planes of 811 the
polnts on I* pazs thmogh £
*  Polar Lines. Tws lines suck Bt e mdar plowe of coery woint on
erther posaey irowyh e otheor arg oallsd
Eaeycises
1. Boew shab pelar ing of
b=y =
with peneect o the sphor’
i Ul limm
Tra® B_Tg =

o

=
B Shew ibigh B Bee ) B sepliair el i polar T ol m Fne D, e
I im ool weieh th'p-l.ﬂ‘.n.l'irrrtfl.

X T A, QR b ey prerpenalibsler e gl prolsps ol @ dinl B soegeee-
vy, with ek B i lﬁpbrn,l:!l:_h'r-ﬂ, Ly
R4 OF
. . L. WEON .
A Bhiw hei, for & givnm sphern, dlicte oxist snenlinlbel pumborof
mrds fhmt vt 1e ke fthen st [ore wilh i0
Lmh'qm paptrly i pole g o

{Buch & trtmbodron @ kioen s poedfromfupmie or sl poler titembicleon )
67 Apgle of Indersecthon of (wi: sphores.
- Del The angle of interssciion of Bep spherss af @ commen point
wr the anple befiiern M. nd plamer b Hem af sl aoal i,
Lherelure, alas gl Lo nnjihe betwenn the padil of U spheses (o

the common point ; the rali being perpesdimlar to the mospeotive
Lapgent plhnes &8 the poict, ’

The anple of interscition ué overy commuin point of the spheres
i the axmae, forif P, I* bodny two common polnte aml £, £ the
pemtees of the sphores, the triangles (0P nnd CC°F" are comgrent
miwk secardingiy ,
£ P = £ 0PN
The sphares srasaid to be orthegonal if the snghs of interssetion
ufimup.hn‘rm = qtl‘gﬂﬂ. rm'E_'l:-., In Lkas cne
[l ST LR R
671, Condition for the orthecomailny of two spheres,
Ta find the vosdition, for the tiee spheres
3t ﬂ"lrl' $ 800 F e+ e b0,
2 a0 4 4 Baign ey § Tz 4 dy =0,

o Be D



AHALYTIIAT SOLID CEGUETEY

Thespheres will bo orthogansl IF ke spmmre of e distenes Sefioden
thevr cenitres va equnl b e som of e spuoren of their rafid sl Ahie
requis

e |
i w= fng® -yt e — ) (B b et )

Zu,uy+ 2v,¥y + 2wy =d; i,

Exercises

L. Fmd the egundion of ihe spbern that passs thmegh the simle
F LR Pl 2 A B0, el p = LE=8

el ente thin wphoro
LAY i T
F |jl'+. TR T gy Fi—=1

orihegoanily,
fefmp  BE2S fp? 32— B | Wy Bos R =1
£ Find Bl epumidise o Ui spliom +1+-1 priteesis plefvesipgls Gl by pratake
(O3, 2 — 1, — 1)
and acla archogonalily the bve spheeer
L R e e
[ s 1 AT R R PO SRR -
A Find vhe squadion of the splicr which toachen tha plonn
o Bp—c2 0
mkBiho prdst (1, =2, 1) nod oute ortbopananily the mcies
1 a0y i 0 [L.LF
folnide L8 el Ga p IO — S s TR0
il. fibare thot cvsry spleeo theoogh tho pirclh
B L e e o e n A P ¥
slite ol hopnm iy svury spbuieo thiebimi e eleels
=L L L T
T puibnde I G mre o o)l will Fsps B ephon & ks s
I.I:;!I-q:h'mnu uh nmrdaft'udhl:ﬂumﬂ_r
& U b wjilmens Ny w3y are ol 1, e r pilaiei i mny i
1] .I'!'{-rli:ll. mpm?‘h.l-#_‘ pu.:luluuﬂ'l:rluu.u:'h e m II-Ill.ll] '“hl:h: mmrtlll oy

Example
ooy apheres of mufii vy amd ey ol cmolly.  Frove ot the
i T o ol Ty
reral Wiy 4 ')
Lt ths common cirele be
' Fpytmn®, w=0,
The gensral scuation of L apleee tirough Uhis cirele being
Pyt Rk —a® ),
lel ihs Lwor glven wpdssesn Whrough bhe obrels be
oyt g —ata 0, 4"t 2t

We hinve
. el et =k i)
Hines the sphares st orthoguially, we have
B b=a" o' =2a". o {0

ar



HArdial, FLANE

From (i) wed (5], Himinating &, kg, we linve
(n®—a"){ry®—n?) =a",

. al=p e tithbp

Honie Lhe rosnlfi; _

68, Hudical plaoe. To showe thal he locus of poimds wbosn
possiery il peepedl for b apferes e egbed §8 0 plaisi perpeadicsiir o
By Lime, jovning theoir erpires,

The poworn of Lhe puint P, g, 2k with respect to U sphsees

Byemr® | 3042 Sty 2wy d g dpmil,
Rye= gt gteb 2 b Sugm b Dogy o F Tirge |oaly=0,

are

i pt=aleh SugrfRey=dine | A,
andd

e i et =T S R Ay
reapetkimly,

Fgunbing thee, we sbiiin
Iafuy—my) b ylvy — vl +2aiwy — ) + (dy—dy) =0,
whinh is th roguoired looms, sl boing of the finst ffeoree dn (=, 3, 20, it
rogiressitd a plane which iz obviously perpenidicubar 1o the line jduing
tho pantom of the two epheren and 5 called the mdicad plame of * e
bwti kephutries,
Thigs the radicsd pline of W los sphires

E|.=ﬂ, Eﬁﬂ.
il.if:ﬂf of uwkich the co-gficienty of the steond degres lerme ure ol fo
mmsly, i
8y~ 8=,

1n onee the two spheres intceeect, the plane of their vomman
ciribe ie thibir eniliiond plame. 3 0°83),
E3L  Radical Boe. 9% theee rodicel planes of fhree apheres
faken hwo byt intersecd im o Fiae,
iy
'EL‘_ur 3.-—4.1'. '-F"'i""u'
e thee (ko apheris, Hiie caskieal pilames
Hi—8=10, £—8;=0, & -8=0,
ifensly ool in the Hue
llgl T-S’-" -\"Eh'
This b is called the redical fime of she three sphores,
&8l Radical Ceotre. The four radieal binee of fowr spheres
leskrm Hhroe by three Enderserd of o pined
The point eommon 1o hIm_-l.hr-LuB elunes
8= Sy= =4,



AMALYTICAL SOLIG CEAMETRY
b clearly copiman b the rdienl linen, tsken theoo by Ehicos, of the

Fmr spharen
Ei-ul "s_l_nn -H]E'u| ﬁ.—ﬂ.
Thvin point 76 culled the rofiond srmire of the four sphere,
(F8). Theorem. [f &S=0, Hi=0, b bwo spheres. thim Dhe
e
By A5 =,

& eing the fer, 1e e of wwck fat wmar i
3Rl e i it k3. ok 4

Lt
S heSa=0 ool 8y 445, =0,
be any two momboms ol the iystem.
Making the ooeefficients of seond degree erme unity, wo write

them i the ferm
Sty St ?L.-Rt__n
T+44 RNy z
Tho midical pinne of these two splwrees [y
TS . S I V. 4
_.I'_.IT_.._ = 2 :ﬂ'

1Ay
ar
H;—HF=['I'.
Binen fhin cqustion b fadepermlent of A seil Ay, o opee Bt
overy two memborsof the sywtem have tho vame mdiesl plise,

Co-azal System.  Def. A spudewn of spheres sech thul axy be
; i therenf Aove LR swme micieod pdeng 18 oolivd o-eo-nzul speion
of apheres. .
Thuz the systemn of wphores
S NG=0
i co-asal anil wo sny Chat- it B determined by the swo eplicres
-.51-5- ﬁl-”_
Thin emmmpon tadical pline &
Hy— Sg=1
Thin oo-axul wyetem iz aley given by the pguation
81k B~ 8=,
Rafer Kot 1, § 6041, /. 02,
Note, Ti can sbmflicely b greaiesd Bhnd Ui igesdpm ol ol
Sl =1
hnu—t.;:ﬂ: =1 bnlng & sphew u-ll-hlf:ﬂ & planm o thesimenin palival gl
=M=
e Cor. The loews of the comfrer of spheres of a cocal syniem 0 a
For, if (=, ¥, 2} bo tho ¢enteo of tho sphsro
&y o A=,



we have
e Wt o Sitdn | wthin
e (T I+a
O eliminating X, we Ood that it s s the e
=, y-!-ﬂ_,, _ 3wy
Mp—ty PRy W —Yy
Thin roemls i alwo stherwio: clear na the line Joininy the contros

uf any twa dpheres g perpoodicsler to their sommon sl jalve

&%, & simplifivd Torm of the eguation of the two spberes,

By taking the bne joining the sontres of two given spheres as
& i, their equationa sl B form

Pp s S ey =10, 24y o B d, =10

Thulr racivnd plase s

Sar{ns, - mg) iy —idy) =0

Purthige, I we tale thiy ridhal plang as the Y8 plang, e, m=0,
wi bt dy = o=, fany).

T by taking the line jiining the centron as X-nxin sod the
plion] plane =s thn Y& plane, the oquilizs of auy teo bpleses oan
bt gt b Ui mlmpiified form

2430 i bl ), 2yt Rugt b,
whire ¥, o, arm different

Cor. L. 'The-squstion

2 bt et d
hépresents o co-nzal system of spherss for differomt vilues of ko

monstant, The Y& plene @ the oammen modioal [ﬂn.ntnml
£ axes s Ehe lime of centren,

Cor. 2. Limiting poimis. The oguataon
byt Rk d =il

npn o writben oo
(£4 kfF+yh =t
¥ l:_:[;v’d we et i of the ayites with codide e and
thus the spafem tncledes (he twoo poind sphersy
=, 0, 0}, {4/, 8, OF:
These two points sre salled the Nmiting posids and see oal only
whan o' pastivey, e whon the gheren do mot meel bhe radical
el fr i red dlrake.

Def. Limiting points of a oo-aznl dgetem ¢f aphores are o poind
wpheren of the apsiom,
Exumples

L Fimd the limiling ponts of the co.nmol sydem defined by the
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