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UNIT 1
PROBABILITY

Introduction:

In this chapter we develop the mathematical theory of probability and introduce the concept of random

variables which form the basis for various types of theoretical distributions.
Definition:
An experiment is defined as an action which we conceive and do or intend to do.

Each experiment ends with an outcome. For example, a research student in “statistics” when undertaking

a pre election sample survey.

An experiment is called a random experiment if, when repeated under the same conditions, it is such that
the outcome cannot be predicted with certainty but all possible outcomes can be determined prior to the

performance of the experiment.

Each performance of the random experiment is called trail. The collection of all possible outcomes of a

random experiment is called the sample space S. The elements of sample space are called sample points.
Example:

When two cons are tossed at a time the outcome is an ordered pair (H,H) or (H, T) or (T,H) or (T,T). Hence

for the random experiment of tossing two coins, sample space S={(H,H), (H,T), (T,H), (T,T)}.
Definition:

Any subset A of a sample space S is called an event.

The event S is called a sure event and the event ¢ is called an impossible event.

Definition:

Let S be a sample space associated with an experiment. Let A be event suppose an experiment is repeated
N times and suppose the event A happens f times. Then f/N is called the relative frequency of the event
A. clearly 0<f /N <1.

The following desirable properties to be satisfied by a probability function P.

a) P(A) =0 for all events

b) P(A) <1for all events

c) P(S)=1

d) If A and B are disjoint events



P(AUB) = P(A) +P(B)
Example:
When two cons are tossed at a time the outcome is an ordered pair (H,H) or

(H, T) or (T,H) or (T,T). Hence for the random experiment of tossing two coins, sample space S={(H,H),
(H,T), (T.H), (T,T)}.

Definition:

Any subset A of a sample space S is called an event.

The event S is called a sure event and the event ¢ is called an impossible event.
Definition:

Let S be a sample space associated with an experiment. Let A be event suppose an experiment is repeated
N times and suppose the event A happens f times. Then f/N is called the relative frequency of the event
A. clearly 0<f /N <1.

The following desirable properties to be satisfied by a probability function P.

a) P(A)= Ifor all events
b) P(S)=1
c) If A and B are disjoint events then P(B)>=P(A)

Proof:

Let 4 € A, 3

Then B=AU(A rB).A andA r B disjoint events
of S. ( A

Hence P(B) = P(A) + P(AnB)

ButP(A N B) = P(A)
Hence FPLH) = (PA)
Corollary:
For each AcS, 0< P(A).
Proof:
@ cAcgq

Hence P(#)=P(A) =P(S)



Hence 0=P(A) =1
ADDITION THEOREM:

If A and B are any two events of a sample space S then

P(AUB)=P(A) + P(B) —P(ArB)

Proof:
ANB = AU(ANB)and A and A n Bare disjoint sets.
P(AUB)=P(A)+P(ANA )
Now,B @ = (ANB) U(A NB) and ArB and A NB are

disjoint sets.

+ P(B)=P(AnB) + P(A nB)
“P(ANB)=P(B)-PAMB).................. (2)

(1)=P(AUB) = P(A) + P(B) —-P(AB) [(2)in (1)]

Example:

Let S = {(H,H), (H,T) (T,H),(T,T)}.

Let us assign the probability of % to each element of the sample space S.
Let A={(H,H),(H,T)}; B={(H,H), (T.H)}

AUB = { (H,H) (H,T), (T,H)}

ArB = {(H,H)}

1 i
P(A)=1,P®B)=1,PA"R "3

1
And A" H) = 3

We have, P(AY 5] =P(A) + P(B) — P(ArB)

Hence it is verified.

Example:



Let S= {(i,j) /i,j €N, 1=i= 6,1 =j=6} be the sample space of the random experiment of throwing two dice.
We assign the uniform probably of 1/36 to each of the 36 sample points in the sample space S.

Let A denote the event of getting 1 in the second die.

Then A = {(1,1) (2,1), (3,1), (4,1), (5,1) (6,1) }

[ 1

PA)=7 &

Let B = {(1,2), (2,2) (3,2)}

L] 1

Then P(B) =3 12
ArB =@, P(AN ) =10
P(AV B) = P(A) + P(BE) - P(ANB)

I 4 4 1

i_l'.- A E |
Definition:

'4'|'I.

Let S denote a sample space associated with an experiment. Let Az Az da_ bea

sequence of Subsets of S.
1f A N A= @ for all 1, j with 1 # j then the sequence of subsets is said to be mutually disjoint.

If Ur=1 Anthen the sequence of events is said to be exhaustive.

Example:
Let S= {(i,j)/i,jEN, 1=t =B 1 =) = &}

Let A be an event of getting the sum 1 +j and odd number as B be an event of getting the sum as an even
number.

Clearly ArB =@ and AUB = S Hence A and B are mutually exclusive and exchaustive events.
Theorem:
For any two events A and B, P (4 N B) = P(B) = P (AN E)
Proof:
Letd n B and A n 8 are disjoint events and
(AnBYuiAnB)=8
P(B) =P [(AN B) U (A n B)]

P(B) = P(AN B) + P(A N B)



“P(ANB)=P (B)-P (AN H)
Remark:
Similarly we shall get P (A B) =P(A) - P (A )
Theorem:
If BCA, then (i) P(AN B) = P(A) = P(R)

(i) P(B) =P(A

Proof:
i).When B=A, B and (A ) are mutually exclusive events and their union is A.
=+ P(A) = P[BY (A N B)]

P(A) = P(B) + P(An H)

~P(An B) =P(A) — P(B).

i1) Using axiom (i)
p(An B)= 0 = P(A) = P(B) 2 0
P(B) = P(A)
Corollary:
If (ArB) © A and (ArB) =(B) then'(A N B} = P{A) anq PIAN B) = P(H)
Law of addition of probabilities:
Statement:

If A and B are any two events (subsets of a sample space S) and are not disjoint then, P(AUB) = P(A) +
P(B) — P(ArnB)

Proof:

We have, AU B = AU (AN E)

Since A and (ﬂ N [ are disjoint



P(AV B) = P(4) + P(ANR)
=P(A) + [P(A B) + P(AN B) = F (AN B]]
:P(A)JFP[(.—THH} UiANEB)]—-F (AN E)
[+ (AN B) and (A n B)are disjoint]
+ PLAUB)=p(A) + P(B) - P(AN B)
Theorem: (Extension of General law of addition of probabilities]
For n events A1 4z « o oo Ay wehave
p( Uiz A =Elq pld) — LK PlA VA )+
F=DPA N AN LN A foral 1 SEEf S0
Proof:
For two events and Az

We have,
P (A UA;) = P(A)) + (P(Az) - P(A; N Ay)

It is true for n=2

Suppose that, it is true for n=r

Then, P Ui=1 A} = Zioy P(A) = ZEP(A N A ) + -
+=1P(A, N AN LN A

foralll =l =] =T,

Now ,

P UETA) =P (UL A) U A



P(UZ A + P{A ) — PIIULZ, A N Ay, )
P(UL=1 A + P(A ) — PIUIZ (A N Ay
(Distributive Law)

=¥ PA)=EZP(ANAY H=1V""MA NA; NN A+ P(A ) —
F[L,I:'_],.-‘II nﬂ'."i-”

Forall IZI =/ =7
=L PAYEEP (AN A)+ 4 (-1)Tp

W nAzn .. nd )= [EPAnA ) -ZEP(ANnA N4
H=1)TIp (AL N Az NN AN AL

Forall ISI=j =T

. .?--j-lj '”{fql:] - [EEP{HI n "'1.'] + E:.—] P{"'I!I I"I "qu:]] + '-r._l}rp{-"‘l':l n -"12 n
VAN A

Forall ISl =/=7r
= PA)-EXP(ANA)+ 4+ (1) P(A NA; N .NA NAy)
Forall 1Zi=j=r+]1
Hence it is true for n=r and it is also true for n=r+1.

Hence by the principle of mathematical induction, it is true for all positive integral values of n.

Theorem: [Boole’s inequality]

For n eventsf1: Az, ... Ay we have
a)P(Nim A) 2 EL, F(A) — (n—1)
b) P Uiz 4 ) = Ei; P(A])

Proof:

The result is now prove by mathematical introduction
P(A1 U Az) = p(Ar) + P(Az) — P (A1 N Az) =1

plAy UAz) =p(Ay) + p(lAz) — 1

Hence it is true for n=2

Suppose that it is true for n=r such that

pUi=1 Az Xy P{A) — (r—1)

Then P (Ni21 A) = PN A N AL



2 F"Eﬂf:p".“i’fﬂru‘.l'J
=X PAY-(r—1)+ P, -1

=PI Al = ZI5 PA) = 7
& It is true for n=r+1 also
b) Let A ... A, be the events
We get
P N Az n An) 2[P(A) + P(Ay 4 +P (A)] - (n-1)
=[1-P(A1) + [1-P(42)] + ....... +[1-P(40)] - (n-1)
= 1-P(A1) —P(A2)- ... -P (Ar)

= P(A1) + P(A2) +....P(An)z1-P (A N Az NN Ay

= [-p(AL Az U ...UA,)
=p(A1 VA U ... UA
= P(A1 U Az U U Ay=p(Ay) + P(A2) +... P(An)
Theorem:
For n events A1, Az, ... Ay,
we have P[Ui=1 4] = EiLy P(A) - FEP(ANA) forall 1Ssisj<n
Proof:
We shall prove this theorem by the method of induction.
We have,
P(Ar+Az+Ag) = p(Ay) +P(A2) + P(A5)- [P(A1 M Az) + p(Az M Ay + p(Az N Ay]+ P(AL N Az N Ay
p(Ui;- DIl P(A) - ERiagasP(Aina)
Thus the result is true for n=3
Suppose that the result is true for n=r
Then P("”|Ir 1A} 2 i PIA) - EEhg E.rﬁr‘“{"qr ﬁ""‘.lj'
Now,
PUIZL A) =P[Ui-; A U Ar ]
P(UZ1(A) + P(A0) — PIUS A N A )]
P{U-1(A) + P(A, 1) — P (U (A N A 4q)]



= [ELiPA) - EXiaga P (A NA)] + P(A 1) — PIUL (A N A
From Boole"s inequality we get
P[Uf=1 (A N A, 4] S Z P(A, 0 A,)
= P [U_y(A n A )] 2 =K P(A, N AL,)
(UIHA, 22 P(A) -2 109 P(A “P )
(A ) =X PIANAL)

= .I:-=ri.l P{ﬂ.:] - E-EI'-'J‘\-'.I =r+1 F [:"1'.' ﬂﬂ.l::l |I.:I[.I—':=I|:I '4
)

Hence, if the theorem is true for n=r, it is also true for n=r+1 Hence by
mathematical induction,

the result is true for all positive integral values of n.

Multiplication law of probability and conditional probability:
Theorem:

For two events A and B
P(ANB) = P(A). P(B| A), P(A)>0
=P(B).P(A | B), P(B)>0

Where P(B | A) represents the conditional probability of occurrence of B when the event A has already
happened and P(A | B) is the conditional probability of happening of A, given that B has already
happened.

Proof:

Suppose the sample space contains N occurrences of which na occurrences belong to the event A and ns
occurrences belong to the event B.

Let nap be the number of occurrences favorable to the compound event ANB then, the unconditional
probabilities are given by

P(A)=",P®B)=w and p(" " F) =7
Now, the conditional probability P(A | B) refers to the sample space of np occurances, out of which nas
occurrences pertain to the occurrence of A, when B has already happened.

P(A |B) = far

nB

Similarly P(B | A) = Zar.

nA

Now, P(A" #1 ==



] n

i
M i

P(B|A) P(A)

Map _Mig D

AndP(ANB)= N ny "N

=P(A|B) P(B)

PlANR) Plang)

« P(B| Ay === and PalE) = P

Thus the conditional probabilities P(BIA) and P(AlB) are defined iff P(A) #0 and P(B) #0 respectively.
Extension of multiplication law of probability :
Theorem:

For n events A1, Az, ... 4 we have P(A1 M Az M ... A= p(A1) P(Az | Ay)
P(AJAINAY). . P(AJAINALN. ... Ani) ...

Where,

P(AilAjr‘lAkﬁ ....... MA;) represents the conditional probability of the event Aj, given that the events Aj,
Ay,...Ai have already happened.

Proof:
We have for three events A1, Az, and A3

p(A||’1A£ﬁA.:} :F{A||’1.43|'|.-‘-'Il',|

— P(A1) P(AanAJAY)

— P(A1) P(AJAP(ASIAM A2)
It is true for n=2 and n=3
Suppose that it is true for n=k.

So that,

P(AMN Az M .01 Ay ) = P(AD PLAJA I PCASIAL NA2) ..
P(Ax | Ay N A 0.0 Ay )

Now,

PAI N Az N N Ay DA F AN Az NN A ) PIAg 4 |A; nAzn..nA)
=P(A1) P(AzlAl).._P[ﬂﬁ |;I|, NA N A P(AR |.:‘|, NAz M. AL)

It is true for n=k+1 also



Since it is true for n=2 and n=3, by the principle of mathematical

induction, it is true for all integral values of n.

Theorem:

For any three events A,B,C;P(AY B | £)=P(A |E:' + P(B | €)- P(AnEB|C)
Proof:

We have

P(AUB) = P(A) + P(B) — P(AB)

& PANC) UBN O)] = PLANC) + P(BNC) = PANBNC)

Dividing both sides by P(C) we get

FLANE HaiEND)  PLANG 4 PIENC = PLANENCY

FlE) F{E} ,P(C) >0
_ P(ANE) | PEROEY  PLANEDG)
Pl BlE) P{LC}

Pl{AUBING]

PO =P(A|C)+PB|C) - PAN B C)
S PAUB|C)=PA|C)+ PB|C) - P(ANE|C)

Theorem:

For any three events A, B and C P(A" B | C)+PANE | f-‘,1-'=P(A | O)

Proof:

PLANBNC) . PrAnBnc)

nBlCy+PAnB|C)=

P(A PiC) P(C)

PLANENC 4+ PLANBE N

P{C)
P [A I"'-If'_l

pie) =p(al €

Theorem:
For a fixed B with P(B)>0, P(Al Bis a probability function
Proof:
ELT:Y = 0

i. PA|B) P

PisnB)_ PIRY
ii. A(S|B)= P81 FiE)

iii.If {An} is any finite or infinite sequence of disjoint events, then

E‘] _ P, A, i)

PILI’I A-’I IDIE'_:-



Pl An 8]
Pig)
Yo PiAB) ¢ PlA, H)
— o _l n
i

T T P{g)

_X.P(A.]B)
Hence the theorem

Theorem:

For any three events A,B and C defined on the sample space S such that BcC and

P(A>0).P(BlA) =P(ClA)
Proof:

LA )
p(Cla) = P

Pl{ENCNA I EnEnAl)
PiA}

P(BNCNA) | P fncnd)
i) Al

—p@BN C | Ak p(BnC|A)

Now, B=C =+ BriC=B

~Pcla)=p Bla)+ P@ ncla)

- P(ClA)=P(BlA)
Theorem:
If A and B are independent events then A and & are also independent events
Proof:
WE have P(AN B) = P(4) = (AN B)
=P(A)-P(A) P(B) [ A and B are independent]
=P(A) [1-P(B)]
=P(A) P(B)
= A and § are independent events
Theorem:
If A and B are independent events then Aand & are also independent events

Proof:

We are given P(AT ] = PLAIF(H)



Now P(A N B) = P(AUE)
=1-P(AY B)
= 1-[P(A) + P(B) — P(A" F]]
=1-[P(A) + P(B) - P(A) P(B)]
=1-P(A)-P(B) + P(A) P(B)
=[1-P(B)] -P(A) [1-P(B)]
=[1-P(B)] [1-P(A)]
=[1-P(A)] [1-P(B)]
= P(A) P(B)

= A and  are independent events

Theorem:

If A,B,C are mutually independent events when A
U B and € are also independent

Proof:
We are required to prove
P[(AY B) N ] = PlA U B)P(C)
LHS.=p[ANC)U(BnC])] [ Distributive Law]
=pANEC)+PBNC) = PFANBNC)
=P(A) P(C) + P(B) P(C) — P(A) P(B) P(C)
[A, B, and C mutually independent)
=P(C) [P(A) + P(B) — P(" £1]
—P(C) P(AY B) = R.H.$
Hence (AY B) and  are independent
Theorem:

Prove that if A,B and C are random events in a sample space and if A,B,C are pair wise independent and

A is independent of
(BU ), then A, B and C are mutually independent

Proof:



We are given,
PANB)=P A P(B)
PBNnC =PBPC > (1)

PANC =PAPC

PAN((BUC)=P(A)PBUC)

Now,
PIAN(BUC)] = pllANBYU(ANC)

=pANB) + PANC) = PlLANBY N (AN )]

=P(A) P(B) + P(A) P(C) —P(AM EL) ... )

And

P(APBY ) = P(A)P(BE) + P(C) - P(EnC]]

=P(A) P(B) + P(A) P(C) —P(A)PBME]............ (3)
From (2) and (3) on using (1) we get
p(An B N C) = P(AP(BNC)
=P(A) P(B) P(C)
Hence A, B, C are mutually independent
Theorem:
For any two events A and B, P(AN B) = P(A) = P(A U B)P(A) + P(B)

Proof:

We have

A=@ANE) u(Ang)
We have P(A) = P{ (AN B} U (AN §)

—pAN B} + P(ANB)

ButplANE) =0
“P{A) = PANE)
Similarly P(B) = F{A N E)
= P(B) - P(AN ) == 0
Now P(AM B) = P(A) + [F(B) — F(An B)]

P(AY B) = P(A)



= P(A) < P(AUR)

Also P (AU B} = P(A)+ P(B)  From (2)
Hence from (1),(2) and (3) we get
pP(AN B) = F{A) = FIAUE) = P(A) + P(B)

Example:

Two dice, one green and the other red, are thrown. Let A be the event that the sum of the points on the
faces shown is odd and B the event of at least one ace (number ,,1%)

a. Describe the
1) complete sample space.

i1) events A,B, H, AnB, AUB, and A & and find their probabilities assuming all the
36 saple points have equal probabilities.

a. Find the probabilities of the events
i @AuBi AnB)i (An By,
(AnA)
v.  ANB vi AuBvii (AUE) i,
An(AuBix Au(dng)
x.  (A|B)and (B|A)and (A | H) and (i | A)
Solution:

The sample space S, consists of the 36 elementary events
{(1,1); (1,2); (1,3); (1,4); (1,5); (1,6)

(2,1);(2,2); (2,3); (2,4); (2,5); (2,6)

(3,1); (3,2); (3,3); (3,4); (3,5); (3,6)

(4,1); (4,2); (4,3); (4,4); (4,5); (4,6)

(5,1); (5,2); (5,3); (3,4); (3,5); (3,6)

(4,1); (4,2); (4,3); (4,4); (4,5); (4,6)

(5,1); (5,2); (5,3); (5:4); (5,5); (5,6)

(6,1); (6,2); (6,3); (6,4); (6,5); (6,6)}

for example, the ordered pair (4,5) refers to the elementary event that the green die shows 4 and
the red die shows 5.

A= the event that the sum of the numbers shown by the two dice is odd.

= {(1,2); (2,1); (1,4); (2,3); 3,2); (4,1); (1,6); (2,5); (3.4); (4,3); (5,2); (6,1); (3,6); (4,5); (5.4);
(6,3); (5,6); (6,5)}

Therefore,

nfdy 18

P(A) = n{%) 2k
B= the event that at least one face is 1

= {(1,1); (1,2); (1,3); (1,4); (1,5); (1,6); (2,1); (3,1) (4,1); (5,1); (6,1)}



therefore

mi By

P(B) = n{%)

i = the event that each of the face obtained is not an ace

={(2,2); (2,3); (24 (2.5); (2,6); (3,2); (3,3); (3:4); (3.3); (3,6); (4,2); (4,3);

(4,4); (4,5); (4,6); (5,2); (5,3); (5.4); (5,5); (5,6); (6,2); (6,3); (6,4); (6,5); (6,6)} therefore
) = M)

P( n{&)

i

ArB = the event that sum is odd and atleast one face is an ace. ={(1,2);

(2,1); (1,4); (4,1); (1,6); (6,1)}

r{4NE) L 1

o P{-"‘Inﬂ} = nix) ¥ 6

AUB = {(1,2); (2,1); (1,4); (2,3); (3,2); (4,1); (1,6), (2,5); (3,4); (4,3); (5,2); (6,1); (3,6); (4,5); (5,4); (6,3);
(5,6); (6,5); (1,1); (1,3); (1,5); (1,5) 3,1), (5, 1)}

miduB) 23
nix) 345

AN B ={(2,3); (2,5); (3,2); (3:4); (3,6); (4,1); (4,5); (5,2); (5,4) (5.,6), (6,3) (6,5)}

ZP(AUB) =

n(d n f)

P(ANE) = )

| ]

s

1

K
b.i.p (AUE) =P(ANE)

=1-P (.-'1 i)

1 5
e TR ) P(

AnBy=PAU R
= 1-P(AV B)

=1-P(A) - P(B) + P(A" H)

1H 11 [}

T36 36 36

13
36 111,

|

P(AnB) = P(A) = P(ANE)



36 I
_12
34
-
i
iv) P(A N B) = P(B) = P(ANB)
n_s
i 1n
= =
s

V)PANB) = 1= P(ANB)

wl=

g

fi

vi) PAUB)=P(@)+ P(B)- PLANE)
0159+ %%
_ 2

1

vii) P(AUB)=1=FP(AUE)

2
TR T

viii) PA N (AUB)] = P[(ANnA) U (AnB)

—pANB) [and= 0

5

146
ix) P(AY(ANB)] = P(A) + P(ANB) - P(ANANB)

=p(A) + P(A N A)

14 5
AT
Pl
X6
ElAng)
x. P(A|B)= ri&)
e
11,34
=2
T



HLANE )

P(B|A)= Fia)

T ]

18,545

E |
HANd)
xi. P(A|B)= FiE)

[N L]

LR

s |
=

P( Brd)

Example:

If two dice are thrown, what is the probability that the sum is a) greater than 8 and b) neither 7 nor 11?

Solution:

a.) If S denotes the sum on the two dice then we want P(S>8)
1. S=9, (i1) S=10, iii) S=11 iv) S=12

Hence by addition theorem of probability = P(S>8) = P(S=9) + P(S=10) +
P(S=11) + P(S=12)
n(S) =36
The number of favorable cases can be enumerated as follows S=9: (3,6), (6,3), (4,5),
(5.4)

i.e. 4 sample points

i

P(S=9)=7

S=10; (4,6), (6,4), (5,5) i.e. 3 sample points

P(S=10) = s

S=11: (5,6), (6,5) i.e. 2 sample points

2

P(S=11)= 7



S=12:(6,6) i.e. 1 sample point

P(S=12)=1

] ] & 1

P(S>8)=3 3 36 36 36 18

b. Let A denotes the event of getting the sum of 7 and B, the event of getting the sum of 1 with a pair of
dice.

S=7; (1,6), (6,1), (2,5), (5,2), (3,4), (4,3)

il. 1.e. 6 distinct sample points
LR |
P(A)=P(S=7)=m =&
S=11; (5,6), (6,5)
& 1
P(B)=P(S=11)=1 11
Required probability = (A N )
= 1-P(AY £)

I-[P(A) + P(B)] (~ A and B are disjoint events) =1— T_

18

-

W
Example:

An urn contains 4 tickets numbered 1,2,3,4 and another contains 6 tickets numbered
2,4,,6,7,8,9. If one of the two urns is chosen at random and a ticket is drawn at random from the chosen
urn, find the probability that the ticket drawn bears of the number

1. 2 or4 (i1)) 3 (i) 1 or 9
Solution:

1. Required event can happen in the following mutually exclusive ways,
1. First urn is chosen and then a ticket is drawn
1I. Second urn is chosen and then a ticket is drawn

Since the probability of choosing any urn is % the required probability P is given by

P=P(I) + P(IT)

I
|

M o=+ = %

Fa ] =
FaL
ra] =
T
b
[

1

1 1
ii) Required probability = z Rt



1 1 -
iii) Required probability=2 4 " 2 & 24
Example:

A card is drawn from a well — shuffled pack of playing cards. What is the probability that it is
either a spade or on ace.

Solution:

Let A and B denote the events of events drawing a spade card and an ace respectively. Then A consists of
13 sample points and B consists of A sample points.

ie.P(A)==5zand P (B) ==z

14 ]
The compound event Ar fconsists of only one sample point

1
ie.pANP) =5

The probability that the card drawn is either a spade or an ace is given by

pAU B} = P(A) + P(B) - P(ANB)

13 1 1

5E 52 &2

Example:

A box contains 6 red, 4 white and 5 black balls. A person draws 4 balls from that among the
balls drawn there is at least one ball of each color

Solution:

The required event E that in a draw of 4 balls from the box at random there is at least one ball of each
color can materialize the following mutually disjoint ways.

1) 1 red, 1 white, 2black balls ii) 2 red, 1 white, 1
black balls iii) 1 red, 2 white, 1 black balls

Hence by the addition theorem of probability the required probability is given by,

P (E) = P(i) + P(ii) + P(iii)

-
H

‘.l-_."\.'lll.-'\!rl:'_ I'l.__-a-|||J-C-:|i L bal'q M Ay M

15y

[ 6x4x 10+ 5xdX5+HxbX5)

1
15=ld=13x12
24 = T20

15=14=13=12

[ 240+300+180]

0.5275



Example:

A problem is statistic is given to the three students A,B and C whose chances of solving it
are Y2, -3/4, and Y respectively. What is the probability that the problem will be solved?

Solution:
Let A ,B ,C denote the events that the problem is solved by the students A,B,C respectively.

Then, P (A) = %4, P(B) = % and P(C) = 1/4

PIAUBUC)
= P(A) + P(B) F P(C)= PANE) = PANE)= P(BN )
+PANBENC

P(A) + P(B) + P(C)— P{A).P(B) — P(A). P(€) = P(B). P(C) 4
P(A). P(B). P(C)

P | ==
aa
= | L
h
i | =
|
P | =
mll'_
FRES
|-
|
Fd | i
| i
+

T
T

H=
I

Example:

A bag contains 6 white 9 black balls. Four balls are drawn at a time. Find the probability for the
first draw to give 4 white and the second to give 4 black balls in each of the following cases.

1. The balls are replaced before the second draw

1. The balls are not replaced before the second draw

Solution:

1. The experiment of drawing 4 balls from a bag containing 6 white and 9 black balls result in 15C4
ways and hence the sample space consist 15C4 sample points.

Let A be the event that the first drawing gives 4 white balls and B be the event that the second drawing
gives 4 black balls.
The event A consists of 6C4 sample points as there are 6 white balls and 4 are to be  chosen from them

aily

P(A) = 156,

Now, if the drawn balls are not replaced our sample space is reduced to 11C4 points only. The event B
that the second draw results in 4 black balls.

& 9Ly

P(4 BTN

Hence, P(AN B) = P(A) x P(B | A)



By By
158, 115

15

i1) consider the same experiment with replacement

Gy

P(A) = 1504
Whether A has occurred or not, the probability of drawing 4 black ball in the second draw is 94 | 154
pAn B) = P(A) x P(B|A)

=P(A).P(B), as B is independent of A

|'||'_'| Ay (]
150 150 5926

Exercise:

1. A bag contains 6 balls of different colors and a ball is drawn from its. A speaks truth thrice
out of 4 times and B speaks truth 7 times out of times. If both A and B say that a red ball was
drawn, find the probability of their joint statement being true (Ans : 7/15)

2. A and B are two very weak students of statics and their chances of solving a problem
correctly are 1/8 and 1/12 respectively if the probability of their making a common mistake is
1/1001 and they obtain the same answer, find the chance that their answer is correct (Ans : 13/14)

3. A bag contains 10 balls, two of which are red three blue and 5 black. Three balls are drawn
at random from the bag, that is every ball has an equal chances of being included is the three
what is the probability that

1) The three balls are of different colors

i1) Two balls are of the same colors and

ii1) The balls are all of the same color?
[{§] 74

Ans: 120 i) 120 ke 120

Bayes Theorem Statement

Let E,, E,,....E. be a set of events associated with a sample space S, where all the events E;, E.,..., E. have
nonzero probability of occurrence and they form a partition of S. Let A be any event associated with S, then
according to Bayes theorem,

P(Ei| A) = P(E)P(A|E)Sk=1nP(Ex)P(A|EK)
foranyk=1,2,3,..,n



Bayes Theorem Proof

According to the conditional probability formula,

P(Ell A) = P(EINAIP(A) +ervreerervnnsesnnnnnss (1)

Using the multiplication rule of probability,

P(ElnA) = P(El)P(Al El) ........................ (2)

Using total probability theorem,

P(A) = Yk=1n P(EK)P(A|EK) -+ vreeeeeseeeeressennnnnees (3)

Putting the values from equations (2) and (3) in equation 1, we get

P(Ei| A) = P(E)P(A| E)Si=1n P(Ex)P(A|EK)
Note:

The following terminologies are also used when the Bayes theorem is applied:

Hypotheses: The events E;, E,,... E. is called the hypotheses

Priori Probability: The probability P(E) is considered as the priori probability of hypothesis E

Posteriori Probability: The probability P(E|A) is considered as the posteriori probability of hypothesis E;

Bayes Theorem Formula

If A and B are two events, then the formula for Bayes theorem is given by:
P(A|B) = P(AnB)/P(B)

Where P(A|B) is the probability of condition when event A is occurring while event B has already occurred.
P(A N B) is the probability of event A and event B
P(B) is the probability of event B

Bayes Theorem Derivation

Bayes Theorem can be derived for events and random variables separately using the definition of conditional
probability and density.

From the definition of conditional probability, Bayes theorem can be derived for events as given below:
P(AIB) = P(A N B)/ P(B), where P(B) # 0

P(BIA) = P(B N A)/ P(A), where P(A) # 0

Here, the joint probability P(A N B) of both events A and B being true such that,

P(BNA)=P(ANB)

P(ANB)=P(A|B)P(B)=P(B|A)P(A)

P(AB) = [P(B|A) P(A))/ P(B), where P(B) # 0

Similarly, from the definition of conditional density, Bayes theorem can be derived for two continuous random
variables namely X and Y as given below:

fx1Y=y (X) =fvepntr () Y 1X=x(y) = venf(x)
Therefore,

X1 Y=y (X) =frix=(y) () fr (v)
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Examples and Solutions

Some illustrations will improve the understanding of the concept.
Example 1:

A bag | contain 4 white and 6 black balls while another Bag Il contains 4 white and 3 black balls. One ball is
drawn at random from one of the bags, and it is found to be black. Find the probability that it was drawn from
Bag I

Solution:

Let E1 be the event of choosing the bag |, E2 the event of choosing the bag Il, and A be the event of drawing a
black ball.

Then,P(E1) = P(E2) = 12
Also,P(A|E1) = P(drawing a black ball from Bag I) = 610 = 35

P(A|Ez2) = P(drawing a black ball from Bag Il) = 37
By using Bayes' theorem, the probability of drawing a black ball from bag | out of two bags,

P(E1|A) = P(E1)P(A|E1)P(E1)P(A| E1)+P(E2)P(A|E2)

=12 X 3512 X 35 + 12 X 37 = 712

Random Variable Definition

A random variable is a rule that assigns a numerical value to each outcome in a sample space. Random
variables may be either discrete or continuous. A random variable is said to be discrete if it assumes only
specified values in an interval. Otherwise, it is continuous. We generally denote the random variables with
capital letters such as X and Y. When X takes values 1, 2, 3, ..., it is said to have a discrete random variable.

As a function, a random variable is needed to be measured, which allows probabilities to be assigned to a set
of potential values. It is obvious that the results depend on some physical variables which are not predictable.
Say, when we toss a fair coin, the final result of happening to be heads or tails will depend on the possible
physical conditions. We cannot predict which outcome will be noted. Though there are other probabilities like
the coin could break or be lost, such consideration is avoided.

Variate

A variate can be defined as a generalization of the random variable. It has the same properties as that of the
random variables without stressing to any particular type of probabilistic experiment. It always obeys a
particular probabilistic law.

e Avariate is called discrete variate when that variate is not capable of assuming all the values in the
provided range.

o If the variate is able to assume all the numerical values provided in the whole range, then it is called
continuous variate.

Types of Random Variable
As discussed in the introduction, there are two random variables, such as:
e Discrete Random Variable

e Continuous Random Variable
Let's understand these types of variables in detail along with suitable examples below.
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Discrete Random Variable

A discrete random variable can take only a finite number of distinct values such as 0, 1, 2, 3, 4, ... and so on.
The probability distribution of a random variable has a list of probabilities compared with each of its possible
values known as probability mass function.

In an analysis, let a person be chosen at random, and the person’s height is demonstrated by a random
variable. Logically the random variable is described as a function which relates the person to the person’s
height. Now in relation with the random variable, it is a probability distribution that enables the calculation of
the probability that the height is in any subset of likely values, such as the likelihood that the height is between
175 and 185 cm, or the possibility that the height is either less than 145 or more than 180 cm. Now another
random variable could be the person’s age which could be either between 45 years to 50 years or less than 40
or more than 50.

Continuous Random Variable

A numerically valued variable is said to be continuous if, in any unit of measurement, whenever it can take on
the values a and b. If the random variable X can assume an infinite and uncountable set of values, it is said to
be a continuous random variable. When X takes any value in a given interval (a, b), it is said to be a continuous
random variable in that interval.

Formally, a continuous random variable is such whose cumulative distribution function is constant
throughout. There are no “gaps” in between which would compare to numbers which have a limited probability
of occurring. Alternately, these variables almost never take an accurately prescribed value ¢ but there is a
positive probability that its value will rest in particular intervals which can be very small.

Random Variable Formula

For a given set of data the mean and variance random variable is calculated by the formula. So, here we will
define two major formulas:

e Mean of random variable
e Variance of random variable

Mean of random variable: If X is the random variable and P is the respective probabilities, the mean of a
random variable is defined by:

Mean (g) = 3 XP
where variable X consists of all possible values and P consist of respective probabilities.

Variance of Random Variable: The variance tells how much is the spread of random variable X around the
mean value. The formula for the variance of a random variable is given by;

Var(X) = 02 = E(X?) — [E(X)]2
where E(X2) = YX2P and E(X) = 3 XP

Functions of Random Variables

Let the random variable X assume the values x;, x,, ...with corresponding probability P (x:), P (x2),... then the
expected value of the random variable is given by:

Expectation of X, E (x) =Y x P (x).

A new random variable Y can be stated by using a real Borel measurable function g:R—R, to the results of a
real-valued random variable X. That is, Y = f(X). The cumulative distribution function of Y is then given by:

Fu(y) = P(g(X)sy)


https://byjus.com/maths/probability-distribution/
https://byjus.com/maths/mean-variance-random-variable/

If function g is invertible (say h = g' )and is either increasing or decreasing, then the previous relationship can
be extended to obtain:

J‘ PlX higll = Fylhiyll, ifh =g ' increasing.
% _'.'- = ]I _|]| .‘I.I = 1
]. P{A = hly)) | = Fylhlyl)l, Hh=¢" decreasing

Now if we differentiate both the sides of the above expressions with respect to y, then the relation between
the probability density functions can be found:

fu(y) = f«(h(y))Idh(y)/dyl

Random Variable and Probability Distribution

The probability distribution of a random variable can be

o Theoretical listing of outcomes and probabilities of the outcomes.

e An experimental listing of outcomes associated with their observed relative frequencies.

e A subjective listing of outcomes associated with their subjective probabilities.
The probability of a random variable X which takes the values x is defined as a probability function of X is
denoted by f (x) = f (X = x)

A probability distribution always satisfies two conditions:

o f(x)=0

o 3f(x)=1
Probability Generating Functions — Introduction A polynomial whose coefficients are the probabilities associated
with the different outcomes of throwing a fair die .

G(n)=0n0+16n1+16n2+16n3+16n4+16n5+16n6

The coefficients of the square of this polynomial give rise to a higher-order polynomial whose coefficients are the
probabilities associated with the different sums which can occur when two dice are thrown. There is nothing
special about a fair die.

The set of probabilities associated with almost any discrete distribution can be used as the coefficients of G(n)
whose general formis: G(n) =P(X=0)n0+P(X=1)n1+P(X=2)n2+P(X=3)n3+P(X=4)n4d+- -

) This is a power series which, for any particular distribution, is known as the associated probability generating
function.

Commonly one uses the term generating function, without the attribute probability, when the context is
obviously probability. Generating functions have interesting properties and can often greatly reduce the amount
of hard work which is involved in analysing a distribution. The crucial point to notice, in the power series
expansion of G(n), is that the coefficient of n r is the probability P(X =r).

Properties of Generating Functions

It is to be noted that G(0) = P(X = 0) and, rather more importantly, that: G(1) =P(X=0) + P(X=1) +P(X=2)+ - - =
XrP(X=r)=1

In the particular case of the generating function for the fair die: G(1)=0+16+16+16+16+16+16=1



Next, consider G(n) together with its first and second derivatives G’ (n) and G"(n) (the differentiation is with
respect to n of course):

G(n)=P(X=0)n0+P(X=1)n1+P(X=2)n2+P(X=3)n3+P(X=4)n4+---G'(n)=1P(X=1)n0+2P(X=2)n1+
3P(X=3)n2+4P(X=4)n3+---G"(n)=2.1P(X=2)n0+3.2P(X=3)n1+43P(X=4)n2+--

Now, consider G(1), G’ (1) and G"(1): G(1) =P(X=0)+P(X=1)+P(X=2)+P(X=3)+P(X=4)+- - -

G (1)=1P(X=1)+2P(X=2)+3P(X=3)+4P(X=4)+---G"(1)=2.1P(X=2) +3.2P(X=3)+4.3P(X=4)+--- At
this stage, recall the general formula for the expectation of an arbitrary function of a random variable: E

Mathematical expectation.
Definition:

Let x be a discrete random variable which can assume any of the values X1, X2,..X, with corresponding
probabilities Pi= P(x=x;) i=1,2,... Then the mathematical expectation of x, denoted by E(x) is defined by

E(x) = LiPX iprovided the series is absolutely convergent.
Example:

1.Let X be the discrete random variable taking the values 1,2,..., 6 with corresponding probabilities P; =
1/6

Then E(x) = L= FiX;

(4= (2 + e, +%{E~J

-
fy

S(1+2+3+4+5+6) =2

2. Let x be a random variable having the p.d.f

{ :— ifx=123
P(x)= * 0 otherwise
Then E(x*+2x?) =E (x*) + 2 E (x?)

Vi T P(x)+ 2%, x* P(x))

Mathematical expectation of continuous random variable
Definition:

If x 1s a continuous random variable with p.d.f f (x) then mathematical expectation of x is defined

to be E(X) = J . xf(x)dx



Provided the integral is absolutely convergent.
g (@(x)) -'-ft th (x)f (x) dx where Y(x)is a functionof r.v. X
Example: Let x have a p.d.ff(x)=  **2if—2<x <4

— 18

0 otherwise

Solution:
1. E(x) = -'r |u dx
% G+ 2
L[ =8
=5 [(F+16) = (F+ 4)]
2 oplne
18 l 1] =2
. E[(x+2)"] = E(x*+4x+4)
= E(x?) +4E(x) + 4
j x {mewi {(x)+ 4
1o J 2x 44
Ty (4x2 +4)
[{r;4 +=) - (4 -2
1 320 ¥
wis 5t
=18+12=30
Definition:

Let X be a r.v E(x) is called the mean value of x and is denoted by H.
Hence X = = E(X)

E(X"), r=1 is called the ' moment of X about the origin and is denoted by
My Hence Hr = E{X"and

=M1

E(X-)? is called the variance of X and is denoted by @ The positive square root @of the variance is
called the standard deviation of X.

E(X-H)" is called the r' central moment of X and is denoted by #;

Hence M- E(X-H)



Lemma:

al= E(x?) — [E()]) = gz = iy

Proof:
a?=E [~ H)']
= E(x? = 2ux + p*)
= E(x?) — 2uE(x) + u?
= E(x?) = 2[E(x)]* + [E(X)P
= E(x?) = [E(x)])?
=y = oy’
Lemma:
By = e — T Bty + T 000 5
Proof:
p r = E[(X — p)']
El:.!t" — 1 pX’ ! = +;|

iy = Ty ity T g
In particular, 1 = E(X —p) = E(X) —p=p—-pu=10

Mz =y — 2uyp + plpg
“ g = g = .IIIL_I(Since.l‘I = iy andyig = 1)

M3 = = 3pzpy + 20 )

Problem:

A random variable X is defined as the sum of the numbers on the faces when two dice are thrown. Find
the expected value of X.

Solution:

The probability distribution of X is given by the following table.

x |2 |3 |4 |5 |6 |7 |8 |9 |10 |11 |12

p(:,J]EE#SﬁS#EEI




xip (xi)
=2(1/36)+3(2/36)+4(3/36)+5(4/36)+6(5/36)+7(6/36)+8(5/36)+9(4/36)+10(3/36)+11(2/3
6)+12(1/36)=252/36=7.

Problem:

A random variable X has the following probability functions.

x, |2 |-1]0 |1 |2 |3
P(*i) |01 |K |02 |2k |03 |k

Find (i) the value of k (ii) mean (iii) variance (iv) PL¥ = 2] (v) plx < 2)

(vi) pl=l<x< 3]

Solution:
i &m=1
= 0.1+k+0.2+2k+0.3+k=1
=4k=0.4
=k=0.1.

x, |2 |-1 10 |1 |2 |3
P(*) [0.1]0.1[0.2]02[0.3]0.1

Hence the probability function is

(i) Mean=F(X) = X xp(x;),
=(2)(0.1)+(-1)(0.1)+(0)(0.2)+(1)(0.2)+2(0.3)+3(0.1)
=0.8.

(iii) variance=E (X*) = [E(X))?

=X x,"p(x;).0.82
—[4(0.1) + 1(0.1) + 1(0.2) + 4(0.3) + 9(0.1)

=2.8-0.64=2.16.

(v) plx = 2} = pi&X = 2) + p(= 3)=0.3+0.1=0.4.
v) plx<2}=1-plx=22) =06
v P(-1<x<3)=pX=0)+pX=1)+p(X =2)

=0.2+0.2+0.3=0.7.



Problem:

Let X have the p.d.f f(x)= **+1,if)-1<x<I
2

0, otherwise.
Find the mean and standard deviation of x.

Solution:
p=E() = [ xf(x)dx = [ x(2)dx
1 il
_|.."E|T + ?l—l
1
n=
a*=E(X*)-[E(X)]?

- 1 E e+ Daxe(Y)’

Moment Generating Function:
Definition:

The moment generating function (m.g.f) for any random variable X about the
origin is defined by My () = E{e™) =

J.{e”}f{x".ldr if Xisacontinuosr.vwithp.d.f f(x)

(x)=
fx ZEr'TP[.T}. if X isa discrete r.vwithp.d. f P(x)

X

Where the integration or summation is taken over the entire range of X and t is a real parameter.
Definition:

More generally the m.g.f of a random X about a point a denoted by
My_.(t)is defined by My_, (L) = .I".'{E”” ":1

Example :

]

—_— I x =123 ..

mixd

Define P(x) ['I'I'. otherwise



xd

_y 5 L Bww L
Now, LP®) =L - e

f ns |
=z " & (Since 1 + 22

1 m*
1 ET"'+-_ :T] |
s Pix)isa prabability distribution of the r.v X
Now, the m.g.f of X, if it exists, is given by My () = E(e™) = X ™ Plx)

gt ()

izt

_,_:l - I_.Il:
i & 1 TTI

The above series, by ratio test ,diverges for t>0.

& Moment generating function of X does not exist
Properties of moment generating function:
1. The r'" derivative of m.g.f of r.v X at t=0 is Hr,

Proof:

Let My (t)be the m.g. f of the r.v X

s L. O DI
Theg Me(®) =14+ + 202 4+ B 4

L =;4'.-!|-!;4:,|
o arr My () ==5 ir+l)it

" o
At t=0,a7 Mr (D)=
Problem:

A random variable X has the probability function

P(x)=_-l1 ;x=123.. Findits (()m.g.f

(i1) Mean and (ii1) Variance.
Solution:

X 1s a discrete random variable
() (Me(t)=g(e™) = £, P(x)

To e (o)

2 (3)

X



(2t hetaetet 2a!

[2—ef  [2-el)

iy
ill!;”_‘-[f}

r d
s [Em@)] -2

=l

. )
(2—e') 242" 22-e")

P
e’}

|!'I
—TiMy (L) =

Bt —Zp=t

(2—ef)?
¥ dE
< g —|FM‘||'|::I.']]’=I}—|5

(iii) Variance #z = #z = (i1;)°
—6-4=2
Problem :

Find the m.g.f of the r.v X having the p.d.f

_] )
nxa={? Theess
i, ot herwise

Solution:

X is a continuous random variable.
[ral

M, (t) = E(e™) = Ie”fl{x}dr

—_—

LR gtrge A
3l etdx 3[¢I-1 when t 0



2 —

T} when t= [

1.2 1
=0, M.(t) = 3 -'-—1. dx =3 [IIE1=1

when t
a2 — gt
M) ={""3; whent = 0
HAR 1 whent =0
UNIT 111

(Characteristic Functions) The characteristic function of a random variable X is defined as

bx(t) = Ee'¥ te R

(where Be'™® = FeostX + iEsintX)

Example 7.0.43 Let X BE[‘IIUUI].'ll:Pll.Then

dx(t) = (1 —p)+ pe”.

X ~ exponential{ A) . Then

Pby(t) = EftX  — J.ffeﬂ*{::"”d.r
i

= 4 sintre “Tdx)
0
= Aapog +igeg)
a A+ 2 A%+ 2
Al A + it
= St teR
A2+ ¢
Theorem For any random variable .:’f, its characteristic function tpx{j is uniformly
c_ontinuous on [ and satisfies
O dyi0) = 1
M Jex(t) <1
(iii) @H(—tj = Dy {t;’l _ where for £ a complex number, z denote the conjugate.
Proof: We prove (iii), (i) and (ii) are exercises.
Dy({—t) = Fe ™™ = FeostX —iEsintX
= FeosiX +1FEzntX
= Qy(L).
|Bx(t+ahy) — x(t)] = |E(eHRX —X)|
E_‘l{-:fh.f '||

1A

E\/2(1 — cos(hX))



Using Dominated Convergence theorem, uniformly in  as h = 0, This imply

that T x is uniformly continuous.
Theorem If the random variable X has finite moments upto order ™. Then T has
continuous derivatives upto order j;.More over

FEXF = oP0), k=1,2,...,n.

Proof. Consider

Dx(t+ h)— Px(i) = EletX ”H—l}']
h
since |qike _ 1| < |h_']'_‘|;|,weget
_ I:'-m'l.‘l:.- 1
F‘-“F:!J{ L& h }l E E .lnrl o 0.

Hence by Dominated Convergence theorem

i X 1
lim J'E'[ﬂ”"f u

= EliXe*¥).
h—s{) h ] BX: ]

Therefore
Py (t) = E[iXe™X].
Put £ = (J, we get
(1] . .
oy (0) = i EX.
For higher order derivatives, repeat the above arguments.

(Inversion theorem) Let X be a random variable with distribution function & and characteristic function
I:fl'_f{':l.Then

2r if
whenever i, I are points of continuity of F.

1 o o ita £ ith
F{b) — Fla) = —f € "€  ay(p)d,

n o

Proof. Consider



1

2r J_ e

Hence, using

—ita

.

— it 1 —ita —ith

£ —° ax(tydt = —— FEedt

o J it

1 —ita _ —ith
= —FK A

2r fowe it

it

X —a) (X —8)
- E F c - dt
- 2mif

gitlX—a) _ Git(X-8)

df

" gt X—a) _ ~it(X~B)
2mit - it

245inf = EHI — & m,we have

F Eit[x—n] _IE't{x_b}dt _ ijm Sl'ﬂﬂ::":—ﬂ}dt B lfu:: Sfﬂf{x—b}dt_
. 2mit 7 Jo t T Jo ¢

I

Sin

T

I

Pz = 5 5gm(a)

m

sgmn{a)

lfmSiﬂE{I—u}dL _
i t

% if X>a
0 if X=a
-1 if X <a,
-1 if a<i
{l if a=0

1 if a=0.

(7.0.1



where
Similarly, the other integral. Combining (7.0.1), (7.0.3) and (7.0.4), we complete the proof.

Theorem (Uniqueness Theorem)

Let Xy. X2 be two random variables such that Ty = @ X2.Then X1, X2 have

same distribution.
Proof: Using Inversion theorem, we have

Fi(b) — Fi(a) Fa(b) — Fala)

for all Fi. Fa i1 b
a.be R SRS
Now let , we have
L — N

Fi(b) Fa(b)

b forall at which ] and %

are continuous. Therefore

Fy = F; (Exercise)

Properties

o The characteristic function of a real-valued random variable always exists, since it is
an integral of a bounded continuous function over a space whose measure is finite.

e A characteristic function is uniformly continuous on the entire space

e It is non-vanishing in a region around zero: ¢(0) = 1.
e Itis bounded: |p(?)| < 1.

o Itis Hermitian: ¢(—¢) = ¢(?). In particular, the characteristic function of a symmetric
(around the origin) random variable is real-valued and even.

o There is a bijection between probability distributions and characteristic functions.
That is, for any two random variables X1, X2, both have the same probability

distribution if and only if

e Ifarandom variable X has moments up to k-th order, then the characteristic function

¢x 1s k times continuously differentiable on the entire real line. In this case


https://en.wikipedia.org/wiki/Measure_(mathematics)
https://en.wikipedia.org/wiki/Uniform_continuity
https://en.wikipedia.org/wiki/Hermitian_function
https://en.wikipedia.org/wiki/Even_and_odd_functions
https://en.wikipedia.org/wiki/Bijection
https://en.wikipedia.org/wiki/Probability_distribution
https://en.wikipedia.org/wiki/Moment_(mathematics)

o If a characteristic function @x has a k-th derivative at zero, then the random
variable X has all moments up to & if k is even, but only up to k — 1 if k is odd.[tH

o IfXi, .., X, are independent random variables, and a1, ..., a, are some constants, then

the characteristic function of the linear combination of the X; 's is

o et @ {r) be the characteristic function, defined as the Fourier transform of the probability density

function ¥ (x) using Fourier transform parameters ® = b= ,

¢ =F [P

:_F:'“F{r]n.

e The cumulants ¥ are then defined by

e (Abramowitz and Stegun 1972, p. 928). Taking the Maclaurin series gives

g ()= GE0p 4§ G (- )+ G0t 207 =3 4 )+
L0 (=600 + 1200 g =3 T~ A g g+ 1) 4

5—'_{:‘:!1"14;4'," — 60 pi Y+ 2007 = 10 g8 4 + 5 [ﬁpf—pihp’;[ln.. .

. wheref"': are raw moments, so
K =
K= -t
o =207 =3 o
oE=fpt #1207 g =3 T = A 4

iy =24 407 = 60 g g + 20 07 gy = 10 i i + 5 ) (67 = ) + .

e These transformations can be given by CumulantToRaw[n] in the Mathematica application

package mathStatica.
e In terms of the central moments Ha,

(1)

)

(3)

(4)

®)
(6)
()
8)
9)

i o=

Ky = iy

(10)
(11)


https://en.wikipedia.org/wiki/Characteristic_function_(probability_theory)#cite_note-11
https://mathworld.wolfram.com/CharacteristicFunction.html
https://mathworld.wolfram.com/FourierTransform.html
https://mathworld.wolfram.com/ProbabilityDensityFunction.html
https://mathworld.wolfram.com/ProbabilityDensityFunction.html
https://mathworld.wolfram.com/FourierTransform.html
https://mathworld.wolfram.com/MaclaurinSeries.html
https://mathworld.wolfram.com/RawMoment.html
https://www.wolfram.com/mathematica
https://www.wolfram.com/products/applications/mathstatica/
https://mathworld.wolfram.com/CentralMoment.html

Ky = Iy
K= gy =30
ks = pis = 10 gty s,

where H is the mean and @™ ¥ [ js the variance. These transformations can be given
by CumulantToCentralln].

Multivariate cumulants can be expressed in terms of raw moments, e.g.,
Ky om el fhg e

Ky =2y gt =2 g py = Hy pag .

e and central moments, e.g.,
i o=
M| o= iy
kg o= =3 i) g+ i
ey = =0 g iy =4 iy g +

Mg =30 png = 10 gy = 10 pyg pry = 5y pag + pis)

e using CumulantToRaw[:m, n, ...|] and CumulantToCentral[:m, n, ...|], respectively.
e The k-statistics are unbiased estimators of the cumulants.

Chebyshev Inequality
The Chebyshev inequality enables us to obtain bounds on

(12)
(13)

(14)

(15)

(16)

(17)
(18)
(19)
(20)

(21)

probability when both the mean and variance of a random variable

are known. The inequality can be stated as follows:

Chebyshev's Theorem states:



https://mathworld.wolfram.com/Mean.html
https://mathworld.wolfram.com/Variance.html
https://mathworld.wolfram.com/k-Statistic.html
https://mathworld.wolfram.com/UnbiasedEstimator.html

Pllx— s ko) |—% or P{|x—,c.-|.-.~'cr]|si_

]
&

mean O = standoard deviation k=8 of standord deviations we are willing (o go from the mean

Calocworkshop.com
Chebyshev’s Inequality Formula

Remember, Chebyshev's inequality implies that it is unlikely that a
random variable will be far from the mean. Hence, our k-value is our
limit that we set, stating the number of standard deviations we are
willing to go away from the mean.

Example

So now let's look at an example. Suppose 1,000 applicants show up
for a job interview, but there are only 70 positions available. To select
the best 70 people amongst the 1,000 applicants, the employer gives
an aptitude test to judge their abilities. The mean score on the test is
60, with a standard deviation of 6. If an applicant scores an 84, can
they assume they are getting a job?




f u=60 o=6 k=? P(x>84)="

| X —u|—>|84-60[=24 and 24=4(6) so k=4

if P(|X - p|> ko)< L, then F{x}m)f_:# = 0.0625

()

1,nﬁn{ﬁ_nﬁ25} ~62.5

Calcworkshop.com
Chebyshev’s Inequality Example

Our results show that about 63 people scored above a 60, so with 70
positions available, an applicant who scores an 84 can be assured
they got the job.

UNIT IV
CONCEPTS OF BIVRIATE DISTRIBUTIONS

Bivariate Distributions

o extend the definition of a probability distribution of one random
variable to the joint probability distribution of two random variables

e learn how to use the correlation coefficient as a way of quantifying
the extent two which two random variables are linearly related

o extend the definition of the conditional probability of events in order to
find the conditional probability distribution of a random
variable X given that Y has occurred

e investigate a particular joint probability distribution, namely
the bivariate normal distribution




CORRELATION AND REGRESSION
CORRELATION:
Definition:

Consider a set of bivariate data L%+ ¥ Jii=1,2....n. If there is a change in one variable
corresponding to a change in the other variable we say that the variables are correlated.

If the two variable two variables deviate in the same direction the correlation is said to be
direct or positive.

Definition:
The covariance between x and y is defined by
Cov (x,y) = Llx—fHy -7
1]
cot (x.)

]"rn_-.-' =

Hence ey

Example:

The heights and weights of five students are given below.
Heightin c.m x 160 161 163 164
162

Weight in kgs y 50 53 54 56 57

Here x =162;y =54 ; ¢x= 2 and ¢,= 6

Now Bl =), = F) = (=2)(=) + (=1)}(-1) + 0+ (1x2) + (2% 3) = 17

o S, 17 175 12 17 =346
N = Tz =iy =3 — Y - :-c : 0,08
L Ty i 5-.;'2 '.'IU [ell} Bl
Theorem:
nfry — XXy
}IIJ._'. =

[nExf = (X x)?) 2Tyl - (Ey)*1 2

Proof:




_ Yix, =2y —7)

*¥ na,d,

Z'{-’fr - -7 =ZI-'J-“: _fz}'& _le‘r + niy

= L X ¥ — ¥(n¥) — F(n¥) + nIy

(1)

X x;¥; — nky
Ex.!.]"l] - {i] E-rl}rr

f[nE oy —Lx Lyl et ca sse was sns ssmnnes ()

= [Exi - 28Zx + n(£)]
2 [Eaf —2n(2)? +n (2)7]
<2 |Zaf - 2@

—nExf - Ex)

aop= - [nE —(Tx)2]'f2 T & o
Similarly,
g, =TIV - (Ey)I7 i (®)

Substituting (2),( 3) and (4) in (1) we get the required result.
Theorem:

1= ¥ = Lproof:

— T

Vay Ty iy



[Il..:l:':'f r, —F )y —F]

|:IE|.\'. :I-']I:'.l_lEl._'-u }'I-']I.'
Let”|=e‘r¢_fandh:=}’| ¥

, __(Zab)
Fay 'I:E ul.-:]{E h‘f}l

By Schwartz inequality we have,

San) <Qa) (n)

.2
Hence Yiy =1

alrgl s1
l=y=1
Note: 1

¥ = 1 the correlation is perfet and positive

Note: 2
If y =—1 the correlation is perfect and negative.
Note: 3
If y =0 the variables are uncorrelated.
Note: 4
If the variables x and y are uncorrelated then cov (x,y) =0
Problem: 1

Ten students obtained the following percentage of marks in the college internal test
(x) and in the final university examination (y). Find the correlation coefficient between the
marks of the two tests.




Solution:

Choosing the origin A = 63 for the variable x and B= 60 for y and taking u;=

xi—Aand v;=y;—B.

We have the following table:

51 -12 49 -11 144 121




63 0 72 12 0 144 L
132
63 0 75 15 0 225
49 14 50 210 196 100 0
50 -13 48 -12 169 144 U
1400
60 -3 60 0 9 0
156
65 2 70 10 4 100
0
63 0 48 -12 0 144
20
46 -17 60 0 289 0
0
50 -13 56 -4 169 16
]
Total -70 - -12 980 994
52
500
¥ry = Fup
_ I|§.‘J|I'. E.-JIEp_

|II Eu:-. [l:"l:lﬂll.:-.lr:l:l.l- Er|-|'l:ll..-.

10500 —{— 70 1%({—12)
110 %980 ~{ ~T0}] 12[ 102994 ~(~12)2] /2

4160
75,97

=0.6
Problem: 2

If x and y are two variable. Prove that the correlation coefficient between ax + band
cy + dig

¥ier by bl _'I::_l}'l‘,_ll [|r. i, c #+ ]

Proof:

letu = ax + bandV =cy +d

slizaf+band F=c¥V+d

of = = Blu—1)2



= ¥(x — )2

]
—a“a;
Similarly,
af = cla}
Now,
Tlw—T)(r—7F)
Yuw T Ty
Yale—fkei{y—¥F]
QTR [
. (I
Jac | r.n"
Problem: 3

A programmer while writing a program for correlation coefficient between two
variable x and y from 30 pairs of observations obtained the following results
Yx=300; $x* =3718,F v = 210; ¥ y* = 2000; ¥ xy = 2100 At the time of

checking it was found that he had copied down two pairs (2. ¥ as (18, 20) and (12, 10)

instead of the correct values (10,15) and (20,15). Obtain the correct value of the correlation
coefficient.

Solution:
Corrected Yx=300-18—-124+ 10+ 20

=300

Corrected LY =210—-20-10+ 15+ 15

=210
Corrected L X% = 3718 — 18% — 12% 4+ 10? + 20¢
= 3750

Corrected ¥ = 2000 — 207 - 10% + 157 + 15°

=1950



2070

After correction the correlation coefficient is,

. nyxy— LxLYy
[REa? = (Ex)%] 2[n Ty — (Ey)?] /2

:Fl:r'

300 2070 = 300 x 210

- f ” s
[30 x 3750 — 3002]"/2 |[30 % 1950 — 2102 |2

¥y

2100 —SETHI0
(1T 2500 M |I".JI:5|:-|5.-|||'| A4 TOH) :II'.n.'

—900

1
(22500)2(14400)1/2

eIk
150 = 120

Problem: 4

If x, ¥ and z 3re uncorrelated variable each having same standard deviation
obtain the coefficient of correlation between * + ¥ and ¥ + .

Solution:
Given gy = 0y =ad, =0
X and ¥ are uncorrelated = L{x = ¥){y = ¥ =0
¥ and z are uncorrelated = L(¥ — ¥)(z —Z) = 0

# and ¥ are uncorrelated = L{z —Z)(x — %) =0
letd = x+yandv=y+z
fi=%+Vand i=V+7

Now ,

af = ~E(u—-a)’

~Tl(x— 8+ (v - P



~[Ex - +E(y -y + 25 - D)y - 7]
_af +a; [since T(x — )y —§) = 0]
= 20*
Similarly,
ol = 2g?
Now, Bl — v - = Ellx -2+ (y - DHy -7} + (2 - D]

Fx-Dy-N+Ey-7P+ Ex-Dz-DH+
y=wz-2z)

—l:|-+n-::;,-‘+u+ﬂ

= na’
~ Blu—@)(v-7)
e na, o,
_ na*
 n{2a?)
=Y.

Problem: 5

Show that the variable i = Irosd + ¥ Eina and v = VOOS = XEira are U]‘It’ﬂ‘ﬂ"E!ﬂfEd' If
'z;"'.u .+|;r|-|-)

oy Ty ?

= %L&n" [:
Solution:
;- X;cosa + y; sina and v; = ¥, cosa@ — X, Sina
il = Xcosa + Vsina and F = Jeosa — Ising

u; - il = (x, — &) cosa + (y; — ¥)sina

The variable :and Yiare uncorrelated if & (4, — W)y, — ) = 0




Zl['x, — ¥)cosa + (y; — Plsina][(y, = Flcosa — {x; — £)sina] =0

2 ¥x; =2}y = ¥)cos* a - Tz — )y, — ¥)sin* @ — cosasina[L(x; - 1)*
pi=y2f=0

E B ¥ - 1 ] Il.l
% N¥yya, a, (C0S° @ — sin’ @) = ncosasina{a; — a;)

. 1 . . ,
“ Yaypar, v, COS 20 = Esr‘rtrlur[crf — 5k

LV OO
, ¥
tanda = rr 3

i O

Rank correlation:

Suppose that a group of n individuals are arranged in the order of merit or
efficiency with respect to some characteristics. Then the rank is a variable which takes only
the values 1,2,3...n. assuming that there is no tie.

P 142 .. #n _n+l ' . of = i["-’._”
Hence n 2 and the variance is given by i2 .
Theorem:
Rank correlation i is given by
pr- B
Proof:

Consider a collection of n individuals

let ¥ and ¥ be the ranks of thei*" individual in the two different rankings.

sE=z(n+1)=7 anda} == (n?—1) = o

Now, L(x = ¥)* = E[(x = £) = (¥ = )] *(since £ = 7
Xl -0+ L= -2E(x-0)r-7

_n 0% + noy = 2npa, o,

= zn“.;'t“ - p) (since r'.rIl = :f]



tlln(nz—lj{l—pj

G Yix—y)

1 —F rime—1})

o= |- 6 Fix—y)*

nins-1] |

Problem: 6

Find the rank correlation coefficient between the height in cm and weight in kg
of 6 soldiers in Indian Army.

Height | 165 | 167 | 166 | 170 | 169 | 172
Weight | 61 | 60 [63.5 | 63 | 615 | 64

Solution:
Height Rankin | Weight Rank in X-y (x - y)*
height x weight y
165 6 61 5 1 1
167 4 60 6 -2 4
166 5 63.5 2 3 9
170 2 63 3 -1 1
169 3 61.5 4 -1 1
172 1 64 1 0 0
Total - - - - -16
GYix—y) X1k
P 1 - n{nf—1% I--h#"-
=1-0.457
=0.543.
Problem: 7

From the following data of marks obtained by 10 students in physics and
chemistry. Calculate the rank correlation coefficient.

Physics (P)
35 |56 |50 |65 [44 |38 |44 |50 |15 |26




Chemistry
(Q) 50|35 |70 |25 |35 |58 |75 |60 |55 |35

Solution:

We rank the marks of physics and chemistry and we have the following table.

P Rankinp x| Q | RankinQ X-y [x _',-}""'
y
35 8 50 6 2 4
56 2 35 8 -6 36
50 3.5 70 2 1.5 2.25
65 1 25 10 -9 81
44 5.5 35 8 -2.5 6.25
38 7 58 4 3 9
44 5.5 75 1 4.5 20.25
50 3.5 60 3 0.5 0.25
15 10 55 5 5 25
26 9 35 8 1 1
Total - - - - 185

We observe that in the values of x the marks 50 and 44 occurs twice. In the values of
¥ the mark 35 occurs thrice.

Hence in the calculation of the rank correlation coefficient (¥ = ¥1%is to be
corrected by adding the following correction factors

12 12 12

2(22 -1) 2(2*=-1)] 3(3*-1)
i i — g |

After correction (% = ¥)° = 188

Now,
o - b 3la—y)
mrin=—11}
i 188
B pELE & o)
1128
" gan
=1-1.139
=-0.139.
Problem: 8

Three judges assign the ranks to 8 entries in a beauty contest.
Judge Mr.x 1123 |4|5|6|7]|8
Judge Mr.y 312 |1|5|4]|7]|6]S8




judgeMry | 1 |2 [3[4[5]7|8]6]

Which pair of Judges has the nearest approach to common in beauty?
Solution:

Table for the rank correlation coefficients Fley s Py » Bex

x |y |Z | xy | (x=y|yz | (y=2)* zx | (2—x)°
1 311 -2 4 2 4 0 0
2 2| 2 0 0 0 0 0 0
3 1] 3 3 9 -2 4 -1 1
4 5| 4 -2 4 1 1 1 1
5 415 3 9 -1 1 -2 4
6 71 7 -1 1 0 0 1 1
7 6| 8 -1 1 -2 4 3 9
8 81| 6 0 0 2 4 -2 4
Total - 28 - 18 - 20
pxy=1-6—— n(nX2——yl)2
i
T ax (A2 -1)
1 il
I- 5o
=1-0.333=0.667.
[C
Fyz " ExEd
108
" 504
=1-
0.214 =

0.786.



frx 26)

3 ,
Fax =63
120

504

=1-0.238
=0.762.

Since ¥ is greater than Fx3 Hrz  and the judges Mr. Y and Mr. Z have
nearest approach to common taste in beauty.

Problem: 9

The coefficient of rank correlations of marks obtained by 10 students in
mathematics and physics was found to be 0.8. It was later discovered that the differences
in rank in two subjects obtained by one of the students was wrongly taken as 5 instead of
8. Find the correct coefficient of rank correlation.

Solution:

G r[x—y)
.|:-I'.l.".' = I_ I:}—

mims=1J .
Given¥r¥ = 0.8 and n=10

0.8=

G ¥ lx—y)
10102 -1})1
I- 6 ¥ lx—y)*
a0
|,:|::_r- i )"

]

er(x—¥)" =990 x 0.2

|-0.8 =02

=198
ANx=-y) =33
Corrected B(x =¥)* =33 - 52+ 82 =72
, ExT2
Now, after correction Fay i0{102-1)
2
B i
=1-0.486
=0.564

The correct coefficient of rank correlation is 0.546.

Exercises:



1. Ten students got the following percentage of marks in two subjects.

Economics
78 |65 |36 [98 |25 |75 |82 |90 |62 |39
Statistics
8 |53 |51 |91 |60 |68 |62 |86 |58 |47
2. The following table shows how 10 students were ranked according to their

achievements in the laboratory and lecture portions of a biology course. Find the coefficient
of rank correlation.

Laboratory
8 3 9 2 7 10 | 4 6 1 5
Lecture
9 5 10 1 8 7 314 2 6
REGRESSION:

If there is a functional relationship between the two variable ¥i and ¥ithe
points in the scatter diagram will cluster around some curve called a line of regression. If the
curve is a straight line it is called a line of regression between the two variables.

Definition:

It we fit a straight line by the principle of least squares to the points of the scatter
diagram in such a way that the sum of the squares of the distance parallel to the  y- axis from
the points to the line is minimized we obtain a line of best fit for the data and its is called the
regression line of y and x.

Similarly we can define the regression line of* @7 ¥,

Theorem:

. T, ;
. o ] o y=y=y—lx—x
The equation of the regression line of ¥ ¥ X js given by o

Proof:

Let¥ = ax + bpe the line of regression of on .

According to the principle of least square the constants a and b are to be

. 5 .
determined in such a way that S= Ll v — (ax; + b)] “is minimum

T

— =0 = -2 (v, —(ax; + b)]x, = D

s ¥xw, = aXx’ +h¥x



T =0 = -2 [E(y, - (ax, +b)] =0
=Yy =arx+nh ... .. ... (2
Equations( 1) and( 2) are called normal equations.
From (2) we obtain ¥ = ax b (3)
~The line of regression passes through the point (x.¥)
Now, shifting the origin to this point (*.¥) by means of the transformation
Xi = X~ Xangti=w-F

We obtaink ¥ = 0 = X ¥ and the equation of the line of regression becomes

Corresponding to this line ¥y = ax the constant a can be determined from the normal

equation .
aE‘hT: - EII_}'}
T XY
a= L¥|
Ll =T Wyi—¥)
-zl
¥l iy
I'.
o
F — '1_ x
The required regression line (4) becomes I[;r 7y :I

“Y-F =y (x-H)
Definition:

The scope of the regression line of y oni is called the regression coefficient of ¥ on x

and it is denoted by b.'-'f.

[
] ¥=
VY
Hence - iy

The regression coefficient ofx on ¥ is given by

bey = ¥ -,
¥

Theorem:

Arithmetic mean of the regression coefficients is greater than or equal to the
correlation coefficient.



Proof:

b

Let"=¥ and 'b.'-" be the regression coefficients.
we have to prove (bey + byz) 2 ¥
Now, tr I:b_l._., + b_”,'l | =
b, +b, =2y
= }’:—i + F:—: 2 2y

e al +af - doa, 20

This is always true.
Hence the theorem.

Theorem:

Regression coefficient are independent of the change of origin but dependent on
change of scale.

Proof:

x;—A yi—8

— i-'l —
k and ! It

Let

letX = A + h“LandJ'.- = B+ k:lll

We know that, T= = ha,,a, = ko, and ¥ry = Vuw

iy

Now P = Yoy
ka,
= Fur [#}
k
T bus (D)
i
simiIarth”' B {:} buw .. (2)

From (1) and (2) = "¥*and bﬁ‘}' depend upon the scales fi and k, but not on the
origins Aand B .

Hence the theorem.

Theorem:

I Ty
&= tan [{ ]( ] I}J
The angle between two regression line is given by F Sy iy



Proof:

The equations of lines of regression of y on x and x on y respectively are

- rJJ. i =
x—X= F.?_ v =T ldinatd)
Y

(2) can also be written as
2 Iy L ¥
y=¥= e | Sl ) PR .}
[

1Ty 7

Slopes of the two lines (1) and (2) are Vs andr ..

Let fbe the acute angle between the two lines of regression.
o9
ﬁ.'.' F'I-'F':

1+(r3) )

T Ny

& tand =

(since ¥* = 1and @ is acute)

(55)F)

1

S F = tan

Problem: 10

The following data relate to the marks of 10 students in the internal test and the
university examination for the maximum of 50 in each.

Internal
marks 25 128 |30 |32 |35 |36 |38 |39 |42 |45




University
marks

20

26

29

30

25

18 | 26 | 35

35 | 46

1) Obtain the two regression equations and determine.

i1) The most likely internal mark for the university mark of 25. iii) the most

likely university mark for the internal mark of 30.

Solution:

y respectively.

7=

We have
For the calculation of regression we have the following table.

(i) Let the marks of internal test and university examination be denoted by x and

-Tx =35and 7= Xy =29

L]

x, | *¥35 | (x,—35)%] y| ¥29 | (y, —29)%| (%-35)¥ —29)

25 -10 100 2 -9 81 90
0

28 -7 49 2 -3 9 21
6

30 -5 25 2 0 0 0
9

32 -3 9 3 1 1 -3
0

35 0 0 2 -4 16 0
5

36 1 1 1 -11 121 -11
8

38 3 9 2 -3 9 -9
6

39 4 16 3 6 36 24
5

42 7 49 3 6 36 42
5

45 10 100 4 17 289 170
6

Tot 0 358 - 0 598 324

al

Cx2 =

—xin—x 2=101 xi—352=35.8




af =BT - Ly, —20) = 598
g, = 598 and a, = 7.73
L L =90 -9)

e,

324
10=5.948 = 7.73
4
462,254

= 0.7 (approximately)

y—§=yxt(x—%
Now the regression of y on x is ¥ ¥ Ty ( )

.o Ty _ Rl %)y -7
ay o
_ Elx -8y -F)
Yix,—5H

324

— = (1.9035

356

[x—%M 7 324

. M 3 _ 542

Similarly, =~ ™ Liy—F¥) %8

The regression line @f ¥ oM xjs v = 29 = 0.905 (x = 35)
(i), ¥ = 0.905 x — 2.675

The regression line @ X on ¥ is x = 35 = 0542 (y — 29)
(ie),* = 0542y + 19282

(1) and (2) are the required regression equations.

ii) the most likely internal mark for the university mark of 25 is got from the regression
equation @f & 0T ¥ by putting ¥ = Z5

(2= x = 0542 = 25+ 19.282 = 32.83

iii) The most likely university mark for the internal mark of 30 is got from the regression
equation @/ ¥ 018 X by puttingr = 30

()= ¥ = 0905 x 30 = 2,675 = 24.475
Problem: 11

The two variable x and y have the regression lines 3x+2y-26 = 0 and 6x+y-
31=0. Find

i)The mean values of x and y

ii)The correlation coefficient between x and y iii)The
variance of y if the variance of x is 25



Solution:

(i)  Since the two lines of regression pass through (£ ¥ )
we have  3#+¥=26....(1)
65+¥=31.....(2)
Solving( 1) and( 2) we get ¥ = 4 and ¥ = 67

(i) As in the previous problem we can prove tha
31

) 1
13 and x & y+ & represent the regression lines of y on x and x on y by

respectively.

Hence we get the regression coefficients as Oy = 7
and b, =-1/6
Now,
, i 1
2 = (23} 5 (=L
i =(F)x 2L,
1
= =3

Since both the regression coefficients are negative we take y=-

iii) Given T = 2

We have b-” =¥ ay
-3 1y s,
s =lzis)

g, =15

Problem: 12

If & is the acute angle between the two regression lines.
Show that # = 1 — y2

Solution:

t}'l_?i'I-I-

We know that if # is the acute angle between the two regression on lines
have,

we



ano = (52) (%2)

We claim that T + Ty = 20,0,
2 7 .
Suppose not, then 7x T @y = 2a.a,
(i.e.)'ﬂf + "-’}'? - El’-’xl'-’}- = (]

{ﬂnr - 'ﬂ'-']

v) = U.This is impossible.

Hence
i ] v
gy +ay = 20,0,

- T 5 T

1
T == T
[ 2

o s () ()

1— Z
tunr]lg( Y )
2y

sin® < (+L)
Hence 14y

sin@ < 1—y*
Exercise:

1.calculate the coefficient of correlation of correlation and obtain the lines of regression
for the following data.

X 1 2 3

Y 9 8 10 | 12 | 11

13 | 14 | 16 | 15

Correlation coefficient for a bivariate frequency distribution:

s [ J
¥ow = —
The correlation coefficient between x and y is given by Ty oy
Bt By Fi ey =Bt #ixi E e 1531 )
& ]"I-':'_'u = ! | i : = =
\|E:1_ | My T{E:I_ (M ®y ) h\iE: _I'_ |'|' T{E. 1 Fi¥ .I

Note: Since correlation coefficient is independent of origin and scale if x and y are

x—d y—8

transformed to u and v by the formulau= & andv= & then wehﬂw‘ ¥y = Vur




Problem: 13

Find the correlation coefficient between x and y from the following table:

X 5 10 15 20
y
4 2 4 5 4
6 5 3 6 2
8 3 8 2 3
Solution:
X ol a2 x3 xd Total
¥ 5 10 15 20
vl | 4 2 4 5 4 Fi=15
vi| 6 5 3 0 FI=16
v3i 8 3 8 2 3 F3=16
Total gl=10 g2=13 gi=13 g4=9 N=47

Correlation coefficient between x and y is given by
bl E|m:1 NTE LT TI.{Er—l .':i'n-'n':l{E':- | ¥ :|
x ; 1
JE'::, CH ’:: ".'l.I'[E::r ity Ie :":.,‘IEHH ! f :|"|' 'IT:"{ET” ¥, IJII

5 ]"'x_'p =

Where i=1,2,3,4 and j=1,2,3.
¥ g%, = 50+ 150 4 195 + 180 = 575

T fiy, = 60+96 + 128 = 284

Y. gix} = 250 4 1500 + 2925 + 3600 = 8275

Ly =240 + 576 + 1024 = 1840

+ 160 + 300 + 3200 + (150 + 180 + 540 + 240) + {120+
Ei,"i‘_,JI"”.:r.',;-.r'J = (40

640+ 240+ 480=3410

A0 —=(575 %284
Fey = 1 - 1
I,‘IJ;L.:‘.*ﬁ rrtTi % 1840 i)



410 = 47 -(575=204)

VEITS RAT 575 = 1040 24T 204

160270 —163300
W ERPNEE - BRGS0 BeE0 — 8065

- R0 — T30

VSO =B 2415 ®T6.]

—3s0
1B426 5

=-0.16

Problem: 14

Find the correlation coefficient between the heights and weight of 100 students which are
distributed as follows.

Height in c.m Weight in Kgs Total
30-40 | 40-50 | 50-60 | 60-70 | 70-80
150-155 1 3 7 5 2 18
155-160 2 4 10 7 4 27
160-165 1 5 12 10 7 35
165-170 - 3 8 6 3 20
Total 4 15 37 28 16 100

Solution:

Let *:denote the mid value of the classes of weights and ¥idenote the mid value

of the classes of heights.
¥ —55 ¥, — 1370
Lety = —— and ¥y = ———

10

Then the 2 -way frequency table is given below.

35 |45 |55 |65 73 filv | fiv fivj2 fijuivj

(4]




152.5

(2)

(0)

(-4)

1 3 7 5 2 18 | -1 | -18 18
157.5 [ (0) | (0) | (0) | (0) |(O) (0)
2 -4 10 |7 4 27 | 0 0 0
1625 | (2) | (-5) | (0) [ (20) | (14)
35|11 35 35 (27)
1 5 12 10 7
1675 | - | (-6) | (0) | (12) | (12)
3 8 6 3 20 | 2 40 80 (18)
gi -
4 15 37 | 28 16 10 57 133 (31)
0
Uu; -
-2 -1 0 1 2
giui
-8 -15 | 0 28 32 37
g 12
16 |15 [0 |28 3
fijuivj 64 {3

(0)

(0)

(17)

(22)




) B B f iy = (B g (B fiv)
'ulIEF'=| giu _]']II'{E:'ﬂ ) X JE:’;lmf E ?'E"fE":t fiw }1

: | S =
i1 —WE{J?HJ?}

¥y = Yure

[123 -1 a7t x [133 -1 572
1Mll_i- wud? H\(ljj luu.:?

B 3100 — 37 % 57
V12300 = 377 % 413300 = 577

- 991
T 1045 = 100.25

= 0.09.

Multiple and Partial Correlation

I.  With only two predictors
A.  The beta weights can be computed as follows:

Ty <y 2
B. fyia=———— (1)
1_.['13
ya ~Iy) A2
Byl '—;; (2)
1-93

A. Multiple R can be computed several ways. From the simple correlations, as

7 3
B. _ Ty tryg 20y fya 63
Ey.i3 5 3)
1=1i%

or from the beta weights and validities as

Ry 2 =812 w1 Bral tva 4)



A. Semip;ﬂzial correlations in general equal the square root of I complete
minus  reduced. These are called semipartial correlations because th e
variance of the other controlled variable(s) is removed from the predictor, but
not from the criterion. Therefore, in the two predictor case, they are equal

2

3 2 2
rirgn Ry ga —rn (%)

Using Equation 3 above and some algebra

{req = Y

2 AL Ty anal

(= Ry (6)
i2

2 _Iyp Trhyana
iy T —p——— (7)
Y1713

3 _ by Ty g3
wWans—p——— (8)
Y17 H2

So the relationship between the semipartial correlation and the beta weight

from Equations 1 and 7 is

—
ryay =Bz +l=13 ©)

A. Partial correlations differ from semipartial correlations in that the partialled (or
covaried) variance is removed from both the criterion and the predictor. The

squared partial correlation is equal to R’ complete minus R? reduced divided
by 1 minus R’ reduced. In the two variable case the equation is

3 2
B. 1 _E¥a-ria
25— (10)
1-rir7

Again using Equation 3 and some more algebra

-
(ry —ryaral”

3
Ty 2 = (11)
(-53)(1-1¢2)
Myl ~ Iy 02
Mt 3 (12)
=12 )1 -ry2)
_ rya-rlyg g
Tyl (13)

Ja-rdii-rd)

The relation between partial correlations and beta weights for the two

predictor problem turns out to be

vy 2 =+JBv1281v 2 (14)



So semipartial correlations are directional but partial correlations are
nondirectional.

The semipartial correlations are:

; 2 2
rggy ~Eya-rya-a

2 o R S
o TRy 2 T =b

And the partial correlations are:

3 3
3 _Eyja-rer _ a
T¥12

1-rfs ate

2 2
2, _Eyprn _ b
]_[";"'J b+e

II. ~ With more than two predictors

A.

B.

First the relation between a multiple R and various partial r's.

B3 imp=1-(-rd; )00 =1y 12) (1~ tdp 123 ) (15)

This should remind the reader of stepwise multiple regression where each new
variable is entered while controlling the variance explained by earlier entered
variables. Therefore, if we could compute the higher order partial correlations,
we could do multiple regression by hand. A recurrence relationship allows us
to do just that, which is

vy a3 P = (fvp a3 P ) fip23 P )
I r
Jl=rypry pa Ml =fpm py)d

Yl133. P~ (16)
Unfortunately, the work involved in solving all the necessary partial
correlations is about the same as the work required to solve the normal
equations in the first place, but at least each step is interpretable. Again in the
general case the rel ation between partial correlations and beta weights is

1P "B nrfivap (17)

UNIT V



STANDARD DISTRIBUTIONS
Introduction:

In this chapter we discuss some important distribution of random variable which are
frequently used is statistics. We make a detailed study of binomial distribution, Poisson
distribution which are of discrete type and normal distribution which is of continuous type.

Binomial Distribution:
Definition:

Let n be any positive integer and let ! < p < 1, Let g =1-p

I if x =012 ...n
i atherwise

Define p(x) = E

A discrete random variable with the above p.d.f. is said to have binomial distribution and the
p.d.f itself is called a binomial distribution.

Note: 1

The two independent constants n and p in the distributions are known as the parameters of
the distribution. If x is a binomial variate with parameters n and p we write as

X~B(n,P)

Note:2

In this experiment is repeated N times (say) then the frequency function of the binomial
distribution is given I'?}' flx)= NF(x) = Nn, .I”I If]"I *x=012,...... n

Theorem: 1

m.g.f of a binomial distribution about the origin is
(g +pe’)",

Proof:

My(t) = E(e™) = ) et'p(x) = ) (e™n,p"q" )
x=u

-k

h i Mg, (pe')'yg

{q +pe')"



Moments of binomial distribution:

=14 4522

We know that for any random variable x the m.g.f is My(t) =1+m + 2 ¥
Lt o T

Theorem: 2 (Addition property of binomial distribution)

if X1=B(ny, p).Xz~B(n2.P) are independent random variable then &1 + Xais H{n; +
ng P,

Proof:

Given¥1, and4z are independent random variable with parameters 1. ¥ and na, p
respectively.

Let us consider m.g.f of41 and Xzabout origin.
i M.‘fl = {fll 4 |pEr:llh Hh-['t} - I'q s FH.__,TJII.'
Now,"’f-'fu --'-’.-UJ:HJH (t) + Mf't'.- (£) ('since -]fl, and¥zare independent)
— fﬂ]"l‘ﬁfr}h' i I:-q -I-}:I[-_'":]"':

= f'l]' F J".'t‘r]-"" b
= m.g.f of the binomial XX awith parameters™1 + Tzand P.

Hence the uniqueness theorem® 1442 is a binomial variable with parameters
My + Nzand P.

Theorem: 3

. i (]
Characteristic function of binomial distribution is {qr + pe’ :I )

Proof:

Let X ~ B(n, P) Hence #:(1) = E(e"™)

¥ sep(x) =Xi- _ eftrpprgnr
yo_on. (pe rq"' e

a=l T, L
(g + F"f:"":l“

Mode of Binomial Distribution:



Let & ~ Bin, P). then P(x) = n. p"q"™" | ot x be the mode of the binomial
distribution.

Example:

The unbiased coins are tossed and number of heads noted. The experiment is
repeated 64 times and the following distribution is obtained.
No.of heads | O 1 2 3 4 5 Total

Frequencies | 3 6 24 26 4 1 64

Solution:
Here n=5 and N=64
Since the coins are unbiased p=1/2 =q. So that p/q =1

Now p(0)=q"=(1/2)°=1/32
Hence f(0)=N q"=64#1/32=2

plr+1)= {:-T}[.:Tjﬂ“:l

Using the recurrence formula
P(1)= 5(1/32).

Hence f(1)=10

¥ Probabilities Expected Observed
pix) frequencies frequencies
fix) = Np(x)
0 p(0)=1/32 2
1 P(1)=5/32 10 6
2 P(2)=10/32 20 24
3 P(3)=10/32 20 26
4 P(4)=5/32 10 4
5 P(5)=1/32 2
Total 64 64

Problem:

In a binomial distribution the mean is 4 and the variance is 8/3.Find the mode of the

distribution.

Solution:



Given mean =4 and Variance=8/3

S MP =4 and npg=8/3

npg  H ]

np Ixd 3
a=2/3,p=1/3
Snp =4
n=12
Consider (n+1)p=13/3=4.3

Hence the mode is 4.

Problem:

A discrete random variable X has the mean 6 and variance 2. If it is assumed that
the distribution is binomial. Find the probability that 5= x = 7.

Solution:
Given np=6 and npqg=2
Hence g=1/3 and p=2/3
Also n=9
Now, p(55 x = 7)=p(x=5)+p(x=6)+p(x=7)

oo (@) Q) e @) o &) Q)

—x2% 4 B4 x =+ 36 x—
I 1 §
"I—__[|:ﬁ-|ﬁ=-:-|44|

24

i"x 438

12438
154683

=0.712

Problem :

An insurance agent accepts policies of 5 men all of identity age and in good health. The
probability that man of this age will be alive 30 years hence is 2/3. Find the probability that is 30
years (i) all five men (ii) at least one man (ii) almost three will be alive.



Solution:

iii)

Problem

Here n=5, p=2/3, q=1-p=1-2/3=1/3

It is a binomial distribution and x~B (5,2/3 ) Hence
P(X=x) = nC«P*q"*

Probability of all 5 will be alive is

P(x=5) = 5Cs (2/3)> = 32/243

Probability of at least one being alive = 1- probability of no one being alive. Probability of
no one being alive

P(x=0) = 5Co (1/3)° = 1/243
Probability of at least one being alive
=1-

1/243 =

242/24

3

Probability of almost 3 being alive = probability of one man being alive or probability of 2
men being alive (or) probability of 3 men being a live.

= 1- [Prob. Of 4 men being a live (or) probability of 5 men being alive]
P(x<3)=1—P(X >3)

= 1- [P(x=4) + P(x=5)]

=1-[5C4 (2/3)* (1/3) + 5Cs (2/3)°]

= 1-[5(16/243)+ 32/243)

=1-112/243 = 131/243

Six dice are thrown 729 times. How many times do you except at least 3 dice to
show a five or six.

Solution:

Heren=6, N=729

P=prob. Of getting 5 or 6 with one dice=2/6=1/3

Q=1-1/3=2/3



The expected frequency of 0,1,2,..6. successor are the successive terms of

729 (1/3 +2/3)®

Excepted number of times at least 3 dice showing five or six
=729 (6Cs3 (1/3)% + 6C4(1/3)* (2/3)? + 6Cs (1/3)° 2/3 + 6C¢ (1/3)°]
=729/35% 233

=169857/729
=233.

Problem :
If the m.g.f. of a r.v.x is of the form M,(t) = (0.4e'+0.6)% find i) E(x)
ii) the m.g.f of the r.v Y= 3X+2
Solution:
We have the m.g.f of the binomial variable X ~ B(n,p) is (g+pe!)"
Here p=0.4, q=0.6 and n=8
i) We have E(X) = H1 = Tip
E(X) = 8x0.4
=3.2
1) My (t) = Maxs2 (t)
= e M, (3x)
=e2(0.6+0.4e %) 8

Poisson distribution:

We have the binomial distribution is determined by 2 parameters p and n. If the number
of trails is in definitely large and the probability p of success is in definitely small such that np=A

,where A is a constant then the limiting case of the binomial distribution when n -7 and p =0
becomes a distribution known as Poisson distribution

Definition:

A discrete random variable X is said to be follow a Poisson distribution if it assumes only
nonnegative integer values and its probability density function is given by

e A" _ _
pr)=pX=x)=fx)={ 5 + Sx=0Le

0, otherwise



Where dis the parameter of the distribution if X is a Poisson variate with
parameter A.we write X ~p(d)

Example:
If fit a Poisson distribution to the following data
x |0 1 |2 3 |4 | Total
f 123 |9 |14 | 3 | 1 | 200
Solution:
To fit a Poisson distribution we have to calculate all the excepted frequencies
¥ f iy
Here the mean L fi
544 ::-wj i 0.5
20
A=05

Hence the p.d. [ of poisson distribution is

e "2 (0.5)*
plx) e [

~pl0) = e "2 06065
Hence f(0)=Np(0)
_200% (0.6065)

X
Probabilities using Expected Observed
p(x+1)=(A/(x+1))p(x) frequencies frequencies
f(x)=Np(x)

0 P(0)=0.6065 121.3 123




=1213

Using recurrence formula

VP(x+1)={I-AT:I pix)

.5

We have p(1) = pill}
=0.3033
=60.66

Problem :

The probabilities of a Poisson variable taking the values 3 and 4 are equal calculate the
probabilities of variates taking the values 0 and 2

Solution

P(1)=0.3033 60.66 59
P(2)=0.0758 15.16 14
P(3)=0.0126 2.52 3
P(4)=0.0027 0.54 1

Take x be a Poisson variate with parameter A

i b

SP(X=X) = x!
Given P(X=3)=P(X=4)
To find P(X=0) and P(X=1)

L

P(X=3)=P(X=4) 1

P(X:O)Z% o : 0.0183

B &l _1.'
P(X=2)= = 146.

Problem :

Assuming that one in 80 births in a case twins. Calculate the probability of 2 or more birth of
twins on a day when 30 births occur using (i) binomial distribution (ii) Poisson approximation.

Solution:




Assuming X to be a binomial variate with p=probability of twin births=1/80=0.125.

(q=0.9875) where n=30 we get

p(x) = 30, (0.0125)°(0.9875)% =
Probability of 2 or more births of twins on a day is
pXz22)=1-plX <)
=1-[p(X=0)+p(X=1)]
=1-[(0.9875)*°+30(0.0125)(0.9875)*

=1-0.6943(1.3625)

=0.054

Assuming X to be a Poisson variate with A=np=0.375

oF S i o B

Wegetpl'?"rﬁ'I = il

pXz22)=1-=[p(X =0)4p(X =1]]
:1_e-0.375+e—0.375(0.375)

=1-0.6873(1.375)

=0.0550.

NORMAL DISTRIBUTION:

Normal distribution is one of the most widely used distribution in application of
statistical methods.

w =¥ e
We have f—mf ddy = vim

Hence

_ i = ;d =1
Put-Trr = then we have J- = *



Definition:

A continuous random variable X is said to follow a normal distribution if its

Lo®

- -

probability density function is given by f(x)= o+ix  where —o < ¥ < ©a

M oand & gre constants and >0 and are called the parameters of the distribution and we
2
write & ~N (o ).

Fitting of normal distribution:

To fit a normal distribution to given date we first calculate the mean
pand 5.6 @ Thys the normal curve fitted to the given data is given by

o
i E

f(x)= a3z where —t8 = x = @A

Properties of normal distribution:

1.

The normal probability curve is symmetrical about the ordinate at ¥ = HM.The ordinate
decreases rapidly as x increases. The curve extends to infinity on either side of the mean.
The X-axis is an asymptote to the curve.

2. The mean, median and mode coincide the maximum ordinate at * = H is given by
1
T,
3. H I @ are the points of inflexion of the normal curve and hence the points of inflexion are
also equidistant from the median.
4.The area under normal curve is unity. The ordinate at * = Hdivides the area under
the normal curve into two equal parts symmetry also ensures that the first and third
quartiles of normal distribution are equidistant from the median of course on
either side.
5 plp—o<x<pu+a)=06826
plp—-2o<x < u+ 2o) = 09544
plu=3cg<x<u+ 30)=059973
6. Q.D:M.D:S.D=10:12:15.
Problem :

If X is normal distributed with zero mean and unit variance.

Find the expectation of X2.



Solution:
Given KX~N(01)

1
' I |
i

=

flx) =me

FE g

Hence the normal is

E(X*) = [ x*f(x)dx

Now

i
4

m —ry
_r xie " lrdx
—an

1
\.'E

i P e
[~xe " 2], [ e fadx

] —
EIU + '\"2]’!’]

1.
Problem :

If X is normally distributed with mean 8 and s.d 4. Find
(p(s= X = 10) (P10 = X = 15)

(i) (X = 5) (i) P(| X - 5] =15,

Solution:

Given

X~N(84)

Hence the standard normal variate ‘ i
When X=5;z=-0.75

When X=10;2=0.50

When X=15;Z=1.75

When X=20 ;Z=3

()p(5= X = 10) = P(-0.75 = Z = 0.50)
=p(075= £ =0+ P0=Z = 0,507

-p(o= £ = 0.75) + P(0 = Z = 0.50)

=0.2734+0.1915

=0.4649.



({i)P(10= ¥ =15)=p(0.5= £ = 1.75)
=p(0= £ = 1.75) =0 = £ = 0.5)
= 0.4599 - 1.1915 =
0.2684 iii) P ( x=5) =p(z
=1.75)
=05-p=z = 175)
=0.5-0.4599
=0.0401
iv) p(x = 7J = p(z =-0.75)
=0.5-p(-0.75= = 10)
=05-p(0= & = 1L,75)
= 0.5-0.2734
=0.2266
Problem :

The marks of 1000 students in a university are found to be normally distributed with mean to and
s.d. 5. Estimate the number of students whose marks will be i) between 60 and 75 (ii) more than 75
(iii) less than 68.

Solution :
Let x denote the marks of students .
Hence X~N (70, 25)

The standard normal variate is

X=p X=70

r
=F

i) To find p(60 < x < 75)
When x = 60; z=-2 and when x=75; z=1
P(60<x<75)=p(-2<z<1)
=p(-2<z<0)+p(0<z<1)

=p(0<z<2)+p(0<z<1)

=0.4772 +0.3413

= 0.8185



~ The number of students whose marks is between 60 and 75 is 1000 x 0.8185 = 819.

(1) To find p ( x> 75)

When x=75;z=1

~p(x>75)= p(z>1)
=05-p(0<z<1)

0.5-0.3413

0.1587
~ The number of students whose marks is more than 75 is 159.

(ii1)To find p (x < 68)

When x = 68, .
~p(x<68)=p(z<-0.4)
=p(z>0.4)
=05-p(0<z<0.4)

=0.5-0.1554 = 0.3546.

Problem :
Assume the mean height of soldiers to be 68.22 inches with variance of 10.8 inches. How

many soldiers in a regiment of 2000 soldiers would you expect to be over six feet tall. Assume

heights to be normally distributed.

Solution :
Let the variable x denote the height in inches of the solders.

Mean u =68.22; ¢2=10.8,¢ =3.286

Hence X ~N (68.22, 3.286)

~p(x > 6 feet) = p (x > 72)

E .I i

When x =72; “

TE—6H X2

1. 204

3. 26

= 1.15



~p(x>72)=p(z>1.15)
=0.5-p(0<z<1.15)
=0.5-0.3749
=0.1251
~ The number of soldiers in the regimet of 2000 over 6 feet tall is 2000 x 0.1251= 250

Problem :

A set of examination marks is approximately distributed with mean 75 and S.D. of 5. If the top 5% of
students get grade A and the bottom 25% get grade B what mark is the lowest A and what mark is
the highest B?

Solution :
It x denote the marks in the examination.
Given x is normally distributed with mean u =75 and ¢ =5
ie) X ~N (75, 25)
Let x1 be the lowest marks for A and x; be the highest marks for B. Given p(x
>x1) = 0.05 and p(x <x2) =0.25

The standard normal variate

Z= o 5." : VORI )

P(0<z<z1)=0.45
z1=0.45
P(-z2<z <0) =0.25
P(0<z<z;) =0.25
z2=0.675
(1)=> x1 =75+52;

x1=383.225

x1 =~ 83

X2= 75— 522



x2=71.625

X2 =72

Hence the lowest mark for grade A is 83 and the highest mark for B is 72.

Problem :

In a normal distribution 31% of the items are under 45 and 8% are over 64. Find
the mean and standard deviation.

Solution :
Let x denote the normal variate with mean p and S.D.¢
Given p(x <45)=0.31and p (x> 64) =0.08
When x = 45, * :¥: 1
L]
Whenx=64, © ~ &  “2

P(0<z<z;)=0.42 and p(—2z1<z <0)=0.19 From the
area table we get

z1=0.496 and z,=1.405

(1)= 45 -u=0.496 ¢

64 —-u=1405¢
¢=9.99 10
u=49.96 =50

Problem :

Find the probability of getting between 3 heads to 6 heads in 10 tosses of a fair coin
using (i) binomial distribution (ii) the normal approximation to the binomial distribution.

Solution :

(i). Take x as the binomial variate,

p=3 4= :.rt: i0

i
We have X B m“?j

Probability of getting at least 3 heads

=p (= )

= p(x=3) + p(x=4) + p(x=5) + p(x=6)



109(G) ) +1043) &) +1093) &) + 05 2) ()

—[120 + 210 + 252 + 210]

5 BIF

TOZ
7

= 0.7734

(ii). Taking the data as continuous it follows that 3 to 6 heads can be considered
as 2.5 to 6.5 heads.

Mean H# = Ttp

~ X~ N(51.58)

. .
The standard normal variate is o

ForX=25:% = 158

The Uniform Distribution

This page covers Uniform Distribution, Expectation and Variance, Proof of Expectation and
Cumulative Distribution Function.

A continuous random variable X which has probability density function given by:

f(x)=1 forag£x£b
b-a

(and f(x) = 0 if x is not between a and b) follows a uniform distribution with parameters a and
b. We write X ~ U(a,b)



1/(b-a)

a b

Remember that the area under the graph of the random variable must be equal to 1 (see
continuous random variables).

Expectation and Variance

If X~ U(a,b), then:

e E(X)=%2(a+b)
e Var(X)=(1/12)(b - a)
Proof of Expectation

b 1 7 b 5
X _de = [x_} =b-82 =b+a
, D@ b-al2 2b-a) 2

Cumulative Distribution Function

The cumulative distribution function can be found by integrating the p.d.f between 0 and t:

Fl:t]= Jt 1 d:‘: - t-E
a D-a b-a

1/(b-a)

a b

Remember that the area under the graph of the random variable must be equal to 1 (see
continuous random variables).

Expectation and Variance

If X~ U(a,b), then:

e EX)=%2(a+h)
e Var(X)=(1/12)(b - a)>
Proof of Expectation

b 2
K e =] |::-c_:| -b-5? =b+a
, D@ b-al2 1, p-a 2z




Cumulative Distribution Function

The cumulative distribution function can be found by integrating the p.d.f between 0 and t:

Fit) = Jt 1 _ax _t-2a

s D -8 b-a

The Geometric Distribution

Geometric distribution - A discrete random variable X is said to have a geometric distribution if
it has a probability density function (p.d.f.) of the form:

e P(X=x)=q*p,whereq=1-p
If X has a geometric distribution with parameter p, we write X ~ Geo(p)

Expectation and Variance

If X ~ Geo(p), then:

e Var(X)=q/p;, whereq=1-p

Gamma Distribution

The gamma distribution is another widely used distribution. Its importance
is largely due to its relation to exponential and normal distributions. Here,
we will provide an introduction to the gamma distribution. In
Chapters 6 and 11, we will discuss more properties of the gamma random
variables. Before introducing the gamma random variable, we need to
introduce the gamma function.

Gamma function: The gamma function [10], shown by ['(x)r(x), is an
extension of the factorial function to real (and complex) numbers.

Specifically, if n€{1,2,3,..}ne{1,2,3,...}, then
['(n)=(n-1)!


https://www.probabilitycourse.com/chapter6/6_0_0_intro.php
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Note that if X=Na=n, where Nn is a positive integer, the above equation reduces to
n!=1’1'(n—1)!n!:n-(n—l)!

Properties of the gamma function

For any positive real number aa:

1. F(O()=_[ooOXa—1e—deI'(C|)=J’Oooxa—1e—xdx;
2. Joo0Xa-1e-axdX=T(w)re,fOr A>0; f0coxa—1e—Axdx=r(a)Aa,for A>0;
3. I'(a+1)=al'(a);r(a+1)=ar(a);
4. I'(n)=(n-1)!, for n=1,2,3,--:;r(n)=(n-1)!, for n=1,2,3,-;
s, F(1z):n——\/r(12)=n.
Example

Answer the following questions:

1. Find ['(72).r(72).
2. Find the value of the following integral:

[=fo00x6€-5xdX.I1= f0cox6e—5xdx.

e Solution

for some values of 0ta and AA.

Example
Using the properties of the gamma function, show that the gamma PDF

integrates to 1, i.e., show that for o, A>0a,A>0, we have

[oo0Aaxa-1e-aI' (o) dx=1.f0coAaxa—1Le—AxT(a)dx=1.

e Solution



A gamma distribution is a general type of statistical distribution that is related to the beta distribution and arises
naturally in processes for which the waiting time& betwgen Poisson distributed events are relevant. Gamma

distributions have two free parameters, labeled and , a few of which are illustrated above.

Consider the distribution function & 1 of waiting times until the fith Poisson event given a Poisson

distribution with a rate of change ’IL,

Dix)=P(X £x) (D
=] -P(X>x) ()
k=1
(Ax) ats
= l—z il (3)
H=id
=1
) (Axp
zl=¢ L Z i (4)
Mra=il
Ik, x &)
=TT 5

fort € (o, ‘3‘1:', where [" (x) is a complete gamma function, and [ a, x) an incomplete gamma function.

With  an integer, this distribution is a special case known as the Erlang distribution.

The corresponding probability function Pix) of waiting times until the fith Poisson event is then obtained by
differentiating D L":',

Plx)=D (x) . . (6)
A :Z“;‘!“. o ,Z.* go 3 ™
o 3 8, A ®
Y i‘z J.Mﬂ' ! :-;:1;}‘ ©)
L {J_le: Eii"l';l _“k";}.‘. } (10)
: {||s :HT ] (11)
: u’l% e (12)

Now let & = i (not necessarily an integer) and define f=1/A to be the time between changes. Then the above
equation can be written

ir-1 X

x
Pix)m W (13)

for* € [, @) This is the probability function for the gamma distribution, and the corresponding distribution
function is
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D (x)= P{u, E] (14)

where Fla, 2) is a regularized gamma function.

It is implemented in the Wolfram Language as the function GammaD1istribution[alpha, theta].

The characteristic function describing this distribution is

',;‘?!1‘ ]
.}{;::ﬁ{mlitl+sgnxﬁ] (s) (15)
={l =i ™, (16)

where ¥, [J'rl {n is the Fourier transform with parameters a=bh=] , and the moment-generating function is

Ml el S B 17

m'f [ (o) 6" a7
A.u-l r-‘ll-ﬁl"l.!.ﬁ"ﬂl:

:f rame (18)

giving moments about 0 of

& e+
PR AN (19)

(Papoulis 1984, p. 147).

In order to explicitly find the moments of the distribution using the moment-generating function, let

(1-80x

ys—pg— (20)
1 =81 d
dy=-—7—dx 1)
o]
By =l g @dy
Hm'.r{:—m Tigyd | -6 (22)
1
. A=l =¥ g
" (-8 T (@) f“‘ o (23)
l
T (24)
giving the logarithmic moment-generating function as
RiN=-aln(l -1 (25)
ol
RW= 77— (26)

1=8r
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¥

R in= T (27)
The mean, variance, skewness, and kurtosis excess are then

= ol (28)
o’ = off (29)

2
— 30
A Jo ( )
L]
n= (31

The gamma distribution is closely related to other statistical distributions. If X , -]‘r?, X are inqependent

.
random variates with a gamma distribution having parameters (. H:', (o, ﬂ, (i, H:', then 1-'—I Xi is
distributed as gamma with parameters

a= Z“’ (32)
f=6, (33)

Also, if X1 and A= are independent random variates with a gamma distribution having

parameters (. B gng 122 80 then A1 /LY + X2 s 4 beta distribution variate with parameters (. @) Both
can be derived as follows.

Plri, )= rmﬁ]rm:'} SRR TR (34)
Let

W=X]+Er K| =Wy (35)
v -n'i' o m=allo, (36)

then the Jacobian is

ma) | v
wry ) |l-v —u|" ™ (37)
)
&, v)d sid v :_."'[_r, Wdxdwe f(x, Viwdud v (38)
— il d =1 _ira—1 = =1
.'_-:[rl_ 'l-':l: ]—:.“_I]]—‘-“_J] o 1.“1]“' i {I- 1:||:|- (39)
1
R . “"U“:'H:l:ll ] | - r.al_
T Tlay) e (40)

The sum X1 * A3 therefore has the distribution
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o u-il| +iri—1

.
fiw)=f{x +r1]'=i g vidv= Ty +ay) '

which is a gamma distribution, and the ratio XL+ X2 has the distribution

.,

hl:'l-'!:'#{'

X +.'I'1

= fg (g, vl we

where B is the beta function, which is a beta distribution.

ifX and ¥ are gamma variates with parameters ¥l and 2, the XY is a variate with a beta prime

distribution with parameters @1 and 2. Let

X
B=xEy v==-

then the Jacobian is

i, v I !
J'[—-— =1 _

& ¥ _I'} _-,-‘" w o
SO
dxdy= — ol wd v
(1 +vF
1 - WV -1 Y] ay -l ]
£, v)= i—'Eer'lE:JF 1‘:} {g +J [+
1
—— R R R 1 =iF § =i
= Ty T ) ¥ {1+ ,

The ratio XY therefore has the distribution

.I_.IH -1 “ +.|_,]—I:I|_-U':

B oy, s )

¥

hiv)= Fg{u.\'}du=

which is a beta prime distribution with parameters @1+ @21,

The "standard form" of the gamma distribution is given by letting ¥ = -“'-"H, sod y=dx [l 5nq

(41)

(42)

(43)

(44)

(45)

(46)

(47)
(48)

(49)

(50)

Iu--l l.-.i.-!-'

Piyvid y= W dx

1)
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By e
T
-‘.ll' | g

= I @) i v, (53)

#d ¥ (52)

so the moments about 0 are

l
F,:]_Uﬂfe':" I*r d x (54)
I+ r)
" Tim (55)
= (i), (56)

where !} is the Pochhammer symbol. The moments about & = H1 are then

iy = (57)
m=a (58)
fp=2a (59)
Ms=3a" +ba. (60)

The moment-generating function is

1
M= =
L] - (61)

and the cumulant-generating function is

ﬁ:ie}:uln[!—n:u{r‘:H+:r'+.-.]: (62)

so the cumulants are
i = al (Fl. (63)

If-"'r is a normal variate with mean ¥ and standard deviation 7', then

Exponential Distribution

In probability theory, the exponential distribution is defined as the probability distribution of time
between events in the Poisson point process. The exponential distribution is considered as a
special case of the gamma distribution. Also, the exponential distribution is the continuous
analogue of the geometric distribution. In this article, we will discuss what is exponential
distribution, its formula, mean, variance, memoryless property of exponential distribution, and

solved examples.
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What is Exponential Distribution?

In Probability theory and statistics, the exponential distribution is a continuous probability
distribution that often concerns the amount of time until some specific event happens. It is a
process in which events happen continuously and independently at a constant average rate. The
exponential distribution has the key property of being memoryless. The exponential random
variable can be either more small values or fewer larger variables. For example, the amount of
money spent by the customer on one trip to the supermarket follows an exponential distribution.

Exponential Distribution Formula

The continuous random variable, say X is said to have an exponential distribution, if it has the
following probability density function:

fx(x|A)={Ae-rxx0for x>0for x<0
Where

A is called the distribution rate.

Mean and Variance of Exponential Distribution

Mean:

The mean of the exponential distribution is calculated using the integration by parts.
Mean = E[X] = [woxAe-axdx

=A[1]-xe-1l|o00+12 ] c00€-2xdX]

=7\[0+1)\—e—m] 0

=A1n

=12
Hence, the mean of the exponential distribution is 1/A.

Variance:

To find the variance of the exponential distribution, we need to find the second moment of the

exponential distribution, and it is given by:

E[X2]=]w0x2Ae-rx=212
Hence, the variance of the continuous random variable, X is calculated as:
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Var (X) = E(X?)- E(X)?

Now, substituting the value of mean and the second moment of the exponential distribution, we
get,

Var (X) =22—112=122
Thus, the variance of the exponential distribution is 1/Az.

Memoryless Property of Exponential Distribution

The most important property of the exponential distribution is the memoryless property. This
property is also applicable to the geometric distribution.

An exponentially distributed random variable “X” obeys the relation:

P.(X >s+t |[X>s) = P,(X>t), forall s,1 =0

Now, let us consider the the complementary cumulative distribution function:
P(X >s+t [X>S) =Pr(X>s+tnX>s)Pr(X>s)

=Pr(X>s+t)Pr(X>s)

=e-A(s+t)e-As
= e'M

=P, (X>1)
Hence, P.(X >s+t [X>s) = P,(X>t)

This property is called the memoryless property of the exponential distribution, as we don’t need
to remember when the process has started.

Sum of Two Independent Exponential Random Variables

The probability distribution function of the two independent random variables is the sum of the
individual probability distribution functions.

If X:and X. are the two independent exponential random variables with respect to the rate
parameters A1 and A2 respectively, then the sum of two independent exponential random
variables is given by Z = X; + X..

f22= [ oo-oofk1 (x1) fxz(z—x1) dx1
=fz0?\1e—x1x1?\2e-xz(z—x1)dx1
=}\1)\2e—)\ZZJ.Z()eO\Z—)\l)deX:l
={nnn-n(e-nz—e-rez)A2ze-azif A#A2if A1=A2=A

o Exponential Distribution Formula

o Exponential Distribution Calculator

e Poisson Distribution Formula

Exponential Distribution Graph
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The exponential distribution graph is a graph of the probability density function which shows the
distribution of distance or time taken between events. The two terms used in the exponential
distribution graph is lambda (A)and x. Here, lambda represents the events per unit time and x
represents the time. The following graph shows the values for A=1 and A=2.

2.5
w— Lambda = 1
2 = Lambda = 2
1.5
1
0.5
0 —_— |
0 1 2 3 4

Exponential Distribution Applications

One of the widely used continuous distribution is the exponential distribution. It helps to
determine the time elapsed between the events. It is used in a range of applications such as
reliability theory, queuing theory, physics and so on. Some of the fields that are modelled by the
exponential distribution are as follows:

e Exponential distribution helps to find the distance between mutations on a DNA strand
e Calculating the time until the radioactive particle decays.

e Helps on finding the height of different molecules in a gas at the stable temperature and
pressure in a uniform gravitational field

e Helps to compute the monthly and annual highest values of regular rainfall and river
outflow volumes

Exponential Distribution Problem

Example:

Assume that, you usually get 2 phone calls per hour. calculate the probability, that a phone call
will come within the next hour.



Solution:

It is given that, 2 phone calls per hour. So, it would expect that one phone call at every half-an-
hour. So, we can take

A=0.5
So, the computation is as follows:

p(0<X<1)=)'1x=00.5€-0.5x
=0.393469

Therefore, the probability of arriving the phone calls within the next hour is 0.393469

Stay tuned with BYJU'S — The Learning App and download the app to learn with ease by
exploring more Maths-related videos.

Frequently Asked Questions on Exponential Distribution

What is meant by exponential distribution?

The exponential distribution is a probability distribution function that is commonly used to
measure the expected time for an event to happen.

What is the difference between the Poisson distribution and exponential
distribution?

Poisson distribution deals with the number of occurrences of events in a fixed period of time,
whereas the exponential distribution is a continuous probability distribution that often concerns
the amount of time until some specific event happens.

What is the mean and the variance of the exponential distribution?
The mean of the exponential distribution is 1/A and the variance of the exponential distribution is

/N

Why is the exponential distribution memoryless?

The key property of the exponential distribution is memoryless as the past has no impact on its
future behaviour, and each instant is like the starting of the new random period.

What does lambda mean in the exponential distribution?

The lambda in exponential distribution represents the rate parameter, and it defines the mean
number of events in an interval.

—

Beta functions are a special type of function, which is also known as Euler integral of the first
kind. It is usually expressed as B(x, y) where x and y are real numbers greater than 0. It is also a
symmetric function, such as B(x, y) = B(y, x). In Mathematics, there is a term known as special
functions. Some functions exist as solutions of integrals or differential equations.
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What are the Functions?

Functions play a vital role in Mathematics. It is defined as a special association between the set
of input and output values in which each input value correlates one single output value. We know
that there are two types of Euler integral functions. One is a beta function, and another one is a
gamma function. The domain, range or codomain of functions depends on its type. In this page,
we are going to discuss the definition, formulas, properties, and examples of beta functions.

Example:

Consider a function f(x) = x2 where inputs (domain) and outputs (co-domain) are all real
numbers. Also, all the pairs in the form (x, x2) lie on its graph.

Let’s say if 2 be input; then we would get an output as 4, and it is written as f(2) = 4. It is said to
have an ordered pair (2, 4).

Beta Function Definition

The beta function is a unique function where it is classified as the first kind of Euler’s integral.
The beta function is defined in the domains of real numbers. The notation to represent the beta
function is “B”. The beta function is meant by B(p, q), where the parameters p and q should be
real numbers.

The beta function in Mathematics explains the association between the set of inputs and the
outputs. Each input value the beta function is strongly associated with one output value. The
beta function plays a major role in many mathematical operations.

Beta Function Formula
The beta function formula is defined as follows:
B(p,q)=J10tp-1(1-t)q-1dt
Where p,q>0

The beta function plays a major role in calculus as it has a close connection with the gamma
function, which itself works as the generalisation of the factorial function. In calculus, many
complex integral functions are reduced into the normal integrals involving the beta function.

Relation with Gamma Function

The given beta function can be written in the form of gamma function as follows:
B(p,q)=rprar(pe+q)

Where the gamma function is defined as:

I'(x)=[w0tx-1e-tdt

Also, the beta function can be calculated using the factorial formula:
B(p,q)=(r-D!(a-D)!(p+a-1)!

Where, p! = p. (p-1). (p-2)... 3. 2. 1

Beta Function Properties

The important properties of beta function are as follows:
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o This function is symmetric which means that the value of beta function is irrespective to
the order of its parameters, i.e B(p, q) = B(q, p)

e B(p,q) =B(p,g+1) + B(p+1,q)

e B(p,g+1) =B(p, q). [a/(p+q)]

e B(p+1,q) =B(p, ). [p/(p+q)]

e B(p,q).-B(p+q, 1-g) =1/ p sin (nq)

e The important integrals of beta functions are:

o B(p,q)=Je0tp-1(1+t)p-dt
o B(p,q)=2[n/20sinzp-10cos2q-1d0
Incomplete Beta Functions

The generalized form of beta function is called incomplete beta function. It is given by the
relation:

B(z:a,b)=Jz0ta-1(1-t)b-1dt

It is also denoted by B.(a, b). We may notice that when z = 1, the incomplete beta function
becomes the beta function. i.e. B(1 : a, b) = B(a, b). The incomplete beta function has many
implementations in physics, functional analysis, integral calculus etc.

Beta Function Examples

Question: Evaluate: [10ta(1-t)3dt
Solution:

[10ta(1-t)3dt
The above form can also be written as:

[10ts-1(1-t)4-1dt

Now, compare the above form with the standard beta function: B(p,q)=/10tp-1(1-t)q-1dt
So,wegetp=5andq=4

Using the factorial form of beta function: B(p,q)=(p-1)!(q-1)!(p+q-1)!, we get
B (p,q)=(4!.3!)/8!

= (41.6) /8! = 1/ 280

Therefore, the value of the given expression using beta function is 1/ 280

Beta Function Applications

In Physics and string approach, the beta function is used to compute and represent the
scattering amplitude for Regge trajectories. Apart from these, you will find many applications in
calculus using its related gamma function also.

Hypergeometric distribution is a random variable of a hypergeometric probability distribution.
Using the formula of you can find out almost all statistical measures such as mean, standard
deviation, variance etc.



(D)

P(z|N,m.n) =

Where,

N: The number of items in the population.

n: The number of items in the sample.

x: The number of items in the sample that are classified as successes.

P(x| N, n, k): hypergeometric probability — the probability that an n-trial hypergeometric

experiment results in exactly x successes, when the population consists of N items, K of which
are classified as successes.

Solved Examples

Question 1: Calculate the probability density function of the hypergeometric function if N, n and
m are 50, 10 and 5 respectively ?

Solution:

Given parameters are,
N =50

n=10

m=5

Formula for hypergeometric distribution is,
(m ) (.N — m.)
£ n—r
(3)
n
() (fo=2)
x/ \10—x
(50)
10

P(xIN,m,n) =

P(xIN,m,n) =







So, the probability distribution function is,

() Go~)
(1)
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P(x|50, 5, 10) =
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